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Legged animals exhibit diverse locomotion patterns known as
gaits, which are capable of robustly traversing terrains of variable
grade, roughness, and compliance. Despite the success of legs in
nature,wheeled solutions still dominate the field of robotics. State-
of-the-art humanoid robots have not yet demonstrated locomo-
tion behaviors that are as robust or varied as their biological coun-
terparts. While humans use a wide range of dynamic motions to
ensure stable locomotion, most bipedal robots either reject exter-
nal disturbances without changing gait or fall. Modern model-
based control schemes often target individual gaits rather than re-
alizing multiple behaviors within a single framework. Recently,
researchers have proposed using the spring mass model as a com-
pliant locomotion paradigm to create unified controllers for walk-
ing and running on bipedal systems. Although initial studies have
revealed policies capable of transitioning through different gaits,
most of these control laws are designed empirically using heuris-
tics. Furthermore, these controllers have not yet been demon-
strated on physical hardware, and thus their utility for real-world
machines remains unclear.

This thesis investigates the optimal control of simplified bipedal
point-massmodels fordesigningunifiedwalking and running con-
trol policies. We examine the theoreticallymaximumperformance
these models can achieve and evaluate their utility for controlling
higher-order robot hardware. We hypothesize that it is not neces-
sary to hand design these policies using heuristics. Instead, exist-
ing numerical optimization tools can generate approximate glob-
ally optimal policies, which can be used to find parametric control
laws. We then attempt to transfer these low-dimensional plans
onto a physical bipedal robot using a model-based controller to
embed the underlying simplified model. We show that this con-
trol methodology leads to stable locomotion across several differ-
ent gaits on the ATRIAS biped robot.
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�#�F�G�P�S�F �E�J�T�D�V�T�T�J�O�H �S�V�O�O�J�O�H �D�P�O�U�S�P�M�T �U�I�B�U �I�B�W�F �C�F�F�O �E�F�W�F�M�P�Q�F�E �G�P�S �U�I�F �T�Q�S�J�O�H

�N�B�T�T �N�P�E�F�M�
 �X�F �X�J�M�M �N�P�S�F �G�P�S�N�B�M�M�Z �J�O�U�S�P�E�V�D�F �U�I�F �N�P�E�F�M�� �5�I�F �Q�M�B�O�B�S �T�Q�S�J�O�H

�N�B�T�T �N�P�E�F�M �G�P�S �S�V�O�O�J�O�H �	�'�J�H�V�S�F �������B�
 �D�P�O�T�J�T�U�T �P�G �B �Q�P�J�O�U �N�B�T�Tm �B�U�U�B�D�I�F�E �U�P �B

�N�B�T�T�M�F�T�T �T�Q�S�J�O�H �M�F�H �X�J�U�I �T�U�J�µ�O�F�T�Tk �B�O�E �S�F�T�U �M�F�O�H�U�Il0�� �%�V�S�J�O�H �U�I�F �·�J�H�I�U �Q�I�B�T�F�


�U�I�F �Q�P�J�O�U �N�B�T�T �G�P�M�M�P�X�T �B �Q�V�S�F�M�Z �C�B�M�M�J�T�U�J�D �U�S�B�K�F�D�U�P�S�Z�� �5�I�F �·�J�H�I�U �E�Z�O�B�N�J�D�T �H�P�W��

�F�S�O�J�O�H �U�I�F �D�F�O�U�F�S �P�G �N�B�T�T �N�P�U�J�P�O �B�S�F

m•x = 0�


m•z = � mg�
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m

k; l0

�	�B�
 �5�I�F �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �G�P�S �S�V�O��
�O�J�O�H��

m

k; l0

�	�C�
 �5�I�F �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �G�P�S �X�B�M�L��
�J�O�H��

�X�I�F�S�F(x; z) �E�F�T�D�S�J�C�F�T �U�I�F �$�B�S�U�F�T�J�B�O �D�P�P�S�E�J�O�B�U�F�T �P�G �U�I�F �Q�P�J�O�U �N�B�T�T �B�O�Eg �J�T

�U�I�F �B�D�D�F�M�F�S�B�U�J�P�O �E�V�F �U�P �H�S�B�W�J�U�Z�� �5�I�F �T�Z�T�U�F�N �J�O�T�U�B�O�U�B�O�F�P�V�T�M�Z �U�S�B�O�T�J�U�J�P�O�T �J�O�U�P

�T�U�B�O�D�F �X�I�F�O �U�I�F �G�P�P�U �Q�P�J�O�U �U�P�V�D�I�F�T �U�I�F �H�S�P�V�O�E�� �U�I�F �N�P�E�F�M �E�P�F�T �O�P�U �D�P�O�T�J�E�F�S

�B�O�Z �T�M�J�Q�Q�J�O�H �P�G �U�I�F �G�P�P�U�� �0�O�D�F �J�O �T�U�B�O�D�F�
 �U�I�F �T�Z�T�U�F�N �C�F�I�B�W�F�T �B�T �B�O �J�O�W�F�S�U�F�E

�Q�F�O�E�V�M�V�N �X�J�U�I �B�O �F�N�C�F�E�E�F�E �T�Q�S�J�O�H�� �5�I�J�T �S�F�T�V�M�U�T �J�O �U�I�F �N�P�S�F �D�P�N�Q�M�F�Y �D�F�O��

�U�F�S �P�G �N�B�T�T �T�U�B�O�D�F �E�Z�O�B�N�J�D�T

m•x = k
h
l0 (x2 + z2)� 1/2 � 1

i
x�


m•z = k
h
l0 (x2 + z2)� 1/2 � 1

i
z � mg��
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�5�I�F �N�P�E�F�M �F�Y�J�U�T �T�U�B�O�D�F �B�O�E �S�F�U�V�S�O�T �U�P �·�J�H�I�U �B�Ò�F�S �S�F�C�P�V�O�E �P�O�D�F �U�I�F �M�F�H �I�B�T

�G�V�M�M�Z �F�Y�U�F�O�E�F�E �C�B�D�L �U�P �J�U�T �S�F�T�U �M�F�O�H�U�I��

�"�M�U�I�P�V�H�I �U�I�F �V�T�F �P�G �U�I�F �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �B�T �B �Q�S�F�E�J�D�U�P�S �P�G �M�P�D�P�N�P�U�J�P�O

�E�Z�O�B�N�J�D�T �I�B�T �J�U�T �S�P�P�U�T �J�O �C�J�P�N�F�D�I�B�O�J�D�T�
 �U�I�F �N�P�E�F�M �I�B�T �G�P�V�O�E �X�J�E�F�T�Q�S�F�B�E

�V�T�F �J�O �S�P�C�P�U�J�D�T �B�T �B �U�F�N�Q�M�B�U�F �G�P�S �E�F�T�J�H�O�J�O�H �B�O�E �D�P�O�U�S�P�M�M�J�O�H �S�V�O�O�J�O�H �S�P�C�P�U�T��

�3�B�J�C�F�S�U �X�B�T �U�I�F �¶�S�T�U �U�P �S�F�D�P�H�O�J�[�F �U�I�B�U �T�Q�S�J�O�H�Z �N�F�D�I�B�O�J�T�N�T �D�P�V�M�E �C�F �V�T�F�E

�U�P �D�P�O�T�U�S�V�D�U �M�F�H�H�F�E �S�P�C�P�U�T �D�B�Q�B�C�M�F �P�G �S�V�O�O�J�O�H �B�O�E �I�P�Q�Q�J�O�H �<�����>�� �5�I�S�P�V�H�I��

�P�V�U �U�I�F ���������T�
 �I�J�T �M�B�C �Q�S�P�E�V�D�F�E �B �O�V�N�C�F�S �P�G �T�V�D�D�F�T�T�G�V�M �N�P�O�P�Q�F�E�B�M�
 �C�J�Q�F�E�B�M�


�B�O�E �F�W�F�O �R�V�B�E�S�V�Q�F�E�B�M �S�P�C�P�U�T �V�T�J�O�H �Q�O�F�V�N�B�U�J�D �T�Q�S�J�O�H �M�F�H�T�� �3�B�J�C�F�S�U�Š�T �M�B�C �B�M�T�P

�T�U�V�E�J�F�E �U�I�F�T�F �N�B�D�I�J�O�F�T �J�O �T�J�N�V�M�B�U�J�P�O �V�T�J�O�H �C�P�U�I �D�P�N�Q�M�F�Y �T�Q�S�J�O�H���F�N�C�F�E�E�F�E
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�S�J�H�J�E �C�P�E�Z �N�P�E�F�M�T �B�O�E �U�I�F �T�J�N�Q�M�F �Q�M�B�O�B�S �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �<�����>�� �%�F�T�Q�J�U�F

�U�I�F�T�F �T�J�N�V�M�B�U�J�P�O �T�U�V�E�J�F�T�
 �B�M�M �P�G �3�B�J�C�F�S�U�Š�T �S�P�C�P�U�T �V�U�J�M�J�[�F�E �B�O �J�O�U�V�J�U�J�W�F �D�P�O��

�U�S�P�M �Q�P�M�J�D�Z �C�B�T�F�E �P�O �M�F�H�H�F�E �M�P�D�P�N�P�U�J�P�O �J�O�T�J�H�I�U�T�� �5�I�J�T �D�P�O�U�S�P�M �T�D�I�F�N�F �G�P��

�D�V�T�F�E �P�O �S�F�H�V�M�B�U�J�O�H �U�I�S�F�F �F�T�T�F�O�U�J�B�M �S�V�O�O�J�O�H �H�B�J�U �R�V�B�O�U�J�U�J�F�T�� �C�P�E�Z �P�S�J�F�O�U�B��

�U�J�P�O�
 �B�Q�F�Y �I�F�J�H�I�U�
 �B�O�E �G�P�S�X�B�S�E �W�F�M�P�D�J�U�Z�� �#�P�E�Z �P�S�J�F�O�U�B�U�J�P�O �X�B�T �I�B�O�E�M�F�E �X�J�U�I

�B �Q�S�P�Q�P�S�U�J�P�O�B�M���E�F�S�J�W�B�U�J�W�F �D�P�O�U�S�P�M�M�F�S �U�P �T�F�S�W�P �U�I�F �U�P�S�T�P �J�O �T�U�B�O�D�F�� �"�Q�F�Y �I�F�J�H�I�U

�X�B�T �S�F�H�V�M�B�U�F�E �C�Z �B�Q�Q�M�Z�J�O�H �B �¶�Y�F�E �J�N�Q�V�M�T�F �B�M�P�O�H �U�I�F �M�F�H �E�V�S�J�O�H �T�U�B�O�D�F�� �"�O�E

�G�P�S�X�B�S�E �W�F�M�P�D�J�U�Z �X�B�T �I�B�O�E�M�F�E �V�T�J�O�H �B �I�F�V�S�J�T�U�J�D �G�P�P�U �Q�M�B�D�F�N�F�O�U �M�B�X �G�P�S �U�I�F

�I�P�S�J�[�P�O�U�B�M �G�P�P�U �Q�P�T�J�U�J�P�O

x�G�P�P�U= x�O�F�V�U�S�B�M+ k_x( _x � _x� )�
 �	�������


�X�I�F�S�Fk_x �X�B�T �B�O �F�N�Q�J�S�J�D�B�M�M�Z �U�V�O�F�E �H�B�J�O�
_x �X�B�T �U�I�F �S�P�C�P�U�Š�T �G�P�S�X�B�S�E �W�F�M�P�D�J�U�Z�


�B�O�Ex�O�F�V�U�S�B�M�X�B�T �U�I�F �O�F�V�U�S�B�M �G�P�P�U �Q�P�J�O�U �U�I�B�U �X�P�V�M�E �H�F�O�F�S�B�U�F �[�F�S�P �O�F�U �G�P�S�X�B�S�E

�B�D�D�F�M�F�S�B�U�J�P�O�� �5�I�J�T �M�B�T�U �R�V�B�O�U�J�U�Z �X�B�T �F�T�U�J�N�B�U�F�E �B�T �I�B�M�G �P�G �U�I�F �Q�S�F�W�J�P�V�T �T�U�B�O�D�F

�U�J�N�F �N�V�M�U�J�Q�M�J�F�E �C�Z �U�I�F �G�P�S�X�B�S�E �T�Q�F�F�E�
 �X�I�J�D�I �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �F�R�V�B�M�T �U�I�F �I�P�S��

�J�[�P�O�U�B�M �N�J�E�Q�P�J�O�U �E�V�S�J�O�H �B �T�Z�N�N�F�U�S�J�D �S�V�O�O�J�O�H �T�U�B�O�D�F��

�5�I�F �T�V�D�D�F�T�T �P�G �3�B�J�C�F�S�U�Š�T �M�F�H�H�F�E �N�B�D�I�J�O�F�T �X�B�T �T�I�P�S�U�M�Z �G�P�M�M�P�X�F�E �C�Z �B �O�V�N��

�C�F�S �P�G �T�U�V�E�J�F�T �U�I�S�P�V�H�I�P�V�U �U�I�F ���������T �U�I�B�U �G�P�S�N�B�M�M�Z �J�O�W�F�T�U�J�H�B�U�F�E �U�I�F �D�P�O�U�S�P�M

�B�O�E �T�U�B�C�J�M�J�U�Z �P�G �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �S�V�O�O�J�O�H�� �5�I�J�T �C�F�H�B�O �X�J�U�I �.�D�(�F�F�S�
 �X�I�P

�B�O�B�M�Z�[�F�E �B �U�I�S�F�F���M�J�O�L �S�J�H�J�E �C�P�E�Z �C�J�Q�F�E �N�P�E�F�M �X�J�U�I �T�Q�S�J�O�H �M�F�H�T �B�O�E �T�Q�S�J�O�H

�K�P�J�O�U�T�� �)�F �G�P�V�O�E �X�I�J�D�I �N�F�D�I�B�O�J�D�B�M �Q�B�S�B�N�F�U�F�S�T �M�F�E �U�P �Q�B�T�T�J�W�F �Q�F�S�J�P�E�J�D �S�V�O��

�O�J�O�H �B�O�E �X�I�J�D�I �N�F�D�I�B�O�J�D�B�M �Q�B�S�B�N�F�U�F�S�T �D�P�V�M�E �C�F �B�D�U�J�W�F�M�Z �T�U�B�C�J�M�J�[�F�E �V�T�J�O�H �I�J�Q

�U�P�S�R�V�F �B�O�E �M�F�H �U�I�S�V�T�U �<�����>�� �5�I�J�T �B�O�B�M�Z�T�J�T �J�O�W�P�M�W�F�E �B�E�K�V�T�U�J�O�H �N�P�E�F�M �Q�B�S�B�N�F��

�U�F�S�Tp �X�I�J�M�F �O�V�N�F�S�J�D�B�M�M�Z �D�B�M�D�V�M�B�U�J�O�H �U�I�F �U�B�L�F�P�µ���U�P���U�B�L�F�P�µ �S�F�U�V�S�O �N�B�Q�3(s; p)

�P�G �U�I�F �T�Z�T�U�F�N �V�T�J�O�H �B �¶�W�F���E�J�N�F�O�T�J�P�O�B�M �T�U�B�U�F �W�F�D�U�P�Ss�� �5�I�J�T �U�F�D�I�O�J�R�V�F �P�G �B�O��

�B�M�Z�[�J�O�H �B �T�Z�T�U�F�N�Š�T �S�F�U�V�S�O �N�B�Q �J�T �P�Ò�F�O �S�F�G�F�S�S�F�E �U�P �B�T �1�P�J�O�D�B�S�© �B�O�B�M�Z�T�J�T �B�O�E �J�T
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�B �D�P�N�N�P�O �N�F�U�I�P�E �P�G �T�U�V�E�Z�J�O�H �U�I�F �T�U�B�C�J�M�J�U�Z �P�G �Q�F�S�J�P�E�J�D �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M

�H�B�J�U�T�� �#�Z �E�F�¶�O�J�O�H �B �1�P�J�O�D�B�S�© �T�F�D�U�J�P�O �B�T �B �T�J�O�H�M�F �F�W�F�O�U �J�O �U�I�F �H�B�J�U �D�Z�D�M�F�
 �U�I�F

�D�P�S�S�F�T�Q�P�O�E�J�O�H �S�F�U�V�S�O �N�B�Q �F�Y�Q�M�B�J�O�T �I�P�X �U�I�F �E�Z�O�B�N�J�D�B�M �T�Z�T�U�F�N �F�W�P�M�W�F�T �G�S�P�N

�D�Z�D�M�F �U�P �D�Z�D�M�F�� �'�J�Y�F�E �Q�P�J�O�U�T �P�O �U�I�F �S�F�U�V�S�O �N�B�Q �D�P�O�¶�S�N �U�I�F �Q�S�F�T�F�O�D�F �P�G �T�U�B��

�C�M�F �Q�F�S�J�P�E�J�D �C�F�I�B�W�J�P�S�
 �X�I�J�M�F �Q�P�J�O�U�T �P�O �U�I�F �S�F�U�V�S�O �N�B�Q �X�I�P�T�F �+�B�D�P�C�J�B�O �F�J�H�F�O��

�W�B�M�V�F �M�J�F�T �X�J�U�I�J�O �U�I�F �V�O�J�U �D�J�S�D�M�F �D�P�O�¶�S�N �M�P�D�B�M �B�T�Z�N�Q�U�P�U�J�D �T�U�B�C�J�M�J�U�Z�� �6�M�U�J�N�B�U�F�M�Z�


�U�I�F �T�I�B�Q�F �P�G �B �S�F�U�V�S�O �N�B�Q �J�T �E�F�U�F�S�N�J�O�F�E �C�Z �C�P�U�I �T�U�B�U�J�D �N�P�E�F�M �Q�B�S�B�N�F�U�F�S�Tp

�B�O�E �D�I�B�O�H�J�O�H �D�P�O�U�S�P�M �J�O�Q�V�U�Tu �� �.�Š�$�M�P�T�L�F�Z �B�O�E �#�V�S�E�J�D�L �V�T�F�E �U�I�J�T �U�F�D�I�O�J�R�V�F

�U�P �F�W�B�M�V�B�U�F �U�I�F �T�U�B�C�J�M�J�U�Z �P�G �3�B�J�C�F�S�U�Š�T �Q�M�B�O�B�S �I�P�Q�Q�F�S �C�Z �N�P�E�F�M�J�O�H �B �T�Q�S�J�O�H �N�B�T�T

�T�Z�T�U�F�N �X�J�U�I �B �O�P�O�M�J�O�F�B�S �B�J�S �T�Q�S�J�O�H �B�M�P�O�H �X�J�U�I �3�B�J�C�F�S�U�Š�T �B�Q�F�Y �I�F�J�H�I�U �S�F�H�V�M�B��

�U�J�P�O �B�O�E �G�P�P�U �Q�M�B�D�F�N�F�O�U �B�M�H�P�S�J�U�I�N �<�����>�� �4�D�I�X�J�O�E �B�O�E �,�P�E�J�U�T�D�I�F�L �F�Y�Q�B�O�E�F�E
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�I�P�S�J�[�P�O�U�B�M �Q�P�T�J�U�J�P�O �P�G �U�I�F �U�X�P �G�P�P�U �Q�P�J�O�U�T�� �5�I�J�T �F�Y�U�F�O�T�J�P�O �B�M�M�P�X�T �U�I�F �T�Q�S�J�O�H

�N�B�T�T �N�P�E�F�M �U�P �F�Y�I�J�C�J�U �C�P�U�I �S�V�O�O�J�O�H �B�O�E �X�B�M�L�J�O�H �H�B�J�U�T �X�J�U�I�J�O �B �T�J�O�H�M�F �T�J�N�Q�M�F

�N�F�D�I�B�O�J�D�B�M �T�Z�T�U�F�N��
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�X�B�M�L�J�O�H �E�Z�O�B�N�J�D�T �<�����>�
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 �B�O �F�Y�I�B�V�T�U�J�W�F �T�U�B�U�F �B�O�E �B�D�U�J�P�O �T�Q�B�D�F �T�F�B�S�D�I �J�T �S�F�R�V�J�S�F�E��
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�"�T �B �S�F�T�V�M�U�
 �U�I�F �N�F�U�I�P�E �F�Y�U�F�O�E�T �Q�P�P�S�M�Z �U�P �T�Z�T�U�F�N�T �X�J�U�I �I�J�H�I �E�J�N�F�O�T�J�P�O�B�M

�T�U�B�U�F�T �P�S �T�F�W�F�S�B�M �D�P�O�U�S�P�M �J�O�Q�V�U�T�� �4�F�D�P�O�E�
 �B�M�U�I�P�V�H�I �D�I�P�P�T�J�O�H �B �1�P�J�O�D�B�S�© �T�F�D��

�U�J�P�O �D�P�M�M�B�Q�T�F�T �P�O�F �P�G �U�I�F �T�U�B�U�F �E�J�N�F�O�T�J�P�O�T�
 �J�U �V�M�U�J�N�B�U�F�M�Z �M�J�N�J�U�T �U�I�F �D�P�O�U�S�P�M

�Q�P�M�J�D�J�F�T �U�I�B�U �D�B�O �C�F �H�F�O�F�S�B�U�F�E�� �'�P�S �F�Y�B�N�Q�M�F�
 �X�I�F�O �N�J�E�T�U�B�O�D�F �J�T �D�I�P�T�F�O �B�T

�U�I�F �Q�P�J�O�U �P�G �B�O�B�M�Z�T�J�T�
 �U�I�F �S�F�T�V�M�U�J�O�H �D�P�O�U�S�P�M �X�J�M�M �O�F�W�F�S �D�P�O�T�J�E�F�S �B�D�U�J�P�O�T �B�U �E�J�G��

�G�F�S�F�O�U �U�J�N�F�T �J�O �U�I�F �H�B�J�U �D�Z�D�M�F�� �5�I�J�T �J�T �B�D�D�F�Q�U�B�C�M�F �J�O �T�P�N�F �D�B�T�F�T�
 �T�V�D�I �B�T �S�V�O��

�O�J�O�H�
 �X�I�F�S�F �E�F�B�E�C�F�B�U �T�P�M�V�U�J�P�O�T �F�Y�J�T�U �G�P�S �N�B�O�Z �T�U�B�U�F�T�
 �C�V�U �J�U �D�B�O �B�M�T�P �M�J�N�J�U �U�I�F

�D�P�O�U�S�P�M�M�F�S �Q�F�S�G�P�S�N�B�O�D�F �X�I�F�O �O�P �T�J�O�H�M�F �T�U�F�Q �T�P�M�V�U�J�P�O�T �F�Y�J�T�U��

�*�E�F�B�M�M�Z�
 �X�F �X�J�T�I �U�P �T�P�M�W�F �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �D�P�O�U�S�P�M �B�T �B�O �P�Q�U�J�N�B�M �D�P�O�U�S�P�M

�Q�S�P�C�M�F�N �V�T�J�O�H �U�P�P�M�T �U�I�B�U �D�P�O�T�J�E�F�S �B�M�M �P�G �T�U�B�U�F �T�Q�B�D�F �B�O�E �T�D�B�M�F �X�F�M�M �X�J�U�I �Q�S�P�C��

�M�F�N �E�J�N�F�O�T�J�P�O�B�M�J�U�Z�� �3�F�J�O�G�P�S�D�F�N�F�O�U �M�F�B�S�O�J�O�H �J�T �P�O�F �U�P�P�M �U�I�B�U �B�E�E�S�F�T�T�F�T �I�P�X

�B �H�P�B�M���E�J�S�F�D�U�F�E �B�H�F�O�U �D�B�O �J�O�U�F�S�B�D�U �X�J�U�I �J�U�T �F�O�W�J�S�P�O�N�F�O�U �U�P �P�Q�U�J�N�J�[�F �B �O�V��

�N�F�S�J�D�B�M �S�F�X�B�S�E�� �*�O �H�F�O�F�S�B�M �U�I�F�T�F �N�F�U�I�P�E�T �J�O�W�P�M�W�F �D�P�N�Q�V�U�J�O�H �B �Q�P�M�J�D�Z �C�B�T�F�E

�P�O �B �D�P�O�U�J�O�V�B�M �S�F�X�B�S�E �T�J�H�O�B�M �J�O �P�S�E�F�S �U�P �N�B�Y�J�N�J�[�F �U�I�F �S�F�X�B�S�E �J�O �U�I�F �M�P�O�H

�S�V�O�
 �S�F�Q�S�F�T�F�O�U�F�E �B�T �B �W�B�M�V�F �G�V�O�D�U�J�P�O�� �5�I�F�T�F �U�F�D�I�O�J�R�V�F�T �I�B�W�F �C�F�F�O �T�V�D�D�F�T�T��

�G�V�M �X�J�U�I�J�O �U�I�F �D�P�N�Q�V�U�F�S �H�S�B�Q�I�J�D�T �D�P�N�N�V�O�J�U�Z�
 �F�W�F�O �X�J�U�I �I�J�H�I �E�J�N�F�O�T�J�P�O�B�M

�T�U�B�U�F �B�O�E �B�D�U�J�P�O �T�Q�B�D�F�T �<�����
 �����>�� �*�O �U�I�J�T �T�F�D�U�J�P�O �X�F �X�J�M�M �B�E�E�S�F�T�T �I�P�X �S�F�J�O�G�P�S�D�F��

�N�F�O�U �M�F�B�S�O�J�O�H �D�B�O �C�F �V�U�J�M�J�[�F�E �U�P �E�F�W�F�M�P�Q �P�Q�U�J�N�B�M �D�P�O�U�S�P�M�T �G�P�S �U�I�F �T�Q�S�J�O�H �N�B�T�T

�N�P�E�F�M��

���������� �$�P�N�Q�B�S�J�T�P�O �P�G �"�Q�Q�S�P�B�D�I�F�T

�"�M�U�I�P�V�H�I �S�F�J�O�G�P�S�D�F�N�F�O�U �M�F�B�S�O�J�O�H �I�B�T �C�F�D�P�N�F �Q�P�Q�V�M�B�S �J�O �S�F�D�F�O�U �Z�F�B�S�T�
 �T�F�W��

�F�S�B�M �P�U�I�F�S �B�Q�Q�S�P�B�D�I�F�T �D�B�O �B�M�T�P �C�F �V�T�F�E �G�P�S �B�U�U�F�N�Q�U�J�O�H �U�P �¶�O�E �P�Q�U�J�N�B�M �D�P�O�U�S�P�M

�Q�P�M�J�D�J�F�T�� �%�V�F �U�P �U�I�F �M�P�O�H �I�J�T�U�P�S�Z �P�G �S�F�J�O�G�P�S�D�F�N�F�O�U �M�F�B�S�O�J�O�H �X�J�U�I�J�O �U�I�F �¶�F�M�E �P�G

�B�S�U�J�¶�D�J�B�M �J�O�U�F�M�M�J�H�F�O�D�F�
 �U�I�F �D�M�B�T�T�J�¶�D�B�U�J�P�O �P�G �N�B�O�Z �P�Q�U�J�N�B�M �D�P�O�U�S�P�M �N�F�U�I�P�E�T �J�T

�O�P�U �X�F�M�M �E�F�¶�O�F�E�� �5�I�V�T�
 �B �X�J�E�F �S�B�O�H�F �P�G �P�Q�U�J�N�B�M �D�P�O�U�S�P�M �N�F�U�I�P�E�T �D�B�O �C�F �D�P�O��
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�T�J�E�F�S�F�E �B�T �Q�B�S�U �P�G �S�F�J�O�G�P�S�D�F�N�F�O�U �M�F�B�S�O�J�O�H�� �5�I�F �D�P�N�N�P�O �S�P�P�U �B�N�P�O�H �U�I�F�T�F

�N�F�U�I�P�E�T �J�T �U�I�F �J�O�U�S�P�E�V�D�U�J�P�O �P�G �U�I�F �#�F�M�M�N�B�O �P�Q�U�J�N�B�M�J�U�Z �F�R�V�B�U�J�P�O �J�O �U�I�F ���������T

�C�Z �3�J�D�I�B�S�E �#�F�M�M�N�B�O�� �"�M�H�P�S�J�U�I�N�T �T�V�J�U�B�C�M�F �G�P�S �T�P�M�W�J�O�H �D�P�O�U�S�P�M �Q�S�P�C�M�F�N�T �V�T�J�O�H

�U�I�J�T �F�R�V�B�U�J�P�O �C�F�D�B�N�F �L�O�P�X�O �B�T �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �B�M�H�P�S�J�U�I�N�T �<�����>�� �%�Z��

�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �J�T �X�J�E�F�M�Z �V�T�F�E �G�P�S �T�P�M�W�J�O�H �H�F�O�F�S�B�M �P�Q�U�J�N�B�M �D�P�O�U�S�P�M �Q�S�P�C��

�M�F�N�T�
 �C�V�U �J�U �T�V�µ�F�S�T �G�S�P�N �X�I�B�U �#�F�M�M�N�B�O �D�B�M�M�F�E �U�I�F �Œ�D�V�S�T�F �P�G �E�J�N�F�O�T�J�P�O�B�M�J�U�Z�•

�C�F�D�B�V�T�F �J�U�T �D�P�N�Q�V�U�B�U�J�P�O�B�M �D�P�N�Q�M�F�Y�J�U�Z �H�S�P�X�T �F�Y�Q�P�O�F�O�U�J�B�M�M�Z �X�J�U�I �U�I�F �O�V�N�C�F�S

�P�G �T�U�B�U�F �E�J�N�F�O�T�J�P�O�T�� �/�F�W�F�S�U�I�F�M�F�T�T�
 �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �I�B�T �C�F�F�O �V�U�J�M�J�[�F�E

�F�Y�U�F�O�T�J�W�F�M�Z �B�M�P�O�H �X�J�U�I �N�B�O�Z �U�F�D�I�O�J�R�V�F�T �U�P �B�W�P�J�E �U�I�J�T �E�J�N�F�O�T�J�P�O�B�M�J�U�Z �J�T�T�V�F��

�%�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �B�O�E �S�F�J�O�G�P�S�D�F�N�F�O�U �M�F�B�S�O�J�O�H �T�P�M�W�F �U�I�F �T�B�N�F �U�Z�Q�F �P�G

�Q�S�P�C�M�F�N�T�
 �X�I�J�D�I �N�B�L�F�T �J�U �E�J�¸�D�V�M�U �U�P �D�P�O�T�J�E�F�S �U�I�F�N �B�T �T�F�Q�B�S�B�U�F �D�M�B�T�T�F�T��

�%�Z�O�B�N�J�D �1�S�P�H�S�B�N�N�J�O�H

�#�F�G�P�S�F �D�P�O�T�J�E�F�S�J�O�H �I�P�X �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �D�P�V�M�E �C�F �V�T�F�E �U�P �T�P�M�W�F �V�O�J��

�¶�F�E �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �D�P�O�U�S�P�M�
 �X�F �X�J�M�M �¶�S�T�U �B�E�E�S�F�T�T �U�I�F �G�F�B�T�J�C�J�M�J�U�Z �P�G �B �C�S�V�U�F

�G�P�S�D�F �T�F�B�S�D�I�� �5�I�F �C�J�Q�F�E�B�M �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �	�'�J�H�V�S�F �������C�
 �D�B�O �C�F �G�V�M�M�Z �E�F��

�¶�O�F�E �B�U �B�O�Z �Q�P�J�O�U �J�O �U�I�F �H�B�J�U �D�Z�D�M�F �V�T�J�O�H �B �T�J�Y �E�J�N�F�O�T�J�P�O�B�M �T�U�B�U�F �W�F�D�U�P�S(x; z; _x; _z; xf1 ; xf2 )

�X�I�F�S�Fxf1 ; xf2 �E�F�T�D�S�J�C�F �U�I�F �I�P�S�J�[�P�O�U�B�M �G�P�P�U �Q�P�T�J�U�J�P�O�T �S�F�M�B�U�J�W�F �U�P �U�I�F �D�F�O�U�F�S �P�G

�N�B�T�T�� �0�O�F �B�E�E�J�U�J�P�O�B�M �W�B�S�J�B�C�M�F �J�T �O�F�F�E�F�E �U�P �T�U�P�S�F �U�I�F �H�B�J�U �Q�I�B�T�F �	�·�J�H�I�U�
 �T�J�O�H�M�F

�T�U�B�O�D�F�
 �P�S �E�P�V�C�M�F �T�U�B�O�D�F�
�� �5�I�F�S�F �B�S�F �N�B�O�Z �B�D�U�J�P�O �Q�B�S�B�N�F�U�F�S�J�[�B�U�J�P�O�T �U�I�B�U �D�B�O

�C�F �V�T�F�E�
 �C�V�U �P�O�F �F�Y�B�N�Q�M�F �U�I�B�U �I�B�T �X�P�S�L�F�E �X�F�M�M �G�P�S �H�B�J�U �U�S�B�O�T�J�U�J�P�O�T �J�T �U�I�F �U�I�S�F�F

�E�J�N�F�O�T�J�P�O�B�M �W�F�D�U�P�S �E�F�¶�O�J�O�H �U�I�F �U�X�P �T�Q�S�J�O�H �T�U�J�µ�O�F�T�T�F�T �B�O�E �U�I�F �O�F�Y�U �M�F�H �Q�M�B�D�F��

�N�F�O�U �B�O�H�M�F�� �*�G �F�B�D�I �P�G �U�I�F�T�F �T�U�B�U�F �B�O�E �B�D�U�J�P�O �W�F�D�U�P�S �R�V�B�O�U�J�U�J�F�T �B�S�F �D�P�B�S�T�F�M�Z

�E�J�T�D�S�F�U�J�[�F�E �J�O�U�P ���� �C�J�O�T�
 �U�I�F �T�Z�T�U�F�N �X�J�M�M �I�B�W�Fn = 106 �T�U�B�U�F�T �B�O�Ek = 103 �D�P�O��

�U�S�P�M �B�D�U�J�P�O�T�� �5�I�J�T �D�P�S�S�F�T�Q�P�O�E�T �U�P �B �U�P�U�B�M �P�Gkn = 103000000 �Q�P�T�T�J�C�M�F �Q�P�M�J�D�J�F�T �U�I�B�U

�X�P�V�M�E �O�F�F�E �U�P �C�F �F�W�B�M�V�B�U�F�E��

�'�P�S�U�V�O�B�U�F�M�Z�
 �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �B�M�M�P�X�T �V�T �U�P �T�P�M�W�F �U�I�J�T �Q�S�P�C�M�F�N �F�Y�Q�P��
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�O�F�O�U�J�B�M�M�Z �G�B�T�U�F�S �U�I�B�O �B�O �F�Y�I�B�V�T�U�J�W�F �T�F�B�S�D�I�� �1�P�Q�V�M�B�S �N�F�U�I�P�E�T �T�V�D�I �B�T �Q�P�M�J�D�Z

�J�U�F�S�B�U�J�P�O �P�S �W�B�M�V�F �J�U�F�S�B�U�J�P�O �D�B�O �J�U�F�S�B�U�J�W�F�M�Z �¶�O�E �B�Q�Q�S�P�Y�J�N�B�U�F �P�Q�U�J�N�B�M �T�P�M�V��

�U�J�P�O�T �J�O �Q�P�M�Z�O�P�N�J�B�M �U�J�N�F �<�������>�� �'�P�S �J�O�T�U�B�O�D�F�
 �U�I�F �D�P�N�Q�V�U�B�U�J�P�O�B�M �D�P�N�Q�M�F�Y�J�U�Z

�P�G �W�B�M�V�F �J�U�F�S�B�U�J�P�O �J�TO(n2k) �Q�F�S �J�U�F�S�B�U�J�P�O�� �%�F�T�Q�J�U�F �U�I�J�T �S�F�N�B�S�L�B�C�M�F �E�F�D�S�F�B�T�F �J�O

�D�P�N�Q�M�F�Y�J�U�Z�
 �D�P�O�W�F�O�U�J�P�O�B�M �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �N�F�U�I�P�E�T �B�S�F �T�U�J�M�M �O�P�U �G�F�B��

�T�J�C�M�F �J�O �N�B�O�Z �D�B�T�F�T �E�V�F �U�P �U�I�F �O�F�F�E �U�P �J�U�F�S�B�U�F �P�W�F�S �F�W�F�S�Z �T�U�B�U�F�� �0�O�F �Q�P�Q�V�M�B�S

�F�Y�U�F�O�T�J�P�O �J�T �U�P �V�T�F �B�T�Z�O�D�I�S�P�O�P�V�T �N�F�U�I�P�E�T �X�I�J�D�I �W�J�T�J�U �U�I�F �T�U�B�U�F�T �J�O �B�O�Z �P�S�E�F�S��

�5�I�J�T �D�B�O �C�F �O�P�U�J�D�F�B�C�M�Z �N�P�S�F �F�¸�D�J�F�O�U �X�I�F�O �U�I�F �P�Q�U�J�N�B�M �T�P�M�V�U�J�P�O �S�F�N�B�J�O�T �J�O

�B �T�N�B�M�M �T�V�C�T�F�U �P�G �U�I�F �T�U�B�U�F �T�Q�B�D�F��

�2���M�F�B�S�O�J�O�H �B�Q�Q�S�P�B�D�I�F�T

�5�B�C�V�M�B�S �S�F�J�O�G�P�S�D�F�N�F�O�U �M�F�B�S�O�J�O�H �N�F�U�I�P�E�T�
 �T�V�D�I �B�T �D�P�O�W�F�O�U�J�P�O�B�M �4�"�3�4�" �P�S

�2���M�F�B�S�O�J�O�H�
 �D�B�O �B�M�T�P �C�F �V�T�F�E �U�P �T�P�M�W�F �U�I�J�T �Q�S�P�C�M�F�N �F�¸�D�J�F�O�U�M�Z �V�T�J�O�H �U�F�N�Q�P��

�S�B�M �E�J�µ�F�S�F�O�D�F �M�F�B�S�O�J�O�H�� �5�I�F�T�F �B�M�H�P�S�J�U�I�N�T�
 �T�J�N�J�M�B�S �U�P �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H�


�J�U�F�S�B�U�J�W�F�M�Z �J�N�Q�S�P�W�F �U�I�F�J�S �T�P�M�V�U�J�P�O�T �C�Z �V�T�J�O�H �Q�S�F�W�J�P�V�T �F�T�U�J�N�B�U�F�T �U�P �H�F�O�F�S�B�U�F

�O�F�X �T�P�M�V�U�J�P�O�T�
 �B �G�F�B�U�V�S�F �L�O�P�X�O �B�T �C�P�P�U�T�U�S�B�Q�Q�J�O�H�� �5�I�F�T�F �U�F�D�I�O�J�R�V�F�T �E�P �O�P�U

�S�F�R�V�J�S�F �B �N�P�E�F�M �B�O�E �D�B�O �C�F �J�N�Q�M�F�N�F�O�U�F�E �P�O�M�J�O�F �J�O �B�O �J�O�D�S�F�N�F�O�U�B�M �G�B�T�I��

�J�P�O�� �5�I�F�T�F �U�B�C�V�M�B�S �B�M�H�P�S�J�U�I�N�T �B�S�F �Q�S�P�W�B�C�M�Z �D�P�O�W�F�S�H�F�O�U �C�V�U �B�S�F �N�B�U�I�F�N�B�U�J��

�D�B�M�M�Z �P�Q�U�J�N�B�M �P�O�M�Z �G�P�S �U�S�V�M�Z �E�J�T�D�S�F�U�F �T�Z�T�U�F�N�T �<�������
 �������>�� �8�I�F�O �E�J�T�D�S�F�U�J�[�J�O�H �B

�D�P�O�U�J�O�V�P�V�T���U�J�N�F �T�Z�T�U�F�N�
 �U�I�F�T�F �N�F�U�I�P�E�T �Q�S�P�E�V�D�F �B�O �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F

�U�S�V�F �P�Q�U�J�N�B�M �T�P�M�V�U�J�P�O��

�0�O�F �Q�F�S�U�J�O�F�O�U �E�J�T�B�E�W�B�O�U�B�H�F �P�G �U�I�F �N�F�U�I�P�E�T �E�J�T�D�V�T�T�F�E �T�P �G�B�S �J�T �U�I�B�U �U�I�F�Z

�E�P �O�P�U �F�Y�U�F�O�E �X�F�M�M �U�P �D�P�O�U�J�O�V�P�V�T �T�U�B�U�F �B�O�E �B�D�U�J�P�O �T�Q�B�D�F�T�� �%�Z�O�B�N�J�D �Q�S�P�H�S�B�N��

�N�J�O�H �D�B�O �C�F �J�N�Q�S�P�W�F�E �J�O �U�I�J�T �D�B�T�F �C�Z �S�B�O�E�P�N�M�Z �T�B�N�Q�M�J�O�H �B�D�U�J�P�O�T �P�W�F�S �B �D�P�O��

�U�J�O�V�P�V�T �T�Q�B�D�F �<���>�� �"�M�U�F�S�O�B�U�J�W�F�M�Z�
 �B�Q�Q�S�P�Y�J�N�B�U�F �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �N�F�U�I��

�P�E�T�
 �T�V�D�I �B�T �¶�U�U�F�E �W�B�M�V�F �J�U�F�S�B�U�J�P�O�
 �P�µ�F�S �D�P�N�Q�B�D�U �N�F�N�P�S�Z���F�¸�D�J�F�O�U �S�F�Q�S�F�T�F�O��

�U�B�U�J�P�O�T �P�G �U�I�F �W�B�M�V�F �G�V�O�D�U�J�P�O �P�S �Q�P�M�J�D�Z �V�T�J�O�H �G�V�O�D�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�P�S�T �<�����>��



�$�I�B�Q�U�F�S ���� �#�B�D�L�H�S�P�V�O�E ����

�'�V�O�D�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�P�S�T �B�M�M�P�X �W�B�M�V�F �G�V�O�D�U�J�P�O�T �U�P �H�F�O�F�S�B�M�J�[�F �T�J�O�H�M�F �V�Q�E�B�U�F�T

�B�D�S�P�T�T �N�V�M�U�J�Q�M�F �T�U�B�U�F�T�
 �C�V�U �D�B�O �J�O�U�S�P�E�V�D�F �B �C�J�B�T �B�O�E �F�W�F�O �Q�S�F�W�F�O�U �H�V�B�S�B�O�U�F�F�T

�P�G �D�P�O�W�F�S�H�F�O�D�F�� �/�F�W�F�S�U�I�F�M�F�T�T�
 �G�V�O�D�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�P�S�T �I�B�W�F �C�F�F�O �X�J�E�F�M�Z

�V�T�F�E �U�P �B�E�E�S�F�T�T �D�P�O�U�J�O�V�P�V�T �T�Z�T�U�F�N�T �B�O�E �I�B�W�F �E�F�N�P�O�T�U�S�B�U�F�E �F�Y�D�F�Q�U�J�P�O�B�M �Q�F�S��

�G�P�S�N�B�O�D�F �J�O �Q�S�B�D�U�J�D�F��

�7�B�M�V�F �G�V�O�D�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �J�T �P�Ò�F�O �B�D�D�P�N�Q�M�J�T�I�F�E �V�T�J�O�H �T�U�P�D�I�B�T�U�J�D �H�S�B��

�E�J�F�O�U �E�F�T�D�F�O�U �N�F�U�I�P�E�T �U�P �N�J�O�J�N�J�[�F �U�I�F �N�F�B�O �T�R�V�B�S�F�E �W�B�M�V�F �F�S�S�P�S �	�.�4�7�&�
��

�8�I�F�O �B �T�J�N�Q�M�F �M�J�O�F�B�S �G�V�O�D�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�P�S �J�T �V�T�F�E �U�I�J�T �D�B�O �M�F�B�E �U�P �B �T�J�O�H�M�F

�P�Q�U�J�N�V�N�� �" �U�Z�Q�J�D�B�M �M�J�O�F�B�S �G�V�O�D�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�P�S �J�TV̂(� ; s) = � T � (s)�
 �X�I�F�S�F

� �S�F�Q�S�F�T�F�O�U�T �U�I�F �X�F�J�H�I�U �W�F�D�U�P�S �B�O�E� (s) �J�T �B �G�F�B�U�V�S�F �W�F�D�U�P�S �G�P�S �T�U�B�U�Fs�� �5�I�F

�T�J�N�Q�M�F �T�U�P�D�I�B�T�U�J�D �H�S�B�E�J�F�O�U �E�F�T�D�F�O�U �V�Q�E�B�U�F �S�V�M�F �D�B�O �C�F �X�S�J�U�U�F�O �B�T

� i+1 = � i + � (Ui � V̂(� i; si))r V̂(� i; si)�
 �	�������


�X�I�F�S�F� �J�T �U�I�F �M�F�B�S�O�J�O�H �S�B�U�F �B�O�EU �J�T �U�I�F �O�F�X �G�V�O�D�U�J�P�O �F�T�U�J�N�B�U�F�� �*�GU �J�T �B�O

�V�O�C�J�B�T�F�E �F�T�U�J�N�B�U�F �P�G �U�I�F �U�S�V�F �W�B�M�V�F �G�V�O�D�U�J�P�O �B�O�E �U�I�F �G�V�O�D�U�J�P�O �B�Q�Q�P�Y�J�N�B��

�U�P�S �J�T �M�J�O�F�B�S�
 �U�I�F�O �U�I�J�T �B�M�H�P�S�J�U�I�N �J�T �H�V�B�S�B�O�U�F�F�E �U�P �D�P�O�W�F�S�H�F �U�P �U�I�F �E�J�T�D�S�F�U�F

�Q�S�P�C�M�F�N�Š�T �H�M�P�C�B�M �P�Q�U�J�N�V�N �<�����>�� �6�O�G�P�S�U�V�O�B�U�F�M�Z�
 �C�P�P�U�T�U�S�B�Q�Q�J�O�H �N�F�U�I�P�E�T �B�S�F

�C�J�B�T�F�E �C�F�D�B�V�T�F �U�I�F�Z �E�F�Q�F�O�E �P�O �U�I�F �D�V�S�S�F�O�U �X�F�J�H�I�U �W�F�D�U�P�S� �� �8�I�F�O �U�F�N�Q�P�S�B�M

�E�J�µ�F�S�F�O�D�F �N�F�U�I�P�E�T �B�S�F �V�T�F�E �X�J�U�I �B �M�J�O�F�B�S �G�V�O�D�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�P�S�
 �U�I�F �H�S�B��

�E�J�F�O�U �E�F�T�D�F�O�U �B�M�H�P�S�J�U�I�N �J�O�T�U�F�B�E �D�P�O�W�F�S�H�F�T �U�P �U�I�F �5�% �¶�Y�F�E �Q�P�J�O�U�
 �X�I�J�D�I �J�T

�X�J�U�I�J�O �B �C�P�V�O�E �P�G �U�I�F �P�Q�U�J�N�V�N �<�������>��

�1�P�M�J�D�Z �H�S�B�E�J�F�O�U�T

�1�P�M�J�D�Z���H�S�B�E�J�F�O�U �B�M�H�P�S�J�U�I�N�T �B�M�T�P �M�F�W�F�S�B�H�F �H�S�B�E�J�F�O�U �E�F�T�D�F�O�U �J�O �P�S�E�F�S �U�P �V�Q�E�B�U�F

�B �G�V�O�D�U�J�P�O�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F �Q�P�M�J�D�Z �C�B�T�F�E �P�O �U�I�F �H�S�B�E�J�F�O�U �P�G �B �Q�F�S��

�G�P�S�N�B�O�D�F �N�F�U�S�J�D �<�����
 �������
 �������>�� �0�O�F �T�U�S�P�O�H �C�F�O�F�¶�U �P�G �U�I�F�T�F �N�F�U�I�P�E�T �J�T �U�I�B�U
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�U�I�F�Z �B�M�M�P�X �D�P�O�U�J�O�V�P�V�T �Q�P�M�J�D�J�F�T �B�O�E �B�D�U�J�P�O �T�Q�B�D�F�T �U�P �C�F �V�U�J�M�J�[�F�E�� �"�D�U�P�S���D�S�J�U�J�D

�B�M�H�P�S�J�U�I�N�T �B�S�J�T�F �X�I�F�O �Q�P�M�J�D�Z���H�S�B�E�J�F�O�U�T �B�S�F �D�P�N�C�J�O�F�E �X�J�U�I �F�Y�Q�M�J�D�J�U �B�Q�Q�S�P�Y��

�J�N�B�U�J�P�O�T �P�G �U�I�F �Q�F�S�G�P�S�N�B�O�D�F �N�F�U�S�J�D�� �5�I�F �Q�P�M�J�D�Z �J�T �S�F�G�F�S�S�F�E �U�P �B�T �U�I�F �B�D�U�P�S�


�X�I�J�M�F �U�I�F �Q�F�S�G�P�S�N�B�O�D�F �N�F�U�S�J�D �J�T �U�I�F �D�S�J�U�J�D�� �5�I�J�T �I�B�T �U�I�F �C�F�O�F�¶�U �P�G �Q�P�U�F�O�U�J�B�M�M�Z

�S�F�E�V�D�J�O�H �W�B�S�J�B�O�D�F �P�G �U�I�F �H�S�B�E�J�F�O�U �F�T�U�J�N�B�U�F �D�P�N�Q�B�S�F�E �U�P �G�V�M�M �.�P�O�U�F �$�B�S�M�P

�T�B�N�Q�M�F�T��

�0�O�F �M�B�T�U �S�F�J�O�G�P�S�D�F�N�F�O�U �M�F�B�S�O�J�O�H �B�M�H�P�S�J�U�I�N �U�I�B�U �J�T �X�P�S�U�I �N�F�O�U�J�P�O�J�O�H �J�O

�U�I�F �D�P�O�U�F�Y�U �P�G �M�F�H�H�F�E �M�P�D�P�N�P�U�J�P�O �J�T �U�I�F �D�P�O�U�J�O�V�P�V�T �B�D�U�P�S���D�S�J�U�J�D �M�F�B�S�O�J�O�H �B�V��

�U�P�N�B�U�P�O �	�$�"�$�-�"�
 �<�������>�� �5�I�J�T �B�M�H�P�S�J�U�I�N �I�B�T �C�F�F�O �Q�B�S�U�J�D�V�M�B�S�M�Z �T�V�D�D�F�T�T�G�V�M �J�O

�E�F�N�P�O�T�U�S�B�U�J�O�H �E�Z�O�B�N�J�D �M�F�H�H�F�E �M�P�D�P�N�P�U�J�P�O �C�F�I�B�W�J�P�S�T �J�O �T�J�N�V�M�B�U�J�P�O �<�����
 �����>��

�$�"�$�-�" �P�Q�F�S�B�U�F�T �T�J�N�J�M�B�S �U�P �Q�P�M�J�D�Z���H�S�B�E�J�F�O�U �B�D�U�P�S���D�S�J�U�J�D �N�F�U�I�P�E�T�
 �C�V�U �S�B�U�I�F�S

�U�I�B�O �V�Q�E�B�U�J�O�H �U�I�F �B�D�U�P�S �J�O �Q�P�M�J�D�Z �T�Q�B�D�F �J�U �V�Q�E�B�U�F�T �U�I�F �B�D�U�P�S �J�O �B�D�U�J�P�O �T�Q�B�D�F��

�*�O �B�E�E�J�U�J�P�O�
 �B�D�U�P�S �V�Q�E�B�U�F�T �B�S�F �P�O�M�Z �Q�F�S�G�P�S�N�F�E �X�I�F�O �U�I�F �T�B�N�Q�M�F�E �B�D�U�J�P�O �J�N��

�Q�S�P�W�F�T �U�I�F �Q�F�S�G�P�S�N�B�O�D�F �N�F�U�S�J�D�� �5�I�J�T �Q�S�F�W�F�O�U�T �U�I�F �B�D�U�P�S �G�S�P�N �N�P�W�J�O�H �U�P��

�X�B�S�E�T �V�O�T�B�N�Q�M�F�E �B�D�U�J�P�O�T��

���������� �"�Q�Q�M�J�F�E �U�P �#�J�Q�F�E�B�M �3�P�C�P�U �)�B�S�E�X�B�S�F

�3�F�J�O�G�P�S�D�F�N�F�O�U �M�F�B�S�O�J�O�H �I�B�T �C�F�F�O �B�Q�Q�M�J�F�E �U�P �C�P�U�I �T�J�N�V�M�B�U�F�E �B�O�E �S�F�B�M���X�P�S�M�E

�T�Z�T�U�F�N�T �G�P�S �T�P�M�W�J�O�H �B �W�B�S�J�F�U�Z �D�P�N�Q�M�F�Y �E�Z�O�B�N�J�D �U�B�T�L�T�� �-�F�B�S�O�J�O�H �U�P �X�B�M�L �P�O

�C�J�Q�F�E�B�M �S�P�C�P�U �I�B�S�E�X�B�S�F �I�B�T �C�F�F�O �E�F�N�P�O�T�U�S�B�U�F�E �O�V�N�F�S�P�V�T �U�J�N�F�T �V�T�J�O�H �D�P�O��

�W�F�O�U�J�P�O�B�M �S�F�J�O�G�P�S�D�F�N�F�O�U �M�F�B�S�O�J�O�H �U�F�D�I�O�J�R�V�F�T�� �"�M�U�I�P�V�H�I �U�I�F �B�Q�Q�S�P�B�D�I �U�B�L�F�O

�J�O �U�I�J�T �U�I�F�T�J�T �G�P�D�V�T�F�T �P�O �P�¹�J�O�F �D�P�N�Q�V�U�B�U�J�P�O �P�G �D�P�O�U�S�P�M �Q�P�M�J�D�J�F�T�
 �N�B�O�Z �T�V�D��

�D�F�T�T�G�V�M �X�B�M�L�J�O�H �D�P�O�U�S�P�M�M�F�S�T �I�B�W�F �C�F�F�O �M�F�B�S�O�F�E �P�O�M�J�O�F �C�Z �M�F�W�F�S�B�H�J�O�H �U�I�F �N�P�E�F�M��
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�U�F�S�O�T�� �"�M�U�I�P�V�H�I �B �T�J�H�O�J�¶�D�B�O�U �B�N�P�V�O�U �P�G �X�P�S�L �I�B�T �B�O�B�M�Z�[�F�E �U�I�F �D�B�Q�B�C�J�M�J�U�Z �P�G

�M�P�D�B�M �D�P�O�U�S�P�M�M�F�S�T �O�F�B�S �J�O�E�J�W�J�E�V�B�M �H�B�J�U�T �<�����
 �����
 �����
 �����>�
 �M�F�T�T �X�P�S�L �I�B�T �T�U�V�E�J�F�E

�U�I�F �D�B�Q�B�C�J�M�J�U�Z �P�G �H�M�P�C�B�M �D�P�O�U�S�P�M�M�F�S�T �T�Q�B�O�O�J�O�H �B�M�M �H�B�J�U�T�� �5�S�B�O�T�J�F�O�U �C�F�I�B�W�J�P�S �U�I�B�U

�P�D�D�V�S�T �X�I�J�M�F �U�S�B�O�T�J�U�J�P�O�J�O�H �C�F�U�X�F�F�O �T�U�F�B�E�Z �T�U�B�U�F �H�B�J�U�T �D�B�O �M�F�B�E �U�P �J�O�T�U�B�C�J�M�J�U�Z

�B�O�E �V�M�U�J�N�B�U�F�M�Z �M�J�N�J�U�T �X�I�J�D�I �U�S�B�O�T�J�U�J�P�O�T �B�S�F �G�F�B�T�J�C�M�F �G�P�S �S�F�B�M �M�F�H�H�F�E �T�Z�T�U�F�N�T��

�*�U �J�T �U�I�F�S�F�G�P�S�F �J�N�Q�P�S�U�B�O�U �U�P �B�T�L �U�X�P �T�D�J�F�O�U�J�¶�D �R�V�F�T�U�J�P�O�T �B�C�P�V�U �H�B�J�U �U�S�B�O�T�J�U�J�P�O�T��

�'�J�S�T�U�
 �X�I�B�U �B�S�F �U�I�F �U�I�F�P�S�F�U�J�D�B�M �M�J�N�J�U�T �P�G �U�S�B�O�T�J�U�J�P�O �D�P�O�U�S�P�M� �5�I�J�T �R�V�F�T�U�J�P�O �J�O��

�W�F�T�U�J�H�B�U�F�T �X�I�J�D�I �H�B�J�U�T �D�B�O �C�F �B�U�U�B�J�O�F�E �B�O�E �X�I�J�D�I �E�J�T�U�V�S�C�B�O�D�F�T �D�B�O �C�F �U�P�M�F�S��

�B�U�F�E �X�J�U�I�P�V�U �G�B�J�M�V�S�F�� �4�F�D�P�O�E�
 �X�I�B�U �B�S�F �U�I�F �G�V�O�E�B�N�F�O�U�B�M �S�V�M�F�T �U�I�B�U �H�P�W�F�S�O

�U�I�F �D�P�O�U�S�P�M� �5�I�J�T �R�V�F�T�U�J�P�O �J�E�F�O�U�J�¶�F�T �I�P�X �G�F�B�U�V�S�F�T �P�G �U�I�F �T�Z�T�U�F�N �T�U�B�U�F �U�S�B�O�T��

�M�B�U�F �J�O�U�P �U�I�F �D�P�O�U�S�P�M �Q�P�M�J�D�Z�� �"�E�W�B�O�D�F�N�F�O�U�T �J�O �Q�B�S�B�M�M�F�M �D�P�N�Q�V�U�J�O�H �B�M�M�P�X �V�T �U�P

�B�Q�Q�S�P�B�D�I �C�P�U�I �P�G �U�I�F�T�F �R�V�F�T�U�J�P�O�T �V�T�J�O�H �U�F�D�I�O�J�R�V�F�T �G�S�P�N �O�V�N�F�S�J�D�B�M �B�O�B�M�Z�T�J�T

�B�O�E �P�Q�U�J�N�B�M �D�P�O�U�S�P�M��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�-�F�H�H�F�E �T�Z�T�U�F�N�T �B�S�F �D�B�Q�B�C�M�F �P�G �B �E�J�W�F�S�T�F �S�B�O�H�F �P�G �E�Z�O�B�N�J�D �N�P�W�F�N�F�O�U �Q�B�U��

�U�F�S�O�T �E�V�S�J�O�H �M�P�D�P�N�P�U�J�P�O�� �5�P�E�B�Z�Š�T �C�J�Q�F�E�B�M �S�P�C�P�U�T �I�B�W�F �E�F�N�P�O�T�U�S�B�U�F�E �N�B�O�Z

�P�G �U�I�F�T�F �H�B�J�U�T �B�O�E �U�S�B�O�T�J�U�J�P�O�T �C�F�U�X�F�F�O �U�I�F�N �V�T�J�O�H �J�O�U�F�S�O�B�M �N�P�E�F�M�T �P�G �W�B�S�Z�J�O�H

�D�P�N�Q�M�F�Y�J�U�Z �<�����
 �����
 �����
 �������
 �������
 �������>�� �%�F�T�Q�J�U�F �U�I�F �B�C�J�M�J�U�Z �P�G �U�I�F�T�F �M�P�D�P�N�P�U�J�P�O

�D�P�O�U�S�P�M�M�F�S�T �U�P �U�S�B�O�T�J�U�J�P�O �C�F�U�X�F�F�O �X�B�M�L�J�O�H �B�O�E �S�V�O�O�J�O�H�
 �G�F�X �T�U�V�E�J�F�T �I�B�W�F �J�O��

�W�F�T�U�J�H�B�U�F�E �U�I�F �S�P�C�V�T�U�O�F�T�T �P�G �U�I�F�T�F �U�S�B�O�T�J�U�J�P�O�T �U�P �E�J�T�U�V�S�C�B�O�D�F�T�� �'�V�S�U�I�F�S�N�P�S�F�


�J�U �J�T �O�P�U �Z�F�U �D�M�F�B�S �H�M�P�C�B�M�M�Z �X�I�J�D�I �S�P�C�P�U �T�U�B�U�F�T �D�B�O �S�F�B�D�I �U�I�F�T�F �U�B�S�H�F�U �H�B�J�U�T�� �6�O��

�E�F�S�T�U�B�O�E�J�O�H �C�P�U�I �P�G �U�I�F�T�F �M�J�N�J�U�B�U�J�P�O�T �X�J�M�M �J�N�Q�S�P�W�F �U�I�F �S�F�M�J�B�C�J�M�J�U�Z �P�G �C�J�Q�F�E�B�M

�S�P�C�P�U �M�P�D�P�N�P�U�J�P�O �B�D�S�P�T�T �N�V�M�U�J�Q�M�F �H�B�J�U�T �C�Z �J�O�D�S�F�B�T�J�O�H �U�I�F �D�F�S�U�B�J�O�U�Z �P�G �U�S�B�O�T�J��

�U�J�P�O�T��

�&�W�B�M�V�B�U�J�O�H �U�I�F �H�M�P�C�B�M �T�F�U �P�G �S�F�B�D�I�B�C�M�F �H�B�J�U�T �G�P�S �B �M�F�H�H�F�E �T�Z�T�U�F�N �Q�P�T�F�T �D�P�N��

�Q�M�F�Y�J�U�Z �J�T�T�V�F�T �G�P�S �I�J�H�I���E�J�N�F�O�T�J�P�O�B�M �S�P�C�P�U �I�B�S�E�X�B�S�F�� �" �D�P�N�N�P�O �B�Q�Q�S�P�B�D�I

�U�P �N�B�L�F �H�M�P�C�B�M �B�O�B�M�Z�T�J�T �D�P�N�Q�V�U�B�U�J�P�O�B�M�M�Z �G�F�B�T�J�C�M�F �J�T �U�P �V�T�F �M�P�X���E�J�N�F�O�T�J�P�O�B�M

�S�F�Q�S�F�T�F�O�U�B�U�J�W�F �N�P�E�F�M�T �P�G �U�I�F �T�Z�T�U�F�N �<�����>�� �#�J�Q�F�E�B�M �S�P�C�P�U�T �B�S�F �P�Ò�F�O �E�F�T�D�S�J�C�F�E

�V�T�J�O�H �N�V�M�U�J�Q�M�F �T�J�N�Q�M�J�¶�F�E �E�Z�O�B�N�J�D�T �N�P�E�F�M�T�
 �T�V�D�I �B�T �U�I�F �M�J�O�F�B�S �J�O�W�F�S�U�F�E �Q�F�O��

�E�V�M�V�N �	�-�*�1�.�
 �G�P�S �X�B�M�L�J�O�H �<�����> �B�O�E �U�I�F �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �	�4�.�.�
 �G�P�S �S�V�O��

�O�J�O�H �<�����>�� �"�U�U�F�N�Q�U�J�O�H �U�P �U�S�B�O�T�J�U�J�P�O �C�F�U�X�F�F�O �E�J�µ�F�S�F�O�U �N�P�E�F�M�T �D�B�O �M�F�B�E �U�P �B

�T�I�B�S�Q �E�J�T�D�P�O�U�J�O�V�J�U�Z �J�O �U�I�F �E�Z�O�B�N�J�D�T�� �5�I�J�T �M�J�N�J�U�T �U�I�F �S�B�O�H�F �P�G �E�Z�O�B�N�J�D �N�P��

�U�J�P�O�T �B�O�E �J�O�D�S�F�B�T�F�T �U�I�F �D�P�N�Q�M�F�Y�J�U�Z �P�G �E�F�T�J�H�O�J�O�H �S�P�C�V�T�U �D�P�O�U�S�P�M �Q�P�M�J�D�J�F�T�� �5�I�F

�4�.�.�
 �I�P�X�F�W�F�S�
 �J�T �B�M�T�P �D�B�Q�B�C�M�F �P�G �E�F�T�D�S�J�C�J�O�H �X�B�M�L�J�O�H �<�����> �B�O�E �H�S�B�E�V�B�M �H�B�J�U

�U�S�B�O�T�J�U�J�P�O�T �V�T�J�O�H �G�P�P�U �Q�M�B�D�F�N�F�O�U �<�����>�� �3�F�D�F�O�U�M�Z�
 �4�I�B�I�C�B�[�J �B�O�E �D�P�M�M�F�B�H�V�F�T

�I�B�W�F �Q�S�F�T�F�O�U�F�E �B �V�O�J�¶�F�E �4�.�. �D�P�O�U�S�P�M�M�F�S �D�B�Q�B�C�M�F �P�G �S�B�Q�J�E �U�S�B�O�T�J�U�J�P�O�T �C�F��

�U�X�F�F�O �X�B�M�L�J�O�H �B�O�E �S�V�O�O�J�O�H �<�������
 �������>�� �#�Z �B�M�U�F�S�J�O�H �M�F�H �T�U�J�µ�O�F�T�T �B�U �T�Q�F�D�J�¶�D

�Q�P�J�O�U�T �E�V�S�J�O�H �U�I�F �H�B�J�U �D�Z�D�M�F �B�T �X�F�M�M �B�T �G�P�P�U �Q�M�B�D�F�N�F�O�U�
 �U�I�F �T�Z�T�U�F�N �J�T �D�B�Q�B��

�C�M�F �P�G �U�S�B�O�T�J�U�J�P�O�J�O�H �C�F�U�X�F�F�O �H�B�J�U�T �X�J�U�I �E�J�µ�F�S�F�O�U �F�O�F�S�H�Z �M�F�W�F�M�T��

�5�I�F�S�F �B�S�F �U�X�P �Q�S�J�N�B�S�Z �M�J�N�J�U�B�U�J�P�O�T �U�P �F�Y�J�T�U�J�O�H �4�.�. �H�B�J�U �U�S�B�O�T�J�U�J�P�O �Q�P�M�J��

�D�J�F�T�� �5�I�F �¶�S�T�U �J�T �U�I�B�U �U�I�F�Z �S�F�M�Z �P�O �B �O�V�N�C�F�S �P�G �I�F�V�S�J�T�U�J�D �E�F�D�J�T�J�P�O�T �N�B�E�F �E�V�S��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�J�O�H �U�I�F �E�F�T�J�H�O �Q�S�P�D�F�T�T �X�I�J�D�I �D�P�O�T�U�S�B�J�O �U�I�F �T�F�U �P�G �D�P�O�U�S�P�M �T�F�R�V�F�O�D�F�T �U�I�B�U �D�B�O

�C�F �N�B�E�F�� �5�I�F�T�F �E�F�D�J�T�J�P�O�T �J�O�D�M�V�E�F �X�I�F�O �U�P �B�Q�Q�M�Z �B�D�U�J�P�O�T �E�V�S�J�O�H �U�I�F �H�B�J�U �D�Z�D�M�F

�B�O�E �X�I�B�U �J�O�U�F�S�N�F�E�J�B�U�F �U�B�S�H�F�U�T �T�I�P�V�M�E �C�F �S�F�B�D�I�F�E �C�F�G�P�S�F �U�I�F �¶�O�B�M �H�P�B�M�� �5�I�J�T

�S�F�E�V�D�F�T �U�I�F �Q�P�M�J�D�Z �T�F�B�S�D�I �T�Q�B�D�F�
 �T�P �C�J�P�N�F�D�I�B�O�J�D�B�M �P�C�T�F�S�W�B�U�J�P�O�T �B�S�F �P�Ò�F�O

�V�T�F�E �U�P �N�P�U�J�W�B�U�F �E�F�T�J�H�O �D�I�P�J�D�F�T�� �5�I�F �T�F�D�P�O�E �M�J�N�J�U�B�U�J�P�O �P�G �4�.�. �H�B�J�U �U�S�B�O��

�T�J�U�J�P�O �Q�P�M�J�D�J�F�T �J�T �E�V�F �U�P �U�I�F �D�I�P�T�F�O �D�P�O�U�S�P�M �Q�B�S�B�N�F�U�F�S�J�[�B�U�J�P�O�� �*�O�G�S�F�R�V�F�O�U�M�Z

�W�B�S�Z�J�O�H �U�I�F �M�J�O�F�B�S �T�Q�S�J�O�H �T�U�J�µ�O�F�T�T �S�F�Q�S�F�T�F�O�U�T �P�O�M�Z �B �T�N�B�M�M �T�V�C�T�F�U �P�G �M�F�H �G�P�S�D�F

�Q�S�P�¶�M�F�T �U�I�B�U �B�S�F �Q�P�U�F�O�U�J�B�M�M�Z �V�T�F�G�V�M �E�V�S�J�O�H �H�B�J�U �U�S�B�O�T�J�U�J�P�O�T�� �8�J�U�I�P�V�U �D�P�N�Q�B�S��

�J�O�H �U�P �N�P�S�F �H�F�O�F�S�B�M �M�F�H �G�P�S�D�F �Q�P�M�J�D�J�F�T�
 �J�U �J�T �E�J�¸�D�V�M�U �U�P �L�O�P�X �I�P�X �U�I�F �D�I�P�T�F�O

�Q�B�S�B�N�F�U�F�S�J�[�B�U�J�P�O �B�µ�F�D�U�T �S�P�C�V�T�U�O�F�T�T �B�O�E �T�U�B�U�F �T�Q�B�D�F �D�P�W�F�S�B�H�F�� �*�O �D�P�O�U�S�B�T�U�


�P�V�S �H�P�B�M �J�T �U�P �F�W�B�M�V�B�U�F �4�.�. �H�B�J�U �U�S�B�O�T�J�U�J�P�O �Q�P�M�J�D�J�F�T �U�I�B�U �N�B�L�F �O�P �T�J�N�Q�M�J�G�Z��

�J�O�H �D�P�O�U�S�P�M �B�T�T�V�N�Q�U�J�P�O�T �B�O�E �U�I�V�T �D�P�S�S�F�T�Q�P�O�E �U�P �U�I�F �M�B�S�H�F�T�U �Q�P�T�T�J�C�M�F �C�B�T�J�O �P�G

�B�U�U�S�B�D�U�J�P�O �G�P�S �B �C�J�Q�F�E�B�M �Q�P�J�O�U �N�B�T�T �T�Z�T�U�F�N��

�*�O �U�I�J�T �X�P�S�L �X�F �H�M�P�C�B�M�M�Z �B�O�B�M�Z�[�F �D�P�O�U�S�P�M�M�F�S�T �G�P�S �P�Q�U�J�N�B�M�M�Z �U�S�B�O�T�J�U�J�P�O�J�O�H

�C�F�U�X�F�F�O �X�B�M�L�J�O�H �B�O�E �S�V�O�O�J�O�H �P�O �B �T�J�N�Q�M�F �C�J�Q�F�E�B�M �Q�P�J�O�U���N�B�T�T �T�Z�T�U�F�N �X�J�U�I

�D�P�N�Q�M�J�B�O�U �M�F�H�T�� �8�F �G�P�D�V�T �P�O �U�I�F �4�.�. �C�V�U �H�F�O�F�S�B�M�J�[�F �U�I�F �D�P�O�U�S�P�M �U�P �B�M�M�P�X

�G�P�S �D�P�O�U�J�O�V�P�V�T�M�Z �W�B�S�J�B�C�M�F �M�F�H �T�U�J�µ�O�F�T�T�F�T �X�I�J�M�F �N�B�J�O�U�B�J�O�J�O�H �B �M�P�X �Q�S�P�C�M�F�N �E�J��

�N�F�O�T�J�P�O�B�M�J�U�Z�� �8�F �O�V�N�F�S�J�D�B�M�M�Z �H�F�O�F�S�B�U�F �B�Q�Q�S�P�Y�J�N�B�U�F �H�M�P�C�B�M�M�Z �P�Q�U�J�N�B�M �Q�P�M�J��

�D�J�F�T �U�I�B�U �D�B�O �B�D�I�J�F�W�F �U�S�B�O�T�J�U�J�P�O�T �J�O �P�S�E�F�S �U�P �B�O�B�M�Z�[�F �U�I�F�J�S �C�B�T�J�O �P�G �B�U�U�S�B�D�U�J�P�O

�B�O�E �S�P�C�V�T�U�O�F�T�T �U�P �E�J�T�U�V�S�C�B�O�D�F�T�� �8�F �D�P�N�Q�B�S�F �U�I�F�T�F �Q�P�M�J�D�J�F�T �X�J�U�I �S�F�B�M�J�T�U�J�D �Q�B��

�S�B�N�F�U�F�S�J�[�F�E �D�P�O�U�S�P�M �M�B�X�T �U�I�B�U �D�B�O �C�F �N�P�S�F �D�P�O�W�F�O�J�F�O�U�M�Z �J�N�Q�M�F�N�F�O�U�F�E �P�O

�S�P�C�P�U �I�B�S�E�X�B�S�F��

������ �$�I�P�P�T�J�O�H �B �%�Z�O�B�N�J�D�T �.�P�E�F�M

�#�J�P�N�F�D�I�B�O�J�D�B�M �T�U�V�E�J�F�T �I�B�W�F �T�I�P�X�O �U�I�B�U �C�J�Q�F�E�B�M �X�B�M�L�J�O�H �B�O�E �S�V�O�O�J�O�H �B�S�F

�C�P�U�I �D�I�B�S�B�D�U�F�S�J�[�F�E �C�Z �Q�F�S�J�P�E�J�D �W�F�S�U�J�D�B�M �F�Y�D�V�S�T�J�P�O�T �P�G �U�I�F �$�P�. �<�����>�� �4�J�N�Q�M�J��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�¶�F�E �N�P�E�F�M�T �D�B�Q�B�C�M�F �P�G �C�P�U�I �H�B�J�U�T �N�V�T�U �F�O�D�P�E�F �U�I�F�T�F �P�T�D�J�M�M�B�U�J�P�O�T �J�O�U�P �U�I�F�J�S

�E�Z�O�B�N�J�D�T�� �M�F�H �D�P�N�Q�M�J�B�O�D�F �P�µ�F�S�T �B �D�P�N�Q�B�D�U �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�� �5�I�F �C�J�Q�F�E�B�M

�4�.�. �V�T�F�T �D�P�N�Q�M�J�B�O�D�F �U�P �S�F�Q�S�P�E�V�D�F �B �X�J�E�F �S�B�O�H�F �P�G �C�B�T�J�D �I�V�N�B�O �M�P�D�P�N�P��

�U�J�P�O �N�F�D�I�B�O�J�D�T �<�����> �X�J�U�I �B �M�P�X���E�J�N�F�O�T�J�P�O�B�M �T�U�B�U�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�� �5�I�F �T�Z�T��

�U�F�N �J�T �N�P�E�F�M�F�E �B�T �B �Q�P�J�O�U �N�B�T�T �X�J�U�I �N�B�T�T�M�F�T�T �T�Q�S�J�O�H �M�F�H�T�
 �X�I�J�D�I �B�D�U �J�O�E�F��

�Q�F�O�E�F�O�U�M�Z �P�O �U�I�F �$�P�. �E�V�S�J�O�H �U�I�F �T�U�B�O�D�F �Q�I�B�T�F�� �$�P�O�W�F�O�U�J�P�O�B�M�M�Z�
 �U�I�J�T �T�Z�T�U�F�N

�J�T �D�P�O�T�F�S�W�B�U�J�W�F �B�O�E �N�B�J�O�U�B�J�O�T �B �D�P�O�T�U�B�O�U �N�F�D�I�B�O�J�D�B�M �F�O�F�S�H�Z �C�Z �P�O�M�Z �B�M�U�F�S��

�J�O�H �J�U�T �G�P�P�U �Q�M�B�D�F�N�F�O�U �B�U �F�B�D�I �G�P�P�U�T�U�F�Q�� �5�I�J�T �S�F�T�U�S�J�D�U�T �U�I�F �T�Z�T�U�F�N �U�P �T�U�B�U�F�T

�B�U �B �¶�Y�F�E �F�O�F�S�H�Z �M�F�W�F�M �B�O�E �U�I�F�S�F�G�P�S�F �M�J�N�J�U�T �U�I�F �S�B�O�H�F �P�G �B�D�I�J�F�W�B�C�M�F �N�P�U�J�P�O�T��

�3�F�T�F�B�S�D�I�F�S�T �I�B�W�F �J�O�W�F�T�U�J�H�B�U�F�E �B�M�M�P�X�J�O�H �U�I�F �T�Z�T�U�F�N �F�O�F�S�H�Z �U�P �W�B�S�Z �C�Z �N�P�E�J�G�Z��

�J�O�H �J�U�T �T�Q�S�J�O�H �G�P�S�D�F�T �X�J�U�I �W�B�S�J�B�C�M�F �T�U�J�µ�O�F�T�T �B�O�E �E�B�N�Q�J�O�H �<�������
 �������>�� �5�I�F �M�B�S�H�F�S

�D�P�O�U�S�P�M �E�J�N�F�O�T�J�P�O�B�M�J�U�Z �D�B�O �H�S�F�B�U�M�Z �J�O�D�S�F�B�T�F �U�I�F �T�J�[�F �P�G �U�I�F �Q�P�M�J�D�Z �T�Q�B�D�F�
 �B�O�E

�Q�P�U�F�O�U�J�B�M�M�Z �U�I�F �Q�P�M�J�D�Z �Q�F�S�G�P�S�N�B�O�D�F�
 �B�U �U�I�F �F�Y�Q�F�O�T�F �P�G �J�O�D�S�F�B�T�F�E �Q�S�P�C�M�F�N

�D�P�N�Q�M�F�Y�J�U�Z�� �3�B�U�I�F�S �U�I�B�O �V�T�F �I�F�V�S�J�T�U�J�D�T �U�P �S�F�E�V�D�F �D�P�N�Q�M�F�Y�J�U�Z�
 �P�V�S �H�P�B�M �J�O

�U�I�J�T �X�P�S�L �J�T �U�P �F�Y�B�N�J�O�F �B �M�B�S�H�F�
 �V�O�D�P�O�T�U�S�B�J�O�F�E �Q�P�M�J�D�Z �T�Q�B�D�F �U�I�B�U �D�B�O �Q�S�P�E�V�D�F

�B �X�J�E�F �S�B�O�H�F �P�G �H�B�J�U �U�S�B�O�T�J�U�J�P�O�T�� �5�I�F�S�F�G�P�S�F�
 �X�F �G�P�D�V�T �P�O �Q�P�M�J�D�J�F�T �X�J�U�I �D�P�O�U�J�O��

�V�P�V�T�M�Z �W�B�S�J�B�C�M�F �T�Q�S�J�O�H �T�U�J�µ�O�F�T�T�F�T �U�I�B�U �D�B�O �Q�S�P�E�V�D�F �B�S�C�J�U�S�B�S�Z �G�P�S�D�F �Q�S�P�¶�M�F�T��

�8�F �Q�B�S�B�N�F�U�F�S�J�[�F �U�I�F �C�J�Q�F�E�B�M �4�.�. �X�J�U�I �B �N�B�T�Tm �B�O�E �U�X�P �N�B�T�T�M�F�T�T �M�F�H�T

�P�G �S�F�T�U �M�F�O�H�U�Il0�� �5�I�F �D�P�P�S�E�J�O�B�U�F�T �P�G �U�I�F �Q�P�J�O�U �N�B�T�T �B�S�F �E�F�O�P�U�F�E �B�T(x; z) �U�P

�E�F�T�D�S�J�C�F �J�U�T �I�P�S�J�[�P�O�U�B�M �B�O�E �W�F�S�U�J�D�B�M �Q�P�T�J�U�J�P�O�� �8�F �B�O�B�M�Z�[�F �U�I�F �T�Z�T�U�F�N �E�V�S�J�O�H

�·�J�H�I�U �V�T�J�O�H �B �� �E�J�N�F�O�T�J�P�O�B�M �T�U�B�U�F �W�F�D�U�P�S�
(z; _x; _z)�� �E�V�S�J�O�H �U�I�F �T�J�O�H�M�F �B�O�E �E�P�V�C�M�F

�T�V�Q�Q�P�S�U �Q�I�B�T�F�T�
 �U�I�J�T �T�U�B�U�F �J�T �J�O�D�S�F�B�T�F�E �U�P �� �P�S �� �E�J�N�F�O�T�J�P�O�T �C�Z �U�I�F �I�P�S�J�[�P�O�U�B�M

�G�P�P�U �Q�P�T�J�U�J�P�O�T�
� x1 �B�O�E� x2 �	�'�J�H�� �������
�� �5�I�F �E�Z�O�B�N�J�D�T �P�G �U�I�J�T �N�P�E�F�M �B�S�F

2
6666666664
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•z

3
7777777775
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1
m

2
6666666664

� x1
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� x2
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z
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3
7777777775

2
6666666664
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3
7777777775
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2
6666666664
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g

3
7777777775
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�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�'�J�H�V�S�F �������� �" �Q�P�J�O�U���N�B�T�T �C�J�Q�F�E �N�P�E�F�M �X�J�U�I �T�Q�S�J�O�H �M�F�H�T �F�O�D�B�Q�T�V�M�B�U�F�T �U�I�S�F�F
�E�J�T�U�J�O�D�U �H�B�J�U �Q�I�B�T�F�T�� �·�J�H�I�U�
 �T�J�O�H�M�F �T�V�Q�Q�P�S�U�
 �B�O�E �E�P�V�C�M�F �T�V�Q�Q�P�S�U�� �5�I�F�T�F �Q�I�B�T�F�T
�I�B�W�F �T�U�B�U�F �W�F�D�U�P�S �E�J�N�F�O�T�J�P�O�B�M�J�U�J�F�T �P�G ���
 ���
 �B�O�E �� �S�F�T�Q�F�D�U�J�W�F�M�Z�� �"�M�U�I�P�V�H�I �U�I�F
�Q�P�J�O�U�T �P�G �B�Q�Q�M�J�F�E �H�S�P�V�O�E �G�P�S�D�F �D�I�B�O�H�F �E�J�T�D�P�O�U�J�O�V�P�V�T�M�Z �B�Ò�F�S �B �Q�I�B�T�F �U�S�B�O�T�J��
�U�J�P�O�
 �U�I�F �D�F�O�U�F�S �P�G �N�B�T�T �T�U�B�U�F �U�S�B�K�F�D�U�P�S�Z �S�F�N�B�J�O�T �D�P�O�U�J�O�V�P�V�T �E�V�F �U�P �U�I�F �N�B�T�T��
�M�F�T�T �M�J�N�C�T �B�O�E �G�F�F�U�� �*�G �U�I�F �M�F�H �G�P�S�D�F �Q�S�P�¶�M�F�T �B�S�F �D�P�O�T�U�S�B�J�O�F�E �U�P �C�F�H�J�O �B�O�E �F�O�E
�B�U �[�F�S�P�
 �T�V�D�I �B�T �X�J�U�I �J�E�F�B�M �M�J�O�F�B�S �T�Q�S�J�O�H�T�
 �U�I�F �T�Z�T�U�F�N �B�D�D�F�M�F�S�B�U�J�P�O �X�J�M�M �B�M�T�P �C�F
�D�P�O�U�J�O�V�P�V�T �E�V�S�J�O�H �Q�I�B�T�F �U�S�B�O�T�J�U�J�P�O�T��

�X�I�F�S�Fg = 9:81�N � �T� �� �J�T �U�I�F �H�S�B�W�J�U�B�U�J�P�O�B�M �B�D�D�F�M�F�S�B�U�J�P�O�
l i = (� x2
i + z2)1/2 �B�S�F �U�I�F

�M�F�H �M�F�O�H�U�I�T �B�O�EFi = ki(l0 � l i) �B�S�F �U�I�F �T�Q�S�J�O�H �M�F�H �G�P�S�D�F�T �P�G �T�U�J�µ�O�F�T�Tki �E�V�S�J�O�H

�T�U�B�O�D�F �B�O�E �[�F�S�P �P�U�I�F�S�X�J�T�F�� �0�V�S �B�O�B�M�Z�T�J�T �D�P�O�T�J�E�F�S�T �M�F�H �Q�P�M�J�D�J�F�T �U�I�B�U �D�P�O�U�S�P�M

�M�B�O�E�J�O�H �B�O�H�M�F �E�V�S�J�O�H �T�X�J�O�H �B�O�E �D�P�O�U�J�O�V�P�V�T�M�Z �W�B�S�Z �M�F�H �T�U�J�µ�O�F�T�T �E�V�S�J�O�H �T�U�B�O�D�F��

�5�I�F �T�Z�T�U�F�N �J�T �B�M�M�P�X�F�E �U�P �U�S�B�O�T�J�U�J�P�O �C�F�U�X�F�F�O �J�U�T �U�I�S�F�F �E�J�T�U�J�O�D�U �H�B�J�U �Q�I�B�T�F�T

�	�·�J�H�I�U�
 �T�J�O�H�M�F �T�V�Q�Q�P�S�U�
 �B�O�E �E�P�V�C�M�F �T�V�Q�Q�P�S�U�
 �C�B�T�F�E �P�O �T�Q�F�D�J�¶�D �[�F�S�P �D�S�P�T�T�J�O�H

�F�W�F�O�U�T �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �U�P�V�D�I�E�P�X�O �B�O�E �U�B�L�F�P�µ�� �5�I�F �U�B�L�F�P�µ �F�W�F�O�U�T �B�S�F �U�S�J�H��

�H�F�S�F�E �C�Z �U�I�F �W�B�M�V�F �P�G� x2
i + z2 � l20 �X�I�J�M�F �U�I�F �U�P�V�D�I�E�P�X�O �F�W�F�O�U�T �B�S�F �U�S�J�H�H�F�S�F�E �C�Z

�U�I�F �W�B�M�V�F �P�Gl0 �T�J�O(� ) � z�
 �X�I�F�S�F� �J�T �B �D�I�P�T�F�O �M�F�H �M�B�O�E�J�O�H �B�O�H�M�F�� �5�I�F �U�P�M�F�S�B�O�D�F

�P�G �U�I�F�T�F �[�F�S�P �D�S�P�T�T�J�O�H �F�W�F�O�U�T �J�T �D�I�P�T�F�O �U�P �C�F10� 6�T��

�5�P �T�V�N�N�B�S�J�[�F �U�I�F �B�C�P�W�F �T�F�D�U�J�P�O�
 �G�P�S �B �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M�
 �G�S�P�N �B �X�J�E�F

�S�B�O�H�F �P�G �Q�P�T�T�J�C�M�F �B�D�U�J�P�O�T�
 �T�V�D�I �B�T �W�J�S�U�V�B�M �T�U�J�µ�O�F�T�T�
 �M�F�H �B�O�H�M�F�
 �E�B�N�Q�J�O�H�
 �S�F�T�U

�M�F�O�H�U�I�
 �X�F �D�I�P�P�T�F �U�I�F �G�P�M�M�P�X�J�O�H��

���� �7�J�S�U�V�B�M �M�F�H �T�U�J�µ�O�F�T�T�� �*�O�T�Q�J�S�F�E �G�S�P�N �C�J�P�M�P�H�J�D�B�M �T�Z�T�U�F�N�T�
 �W�J�S�U�V�B�M �M�F�H �T�U�J�µ��

�O�F�T�T �D�B�O �C�F �V�T�F�E �U�P �S�F�H�V�M�B�U�F �U�I�F �F�O�F�S�H�Z �P�G �U�I�F �T�Z�T�U�F�N �J�O �B �D�P�O�U�J�O�V�P�V�T
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�G�B�T�I�J�P�O��

���� �-�F�H �B�O�H�M�F �� �5�I�F �M�B�O�E�J�O�H �M�F�H �B�O�H�M�F �P�G �B�U�U�B�D�L �B�U �U�I�F �F�O�E �P�G �T�X�J�O�H��

���� �%�B�N�Q�J�O�H �� �*�O �T�P�N�F �F�Y�Q�F�S�J�N�F�O�U�T�
 �X�F �B�M�T�P �J�O�D�M�V�E�F �B �M�J�O�F�B�S �P�S �O�P�O���M�J�O�F�B�S

�E�B�N�Q�J�O�H �U�F�S�N �U�I�B�U �B�M�T�P �I�F�M�Q�T �S�F�H�V�M�B�U�F �U�I�F �F�O�F�S�H�Z �P�G �U�I�F �T�Z�T�U�F�N��

�'�P�S �U�I�F �T�U�B�U�F �S�F�Q�S�F�T�F�O�U�B�U�J�P�O�
 �X�F �D�I�P�P�T�F �U�I�F �G�P�M�M�P�X�J�O�H �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O�
 �E�F��

�Q�F�O�E�J�O�H �P�O �U�I�F �Q�I�B�T�F �P�G �U�I�F �T�Z�T�U�F�N��

���� �'�M�J�H�I�U �Q�I�B�T�F�� �)�F�J�H�I�U�
 �G�P�S�X�B�S�E �W�F�M�P�D�J�U�Z �B�O�E �W�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z(z; _x; _z)

���� �4�J�O�H�M�F �T�V�Q�Q�P�S�U �Q�I�B�T�F�� �)�F�J�H�I�U�
 �G�P�S�X�B�S�E �W�F�M�P�D�J�U�Z�
 �W�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z �B�O�E

�I�P�S�J�[�P�O�U�B�M �G�P�P�U �Q�P�T�J�U�J�P�O �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �D�F�O�U�F�S �P�G �N�B�T�T(z; _x; _z; � x1)

���� �%�P�V�C�M�F �T�V�Q�Q�P�S�U �Q�I�B�T�F�� �)�F�J�H�I�U�
 �G�P�S�X�B�S�E �W�F�M�P�D�J�U�Z�
 �W�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z �B�O�E

�I�P�S�J�[�P�O�U�B�M �G�P�P�U �Q�P�T�J�U�J�P�O�T �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�I�F �D�F�O�U�F�S �P�G �N�B�T�T(z; _x; _z; � x1; � x2)

������ �$�I�P�P�T�J�O�H �1�S�P�C�M�F�N �#�P�V�O�E�B�S�J�F�T

�5�I�F �E�Z�O�B�N�J�D�T �P�G �U�I�F �C�J�Q�F�E�B�M �4�.�. �	�F�R�V�B�U�J�P�O �������
 �G�P�S�N �B �T�F�U �P�G �O�P�O�M�J�O�F�B�S

�F�R�V�B�U�J�P�O�T �X�I�J�D�I �D�P�O�T�U�S�B�J�O �U�I�F �T�F�B�S�D�I �G�P�S �P�Q�U�J�N�B�M �Q�P�M�J�D�J�F�T�� �5�I�J�T �Q�S�P�C�M�F�N �S�F��

�R�V�J�S�F�T �B �O�P�O���D�P�O�W�F�Y �P�Q�U�J�N�J�[�B�U�J�P�O �P�W�F�S �B �D�P�O�U�J�O�V�P�V�T �T�U�B�U�F �B�O�E �B�D�U�J�P�O �T�Q�B�D�F��

�*�U �J�T �U�I�F�S�F�G�P�S�F �O�F�D�F�T�T�B�S�Z �U�P �C�P�V�O�E �U�I�F �T�F�B�S�D�I �E�P�N�B�J�O �X�J�U�I �¶�O�J�U�F �M�J�N�J�U�T�� �*�G �U�I�F

�C�P�V�O�E�T �B�S�F �U�P�P �M�B�S�H�F�
 �U�I�F �Q�S�P�C�M�F�N �N�B�Z �C�F�D�P�N�F �D�P�N�Q�V�U�B�U�J�P�O�B�M�M�Z �J�O�U�S�B�D�U�B�C�M�F��

�J�G �U�I�F �C�P�V�O�E�T �B�S�F �U�P�P �T�N�B�M�M�
 �U�I�F �Q�S�P�C�M�F�N �N�B�Z �J�H�O�P�S�F �J�N�Q�P�S�U�B�O�U �T�P�M�V�U�J�P�O�T��

�5�I�V�T�
 �J�U �J�T �D�S�V�D�J�B�M �U�P �D�I�P�P�T�F �U�I�F�T�F �C�P�V�O�E�T �D�B�S�F�G�V�M�M�Z �U�P �F�O�D�B�Q�T�V�M�B�U�F �B�M�M �N�P��

�U�J�P�O�T �P�G �U�I�F �T�Z�T�U�F�N �U�I�B�U �B�S�F �Q�F�S�U�J�O�F�O�U �U�P �C�J�Q�F�E�B�M �M�P�D�P�N�P�U�J�P�O�� �)�F�S�F �X�F �F�Y�B�N��

�J�O�F �I�P�X �T�U�B�U�F �B�O�E �B�D�U�J�P�O �C�P�V�O�E�T �X�F�S�F �D�I�P�T�F�O �J�O �U�I�J�T �X�P�S�L �V�T�J�O�H �K�V�T�U�J�¶�D�B�U�J�P�O�T

�G�S�P�N �C�J�P�M�P�H�Z�� �"�M�U�I�P�V�H�I �U�I�F �V�T�F �P�G �C�J�P�M�P�H�J�D�B�M �J�O�T�J�H�I�U�T �U�P �E�J�S�F�D�U �P�V�S �T�F�B�S�D�I �J�T

�T�P�N�F�X�I�B�U �B�O�U�J�U�I�F�U�J�D�B�M �U�P �B �I�F�V�S�J�T�U�J�D���G�S�F�F �B�Q�Q�S�P�B�D�I�
 �X�F �V�T�F �U�I�F�T�F �H�V�J�E�F�M�J�O�F�T

�U�P �T�F�M�F�D�U �H�F�O�F�S�P�V�T �S�B�O�H�F�T �D�P�W�F�S�J�O�H �N�P�T�U �I�V�N�B�O �X�B�M�L�J�O�H �B�O�E �S�V�O�O�J�O�H �H�B�J�U�T��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

���������� �7�J�S�U�V�B�M �-�F�H �4�U�J�µ�O�F�T�T

�" �L�F�Z �Q�B�S�B�N�F�U�F�S �P�G �U�I�F �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �J�T �U�I�F �T�U�J�µ�O�F�T�T�
k�
 �P�G �U�I�F �W�J�S�U�V�B�M

�T�Q�S�J�O�H �M�F�H �D�P�O�O�F�D�U�J�O�H �U�I�F �G�P�P�U �Q�P�J�O�U �U�P �U�I�F �D�F�O�U�F�S �P�G �N�B�T�T�� �*�U �J�T �S�F�Q�P�S�U�F�E

�J�O �U�I�F�P�S�F�U�J�D�B�M �T�J�N�V�M�B�U�J�P�O �T�U�V�E�J�F�T �P�G �U�I�F �N�P�E�F�M �B�O�E �C�J�P�N�F�D�I�B�O�J�D�B�M �F�Y�Q�F�S�J��

�N�F�O�U�T �B�U�U�F�N�Q�U�J�O�H �U�P �¶�U �U�P �U�I�F �N�P�E�F�M�� �)�P�X�F�W�F�S�
 �U�I�F�S�F �B�S�F �U�I�S�F�F �N�J�O�P�S �Q�J�U�G�B�M�M�T

�X�J�U�I �V�T�J�O�H �U�I�J�T �E�B�U�B�� �'�J�S�T�U�
 �U�I�F �N�B�K�P�S�J�U�Z �P�G �U�I�F�T�F �X�P�S�L�T �P�O�M�Z �F�Y�B�N�J�O�F �S�V�O�O�J�O�H

�H�B�J�U�T �B�O�E �E�P �O�P�U �D�P�O�T�J�E�F�S �B �X�B�M�L�J�O�H �4�.�.�� �4�F�D�P�O�E�
 �U�I�F �S�B�O�H�F �P�G �S�F�Q�P�S�U�F�E �W�B�M��

�V�F�T �W�B�S�J�F�T �T�J�H�O�J�¶�D�B�O�U�M�Z �C�F�U�X�F�F�O �E�J�µ�F�S�F�O�U �T�U�V�E�J�F�T�� �J�U �J�T �U�I�F�S�F�G�P�S�F �J�N�Q�P�S�U�B�O�U �U�P

�D�P�N�Q�B�S�F �E�J�N�F�O�T�J�P�O�M�F�T�T �T�U�J�µ�O�F�T�T�F�T �T�D�B�M�F�E �C�Zmg/ l0�� �5�I�J�S�E�
 �T�U�J�µ�O�F�T�T �J�T �D�P�N��

�N�P�O�M�Z �Q�S�F�T�F�O�U�F�E �B�T �F�J�U�I�F�S �B �W�F�S�U�J�D�B�M�M�Z���B�M�J�H�O�F�E �T�Q�S�J�O�H�
 �M�F�H���B�M�J�H�O�F�E �T�Q�S�J�O�H�
 �P�S

�G�P�P�U���U�P���$�P�.���B�M�J�H�O�F�E �T�Q�S�J�O�H�
 �T�P �T�P�N�F �D�B�S�F �N�V�T�U �C�F �U�B�L�F�O �U�P �V�O�E�F�S�T�U�B�O�E �I�P�X

�U�I�F�T�F �W�B�M�V�F�T �S�F�M�B�U�F �U�P �U�I�F �4�.�.��

�#�M�J�D�L�I�B�O �T�J�N�V�M�B�U�F�E �4�.�. �T�U�J�µ�O�F�T�T�F�T �B�T �I�J�H�I �B�T ������mg/ l0 �C�V�U �F�T�U�J�N�B�U�F�E

�I�V�N�B�O �S�V�O�O�J�O�H �T�U�J�µ�O�F�T�T�F�T �U�P �C�F �C�F�U�X�F�F�O ���� �B�O�E ����mg/ l0 �X�I�F�O �S�V�O�O�J�O�H �B�U

�I�P�S�J�[�P�O�U�B�M �T�Q�F�F�E�T �P�G �� �U�P �� �N� �T� �� �<�����>�� �.�D�.�B�I�P�O �B�O�E �$�I�F�O�H �F�Y�B�N�J�O�F�E �U�I�F��

�P�S�F�U�J�D�B�M �M�F�H �T�U�J�µ�O�F�T�T�F�T �V�Q �U�P ������mg/ l0 �G�P�S �F�Y�U�S�F�N�F �W�F�M�P�D�J�U�J�F�T�
 �C�V�U �F�T�U�J�N�B�U�F�E �B

�N�V�D�I �M�P�X�F�S �T�U�J�µ�O�F�T�T �P�G ��������mg/ l0 �G�P�S �U�Z�Q�J�D�B�M �I�V�N�B�O �S�V�O�O�J�O�H �<�����>�� �'�B�S�M�F�Z �B�O�E

�(�P�O�[�B�M�F�[ �Q�F�S�G�P�S�N�F�E �I�V�N�B�O �S�V�O�O�J�O�H �F�Y�Q�F�S�J�N�F�O�U�T �B�U ������ �N� �T� �� �X�I�J�M�F �W�B�S�Z�J�O�H

�T�U�S�J�E�F �G�S�F�R�V�F�O�D�Z �B�O�E �G�P�V�O�E �M�F�H �T�U�J�µ�O�F�T�T�F�T �S�B�O�H�J�O�H �G�S�P�N �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ���� �U�P

���� mg/ l0 �<�����>�� �"�S�B�N�Q�B�U�[�J�T �F�U �B�M�� �Q�F�S�G�P�S�N�F�E �E�F�U�B�J�M�F�E �I�V�N�B�O �S�V�O�O�J�O�H �N�F�B��

�T�V�S�F�N�F�O�U�T �U�P �¶�O�E �T�M�J�H�I�U�M�Z �I�J�H�I�F�S �T�U�J�µ�O�F�T�T�F�T �S�B�O�H�J�O�H �G�S�P�N �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ����

�U�P ����mg/ l0 �G�P�S �I�P�S�J�[�P�O�U�B�M �T�Q�F�F�E�T �C�F�U�X�F�F�O ������ �B�O�E ������ �N� �T� �� �<���>�� �'�J�O�B�M�M�Z�
 �B�M��

�U�I�P�V�H�I �G�F�X �T�U�V�E�J�F�T �S�F�Q�P�S�U �X�B�M�L�J�O�H �T�U�J�µ�O�F�T�T�F�T�
 �-�J�Q�G�F�S�U �F�U �B�M�� �¶�U �C�J�Q�F�E�B�M �4�.�.

�N�P�E�F�M�T �U�P �X�B�M�L�J�O�H �E�B�U�B �B�O�E �G�P�V�O�E �T�U�J�µ�O�F�T�T�F�T �P�G ���� �U�P ����mg/ l0 �B�U �T�Q�F�F�E�T �P�G

������ �U�P ������ �N� �T� �� �<�����>�� �$�P�N�C�J�O�J�O�H �B�M�M �P�G �U�I�F�T�F �S�F�T�V�M�U�T �T�I�P�X�T �U�I�B�U �N�P�T�U �U�Z�Q�J�D�B�M

�I�V�N�B�O �H�B�J�U�T �J�O�W�P�M�W�F �W�J�S�U�V�B�M �M�F�H �T�U�J�µ�O�F�T�T�F�T �C�F�U�X�F�F�O ���� �B�O�E ����mg/ l0��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

���������� �7�J�S�U�V�B�M �-�F�H �5�P�V�D�I�E�P�X�O �"�O�H�M�F

�5�I�F �U�P�V�D�I�E�P�X�O �B�O�H�M�F�
� �
 �U�I�B�U �U�I�F �W�J�S�U�V�B�M �M�F�H �N�B�L�F�T �X�J�U�I �U�I�F �I�P�S�J�[�P�O�U�B�M �H�S�P�V�O�E�


�T�P�N�F�U�J�N�F�T �S�F�G�F�S�S�F�E �U�P �B�T �U�I�F �B�O�H�M�F �P�G �B�U�U�B�D�L�
 �I�B�T �B �M�B�S�H�F �J�N�Q�B�D�U �P�O �U�I�F �U�J�N�F��

�F�W�P�M�V�U�J�P�O �P�G �4�.�. �E�Z�O�B�N�J�D�T�� �8�I�F�O �F�Y�B�N�J�O�J�O�H �C�J�P�N�F�D�I�B�O�J�D�B�M �M�P�D�P�N�P�U�J�P�O

�E�B�U�B�
 �U�I�J�T �R�V�B�O�U�J�U�Z �T�I�P�V�M�E �O�P�U �C�F �D�P�O�G�V�T�F�E �X�J�U�I �U�I�F �G�P�P�U���U�P���I�J�Q �B�O�H�M�F�
 �X�I�J�D�I

�J�T �P�Ò�F�O �T�M�J�H�I�U�M�Z �N�P�S�F �P�C�M�J�R�V�F �H�J�W�F�O �B�O �V�Q�S�J�H�I�U �U�P�S�T�P�� �/�B�J�W�F�M�Z�
 �X�F �D�B�O �C�P�V�O�E

�U�I�J�T �R�V�B�O�U�J�U�Z �C�F�U�X�F�F�O �� �E�F�H�S�F�F�T �	�J���F�� �G�P�P�U �E�J�S�F�D�U�M�Z �J�O �G�S�P�O�U �P�G �$�P�.�
 �B�O�E ������

�E�F�H�S�F�F�T �	�J���F�� �G�P�P�U �E�J�S�F�D�U�M�Z �C�F�I�J�O�E �U�I�F �$�P�.�
�� �" �C�S�J�F�G �T�V�S�W�F�Z �P�G �Q�B�Q�F�S�T �X�I�J�D�I

�T�J�N�V�M�B�U�F �U�I�F �4�.�. �G�P�S �S�V�O�O�J�O�H �<�����
 �������> �B�O�E �G�P�S �X�B�M�L�J�O�H �<�����
 �����> �T�I�P�X �U�I�B�U

�O�F�B�S�M�Z �B�M�M �G�P�S�X�B�S�E �M�P�D�P�N�P�U�J�P�O �T�P�M�V�U�J�P�O�T �V�T�F �U�P�V�D�I�E�P�X�O �B�O�H�M�F�T �H�S�F�B�U�F�S �U�I�B�O

���� �E�F�H�S�F�F�T�� �*�G �X�F �G�V�S�U�I�F�S �D�P�O�T�U�S�B�J�O �U�I�F �S�B�O�H�F �V�T�J�O�H �C�J�P�N�F�D�I�B�O�J�D�B�M �S�V�O�O�J�O�H

�B�O�E �X�B�M�L�J�O�H �E�B�U�B �G�S�P�N �<�����>�
 �X�F �T�F�F �U�I�B�U �O�F�B�S�M�Z �B�M�M �S�F�Q�P�S�U�F�E �U�P�V�D�I�E�P�X�O �B�O��

�H�M�F�T �B�S�F �H�S�F�B�U�F�S �U�I�B�O ���� �E�F�H�S�F�F�T�� �$�I�P�P�T�J�O�H �U�I�F �V�Q�Q�F�S �C�P�V�O�E �U�P �C�F �U�I�F �M�P�X�F�S

�C�P�V�O�E �S�F�·�F�D�U�F�E �B�C�P�V�U �U�I�F �W�F�S�U�J�D�B�M�
 �B�M�M�P�X�T �G�P�S �T�Z�N�N�F�U�S�J�D �N�P�U�J�P�O�T �C�B�D�L�X�B�S�E�T

�B�O�E �G�P�S�X�B�S�E�T�� �*�G �X�F �E�F�D�S�F�B�T�F �U�I�F �V�Q�Q�F�S �C�P�V�O�E �U�P �C�F �D�M�P�T�F�S �U�P ���� �E�F�H�S�F�F�T�
 �X�F

�F�M�J�N�J�O�B�U�F �U�I�F �T�P�M�V�U�J�P�O�T �X�I�J�D�I �T�U�F�Q �C�B�D�L�X�B�S�E�T �P�S �B�D�D�F�M�F�S�B�U�F �R�V�J�D�L�M�Z��

���������� �7�J�S�U�V�B�M �-�F�H �$�P�N�Q�S�F�T�T�J�P�O

�5�I�F �T�U�B�U�F �P�G �U�I�F �4�.�. �D�B�O �C�F �D�P�O�W�F�O�J�F�O�U�M�Z �S�F�Q�S�F�T�F�O�U�F�E �J�O �F�J�U�I�F�S �$�B�S�U�F�T�J�B�O

�D�P�P�S�E�J�O�B�U�F�T�
 �V�T�J�O�H �I�P�S�J�[�P�O�U�B�M �B�O�E �W�F�S�U�J�D�B�M �G�P�P�U �Q�P�T�J�U�J�P�O�T�
 �P�S �Q�P�M�B�S �D�P�P�S�E�J��

�O�B�U�F�T�
 �V�T�J�O�H �M�F�H �M�F�O�H�U�I�T �B�O�E �M�F�H �B�O�H�M�F�T�� �"�M�U�I�P�V�H�I �C�P�U�I �G�P�S�N�T �B�S�F �W�B�M�J�E�
 �F�O�T�V�S��

�J�O�H �U�I�B�U �L�J�O�F�N�B�U�J�D �D�P�O�T�U�S�B�J�O�U�T �B�S�F �P�C�F�Z�F�E �E�V�S�J�O�H �T�U�B�O�D�F �J�T �N�P�S�F �T�U�S�B�J�H�I�U�G�P�S��

�X�B�S�E �X�I�F�O �E�J�S�F�D�U�M�Z �T�U�P�S�J�O�H �M�F�H �M�F�O�H�U�I�T�� �5�I�J�T �B�W�P�J�E�T �I�B�W�J�O�H �U�P �F�M�J�N�J�O�B�U�F �G�P�P�U

�Q�P�T�J�U�J�P�O�T �X�I�J�D�I �N�B�Z �F�Y�D�F�F�E �U�I�F �N�P�E�F�M�Š�T �S�F�T�U �M�F�O�H�U�I�
l0�
 �X�I�F�O �C�V�J�M�E�J�O�H �E�J�T��

�D�S�F�U�J�[�F�E �T�U�B�U�F �T�Q�B�D�F �H�S�J�E�T�� �5�I�J�T �R�V�B�O�U�J�U�Z �D�B�O �C�F �C�P�V�O�E �C�Z �T�Q�F�D�J�G�Z�J�O�H �B �N�B�Y�J��

�N�V�N �M�F�H �D�P�N�Q�S�F�T�T�J�P�O�� �-�F�F �B�O�E �'�B�S�M�F�Z �Q�S�F�T�F�O�U�F�E �D�F�O�U�F�S �P�G �N�B�T�T �U�S�B�K�F�D�U�P�S�J�F�T



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�G�P�S �I�V�N�B�O �X�B�M�L�J�O�H �B�O�E �S�V�O�O�J�O�H�
 �X�I�J�D�I �J�O�E�J�D�B�U�F�E �W�F�S�U�J�D�B�M �E�J�T�Q�M�B�D�F�N�F�O�U�T �P�G

�B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �� �D�N �E�V�S�J�O�H �S�V�O�O�J�O�H �B�O�E �� �D�N �E�V�S�J�O�H �X�B�M�L�J�O�H �<�����>�� �(�B�S�E �F�U

�B�M�� �B�M�T�P �S�F�D�P�S�E�F�E �D�F�O�U�F�S �P�G �N�B�T�T �U�S�B�K�F�D�U�P�S�J�F�T �E�V�S�J�O�H �X�B�M�L�J�O�H �B�O�E �G�P�V�O�E �W�F�S�U�J��

�D�B�M �F�Y�D�V�S�T�J�P�O�T �P�G �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �� �U�P �� �D�N�� �<�����>�� �5�I�F�T�F �W�F�S�U�J�D�B�M �N�F�B�T�V�S�F�N�F�O�U�T

�Q�S�P�W�J�E�F �B �S�F�B�T�P�O�B�C�M�F �V�Q�Q�F�S �C�P�V�O�E �G�P�S �U�I�F �F�Y�Q�F�D�U�F�E �M�F�H �D�P�N�Q�S�F�T�T�J�P�O �E�V�S�J�O�H

�U�Z�Q�J�D�B�M �C�J�Q�F�E�B�M �H�B�J�U�T��

���������� �)�P�S�J�[�P�O�U�B�M �B�O�E �7�F�S�U�J�D�B�M �$�F�O�U�F�S �P�G �.�B�T�T �7�F�M�P�D�J�U�Z

�5�I�F �U�S�B�O�T�M�B�U�J�P�O�B�M �W�F�M�P�D�J�U�Z�
[ _x; _z]�
 �P�G �U�I�F �D�F�O�U�F�S �P�G �N�B�T�T �J�T �B�O �J�N�Q�P�S�U�B�O�U �R�V�B�O�U�J�U�Z

�G�P�S �D�M�B�T�T�J�G�Z�J�O�H �H�B�J�U�T �C�F�D�B�V�T�F �J�U �E�F�¶�O�F�T �B �Q�P�J�O�U���N�B�T�T �T�Z�T�U�F�N�Š�T �L�J�O�F�U�J�D �F�O�F�S�H�Z��

�"�M�U�I�P�V�H�I �U�I�F �Q�S�F�T�F�O�D�F �P�G �·�J�H�I�U �P�S �E�P�V�C�M�F �T�V�Q�Q�P�S�U �Q�I�B�T�F�T �D�B�O �C�F �V�T�F�E �U�P �M�B�C�F�M

�H�B�J�U�T �B�T �S�V�O�O�J�O�H �P�S �X�B�M�L�J�O�H�
 �U�I�J�T �E�F�¶�O�J�U�J�P�O �J�O�D�P�S�S�F�D�U�M�Z �M�B�C�F�M�T �H�S�P�V�O�E�F�E �S�V�O��

�O�J�O�H�
 �T�P�N�F�U�J�N�F�T �D�B�M�M�F�E �(�S�P�V�D�I�P �S�V�O�O�J�O�H �<�����>�
 �X�I�J�D�I �I�B�T �U�I�F �T�B�N�F �M�J�N�C �E�V�U�Z

�G�B�D�U�P�S �D�I�B�S�B�D�U�F�S�J�T�U�J�D�T �B�T �X�B�M�L�J�O�H �<�����>�� �" �E�Z�O�B�N�J�D�B�M �E�J�T�U�J�O�D�U�J�P�O �D�B�O �C�F �V�T�F�E �U�P

�S�F�T�P�M�W�F �U�I�J�T �C�Z �F�Y�B�N�J�O�J�O�H �U�I�F �·�V�D�U�V�B�U�J�P�O�T �P�G �Q�P�U�F�O�U�J�B�M �B�O�E �L�J�O�F�U�J�D �F�O�F�S�H�Z �P�G

�B �C�J�Q�F�E�Š�T �D�F�O�U�F�S �P�G �N�B�T�T �	�¶�H�V�S�F �������
�� �3�V�O�O�J�O�H �P�D�D�V�S�T �X�I�F�O �C�P�U�I �F�O�F�S�H�J�F�T �B�S�F

�J�O �Q�I�B�T�F �X�J�U�I �F�B�D�I �P�U�I�F�S�
 �T�V�D�I �B�T �X�J�U�I �B �C�P�V�O�D�J�O�H �S�V�C�C�F�S �C�B�M�M �<�����>�� �8�B�M�L�J�O�H

�P�D�D�V�S�T �X�I�F�O �C�P�U�I �F�O�F�S�H�J�F�T �B�S�F �P�V�U �P�G �Q�I�B�T�F �X�J�U�I �F�B�D�I �P�U�I�F�S�
 �T�V�D�I �B�T �X�J�U�I �B

�S�P�M�M�J�O�H �F�H�H �<�����>�� �5�I�J�T �E�F�¶�O�J�U�J�P�O �F�W�F�O �I�P�M�E�T �V�Q �E�V�S�J�O�H �N�V�M�U�J���T�U�F�Q �H�B�J�U �U�S�B�O�T�J��

�U�J�P�O�T�
 �X�I�F�S�F �U�I�F �S�F�M�B�U�J�W�F �F�O�F�S�H�Z �Q�I�B�T�F�T �T�V�E�E�F�O�M�Z �T�X�J�U�D�I �<�������>��

�#�P�V�O�E�J�O�H �U�I�F �4�.�. �U�S�B�O�T�M�B�U�J�P�O�B�M �W�F�M�P�D�J�U�J�F�T �U�P �T�F�B�S�D�I �P�W�F�S �J�T �B �T�J�N�Q�M�F �N�B�U��

�U�F�S �P�G �E�F�D�J�E�J�O�H �I�P�X �G�B�T�U �H�B�J�U�T �T�I�P�V�M�E �N�P�W�F �B�O�E �I�P�X �I�J�H�I �U�I�F �T�Z�T�U�F�N �D�F�O�U�F�S �P�G

�N�B�T�T �T�I�P�V�M�E �S�J�T�F�� �" �S�F�B�T�P�O�B�C�M�F �T�U�B�S�U�J�O�H �Q�P�J�O�U �G�P�S �F�Y�Q�F�D�U�F�E �I�P�S�J�[�P�O�U�B�M �W�F�M�P�D��

�J�U�Z �J�T �U�I�F �Q�S�F�G�F�S�S�F�E �I�V�N�B�O �X�B�M�L�J�O�H �T�Q�F�F�E �P�G �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ������ �N� �T� �� �<�����>

�B�O�E �U�I�F �Q�S�F�G�F�S�S�F�E �I�V�N�B�O �S�V�O���U�P���X�B�M�L �U�S�B�O�T�J�U�J�P�O �T�Q�F�F�E �P�G �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z

������ �N � �T� �� �<�������>�� �3�V�O�O�J�O�H �V�Q �U�P ������ �N� �T� �� �J�T �P�Ò�F�O �D�P�O�T�J�E�F�S�F�E �B �T�M�P�X �K�P�H��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�'�J�H�V�S�F �������� �5�I�F �E�Z�O�B�N�J�D�B�M �D�M�B�T�T�J�¶�D�B�U�J�P�O �P�G �S�V�O�O�J�O�H �B�O�E �X�B�M�L�J�O�H �H�B�J�U�T �J�T �C�B�T�F�E
�P�O �·�V�D�U�V�B�U�J�P�O�T �J�O �U�I�F �L�J�O�F�U�J�D �	�,�&�
 �B�O�E �Q�P�U�F�O�U�J�B�M �	�1�&�
 �F�O�F�S�H�J�F�T �P�G �B �T�Z�T�U�F�N�Š�T
�D�F�O�U�F�S �P�G �N�B�T�T�� �" �C�J�Q�F�E�B�M �T�Z�T�U�F�N �J�T �S�V�O�O�J�O�H �X�I�F�O �U�I�F�T�F �F�O�F�S�H�J�F�T �B�S�F �J�O �Q�I�B�T�F
�B�O�E �X�B�M�L�J�O�H �X�I�F�O �U�I�F�T�F �F�O�F�S�H�J�F�T �B�S�F �P�V�U �P�G �Q�I�B�T�F�� �*�O �U�I�J�T �X�P�S�L �X�F �J�E�F�O�U�J�G�Z
�B �D�I�B�S�B�D�U�F�S�J�T�U�J�D �T�U�B�U�F �B�U �U�I�F �T�U�B�S�U �P�G �T�J�O�H�M�F �T�V�Q�Q�P�S�U �C�F�M�P�O�H�J�O�H �U�P �F�B�D�I �T�Q�F�D�J�¶�D
�H�B�J�U�� �5�B�S�H�F�U �T�U�B�U�F�T �X�I�J�D�I �B�S�F �S�J�T�J�O�H �B�U �U�I�F �P�O�T�F�U �P�G �T�J�O�H�M�F �T�V�Q�Q�P�S�U �B�S�F �D�P�O�T�J�E��
�F�S�F�E �U�P �C�F �X�B�M�L�J�O�H�
 �X�I�J�M�F �U�B�S�H�F�U �T�U�B�U�F�T �X�I�J�D�I �B�S�F �G�B�M�M�J�O�H �B�U �U�I�F �P�O�T�F�U �P�G �T�J�O�H�M�F
�T�V�Q�Q�P�S�U �B�S�F �D�P�O�T�J�E�F�S�F�E �U�P �C�F �S�V�O�O�J�O�H��

�H�J�O�H �Q�B�D�F �B�O�E �S�V�O�O�J�O�H �B�U ������ �N� �T� �� �J�T �B �G�B�T�U �S�V�O�O�J�O�H �Q�B�D�F �<�����>�� �5�I�F �M�J�N�J�U�T �P�G

�W�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z �D�B�O �C�F �C�B�T�F�E �P�O �U�I�F �F�Y�Q�F�D�U�F�E �B�Q�F�Y �E�J�T�U�B�O�D�F �V�T�J�O�H �T�U�B�O�E�B�S�E

�C�B�M�M�J�T�U�J�D �F�R�V�B�U�J�P�O�T�� �" �Q�P�J�O�U���N�B�T�T �X�J�U�I �V�Q�X�B�S�E �W�F�M�P�D�J�U�Z �J�O �U�I�F �B�C�T�F�O�D�F �P�G �F�Y��

�U�F�S�O�B�M �G�P�S�D�F�T �X�J�M�M �S�J�T�F �B �E�J�T�U�B�O�D�F �P�G_z2/2 g �C�F�G�P�S�F �B�Q�F�Y�� �*�G �X�F �D�P�N�C�J�O�F �U�I�J�T �X�J�U�I

�D�F�O�U�F�S �P�G �N�B�T�T �U�S�B�K�F�D�U�P�S�Z �E�B�U�B �<�����
 �����>�
 �X�F �T�F�F �U�I�B�U �N�P�T�U �W�F�S�U�J�D�B�M �W�F�M�P�D�J�U�J�F�T �E�P

�O�P�U �F�Y�D�F�F�E ������ �N� �T� ����

���������� �4�U�F�Q �-�F�O�H�U�I

�5�I�F �¶�O�B�M �Q�B�S�B�N�F�U�F�S �X�F �N�V�T�U �D�P�O�T�J�E�F�S �J�T �I�P�X �G�B�S �B�Q�B�S�U �U�I�F �N�P�E�F�M�Š�T �G�F�F�U �D�B�O �C�F

�Q�M�B�D�F�E �E�V�S�J�O�H �U�I�F �E�P�V�C�M�F �T�V�Q�Q�P�S�U �Q�I�B�T�F�� �5�I�F �G�F�F�U �M�P�D�B�U�J�P�O�T �D�B�O �B�M�U�F�S�O�B�U�J�W�F�M�Z

�C�F �T�U�P�S�F�E �B�T �T�F�Q�B�S�B�U�F �W�B�S�J�B�C�M�F�T�
 �I�P�X�F�W�F�S �U�I�B�U �P�Q�U�J�P�O �X�J�M�M �J�O�U�S�P�E�V�D�F �E�V�Q�M�J�D�B�U�F

�B�O�E �J�O�G�F�B�T�J�C�M�F �T�U�B�U�F�T �P�G �U�I�F �T�Z�T�U�F�N�� �&�O�D�P�E�J�O�H �U�I�F �T�U�B�U�F �X�J�U�I �T�U�F�Q �M�F�O�H�U�I �F�O��

�T�V�S�F�T �E�J�T�U�J�O�D�U �G�P�P�U �I�P�M�E�T �B�O�E �D�P�O�T�J�T�U�F�O�U �P�S�E�F�S�J�O�H �P�G �U�I�F �T�U�B�U�F �W�B�S�J�B�C�M�F�T�� �5�I�F

�E�P�V�C�M�F �T�V�Q�Q�P�S�U �4�.�. �T�U�B�U�F �D�B�O �U�I�F�O �C�F �G�V�M�M�Z �E�F�U�F�S�N�J�O�F�E �C�Z �D�P�N�C�J�O�J�O�H �T�U�F�Q

�M�F�O�H�U�I �X�J�U�I �F�B�D�I �M�F�H �M�F�O�H�U�I �U�P �G�P�S�N �B �U�S�J�B�O�H�M�F�� �/�P�U�F �U�I�B�U �U�I�F �C�P�V�O�E�T �N�V�T�U �C�F



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�4�Z�N�C�P�M �5�Z�Q�J�D�B�M �)�V�N�B�O �4�F�B�S�D�I �#�P�V�O�E�T �6�O�J�U�T

�-�F�H �4�U�J�µ�O�F�T�T k ���� �U�P ���� ���� �U�P ���� mg/ l0
�5�P�V�D�I�E�P�X�O �"�O�H�M�F� ���� �U�P ������ ���� �U�P ������ �E�F�H
�-�F�H �$�P�N�Q�S�F�T�T�J�P�O� l �� �U�P �� �� �U�P ���� �D�N
�)�P�S�J�[�P�O�U�B�M �7�F�M�P�D�J�U�Z_x ������ �U�P ������ �������� �U�P ������ �N���T
�7�F�S�U�J�D�B�M �7�F�M�P�D�J�U�Z_z �������� �U�P ������ �������� �U�P ������ �N���T
�4�U�F�Q �-�F�O�H�U�I d ������ �U�P ������ �������� �U�P �������� �N

�D�B�S�F�G�V�M�M�Z �T�F�U �U�P �P�C�F�Z �U�I�F �U�S�J�B�O�H�M�F �J�O�F�R�V�B�M�J�U�Z �T�P �U�I�B�U �O�P �U�X�P �T�J�E�F�T �B�S�F �M�F�T�T �U�I�B�O

�P�S �F�R�V�B�M �U�P �B �U�I�J�S�E �T�J�E�F��

�5�I�F�S�F �B�S�F �T�F�W�F�S�B�M �C�J�P�N�F�D�I�B�O�J�D�B�M �T�U�V�E�J�F�T �J�O�W�P�M�W�J�O�H �I�V�N�B�O �T�U�F�Q �M�F�O�H�U�I��

�4�F�L�J�Z�B �F�U �B�M�� �D�P�O�E�V�D�U�F�E �F�Y�Q�F�S�J�N�F�O�U�T �U�P �N�F�B�T�V�S�F �U�I�F �W�B�S�J�B�C�J�M�J�U�Z �P�G �T�U�F�Q �M�F�O�H�U�I

�E�V�S�J�O�H �I�V�N�B�O �X�B�M�L�J�O�H �B�O�E �G�P�V�O�E �M�F�O�H�U�I�T �S�B�O�H�J�O�H �G�S�P�N �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ������ �U�P

������ �N �<�������>�� �%�P�O�F�M�B�O �F�U �B�M�� �N�F�B�T�V�S�F�E �N�F�D�I�B�O�J�D�B�M �X�P�S�L �E�V�S�J�O�H �I�V�N�B�O �X�B�M�L��

�J�O�H �X�I�J�M�F �U�F�T�U�J�O�H �T�U�F�Q �M�F�O�H�U�I�T �G�S�P�N ������ �U�P ������ �N �<�����>�� �4�F�H�F�S�T �F�U �B�M�� �S�F�D�P�S�E�F�E

�T�U�F�Q �M�F�O�H�U�I�T �E�V�S�J�O�H �X�B�M�L���U�P���S�V�O �B�O�E �S�V�O���U�P���X�B�M�L �U�S�B�O�T�J�U�J�P�O�T �B�O�E �N�F�B�T�V�S�F�E

�M�F�O�H�U�I�T �P�G �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ������ �N �<�������>�� �8�F �D�B�O �D�P�N�C�J�O�F �U�I�F�T�F �S�F�T�V�M�U�T �U�P �P�C��

�T�F�S�W�F �U�I�B�U �U�Z�Q�J�D�B�M �I�V�N�B�O �E�P�V�C�M�F �T�V�Q�Q�P�S�U �Q�I�B�T�F�T �E�P �O�P�U �F�Y�D�F�F�E �T�U�F�Q �M�F�O�H�U�I�T

�P�G ������ �N��

������ �$�I�P�P�T�J�O�H �B�O �0�Q�U�J�N�J�[�B�U�J�P�O �'�S�B�N�F�X�P�S�L

�5�I�F �P�Q�U�J�N�B�M �D�P�O�U�S�P�M�T �T�U�V�E�J�F�E �J�O �U�I�J�T �X�P�S�L �G�B�M�M �J�O�U�P �B �D�M�B�T�T �P�G �P�Q�U�J�N�J�[�B�U�J�P�O

�Q�S�P�C�M�F�N�T �J�O�W�P�M�W�J�O�H �D�P�O�U�J�O�V�P�V�T���U�J�N�F �D�P�O�U�S�P�M �U�S�B�K�F�D�U�P�S�J�F�T �B�Q�Q�M�J�F�E �U�P �O�P�O�M�J�O��

�F�B�S �T�Z�T�U�F�N�T �U�I�S�P�V�H�I�P�V�U �D�P�O�U�J�O�V�P�V�T �T�U�B�U�F �T�Q�B�D�F�� �.�P�S�F �H�F�O�F�S�B�M�M�Z�
 �U�I�J�T �S�F�Q�S�F��

�T�F�O�U�T �B �O�P�O���D�P�O�W�F�Y �P�Q�U�J�N�J�[�B�U�J�P�O �P�W�F�S �B �D�P�O�U�J�O�V�P�V�T �E�P�N�B�J�O �X�J�U�I �O�P�O�M�J�O�F�B�S

�D�P�O�T�U�S�B�J�O�U�T�� �0�V�S �T�F�B�S�D�I �G�P�S �U�I�F�T�F �D�P�O�U�S�P�M�T �J�T �G�V�S�U�I�F�S �D�P�N�Q�M�J�D�B�U�F�E �C�Z �U�I�F �E�F��

�T�J�S�F �U�P �D�P�N�Q�V�U�F �H�M�P�C�B�M�M�Z �P�Q�U�J�N�B�M �T�P�M�V�U�J�P�O�T �S�B�U�I�F�S �U�I�B�O �N�P�S�F �F�B�T�J�M�Z �P�C�U�B�J�O��

�B�C�M�F �M�P�D�B�M�M�Z �P�Q�U�J�N�B�M �T�P�M�V�U�J�P�O�T�� �(�M�P�C�B�M �P�Q�U�J�N�V�N�T �S�F�Q�S�F�T�F�O�U �U�I�F �C�F�T�U �Q�P�T�T�J�C�M�F



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�D�P�O�U�S�P�M �T�U�S�B�U�F�H�J�F�T �U�I�B�U �D�B�O �C�F �V�T�F�E �C�Z �P�V�S �T�Q�F�D�J�¶�D �N�P�E�F�M �U�P �B�D�I�J�F�W�F �T�Q�F�D�J�¶�D

�M�P�O�H �U�F�S�N �H�P�B�M�T �E�F�¶�O�F�E �C�Z �B �D�P�T�U �G�V�O�D�U�J�P�O�� �6�O�T�V�S�Q�S�J�T�J�O�H�M�Z�
 �U�I�F�S�F �B�S�F �S�F�M�B��

�U�J�W�F�M�Z �G�F�X �H�V�B�S�B�O�U�F�F�T �T�V�S�S�P�V�O�E�J�O�H �U�I�F �T�F�B�S�D�I �G�P�S �U�I�J�T �U�Z�Q�F �P�G �T�P�M�V�U�J�P�O�� �5�I�J�T

�I�B�T �O�P�U �E�J�T�D�P�V�S�B�H�F�E �U�I�F �¶�F�M�E �P�G �E�Z�O�B�N�J�D �P�Q�U�J�N�J�[�B�U�J�P�O�
 �X�I�J�D�I �I�B�T �Q�S�P�E�V�D�F�E �B

�Q�M�F�U�I�P�S�B �P�G �O�V�N�F�S�J�D�B�M �N�F�U�I�P�E�T �B�J�N�J�O�H �U�P �D�P�N�Q�V�U�F �P�Q�U�J�N�B�M �D�P�O�U�S�P�M�T �P�G �W�B�S�Z��

�J�O�H �B�D�D�V�S�B�D�Z�� �8�I�J�M�F �N�B�O�Z �B�Q�Q�S�P�B�D�I�F�T �D�B�O �H�V�B�S�B�O�U�F�F �D�P�O�W�F�S�H�F�O�D�F �U�P �B �M�P�D�B�M

�P�Q�U�J�N�V�N�
 �G�B�S �G�F�X�F�S �D�B�O �H�V�B�S�B�O�U�F�F �B �H�M�P�C�B�M�M�Z �P�Q�U�J�N�B�M �T�P�M�V�U�J�P�O�� �"�O�E �F�W�F�O

�U�I�F�O�
 �P�O�M�Z �C�Z �N�B�L�J�O�H �D�F�S�U�B�J�O �B�T�T�V�N�Q�U�J�P�O�T �X�J�U�I�J�O �B �C�P�V�O�E�F�E �T�F�B�S�D�I �T�Q�B�D�F��

���������� �$�B�O�E�J�E�B�U�F �0�Q�U�J�N�J�[�B�U�J�P�O �.�F�U�I�P�E�T

�"�O �J�E�F�B�M �T�P�M�V�U�J�P�O �U�P �P�V�S �P�Q�U�J�N�J�[�B�U�J�P�O �Q�S�P�C�M�F�N �X�P�V�M�E �C�F �B�O �B�O�B�M�Z�U�J�D�B�M�
 �H�M�P�C��

�B�M�M�Z �P�Q�U�J�N�B�M �D�P�O�U�S�P�M �H�F�O�F�S�B�U�F�E �C�Z �T�P�M�W�J�O�H �S�F�R�V�J�T�J�U�F �Q�B�S�U�J�B�M �E�J�µ�F�S�F�O�U�J�B�M �F�R�V�B��

�U�J�P�O�T�� �*�O�E�F�F�E�
 �J�G �U�I�F �V�O�E�F�S�M�Z�J�O�H �)�B�N�J�M�U�P�O���+�B�D�P�C�J���#�F�M�M�N�B�O �F�R�V�B�U�J�P�O �X�F�S�F

�T�J�N�Q�M�F �F�O�P�V�H�I�
 �X�F �D�P�V�M�E �B�U�U�F�N�Q�U �B�O �B�O�B�M�Z�U�J�D�B�M �T�P�M�V�U�J�P�O �V�T�J�O�H �1�P�O�U�S�Z�B�H�J�O�Š�T

�Q�S�J�O�D�J�Q�M�F�� �4�B�E�M�Z�
 �N�P�E�F�S�O �N�B�U�I�F�N�B�U�J�D�B�M �B�Q�Q�S�P�B�D�I�F�T �I�B�W�F �O�P�U �Z�F�U �Z�J�F�M�E�F�E �B�O��

�B�M�Z�U�J�D �J�O�U�F�H�S�B�U�J�P�O�T �P�G �P�V�S �N�P�E�F�M�Š�T �O�P�O�M�J�O�F�B�S �E�Z�O�B�N�J�D�T �B�O�E �D�P�O�T�U�S�B�J�O�U�T�� �6�O�U�J�M

�U�I�J�T �P�D�D�V�S�T�
 �X�F �B�S�F �S�F�T�J�H�O�F�E �U�P �O�V�N�F�S�J�D�B�M �N�F�U�I�P�E�T �X�I�J�D�I �D�B�O �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z

�D�P�N�Q�V�U�F �U�I�F�T�F �D�P�O�U�S�P�M �M�B�X�T��

�5�S�B�K�F�D�U�P�S�Z �P�Q�U�J�N�J�[�B�U�J�P�O

�5�S�B�K�F�D�U�P�S�Z �P�Q�U�J�N�J�[�B�U�J�P�O �J�T �B �D�P�N�N�P�O �B�Q�Q�S�P�B�D�I �U�P �H�F�O�F�S�B�U�J�O�H �M�P�D�B�M�M�Z �P�Q�U�J�N�B�M

�O�V�N�F�S�J�D�B�M �T�P�M�V�U�J�P�O�T �G�P�S �O�P�O�M�J�O�F�B�S �T�Z�T�U�F�N�T�� �*�G �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �J�T �J�O�J�U�J�B�M�J�[�F�E

�W�F�S�Z �D�M�P�T�F �U�P �U�I�F �H�M�P�C�B�M �P�Q�U�J�N�V�N�
 �U�I�J�T �D�M�B�T�T �P�G �J�U�F�S�B�U�J�W�F �N�F�U�I�P�E�T �D�B�O �F�W�F�O

�Q�S�P�E�V�D�F �H�M�P�C�B�M�M�Z �P�Q�U�J�N�B�M �U�S�B�K�F�D�U�P�S�J�F�T�� �)�P�X�F�W�F�S�
 �U�I�J�T �G�F�B�U�V�S�F �J�T �O�P�U �Q�B�S�U�J�D��

�V�M�B�S�M�Z �V�T�F�G�V�M �B�T �U�I�F �H�M�P�C�B�M �T�P�M�V�U�J�P�O �J�U �O�P�U �U�Z�Q�J�D�B�M�M�Z �L�O�P�X�O �C�F�G�P�S�F�I�B�O�E�� �5�I�F

�S�F�T�V�M�U�J�O�H �T�P�M�V�U�J�P�O�T �B�S�F �B�M�T�P �J�O �U�I�F �G�P�S�N �P�G �B �U�J�N�F���C�B�T�F�E �T�U�B�U�F �P�S �D�P�O�U�S�P�M �U�S�B�K�F�D��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�U�P�S�Z �S�B�U�I�F�S �U�I�B�O �B �G�V�O�D�U�J�P�O�B�M �N�B�Q�Q�J�O�H �G�S�P�N �B�S�C�J�U�S�B�S�Z �T�U�B�U�F�T �U�P �B�D�U�J�P�O�T�� �5�I�J�T

�S�F�T�U�S�J�D�U�J�P�O �D�P�V�Q�M�F�E �X�J�U�I �M�P�D�B�M�M�Z �P�Q�U�J�N�B�M �S�F�T�V�M�U�T �N�B�L�F�T �U�S�B�K�F�D�U�P�S�Z �P�Q�U�J�N�J�[�B��

�U�J�P�O �B�O �V�O�J�E�F�B�M �D�B�O�E�J�E�B�U�F �J�O �U�I�F �T�F�B�S�D�I �G�P�S �H�M�P�C�B�M�M�Z �P�Q�U�J�N�B�M �D�P�O�U�S�P�M�T��

�3�F�J�O�G�P�S�D�F�N�F�O�U �-�F�B�S�O�J�O�H

�3�F�J�O�G�P�S�D�F�N�F�O�U �M�F�B�S�O�J�O�H �	�3�-�
 �J�T �B �Q�P�X�F�S�G�V�M �P�Q�U�J�N�J�[�B�U�J�P�O �B�Q�Q�S�P�B�D�I �D�P�N�N�P�O�M�Z

�V�T�F�E �G�P�S �I�J�H�I���E�J�N�F�O�T�J�P�O�B�M �D�P�O�U�S�P�M �Q�S�P�C�M�F�N�T�� �*�U �D�B�O �B�D�I�J�F�W�F �G�B�T�U �D�P�O�W�F�S��

�H�F�O�D�F �B�O�E �H�P�P�E �S�F�T�V�M�U�T �G�P�S �D�P�N�Q�M�F�Y �Q�S�P�C�M�F�N�T�
 �X�J�U�I�P�V�U �B�O �B�W�B�J�M�B�C�M�F �N�P�E�F�M�


�X�J�U�I �U�I�F �I�F�M�Q �P�G �G�V�O�D�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�P�S�T �T�V�D�I �B�T �O�F�V�S�B�M �O�F�U�X�P�S�L�T �B�O�E �(�B�V�T��

�T�J�B�O �Q�S�P�D�F�T�T�F�T�� �)�P�X�F�W�F�S�
 �F�Y�D�F�Q�U �J�O �T�Q�F�D�J�B�M �D�B�T�F�T�
 �U�I�F �T�P�M�V�U�J�P�O �P�C�U�B�J�O�F�E �X�J�U�I

�3�- �X�J�U�I �G�V�O�D�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �B �M�P�D�B�M �P�Q�U�J�N�V�N�� �.�P�S�F�P�W�F�S�
 �U�I�F �P�Q�U�J�N�J�[�B��

�U�J�P�O �J�T �O�P�U �H�V�B�S�B�O�U�F�F�E �U�P �D�P�O�W�F�S�H�F�
 �P�S �N�J�H�I�U �D�P�O�W�F�S�H�F �B�S�C�J�U�S�B�S�J�M�Z �G�B�S �B�X�B�Z

�G�S�P�N �U�I�F �H�M�P�C�B�M �P�Q�U�J�N�V�N��

�%�Z�O�B�N�J�D �1�S�P�H�S�B�N�N�J�O�H

�4�J�O�D�F �X�F �I�B�W�F �B �N�P�E�F�M �P�G �P�V�S �T�Z�T�U�F�N�
 �X�F �D�P�O�T�J�E�F�S �P�U�I�F�S �B�Q�Q�S�P�B�D�I�F�T �U�I�B�U

�N�J�H�I�U �S�F�R�V�J�S�F �N�P�S�F �T�B�N�Q�M�F�T�
 �C�V�U �D�B�O �N�B�J�O�U�B�J�O �H�M�P�C�B�M �D�P�O�W�F�S�H�F�O�D�F �H�V�B�S�B�O��

�U�F�F�T�� �0�O�F �T�V�D�I �N�F�U�I�P�E �J�T �'�B�T�U �N�B�S�D�I�J�O�H �N�F�U�I�P�E�T�
 �B�M�T�P �L�O�P�X�O �B�T �T�J�O�H�M�F �Q�B�T�T

�P�S �P�S�E�F�S�F�E �V�Q�X�J�O�E �N�F�U�I�P�E�T�� �5�I�F�T�F �N�F�U�I�P�E�T �N�P�E�F�M �U�I�F �W�B�M�V�F �G�V�O�D�U�J�P�O �P�G

�U�I�F �P�Q�U�J�N�B�M �Q�P�M�J�D�Z �C�Z �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H�
 �S�F�R�V�J�S�J�O�H �B �N�P�E�F�M �B�O�E �W�F�S�Z

�M�B�S�H�F �B�N�P�V�O�U �P�G �E�B�U�B�� �8�J�U�I �B �C�P�V�O�E�F�E �T�U�B�U�F �T�Q�B�D�F �B�O�E �E�J�T�D�S�F�U�J�[�F�E �D�P�O�U�S�P�M

�B�O�E �T�U�B�U�F �T�Q�B�D�F�
 �U�I�F�T�F �B�Q�Q�S�P�B�D�I�F�T �D�B�O �H�V�B�S�B�O�U�F�F �D�P�O�W�F�S�H�F�O�D�F �U�P �U�I�F �H�M�P�C�B�M

�T�P�M�V�U�J�P�O �P�G �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�F �	�E�J�T�D�S�F�U�J�[�F�E�
 �Q�S�P�C�M�F�N�� �5�I�F �G�P�V�O�E �T�P�M�V�U�J�P�O �D�B�O

�C�F �N�B�E�F �B�S�C�J�U�S�B�S�J�M�Z �D�M�P�T�F �U�P �U�I�F �H�M�P�C�B�M �P�Q�U�J�N�V�N �C�Z �N�B�L�J�O�H �U�I�F �E�J�T�D�S�F�U�J�[�B�U�J�P�O

�H�S�J�E �¶�O�F�S��

�" �T�Q�F�D�J�B�M �D�B�T�F �P�G �Q�S�P�C�M�F�N�T�
 �S�F�Q�S�F�T�F�O�U�F�E �C�Z �U�I�F �&�J�L�P�O�B�M �Q�B�S�U�J�B�M �E�J�µ�F�S�F�O��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�U�J�B�M �F�R�V�B�U�J�P�O�T�
 �D�B�O �C�F �T�P�M�W�F�E �W�F�S�Z �F�¸�D�J�F�O�U�M�Z �X�J�U�I �B �T�J�O�H�M�F �Q�B�T�T �U�I�S�P�V�H�I �U�I�F

�T�U�B�U�F �T�Q�B�D�F�� �5�I�F�T�F �Q�S�P�C�M�F�N�T �D�B�O �C�F �T�P�M�W�F�E �X�J�U�I �G�B�T�U �N�B�S�D�I�J�O�H �N�F�U�I�P�E�T �P�S

�P�S�E�F�S�F�E �V�Q�X�J�O�E �N�F�U�I�P�E�T �C�Z �M�F�W�F�S�B�H�J�O�H �U�I�F �Q�S�P�Q�F�S�U�Z �U�I�B�U �U�I�F �T�P�M�V�U�J�P�O�T �U�P

�U�I�F �1�%�& �M�J�F �B�M�P�O�H �T�P�N�F �D�I�B�S�B�D�U�F�S�J�T�U�J�D �D�V�S�W�F�T�� �)�P�X�F�W�F�S�
 �G�P�S �H�F�O�F�S�B�M �T�Z�T�U�F�N�T

�U�I�F�T�F �D�I�B�S�B�D�U�F�S�J�T�U�J�D �D�V�S�W�F�T �B�S�F �O�P�U �L�O�P�X�O�
 �B�O�E �I�F�O�D�F �D�B�O�O�P�U �C�F�O�F�¶�U �G�S�P�N

�U�I�F�T�F �B�Q�Q�S�P�B�D�I�F�T�� �$�P�O�W�F�S�H�F�O�D�F �T�Q�F�F�E �P�G �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �D�B�O �T�U�J�M�M

�C�F �J�N�Q�S�P�W�F�E �G�P�S �D�F�S�U�B�J�O �Q�S�P�C�M�F�N�T �G�P�S �X�I�J�D�I �U�I�F �D�I�B�S�B�D�U�F�S�J�T�U�J�D �T�P�M�V�U�J�P�O �J�T

�C�P�V�O�E�F�E �X�J�U�I�J�O �B �D�F�S�U�B�J�O �E�J�T�U�B�O�D�F �P�G �U�I�F �T�U�B�U�F�� �)�P�X�F�W�F�S�
 �J�O �U�I�F �N�P�T�U �H�F�O�F�S�B�M

�D�B�T�F�
 �P�O�F �I�B�T �U�P �S�F�W�F�S�U �U�P �D�M�B�T�T�J�D�B�M �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H�
 �X�I�J�D�I �D�B�O �U�B�L�F

�T�F�W�F�S�B�M �Q�B�T�T�F�T �U�I�S�P�V�H�I �U�I�F �T�U�B�U�F �T�Q�B�D�F �U�P �D�P�O�W�F�S�H�F �U�P �U�I�F �P�Q�U�J�N�B�M �W�B�M�V�F �G�V�O�D��

�U�J�P�O�� �8�I�J�M�F �U�I�J�T �N�J�H�I�U �C�F �W�F�S�Z �T�M�P�X�
 �J�U �J�T �T�U�J�M�M �H�V�B�S�B�O�U�F�F�E �U�P �S�F�B�D�I �U�I�F �H�M�P�C�B�M�M�Z

�P�Q�U�J�N�B�M �T�P�M�V�U�J�P�O �G�P�S �W�F�S�Z �H�F�O�F�S�B�M �Q�S�P�C�M�F�N��

���������� �4�F�N�J���-�B�H�S�B�O�H�J�B�O �%�Z�O�B�N�J�D �1�S�P�H�S�B�N�N�J�O�H

�"�M�U�I�P�V�H�I �O�V�N�F�S�J�D�B�M �P�Q�U�J�N�B�M �D�P�O�U�S�P�M �T�D�I�F�N�F�T �X�I�J�D�I �S�F�M�Z �P�O �E�J�T�D�S�F�U�J�[�B�U�J�P�O

�V�M�U�J�N�B�U�F�M�Z �D�P�N�Q�V�U�F �T�V�C�P�Q�U�J�N�B�M �T�P�M�V�U�J�P�O�T �G�P�S �D�P�O�U�J�O�V�P�V�T �T�Z�T�U�F�N�T�
 �B �I�V�N�B�O

�E�F�T�J�H�O�F�S �D�B�O �C�B�M�B�O�D�F �T�P�M�V�U�J�P�O �B�D�D�V�S�B�D�Z �X�J�U�I �D�P�N�Q�V�U�B�U�J�P�O�B�M �M�P�B�E�� �5�I�F �E�F��

�D�J�E�J�O�H �G�B�D�U�P�S �J�T �U�I�F �Q�S�P�C�M�F�N �E�J�N�F�O�T�J�P�O�B�M�J�U�Z �E�F�¶�O�F�E �C�Z �J�U�T �T�U�B�U�F �B�O�E �B�D�U�J�P�O

�T�Q�B�D�F�T�� �"�T �E�J�N�F�O�T�J�P�O�B�M�J�U�Z �J�O�D�S�F�B�T�F�T�
 �D�P�N�Q�V�U�B�U�J�P�O�B�M �S�F�R�V�J�S�F�N�F�O�U�T �F�Y�Q�M�P�E�F

�F�Y�Q�P�O�F�O�U�J�B�M�M�Z �E�V�F �U�P �U�I�F �Œ�D�V�S�T�F �P�G �E�J�N�F�O�T�J�P�O�B�M�J�U�Z�• �<�����>�� �.�B�O�Z �P�Q�U�J�N�J�[�B��

�U�J�P�O �N�F�U�I�P�E�T �D�P�N�Q�F�O�T�B�U�F �G�P�S �U�I�J�T �J�O �I�J�H�I �E�J�N�F�O�T�J�P�O�T �C�Z �J�O�U�S�P�E�V�D�J�O�H �T�Q�B�S�T�F

�G�V�O�D�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�P�S�T �B�U �U�I�F �D�P�T�U �P�G �J�O�U�S�P�E�V�D�J�O�H �M�P�D�B�M �P�Q�U�J�N�V�N�T�� �*�G �Q�S�P�C��

�M�F�N �E�J�N�F�O�T�J�P�O�B�M�J�U�Z �J�T �M�P�X �F�O�P�V�H�I�
 �B�T �J�T �U�I�F �D�B�T�F �X�J�U�I �U�I�F �N�P�E�F�M �V�T�F�E �I�F�S�F�


�M�J�O�F�B�S�M�Z �J�O�U�F�S�Q�P�M�B�U�F�E �H�S�J�E�T �D�B�O �C�F �V�T�F�E �U�P �F�O�T�V�S�F �B�O �B�Q�Q�S�P�Y�J�N�B�U�F �H�M�P�C�B�M �P�Q��

�U�J�N�V�N�� �5�I�J�T �T�P�M�V�U�J�P�O �J�T �T�V�C�P�Q�U�J�N�B�M �J�O �B �T�U�S�J�D�U �N�B�U�I�F�N�B�U�J�D�B�M �T�F�O�T�F�
 �C�V�U �M�J�F�T

�X�J�U�I�J�O �B �C�P�V�O�E �P�G �U�I�F �U�S�V�F �P�Q�U�J�N�B�M �D�P�O�U�S�P�M �<�����
 �����>��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�0�V�S �T�F�B�S�D�I �G�P�S �U�I�F �U�I�F�P�S�F�U�J�D�B�M �M�J�N�J�U�T �P�G �C�J�Q�F�E�B�M �H�B�J�U �U�S�B�O�T�J�U�J�P�O�T �S�F�R�V�J�S�F�T

�¶�O�E�J�O�H �X�I�J�D�I �T�U�B�U�F�T �B�S�F �B�C�M�F �U�P �S�F�B�D�I �E�J�µ�F�S�F�O�U �U�B�S�H�F�U �T�U�B�U�F�T �U�I�B�U �D�P�S�S�F�T�Q�P�O�E

�U�P �E�J�T�U�J�O�D�U �H�B�J�U�T �	�¶�H�V�S�F �������
�� �U�I�J�T �S�F�H�J�P�O �P�G �T�U�B�U�F �T�Q�B�D�F �J�T �U�I�F �C�B�T�J�O �P�G �B�U�U�S�B�D�U�J�P�O

�G�P�S �B �T�Q�F�D�J�¶�D �Q�P�M�J�D�Z �	�¶�H�V�S�F �������
�� �1�S�F�W�J�P�V�T �X�P�S�L �P�O �U�I�F �4�.�. �I�B�T �B�O�B�M�Z�[�F�E �E�J�T��

�D�S�F�U�F �D�P�O�U�S�P�M �J�O�Q�V�U�T �U�P �¶�O�E �P�O�F���T�U�F�Q �<�������
 �������> �B�O�E �N�V�M�U�J���T�U�F�Q �<�����
 �����> �E�F�B�E��

�C�F�B�U �Q�P�M�J�D�J�F�T �D�B�Q�B�C�M�F �P�G �S�F�B�D�I�J�O�H �B �U�B�S�H�F�U �T�U�B�U�F �J�O �U�I�F �G�F�X�F�T�U �G�P�P�U�T�U�F�Q�T�� �5�I�J�T

�D�B�M�D�V�M�B�U�J�P�O �P�G �H�M�P�C�B�M�M�Z �P�Q�U�J�N�B�M �E�F�B�E�C�F�B�U �Q�P�M�J�D�J�F�T �S�F�W�F�B�M�T �U�I�F �C�B�T�J�O �P�G �B�U�U�S�B�D��

�U�J�P�O �G�P�S �B �U�B�S�H�F�U �T�F�UT�� �5�I�J�T �C�B�T�J�O �P�G �T�U�B�U�F�T �D�B�O �C�F �X�S�J�U�U�F�O �G�P�S�N�B�M�M�Z �B�T �U�I�Fn���T�U�F�Q

�E�J�T�D�S�F�U�F �	�C�B�D�L�X�B�S�E�T�
 �S�F�B�D�I�B�C�M�F �T�F�U�


Rd = fs 2 S : N(s) � n�N�B�Yg�
 �	�������


�X�I�F�S�FS �J�T �U�I�F �T�F�U �P�G �B�M�M �T�U�B�U�F�T�
N(s) �J�T �B �G�V�O�D�U�J�P�O �U�I�B�U �S�F�U�V�S�O�T �U�I�F �N�J�O�J�N�V�N

�O�V�N�C�F�S �P�G �G�P�P�U �T�U�F�Q�T �U�P �S�F�B�D�IT �G�S�P�Ns�
 �B�O�En�N�B�Y�J�T �U�I�F �N�B�Y�J�N�V�N �O�V�N�C�F�S

�P�G �D�P�O�T�J�E�F�S�F�E �T�U�F�Q�T�� �*�O �D�P�N�Q�B�S�J�T�P�O�
 �P�V�S �B�O�B�M�Z�T�J�T �¶�O�E�T �U�I�F �S�F�B�D�I�B�C�M�F �T�F�U �G�P�S

�U�B�S�H�F�U �T�U�B�U�F�T �V�T�J�O�H �D�P�O�U�J�O�V�P�V�T���U�J�N�F �D�P�O�U�S�P�M �J�O�Q�V�U�� �5�I�J�T �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E �F�Y��

�U�F�O�T�J�P�O �S�F�R�V�J�S�F�T �B �D�P�O�U�J�O�V�P�V�T���U�J�N�F �	�C�B�D�L�X�B�S�E�T�
 �S�F�B�D�I�B�C�M�F �T�F�U�


Rc = fs 2 S : T(s) < + 1g�
 �	�������


�X�I�F�S�F �O�P�XT(s) �E�F�¶�O�F�T �U�I�F �N�J�O�J�N�V�N �U�J�N�F �U�P �S�F�B�D�IT �G�S�P�Ns �B�O�E �U�I�F �I�P�S�J�[�P�O

�J�T �F�Y�U�F�O�E�F�E �U�P �J�O�D�M�V�E�F �B�M�M �T�U�B�U�F�T �S�F�B�D�I�B�C�M�F �J�O �¶�O�J�U�F �U�J�N�F�� �5�I�V�T�
 �X�F �I�B�W�F �B

�X�F�M�M���E�F�¶�O�F�E �P�Q�U�J�N�B�M �D�P�O�U�S�P�M �Q�S�P�C�M�F�N �U�P �T�P�M�W�F�� �D�B�M�D�V�M�B�U�FT(s)�
 �U�I�F �M�P�O�H �U�F�S�N

�D�P�T�U�
 �P�W�F�S �B�M�M �P�G �T�U�B�U�F �T�Q�B�D�F �U�P �E�F�U�F�S�N�J�O�F �U�I�F �S�F�B�D�I�B�C�M�F �T�F�U �B�O�E �U�I�F �B�T�T�P�D�J�B�U�F�E

�P�Q�U�J�N�B�M �D�P�O�U�S�P�M �M�B�X��

�*�O �P�S�E�F�S �U�P �T�P�M�W�F �G�P�ST(s)�
 �X�F �N�V�T�U �E�F�¶�O�F �B �G�V�O�D�U�J�P�O �U�I�B�U �N�B�Q�T �G�S�P�N �T�U�B�U�F��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�'�J�H�V�S�F �������� �5�I�F �P�Q�U�J�N�B�M �D�P�O�U�S�P�M �U�B�S�H�F�U�J�O�H �B �T�Q�F�D�J�¶�D �T�U�B�U�F �P�S �T�F�U �P�G �T�U�B�U�F�T�
T�

�S�F�W�F�B�M�T �X�I�J�D�I �T�U�B�U�F�T�
R�
 �J�O �B �T�Q�B�D�F�
S�
 �B�S�F �B�C�M�F �U�P �S�F�B�D�I �U�I�F �U�B�S�H�F�U�� �5�I�J�T �J�T �P�Ò�F�O
�S�F�G�F�S�S�F�E �U�P �B�T �U�I�F �C�B�D�L�X�B�S�E�T �S�F�B�D�I�B�C�M�F �T�F�U �P�S �C�B�T�J�O �P�G �B�U�U�S�B�D�U�J�P�O �G�P�S �B �Q�P�M�J�D�Z��

�Q�P�M�J�D�Z �Q�B�J�S�T �U�P �U�I�F�J�S �¶�S�T�U �U�B�S�H�F�U �B�S�S�J�W�B�M �U�J�N�F�


t(s; � ) =

8
>>>>>><
>>>>>>:

�N�J�O
t

f (s; � ; t) 2 T �J�G9t � 0 : f (s; � ; t) 2 T;

+ 1 �P�U�I�F�S�X�J�T�F;

�X�I�F�S�Ff (s; � ; t) �S�F�U�V�S�O�T �U�I�F �T�U�B�U�F �P�G �U�I�F �T�Z�T�U�F�N �B�U �U�J�N�Ft �T�U�B�S�U�J�O�H �G�S�P�N �T�U�B�U�Fs

�B�O�E �G�P�M�M�P�X�J�O�H �Q�P�M�J�D�Z� �� �5�I�F �W�B�M�V�F �G�V�O�D�U�J�P�O �D�B�O �U�I�F�O �C�F �E�F�¶�O�F�E �B�T

T(s) = �J�O�G
� 2�

t(s; � )�
 �	�������


�X�I�F�S�F �U�I�F �T�F�U� �S�F�Q�S�F�T�F�O�U�T �B�M�M �B�E�N�J�T�T�J�C�M�F �Q�P�M�J�D�J�F�T�� �*�O �P�S�E�F�S �U�P �F�O�T�V�S�F �U�I�B�U

T(s) �J�T �D�P�O�U�J�O�V�P�V�T �B�S�P�V�O�E �U�I�F �U�B�S�H�F�U �X�F �N�V�T�U �B�M�T�P �B�T�T�V�N�F �T�N�B�M�M���U�J�N�F �M�P�D�B�M



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�D�P�O�U�S�P�M�M�B�C�J�M�J�U�Z �B�S�P�V�O�ET �X�J�U�I �U�I�F �D�P�O�E�J�U�J�P�O

�J�O�G
� 2�

_f (s; � ; t) � n(s) < 0 8s 2 @T�
 �	�������


�X�I�F�S�Fn(s) �J�T �U�I�F �F�Y�U�F�S�J�P�S �O�P�S�N�B�M �U�P@T �B�Us�� �5�I�J�T �F�O�T�V�S�F�T �U�I�F �W�B�M�V�F �G�V�O�D�U�J�P�O

�J�T �-�J�Q�T�D�I�J�U�[ �D�P�O�U�J�O�V�P�V�T�
 �I�P�X�F�W�F�S �U�I�F �T�D�I�F�N�F �V�T�F�E �I�F�S�F �X�J�M�M �T�U�J�M�M �Q�S�P�E�V�D�F �B

�S�F�B�T�P�O�B�C�M�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �F�W�F�O �J�G �U�I�J�T �D�P�O�E�J�U�J�P�O �J�T �O�P�U �T�B�U�J�T�¶�F�E �<�����>��

�%�F�U�F�S�N�J�O�J�O�H �U�I�F �W�B�M�V�F �G�V�O�D�U�J�P�O �J�T �O�F�D�F�T�T�B�S�Z �U�P �D�B�M�D�V�M�B�U�F �U�I�F �S�F�B�D�I�B�C�M�F �T�F�U

�	�F�R�V�B�U�J�P�O �������
�
 �C�V�U �U�I�J�T �S�F�R�V�J�S�F�T �T�P�M�W�J�O�H �B �O�P�O���D�P�O�W�F�Y�
 �D�P�O�T�U�S�B�J�O�F�E �P�Q�U�J�N�J�[�B��

�U�J�P�O �Q�S�P�C�M�F�N �H�M�P�C�B�M�M�Z�� �'�P�S�U�V�O�B�U�F�M�Z�
 �U�I�F �M�P�X���E�J�N�F�O�T�J�P�O�B�M�J�U�Z �P�G �U�I�F �Q�S�P�C�M�F�N

�N�B�L�F�T �J�U �G�F�B�T�J�C�M�F �U�P �B�Q�Q�M�Z �U�I�F �%�Z�O�B�N�J�D �1�S�P�H�S�B�N�N�J�O�H �1�S�J�O�D�J�Q�M�F �	�%�1�1�
 �<�����> �U�P

�¶�O�E �B �E�J�S�F�D�U �O�V�N�F�S�J�D�B�M �T�P�M�V�U�J�P�O�� �5�I�F �%�1�1 �G�P�S �U�I�F �N�J�O�J�N�V�N �U�J�N�F �Q�S�P�C�M�F�N

�Q�S�P�W�J�E�F�T �B �S�F�D�V�S�S�F�O�D�F �S�F�M�B�U�J�P�O �G�P�S �U�I�F �W�B�M�V�F �G�V�O�D�U�J�P�O �B�O�E �D�B�O �C�F �E�F�S�J�W�F�E �<�����>

�U�P �C�F

T(s) = �J�O�G
� 2�

�
t + T( f (s; � ; t))

	
��

�5�I�J�T �S�F�M�B�U�J�P�O �M�F�B�E�T �E�J�S�F�D�U�M�Z �U�P �B �O�P�O�M�J�O�F�B�S�
 �¶�S�T�U �P�S�E�F�S �Q�B�S�U�J�B�M �E�J�µ�F�S�F�O�U�J�B�M �F�R�V�B��

�U�J�P�O�
 �L�O�P�X�O �B�T �U�I�F �)�B�N�J�M�U�P�O���+�B�D�P�C�J���#�F�M�M�N�B�O �F�R�V�B�U�J�P�O�
 �X�I�P�T�F �T�P�M�V�U�J�P�O �J�T �U�I�F

�W�B�M�V�F �G�V�O�D�U�J�P�O �P�G �J�O�U�F�S�F�T�U�� �8�F �D�B�O �V�T�F �U�I�J�T �F�R�V�B�U�J�P�O �U�P �E�F�¶�O�F �U�I�F �C�P�V�O�E�B�S�Z

�W�B�M�V�F �Q�S�P�C�M�F�N8
>>>>>>>>>>>><
>>>>>>>>>>>>:

�T�V�Q
� 2�

�r T(s) � _f (s; � ; t) = 1 ; s 2 R nT;

T(s) = 0 ; s 2 T;

�M�J�N
s! s0

T(s) = + 1 ; 8s0 2 @R:

�5�I�J�T �Q�S�P�C�M�F�N �D�B�O �C�F �U�S�B�O�T�G�P�S�N�F�E �J�O�U�P �B �C�P�V�O�E�F�E �E�P�N�B�J�O �X�J�U�I�P�V�U �E�F�Q�F�O��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�E�F�O�D�F �P�O �U�I�F �S�F�B�D�I�B�C�M�F �T�F�U �V�T�J�O�H �U�I�F �,�S�V�[�L�P�W �D�I�B�O�H�F �P�G �W�B�S�J�B�C�M�F�T �<�����>�


8
>>>>>><
>>>>>>:

v(s) = 1 � e� T(s) �J�GT(s) < + 1 ;

v(s) = 1 �J�GT(s) = + 1 ;
�	�������


�J�O �P�S�E�F�S �U�P �¶�O�B�M�M�Z �B�S�S�J�W�F �B�U �U�I�F �C�P�V�O�E�B�S�Z �W�B�M�V�F �Q�S�P�C�M�F�N

8
>>>>>><
>>>>>>:

v(s) + �T�V�Q
� 2�

�r v(s) � _f (s; � ; t) = 1 ; s 2 SnT;

v(s) = 0 ; s 2 @T:

�*�O �P�S�E�F�S �U�P �T�P�M�W�F �U�I�J�T �Q�S�P�C�M�F�N �V�T�J�O�H �T�F�N�J���-�B�H�S�B�O�H�J�B�O �O�V�N�F�S�J�D�B�M �B�Q�Q�S�P�Y�J�N�B��

�U�J�P�O�
 �X�F �B�Q�Q�M�Z �U�J�N�F �B�O�E �T�Q�B�D�F �E�J�T�D�S�F�U�J�[�B�U�J�P�O �B�M�P�O�H �X�J�U�I �U�I�F �,�S�V�[�L�P�W �U�S�B�O�T��

�G�P�S�N �B�T �E�F�T�D�S�J�C�F�E �J�O �<�����>�� �5�I�J�T �S�F�T�V�M�U�T �J�O �U�I�F �J�U�F�S�B�U�J�W�F �T�D�I�F�N�F

8
>>>>>><
>>>>>>:

vi+1
j = e� � t �N�J�O

� 2�
I (Vi; f (s; � ; � t)) + 1 � e� � t; s j 2 SnT;

vi+1
j = 0; s j 2 @T�


�	�������


�X�I�F�S�Fvi+1
j �O�P�X �S�F�Q�S�F�T�F�O�U�T �U�I�F �W�B�M�V�F �P�O �J�U�F�S�B�U�J�P�Oi + 1 �G�P�S �E�J�T�D�S�F�U�J�[�F�E �T�U�B�U�Fs j

�B�O�EI (Vi; f (s; � ; � t)) �S�F�Q�S�F�T�F�O�U�T �B�O �J�O�U�F�S�Q�P�M�B�U�J�P�O �G�V�O�D�U�J�P�O �X�I�J�D�I �S�F�M�J�F�T �P�O �U�I�F

�E�J�T�D�S�F�U�F �W�B�M�V�F �U�B�C�M�FV �B�O�E �U�I�F �E�J�T�D�S�F�U�J�[�B�U�J�P�O �U�J�N�F �T�U�F�Q� t�� �*�O �Q�S�B�D�U�J�D�F�
 �M�J�O�F�B�S

�J�O�U�F�S�Q�P�M�B�U�J�P�O �J�T �P�Ò�F�O �V�T�F�E �J�O �D�P�N�C�J�O�B�U�J�P�O �X�J�U�I �B �E�J�T�D�S�F�U�F �J�O�U�F�H�S�B�U�P�S�
 �T�V�D�I

�B�T �&�V�M�F�S �P�S �3�V�O�H�F���,�V�U�U�B �� �<�����>�� �'�J�O�B�M�M�Z�
 �X�F �N�V�T�U �S�F�T�U�S�J�D�U �U�I�F �Q�S�P�C�M�F�N �U�P �B

�C�P�V�O�E�F�E �T�F�U �B�O�E �J�O�U�S�P�E�V�D�F �B �D�P�S�S�F�T�Q�P�O�E�J�O�H �C�P�V�O�E�B�S�Z �D�P�O�E�J�U�J�P�O

vi+1
j = 1 �J�Gf (s; � ; � t) < Sbounded; �	�������


�X�I�F�S�FSbounded�J�T �P�Ò�F�O �E�F�¶�O�F�E �B�T �B �I�Z�Q�F�S�D�V�C�F�� �5�I�J�T �F�µ�F�D�U�J�W�F�M�Z �B�T�T�J�H�O�T �J�O�¶�O�J�U�F

�B�S�S�J�W�B�M �U�J�N�F �U�P �Q�P�M�J�D�J�F�T �X�I�J�D�I �F�Y�J�U �U�I�F �C�P�V�O�E�F�E �E�P�N�B�J�O��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�(�V�B�S�B�O�U�F�F�E �D�P�O�W�F�S�H�F�O�D�F �P�G �U�I�J�T �O�V�N�F�S�J�D�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �T�D�I�F�N�F �U�P �U�I�F

�V�O�E�F�S�M�Z�J�O�H �W�B�M�V�F �G�V�O�D�U�J�P�O �I�B�T �C�F�F�O �T�I�P�X�O �C�Z �#�B�S�M�F�T �B�O�E �4�P�V�H�B�O�J�E�J�T �<�����
 �����


�������>�� �5�I�F �N�J�O�J�N�V�N �U�J�N�F �T�D�I�F�N�F �V�T�F�E �I�F�S�F �X�B�T �J�O�U�S�P�E�V�D�F�E �C�Z �#�B�S�E�J �B�O�E �'�B�M��

�D�P�O�F �B�M�P�O�H �X�J�U�I �F�S�S�P�S �B�O�E �D�P�O�W�F�S�H�F�O�D�F �S�B�U�F �F�T�U�J�N�B�U�F�T �<���
 ���
 �����>�� �5�I�F �F�Y�Q�M�J�D�J�U

�F�S�S�P�S �F�T�U�J�N�B�U�F�T �D�B�O �C�F �P�C�U�B�J�O�F�E �B�T

v�F�S�S�P�S� C
p

� t

2
666641 +

 
� s
� t

!23
77775; �	�������


�X�I�F�S�FC �J�T �B �Q�P�T�J�U�J�W�F �D�P�O�T�U�B�O�U �B�O�E� s �J�T �U�I�F �T�Q�B�D�J�O�H �C�F�U�X�F�F�O �E�J�T�D�S�F�U�F �T�U�B�U�F�T��

������ �"�M�H�P�S�J�U�I�N �*�N�Q�M�F�N�F�O�U�B�U�J�P�O �%�F�U�B�J�M�T

�8�I�J�M�F �T�F�N�J���M�B�H�S�B�O�H�J�B�O �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �J�T �B �W�F�S�Z �H�F�O�F�S�B�M �B�Q�Q�S�P�B�D�I

�G�P�S �P�C�U�B�J�O�J�O�H �H�M�P�C�B�M�M�Z �P�Q�U�J�N�B�M �W�B�M�V�F �G�V�O�D�U�J�P�O�T�
 �U�I�F�S�F �B�S�F �T�F�W�F�S�B�M �Q�S�P�C�M�F�N��

�T�Q�F�D�J�¶�D �E�F�U�B�J�M�T �U�I�B�U �O�F�F�E �U�P �C�F �U�B�L�F�O �D�B�S�F �P�G�� �'�P�S �F�Y�B�N�Q�M�F�
 �U�I�F �D�P�T�U �V�T�F�E

�G�P�S �H�F�O�F�S�B�U�J�O�H �U�I�F �W�B�M�V�F �G�V�O�D�U�J�P�O �D�B�O �I�B�W�F �B �I�V�H�F �J�N�Q�B�D�U �P�O �U�I�F �C�F�I�B�W�J�P�S

�P�G �U�I�F �P�Q�U�J�N�B�M �Q�P�M�J�D�Z�� �8�F �I�J�H�I�M�J�H�I�U �T�P�N�F �P�G �U�I�F �E�F�U�B�J�M�T �X�F �P�C�T�F�S�W�F�E �J�O �U�I�F

�G�P�M�M�P�X�J�O�H �T�F�D�U�J�P�O�T��

���������� �$�P�T�U �'�V�O�D�U�J�P�O�T

�8�F �F�Y�Q�F�S�J�N�F�O�U�F�E �X�J�U�I �E�J�µ�F�S�F�O�U �D�P�T�U�T �U�I�B�U �X�F�S�F �V�T�F�E �G�P�S �H�F�O�F�S�B�U�J�O�H �U�I�F �W�B�M�V�F

�G�V�O�D�U�J�P�O �J�O �U�I�F �D�P�O�U�J�O�V�P�V�T �U�J�N�F �B�O�E �E�J�T�D�S�F�U�F���F�W�F�O�U �T�F�U�U�J�O�H��

�$�P�O�U�J�O�V�P�V�T �U�J�N�F �T�F�U�U�J�O�H

�*�O �U�I�F �D�P�O�U�J�O�V�P�V�T �U�J�N�F �T�F�U�U�J�O�H�
 �X�F �F�Y�Q�F�S�J�N�F�O�U�F�E �X�J�U�I �U�I�S�F�F �E�J�µ�F�S�F�O�U �J�O�T�U�B�O��

�U�B�O�F�P�V�T �D�P�T�U�T �� �N�J�O�J�N�V�N �U�J�N�F�
 �N�J�O�J�N�V�N �G�P�S�D�F �B�O�E �N�J�O�J�N�V�N �Q�P�T�J�U�J�W�F �N�F��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�D�I�B�O�J�D�B�M �Q�P�X�F�S �	�&�R�� �������� �� ���������
��

costtime = 1 � �F�Y�Q(� � t � t) �	���������


costf orce = ( � F(F1 + F2))2 + ( � _x( _xdesired� _x))2 �	���������


costpower = ( � power(�N�B�Y(F1
_l1; 0) + �N�B�Y(F2

_l2; 0)))2 + ( � _x( _xdesired� _x))2 �	���������


�)�F�S�F� t�
� F �
� _x �B�O�E� power �B�S�F �U�I�F �T�D�B�M�J�O�H �D�P�F�¸�D�J�F�O�U�T �G�P�S �F�B�D�I �D�P�T�U�� �5�I�F �N�J�O�J��

�N�V�N �U�J�N�F �D�P�T�U �Q�F�O�B�M�J�[�F�T �U�I�F �U�J�N�F �P�G �U�I�F �U�S�B�K�F�D�U�P�S�Z �T�Q�F�O�U �B�X�B�Z �G�S�P�N �U�I�F �H�P�B�M��

�5�I�J�T �D�P�T�U �D�B�O �M�F�B�E �U�P �W�F�S�Z �B�H�H�S�F�T�T�J�W�F �N�B�O�F�V�W�F�S�T�
 �B�O�E �N�J�H�I�U �O�P�U �C�F �Q�S�B�D�U�J�D�B�M

�G�P�S �J�N�Q�M�F�N�F�O�U�J�O�H �U�I�F �H�F�O�F�S�B�U�F�E �Q�P�M�J�D�F�T �P�O �B �S�F�B�M �S�P�C�P�U��

�5�I�F �N�J�O�J�N�V�N �G�P�S�D�F �D�P�T�U �Q�F�O�B�M�J�[�F�T �U�I�F �G�P�S�D�F�TF1 �B�O�EF2 �J�O �F�B�D�I �M�F�H�
 �X�I�J�M�F

�U�S�Z�J�O�H �U�P �B�D�I�J�F�W�F �U�I�F �U�B�S�H�F�U �W�F�M�P�D�J�U�Z_xdesired�� �5�I�J�T �M�F�B�E�T �U�P �M�F�T�T �B�H�H�S�F�T�T�J�W�F �H�B�J�U�T
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�H�S�P�V�O�E �U�S�V�U�I

�W�B�M�V�F �J�U�F�S�B�U�J�P�O

�'�J�H�V�S�F �������� �$�P�N�Q�B�S�J�T�P�O �P�G �U�I�F �W�B�M�V�F �J�U�F�S�B�U�J�P�O �B�Q�Q�S�P�B�D�I �U�P �B �X�F�M�M���L�O�P�X�O �D�P�O��
�U�S�P�M �M�B�X �<�������> �Q�S�P�E�V�D�F�E �V�T�J�O�H �S�P�P�U �¶�O�E�J�O�H�� �5�I�F �Q�P�M�J�D�Z �N�B�Q�T �D�V�S�S�F�O�U �B�Q�F�Y
�I�F�J�H�I�U �P�G �U�I�F �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �U�P �M�F�H �M�B�O�E�J�O�H �B�O�H�M�F�T �J�O �P�S�E�F�S �U�P �Q�S�P�E�V�D�F
�S�V�O�O�J�O�H �B�U �� �N� �T� �� �X�J�U�I �B�O �B�Q�F�Y �I�F�J�H�I�U �P�G �� �N�� �5�I�F �N�P�E�F�M �Q�B�S�B�N�F�U�F�S�T �V�T�F�E
�B�S�Fm = 80 �L�H�
l0 = 1:0 �N�
 �B�O�Ek = 20 �L�/ � �N � ����

�5�I�F�S�F �D�B�O �C�F �E�J�µ�F�S�F�O�U �H�B�J�U �F�W�F�O�U�T �U�I�B�U �D�B�O �C�F �V�T�F�E �U�P �D�I�B�O�H�F �U�I�F �D�P�O�U�S�P�M �W�B�S�J��

�B�C�M�F�T�
 �T�V�D�I �B�T �B�Q�F�Y�
 �U�P�V�D�I �E�P�X�O�
 �N�J�O�J�N�V�N �D�F�O�U�F�S �P�G �N�B�T�T �I�F�J�H�I�U �J�O �T�U�B�O�D�F�


�W�F�S�U�J�D�B�M �M�F�H �P�S�J�F�O�U�B�U�J�P�O�
 �B�O�E �N�J�O�J�N�V�N �P�S �N�B�Y�J�N�V�N �M�F�H �D�P�N�Q�S�F�T�T�J�P�O�� �5�I�F

�H�B�J�U �F�W�F�O�U�T �T�I�P�V�M�E �C�F �D�I�P�T�F�O �J�O �B �X�B�Z �U�I�B�U �U�I�F�Z �D�B�O �T�F�B�N�M�F�T�T�M�Z �B�M�M�P�X �U�I�F �B�M��

�H�P�S�J�U�I�N �U�P �T�X�J�U�D�I �C�F�U�X�F�F�O �H�B�J�U�T�
 �X�J�U�I�P�V�U �B�µ�F�D�U�J�O�H �U�I�F �P�W�F�S�B�M�M �P�Q�U�J�N�J�[�B�U�J�P�O

�Q�S�P�D�F�T�T�� �8�F �D�I�P�P�T�F �U�I�F �T�U�B�S�U �P�G �T�J�O�H�M�F �T�V�Q�Q�P�S�U�
 �·�J�H�I�U �B�Q�F�Y�
 �B�O�E �T�J�O�H�M�F �T�V�Q��

�Q�P�S�U �B�Q�F�Y �B�T �U�I�F �H�B�J�U �F�W�F�O�U�T �J�O �P�V�S �X�P�S�L�� �4�U�B�S�U �P�G �T�J�O�H�M�F �T�V�Q�Q�P�S�U �D�B�O �P�D�D�V�S

�B�U �U�I�F �F�O�E �P�G �·�J�H�I�U�
 �B�T �X�F�M�M �B�T �F�O�E �P�G �E�P�V�C�M�F �T�V�Q�Q�P�S�U�� �'�M�J�H�I�U �B�Q�F�Y �P�D�D�V�S�T �J�O

�·�J�H�I�U�
 �B�O�E �T�J�O�H�M�F �T�V�Q�Q�P�S�U �B�Q�F�Y �J�O �T�J�O�H�M�F �T�V�Q�Q�P�S�U��

���������� �$�P�N�N�P�O �1�J�U�G�B�M�M�T �B�O�E �"�D�D�F�M�F�S�B�U�J�P�O �.�F�U�I�P�E�T

�*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F �X�J�M�M �E�F�T�D�S�J�C�F �T�P�N�F �P�G �U�I�F �F�S�S�P�S�T �U�I�B�U �P�O�F �N�J�H�I�U �N�B�L�F�
 �B�O�E

�Q�J�U�G�B�M�M�T �P�O�F �N�J�H�I�U �F�Y�Q�F�S�J�F�O�D�F �X�I�F�O �E�P�J�O�H �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �P�O �M�F�H�H�F�E
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�T�Z�T�U�F�N�T�� �8�F �B�M�T�P �E�F�T�D�S�J�C�F �N�F�U�I�P�E�T �X�F �V�T�F�E �G�P�S �B�D�D�F�M�F�S�B�U�J�O�H �P�V�S �D�P�N�Q�V�U�B��

�U�J�P�O�T��

�"�W�P�J�E�J�O�H �%�V�Q�M�J�D�B�U�F �4�U�B�U�F�T

�4�J�O�D�F �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �E�F�Q�F�O�E�T �P�O �W�J�T�J�U�J�O�H �F�W�F�S�Z �T�U�B�U�F �J�O �F�W�F�S�Z �J�U�F�S�B��

�U�J�P�O�
 �B �W�F�S�Z �M�B�S�H�F �T�U�B�U�F �T�Q�B�D�F �D�B�O �C�F �Q�S�P�I�J�C�J�U�J�W�F�M�Z �U�J�N�F �D�P�O�T�V�N�J�O�H �U�P �W�J�T�J�U�� �"�T

�B �S�F�T�V�M�U�
 �B �M�B�S�H�F �D�P�N�Q�V�U�B�U�J�P�O�B�M �P�W�F�S�I�F�B�E �D�B�O �C�F �B�W�P�J�E�F�E �J�G �P�O�F �D�B�O �D�B�S�F�G�V�M�M�Z

�S�F�N�P�W�F �B�O�Z �E�V�Q�M�J�D�B�U�F �T�U�B�U�F�T �U�I�B�U �N�J�H�I�U �P�D�D�V�S �J�O �U�I�F �T�U�B�U�F �Q�B�S�B�N�F�U�S�J�[�B�U�J�P�O��

�"�O �F�Y�B�N�Q�M�F �X�I�F�S�F �T�V�D�I �B �T�J�U�V�B�U�J�P�O �P�D�D�V�S�T �J�O �M�F�H�H�F�E �M�P�D�P�N�P�U�J�P�O �J�T �E�V�S�J�O�H

�E�P�V�C�M�F �T�U�B�O�D�F�� �*�G �V�T�J�O�H �G�P�P�U �E�J�T�U�B�O�D�F�T �G�S�P�N �U�I�F �D�F�O�U�F�S �P�G �N�B�T�T�
 �P�S �M�F�H �B�O�H�M�F�T�


�U�I�F �T�B�N�F �T�U�B�U�F �D�B�O �S�F�Q�S�F�T�F�O�U �U�X�P �E�J�µ�F�S�F�O�U �T�U�B�U�F�T �F�O�D�P�E�J�O�H�T�
 �P�S �U�I�F �T�U�B�U�F �F�O��

�D�P�E�J�O�H �D�B�O �C�F �O�P�O���V�O�J�R�V�F�� �#�P�U�I �U�I�F �T�J�U�V�B�U�J�P�O�T �B�S�F �V�O�E�F�T�J�S�B�C�M�F�
 �B�O�E �I�F�O�D�F

�U�I�F �T�U�B�U�F �F�O�D�P�E�J�O�H �T�I�P�V�M�E �C�F �D�I�P�T�F�O �U�P �B�W�P�J�E �U�I�F�N�� �*�O �P�V�S �X�P�S�L�
 �X�F �V�T�F

�M�F�B�E�J�O�H �M�F�H �M�F�O�H�U�I �B�O�E �T�U�F�Q �M�F�O�H�U�I �B�T �U�I�F �F�O�D�P�E�J�O�H �G�P�S �T�U�B�U�F�
 �B�O�E �J�O�U�S�P�E�V�D�F�E

�C�P�V�O�E�T �U�P �L�F�F�Q �J�U �V�O�J�R�V�F��

�*�O�U�F�S�M�F�B�W�J�O�H �1�P�M�J�D�Z �*�U�F�S�B�U�J�P�O �-�P�P�Q�T

�4�J�O�D�F �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �G�S�P�N �T�D�S�B�U�D�I �D�B�O �U�B�L�F �N�B�O�Z �J�U�F�S�B�U�J�P�O�T�
 �P�D�D�B��

�T�J�P�O�B�M �Q�P�M�J�D�Z �F�W�B�M�V�B�U�J�P�O�T �C�B�T�F�E �P�O �U�I�F �D�V�S�S�F�O�U �C�F�T�U �Q�P�M�J�D�Z �D�B�O �T�P�N�F�U�J�N�F�T

�I�F�M�Q �B�D�I�J�F�W�F �G�B�T�U�F�S �D�P�O�W�F�S�H�F�O�D�F�� �5�I�F �G�S�F�R�V�F�O�D�Z �P�G �U�I�F�T�F �F�W�B�M�V�B�U�J�P�O�T �J�T �I�F�V�S�J�T��

�U�J�D�B�M�M�Z �E�F�D�J�E�F�E �C�B�T�F�E �P�O �U�I�F �T�J�[�F �P�G �U�I�F �T�U�B�U�F �T�Q�B�D�F�� �8�I�J�M�F �U�I�J�T �I�F�V�S�J�T�U�J�D �D�B�O

�T�Q�F�F�E �V�Q �D�P�N�Q�V�U�B�U�J�P�O�T�
 �J�U �E�P�F�T �O�P�U �U�B�L�F �B�X�B�Z �B�O�Z �H�M�P�C�B�M �D�P�O�W�F�S�H�F�O�D�F �H�V�B�S��

�B�O�U�F�F�T �P�G �U�I�F �P�W�F�S�B�M�M �B�Q�Q�S�P�B�D�I��
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�.�B�T�T�J�W�F �1�B�S�B�M�M�F�M�J�[�B�U�J�P�O �V�T�J�O�H �(�1�6�T

�3�F�D�F�O�U�M�Z�
 �(�S�B�Q�I�J�D�T �1�S�P�D�F�T�T�J�O�H �6�O�J�U�T �	�(�1�6�T�
 �I�B�W�F �C�F�D�P�N�F �W�F�S�Z �Q�P�Q�V�M�B�S �J�O

�S�F�J�O�G�P�S�D�F�N�F�O�U �M�F�B�S�O�J�O�H �D�P�N�Q�V�U�B�U�J�P�O�T�� �(�1�6�T �B�M�M�P�X �U�P �N�B�T�T�J�W�F�M�Z �Q�B�S�B�M�M�F�M�J�[�F

�D�P�N�Q�V�U�B�U�J�P�O�T �X�I�J�D�I �X�P�V�M�E �U�B�L�F �N�V�D�I �M�P�O�H�F�S �U�P �¶�O�J�T�I �P�O �$�1�6�T �P�O �D�P�N�N�P�O

�D�P�N�Q�V�U�F�S�T�� �4�J�O�D�F �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �J�T �F�T�T�F�O�U�J�B�M�M�Z �B �Q�B�S�B�M�M�F�M �D�P�N�Q�V�U�B��

�U�J�P�O �P�W�F�S �N�V�M�U�J�Q�M�F �T�U�B�U�F�T�
 �X�J�U�I �B �W�F�S�Z �T�J�N�Q�M�F �J�O�U�F�H�S�B�U�J�P�O �T�U�F�Q�
 �X�F �D�B�O �F�B�T�J�M�Z

�V�T�F �(�1�6�T �G�P�S �U�I�J�T �D�P�N�Q�V�U�B�U�J�P�O�� �5�I�J�T �N�B�T�T�J�W�F�M�Z �C�S�J�O�H�T �E�P�X�O �U�I�F �D�P�N�Q�V�U�F

�U�J�N�F �O�F�F�E�F�E �U�P �¶�O�E �U�I�F �P�Q�U�J�N�B�M �Q�P�M�J�D�J�F�T �G�P�S �P�V�S �Q�S�P�C�M�F�N��

�4�J�O�D�F �(�1�6�T �D�P�N�F �X�J�U�I �M�J�N�J�U�F�E �N�F�N�P�S�Z�
 �X�F �D�I�B�O�H�F �U�I�F �T�U�B�U�F�
 �B�D�U�J�P�O�T �B�O�E

�S�F�X�B�S�E�T �U�P �T�J�O�H�M�F �·�P�B�U�J�O�H �Q�S�F�D�J�T�J�P�O �U�P �T�B�W�F �T�Q�B�D�F �B�O�E �J�O�D�S�F�B�T�F �T�Q�F�F�E��

�"�W�P�J�E�J�O�H �(�S�P�V�O�E �$�P�O�U�B�D�U �$�I�B�U�U�F�S

�*�E�F�B�M�M�Z�
 �U�I�F �D�P�O�U�S�P�M �E�F�D�J�T�J�P�O �P�G �F�O�U�F�S�J�O�H �B�O�E �M�F�B�W�J�O�H �D�P�O�U�B�D�U �T�I�P�V�M�E �C�F �B�V��

�U�P�N�B�U�J�D�B�M�M�Z �E�F�D�J�E�F�E �C�B�T�F�E �P�O �U�I�F �S�F�M�B�U�J�W�F �W�B�M�V�F �G�V�O�D�U�J�P�O�T �P�G �U�I�F �E�J�µ�F�S�F�O�U

�Q�I�B�T�F�T�� �'�P�S �F�Y�B�N�Q�M�F�
 �J�G �U�I�F �M�P�O�H���U�F�S�N �D�P�T�U �P�G �F�Y�J�U�J�O�H �E�P�V�C�M�F �T�V�Q�Q�P�S�U �B�O�E

�F�O�U�F�S�J�O�H �T�J�O�H�M�F �T�V�Q�Q�P�S�U �J�T �M�F�T�T �U�I�B�O �U�I�B�U �P�G �T�U�B�Z�J�O�H �J�O �E�P�V�C�M�F �T�V�Q�Q�P�S�U�
 �U�I�F

�B�M�H�P�S�J�U�I�N �T�I�P�V�M�E �B�V�U�P�N�B�U�J�D�B�M�M�Z �D�I�P�P�T�F �U�P �F�Y�J�U �E�P�V�C�M�F �T�V�Q�Q�P�S�U�� �)�P�X�F�W�F�S�


�Q�S�B�D�U�J�D�B�M�M�Z �E�V�F �U�P �B �E�J�T�D�S�F�U�J�[�F�E �T�U�B�U�F �T�Q�B�D�F �B�O�E �O�V�N�F�S�J�D�B�M �J�O�B�D�D�V�S�B�D�J�F�T�
 �E�F��

�U�F�D�U�J�O�H �U�I�J�T �D�I�B�O�H�F �J�O �U�I�F �T�J�H�O �P�G �U�I�F �S�F�M�B�U�J�W�F �W�B�M�V�F�T �P�G �U�I�F �E�J�µ�F�S�F�O�U �Q�I�B�T�F�T

�D�B�O �C�F �I�B�S�E �B�O�E �M�F�B�E �U�P �B �D�I�B�U�U�F�S �J�O �H�S�P�V�O�E �D�P�O�U�B�D�U�� �3�J�H�I�U �B�Ò�F�S �U�I�F �T�Z�T�U�F�N

�F�O�U�F�S�T �T�J�O�H�M�F �T�V�Q�Q�P�S�U �G�S�P�N �E�P�V�C�M�F �T�V�Q�Q�P�S�U�
 �J�U �N�J�H�I�U �D�I�P�P�T�F �U�P �S�F���F�O�U�F�S �E�P�V��

�C�M�F �T�V�Q�Q�P�S�U�
 �B�O�E �T�P �P�O��

�4�J�O�D�F�
 �T�V�D�I �D�I�B�U�U�F�S �N�B�L�F�T �U�I�F �D�P�O�U�S�P�M �I�B�S�E�
 �B�O�E �J�O�G�F�B�T�J�C�M�F �G�P�S �S�F�B�M �T�Z�T�U�F�N�T�


�X�F �J�O�D�P�S�Q�P�S�B�U�F �T�P�N�F �D�P�O�T�U�S�B�J�O�U�T �J�O�U�P �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �U�P �S�F�E�V�D�F �U�I�F �D�I�B�O�D�F�T

�P�G �U�I�F�N �P�D�D�V�S�S�J�O�H�� �'�J�S�T�U�
 �J�O�T�U�F�B�E �P�G �M�P�P�L�J�O�H �G�P�S �B �[�F�S�P���D�S�P�T�T�J�O�H �J�O �U�I�F �S�F�M�B�U�J�W�F

�W�B�M�V�F�
 �X�F �D�I�F�D�L �J�G �U�I�F �W�B�M�V�F �B�Ò�F�S �U�I�F �U�S�B�O�T�J�U�J�P�O �J�T �I�J�H�I�F�S �U�I�B�O �U�I�F �D�V�S�S�F�O�U



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�W�B�M�V�F �C�Z �T�P�N�F �U�I�S�F�T�I�P�M�E�� �4�F�D�P�O�E�M�Z�
 �X�F �B�M�T�P �S�F�T�U�S�J�D�U �U�I�F �T�F�B�S�D�I �G�P�S �U�I�F �O�F�Y�U

�Q�I�B�T�F �U�S�B�O�T�J�U�J�P�O �U�P �C�F �B�Ò�F�S �T�P�N�F �N�J�O�J�N�V�N �T�Q�F�D�J�¶�F�E �U�J�N�F�
 �E�F�Q�F�O�E�J�O�H �P�O

�U�I�F �T�Z�T�U�F�N �B�O�E �Q�I�B�T�F�T �D�P�O�D�F�S�O�F�E��

������ �3�F�T�V�M�U�T �P�O �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T

���������� �$�P�O�U�J�O�V�P�V�T���5�J�N�F �0�Q�U�J�N�B�M �$�P�O�U�S�P�M �4�P�M�V�U�J�P�O�T

�5�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T �P�G �U�I�F �D�P�O�U�J�O�V�P�V�T���U�J�N�F �P�Q�U�J�N�B�M �D�P�O�U�S�P�M�T �D�P�N�Q�V�U�F�E �I�F�S�F

�V�T�F �B �E�J�T�D�S�F�U�F �U�J�N�F �T�U�F�Q �P�G� t = 0:010�T �B�O�E �B �[�F�S�P���D�S�P�T�T�J�O�H �U�P�M�F�S�B�O�D�F �P�Gt�U�P�M=

10� 6 �T �G�P�S �E�F�U�F�D�U�J�O�H �F�W�F�O�U�T�
 �T�V�D�I �B�T �M�F�H �U�B�L�F�P�µ�� �5�I�F �T�J�[�F �P�G �U�I�F �H�F�O�F�S�B�U�F�E

�E�J�T�D�S�F�U�F �M�P�P�L�V�Q �U�B�C�M�F �X�B�T �D�I�P�T�F�O �U�P �C�B�M�B�O�D�F �C�F�U�X�F�F�O �T�P�M�V�U�J�P�O �B�D�D�V�S�B�D�Z �B�O�E

�B�W�B�J�M�B�C�M�F �D�P�N�Q�V�U�B�U�J�P�O�B�M �S�F�T�P�V�S�D�F�T�� �"�T �U�I�F �U�B�C�M�F �H�S�P�X�T �J�O �T�J�[�F�
 �N�F�N�P�S�Z �S�F��

�R�V�J�S�F�N�F�O�U�T �J�O�D�S�F�B�T�F �B�M�P�O�H �X�J�U�I �U�I�F �U�J�N�J�O�H�T �G�P�S �B�M�H�P�S�J�U�I�N �D�P�O�W�F�S�H�F�O�D�F �B�O�E

�Q�P�M�J�D�Z �M�P�P�L�V�Q�� �5�I�F �T�Q�F�D�J�¶�D �C�P�V�O�E�T �B�O�E �E�J�T�D�S�F�U�F �E�J�W�J�T�J�P�O�T �V�T�F�E �B�S�F �T�I�P�X�O �J�O

�U�B�C�M�F ������ �B�O�E �D�P�W�F�S �B �X�J�E�F �S�B�O�H�F �P�G �Q�P�T�T�J�C�M�F �T�U�B�U�F �W�F�D�U�P�S�T�� �*�O �U�P�U�B�M�
 �B�M�M �	�B�Q�Q�S�P�Y��

�J�N�B�U�F�M�Z ���� �N�J�M�M�J�P�O�
 �T�U�B�U�F �W�F�D�U�P�S�T �D�B�O �C�F �T�U�P�S�F�E �J�O ������ �.�# �P�G �N�F�N�P�S�Z �X�I�F�O

�V�T�J�O�H �T�J�O�H�M�F �Q�S�F�D�J�T�J�P�O �·�P�B�U�J�O�H �Q�P�J�O�U �T�U�P�S�B�H�F�� �5�I�J�T �B�M�M�P�X�T �U�I�F �D�P�E�F �U�P �F�Y�F�D�V�U�F

�P�O �J�O�E�J�W�J�E�V�B�M �H�S�B�Q�I�J�D �Q�S�P�D�F�T�T�J�O�H �V�O�J�U�T �	�(�1�6�T�
�
 �X�I�J�D�I �P�µ�F�S �Q�P�X�F�S�G�V�M �T�J�O�H�M�F��

�J�O�T�U�S�V�D�U�J�P�O���N�V�M�U�J�Q�M�F���E�B�U�B �	�4�*�.�%�
 �Q�S�P�D�F�T�T�J�O�H �C�V�U �P�Ò�F�O �I�B�W�F �M�J�N�J�U�F�E �3�"�.��

�"�M�U�I�P�V�H�I �(�1�6�T �P�µ�F�S �B �Q�F�S�G�P�S�N�B�O�D�F �B�E�W�B�O�U�B�H�F �I�F�S�F�
 �U�I�J�T �J�T �B �Q�S�P�C�M�F�N �T�Q�F��

�D�J�¶�D �P�C�T�F�S�W�B�U�J�P�O �B�O�E �S�F�R�V�J�S�F�T �C�F�O�D�I�N�B�S�L�J�O�H �B�H�B�J�O�T�U �$�1�6 �J�N�Q�M�F�N�F�O�U�B�U�J�P�O�T��

�5�I�F�T�F �Q�P�M�J�D�J�F�T �S�F�R�V�J�S�F�E �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z1011 �T�B�N�Q�M�F�T �C�F�G�P�S�F �D�P�O�W�F�S�H�J�O�H��

�*�M�M�V�T�U�S�B�U�J�W�F �F�Y�B�N�Q�M�F �U�S�B�K�F�D�U�P�S�J�F�T �H�F�O�F�S�B�U�F�E �V�T�J�O�H �H�B�J�U �U�S�B�O�T�J�U�J�P�O �Q�P�M�J�D�J�F�T

�B�S�F �T�I�P�X�O �J�O �¶�H�V�S�F �������� �5�S�B�O�T�J�U�J�P�O�T �P�D�D�V�S �W�F�S�Z �R�V�J�D�L�M�Z �X�J�U�I�J�O �B �G�F�X �T�U�F�Q�T �J�O

�O�F�B�S�M�Z �B�M�M �D�B�T�F�T �E�V�F �U�P �U�I�F �N�J�O�J�N�V�N���U�J�N�F �P�C�K�F�D�U�J�W�F�� �1�P�M�J�D�Z �S�P�M�M�P�V�U �S�F�R�V�J�S�F�T

�N�V�M�U�J�M�J�O�F�B�S �J�O�U�F�S�Q�P�M�B�U�J�P�O �P�G �U�I�F �T�U�P�S�F�E �B�D�U�J�P�O�T �U�P �E�F�U�F�S�N�J�O�F �U�I�F �D�P�O�U�S�P�M �B�U �B�S��



�$�I�B�Q�U�F�S ���� �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T �G�P�S �1�P�J�O�U �.�B�T�T �.�P�E�F�M�T ����

�5�B�C�M�F �������� �4�U�B�U�F �T�Q�B�D�F �C�P�V�O�E�B�S�J�F�T �G�P�S �H�F�O�F�S�B�M �I�V�N�B�O���M�J�L�F �X�B�M�L�J�O�H �B�O�E �S�V�O��
�O�J�O�H �H�B�J�U�T��

�E�P�N�B�J�O �M�P�X�F�S �C�P�V�O�E �V�Q�Q�F�S �C�P�V�O�E �V�O�J�U�T �E�J�W�J�T�J�P�O�T

� ���� ������ �p ����
l ������ ������ �N ����
d �������� �������� �N ����
_x �������� ������ �N � �T� �� ����
_z �������� ������ �N � �T� �� ����
k ���� ���� mg

l0
�D�P�O�U�J�O�V�P�V�T

�C�J�U�S�B�S�Z �T�U�B�U�F�T �X�J�U�I�J�O �U�I�F �C�P�V�O�E�F�E �E�P�N�B�J�O�� �'�P�P�U �Q�M�B�D�F�N�F�O�U �J�T �E�F�U�F�S�N�J�O�F�E �C�Z

�T�F�B�S�D�I�J�O�H �G�P�S �U�I�F �U�J�N�F �P�G �W�B�M�V�F �G�V�O�D�U�J�P�O �D�S�P�T�T�J�O�H �C�F�U�X�F�F�O �T�X�J�O�H �B�O�E �T�U�B�O�D�F

�Q�I�B�T�F�T�� �5�I�J�T �S�F�R�V�J�S�F�T �O�V�N�F�S�J�D�B�M �S�P�P�U �¶�O�E�J�O�H�
 �X�I�J�D�I �D�B�O �C�F �D�P�N�Q�V�U�B�U�J�P�O��

�B�M�M�Z �J�O�U�F�O�T�J�W�F �B�O�E �T�F�O�T�J�U�J�W�F �U�P �D�P�O�U�B�D�U �D�I�B�U�U�F�S�J�O�H �X�I�F�O �U�I�F �H�S�J�E �T�Q�B�D�J�O�H �J�T

�M�B�S�H�F�� �5�I�F �C�B�T�J�O�T �P�G �B�U�U�S�B�D�U�J�P�O �B�U �W�F�S�U�J�D�B�M �M�F�H �P�S�J�F�O�U�B�U�J�P�O�
� = 90 �E�F�H�S�F�F�T�
 �G�P�S

�U�I�F�T�F �Q�P�M�J�D�J�F�T �B�S�F �T�I�P�X�O �J�O �¶�H�V�S�F�T ������ �B�O�E �������� �5�I�F�T�F �C�B�T�J�O�T �B�S�F �W�F�S�Z �M�B�S�H�F

�B�O�E �T�J�N�J�M�B�S �U�P �X�I�B�U �D�B�O �C�F �H�F�O�F�S�B�U�F�E �V�T�J�O�H �F�Y�J�T�U�J�O�H �E�J�T�D�S�F�U�F �F�W�F�O�U �N�F�U�I�P�E�T��

�)�P�X�F�W�F�S�
 �U�I�F �D�P�O�U�J�O�V�P�V�T���U�J�N�F �T�P�M�V�U�J�P�O�T �B�M�T�P �G�F�B�U�V�S�F �E�F�¶�O�F�E �D�P�O�U�S�P�M�T �G�P�S �B�M�M

�T�U�B�U�F�T �X�I�J�D�I �M�J�F �J�O �C�F�U�X�F�F�O �E�J�T�D�S�F�U�F �F�W�F�O�U�T�� �5�I�J�T �M�F�B�E�T �U�P �N�V�D�I �N�P�S�F �D�P�N��

�Q�M�F�Y �Q�P�M�J�D�J�F�T �X�I�J�D�I �D�B�O �H�F�O�F�S�B�U�F �P�Q�U�J�N�B�M �B�D�U�J�P�O�T �G�P�S �O�F�B�S�M�Z �B�O�Z �H�J�W�F�O �T�U�B�U�F

�P�G �U�I�F �T�Z�T�U�F�N��

���������� �%�J�T�D�S�F�U�F �(�B�J�U �&�W�F�O�U �0�Q�U�J�N�B�M �$�P�O�U�S�P�M �4�P�M�V�U�J�P�O�T

�"�M�U�I�P�V�H�I �D�P�O�U�J�O�V�P�V�T���U�J�N�F �T�P�M�V�U�J�P�O�T �P�µ�F�S �Q�P�X�F�S�G�V�M �D�P�O�U�S�P�M �M�B�X�T �B�O�E �B �W�F�S�Z

�M�B�S�H�F �Q�P�M�J�D�Z �T�Q�B�D�F�
 �U�I�F�Z �S�F�R�V�J�S�F �T�J�H�O�J�¶�D�B�O�U �D�P�N�Q�V�U�B�U�J�P�O �J�O �P�S�E�F�S �U�P �Q�F�S�G�P�S�N

�Q�P�M�J�D�Z �S�P�M�M�P�V�U�T�� �&�W�F�O �J�G �F�O�P�V�H�I �D�P�N�Q�V�U�B�U�J�P�O�B�M �S�F�T�P�V�S�D�F�T �B�S�F �B�W�B�J�M�B�C�M�F�
 �V�O��

�S�F�T�U�S�B�J�O�F�E �Q�P�J�O�U���N�B�T�T �N�P�E�F�M �U�S�B�K�F�D�U�P�S�J�F�T �B�S�F �O�P�U �O�F�D�F�T�T�B�S�J�M�Z �G�F�B�T�J�C�M�F �G�P�S �B�S��

�C�J�U�S�B�S�Z �I�B�S�E�X�B�S�F �Q�M�B�U�G�P�S�N�T�� �5�I�F �C�J�Q�F�E �S�P�C�P�U�
 �"�5�3�*�"�4�
 �V�T�F�E �J�O �U�I�J�T �X�P�S�L �J�T

�D�B�Q�B�C�M�F �P�G �I�J�H�I�M�Z �E�Z�O�B�N�J�D �N�B�O�F�V�W�F�S�T �E�V�F �U�P �J�U�T �M�J�H�I�U �M�F�H�T �B�O�E �T�U�S�P�O�H �N�P��
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�'�J�H�V�S�F �������� �&�Y�B�N�Q�M�F �H�B�J�U �U�S�B�O�T�J�U�J�P�O�T �C�F�U�X�F�F�O �X�B�M�L�J�O�H �B�O�E �S�V�O�O�J�O�H �H�F�O�F�S�B�U�F�E
�V�T�J�O�H �D�P�O�U�J�O�V�P�V�T���U�J�N�F �P�Q�U�J�N�B�M �D�P�O�U�S�P�M�� �5�I�F �W�F�S�U�J�D�B�M �E�B�T�I�F�E �M�J�O�F �J�O�E�J�D�B�U�F�T
�X�I�F�O �U�I�F �U�B�S�H�F�U �T�U�B�U�F �J�T �S�F�B�D�I�F�E�� �-�F�Ò�� �3�V�O���U�P���X�B�M�L �U�S�B�O�T�J�U�J�P�O�� �3�J�H�I�U�� �8�B�M�L��
�U�P���S�V�O �U�S�B�O�T�J�U�J�P�O��

�U�P�S�T�
 �C�V�U �I�B�T �C�P�U�I �L�J�O�F�N�B�U�J�D �B�O�E �B�D�U�V�B�U�J�P�O �C�B�O�E�X�J�E�U�I �M�J�N�J�U�T�� �5�I�J�T �Q�S�F�W�F�O�U�T

�U�I�F �T�Z�T�U�F�N �G�S�P�N �G�P�M�M�P�X�J�O�H �F�Y�U�S�F�N�F �D�F�O�U�F�S �P�G �N�B�T�T �N�P�U�J�P�O�T �B�O�E �O�F�D�F�T�T�J�U�B�U�F�T

�D�P�O�T�U�S�B�J�O�J�O�H �U�I�F �T�Q�B�D�F �P�G �P�Q�U�J�N�B�M �D�P�O�U�S�P�M �T�P�M�V�U�J�P�O�T��

�*�O �U�I�J�T �T�F�D�U�J�P�O �X�F �Q�S�F�T�F�O�U �B �Q�P�J�O�U���N�B�T�T �N�P�E�F�M �1�P�J�O�D�B�S�©���T�U�Z�M�F �D�P�O�U�S�P�M �G�S�B�N�F��

�X�P�S�L �U�I�B�U �S�F�M�J�F�T �P�O �E�J�T�D�S�F�U�F �H�B�J�U �F�W�F�O�U�T �B�O�E �D�B�O �C�F �N�P�S�F �S�F�B�E�J�M�Z �U�S�B�O�T�G�F�S�S�F�E

�U�P �U�I�F �"�5�3�*�"�4 �I�B�S�E�X�B�S�F�� �4�J�N�J�M�B�S �U�P �N�B�O�Z �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �D�P�O�U�S�P�M�M�F�S�T �J�O

�M�J�U�F�S�B�U�V�S�F�
 �X�F �D�I�P�P�T�F �U�P �Q�B�S�B�N�F�U�F�S�J�[�F �U�I�F �N�P�E�F�M�Š�T �M�F�H �G�P�S�D�F�T �B�O�E �N�P�E�V�M�B�U�F

�U�I�F�T�F �Q�B�S�B�N�F�U�F�S �W�B�M�V�F�T �P�O�M�Z �B�U �T�Q�F�D�J�¶�D �E�J�T�D�S�F�U�F �H�B�J�U �F�W�F�O�U�T�� �8�F �M�F�W�F�S�B�H�F �P�V�S

�D�P�O�U�J�O�V�P�V�T���U�J�N�F �S�F�T�V�M�U�T �C�Z �V�T�J�O�H �U�I�F�J�S �M�F�H �G�P�S�D�F �Q�S�P�¶�M�F�T �U�P �J�O�G�P�S�N �U�I�F �E�J�T��

�D�S�F�U�F �D�P�O�U�S�P�M �E�F�T�J�H�O�� �5�I�J�T �D�P�O�T�U�S�B�J�O�T �U�I�F �Q�S�P�C�M�F�N �U�P �B �N�V�D�I �T�N�B�M�M�F�S �Q�P�M�J�D�Z
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�'�J�H�V�S�F �������� �$�P�N�Q�B�S�J�T�P�O �P�G �N�J�O�J�N�V�N���U�J�N�F �C�B�T�J�O�T �P�G �B�U�U�S�B�D�U�J�P�O �H�F�O�F�S�B�U�F�E
�V�T�J�O�H �U�I�F �E�J�T�D�S�F�U�F �F�W�F�O�U �T�D�I�F�N�F �E�F�T�D�S�J�C�F�E �J�O �<�������> �	�M�F�Ò�
 �B�O�E �U�I�F �D�P�O�U�J�O�V�P�V�T��
�U�J�N�F �B�Q�Q�S�P�B�D�I �E�F�T�D�S�J�C�F�E �I�F�S�F �	�S�J�H�I�U�
�� �5�I�F �W�J�T�V�B�M�J�[�F�E �T�U�B�U�F �T�Q�B�D�F �D�P�S�S�F�T�Q�P�O�E�T
�U�P �W�F�S�U�J�D�B�M �M�F�H �P�S�J�F�O�U�B�U�J�P�O�
� = 90 �E�F�H�S�F�F�T�� �$�P�M�P�S�T �D�P�S�S�F�T�Q�P�O�E �U�P �U�I�F �U�J�N�F
�S�F�R�V�J�S�F�E �U�P �S�F�B�D�I �B �U�B�S�H�F�U �S�V�O�O�J�O�H �T�U�B�U�F �X�J�U�I_x = 3:0 �N � �T� ���
 z = 0:95 �N�

_z = � 1:0 �N � �T� ���� �"�M�U�I�P�V�H�I �C�P�U�I �Q�P�M�J�D�J�F�T �I�B�W�F �M�B�S�H�F �C�B�T�J�O�T �P�G �B�U�U�S�B�D�U�J�P�O�
 �U�I�F
�D�P�O�U�J�O�V�P�V�T���U�J�N�F �Q�P�M�J�D�Z �J�T �B�C�M�F �U�P �B�D�I�J�F�W�F �B �M�P�X�F�S �D�P�T�U �E�V�F �U�P �U�I�F �J�O�D�S�F�B�T�F�E
�Q�P�M�J�D�Z �T�Q�B�D�F��

�'�J�H�V�S�F �������� �.�J�O�J�N�V�N���U�J�N�F �C�B�T�J�O �P�G �B�U�U�S�B�D�U�J�P�O �H�F�O�F�S�B�U�F�E �V�T�J�O�H �U�I�F
�D�P�O�U�J�O�V�P�V�T���U�J�N�F �B�Q�Q�S�P�B�D�I�� �5�I�F �W�J�T�V�B�M�J�[�F�E �T�U�B�U�F �T�Q�B�D�F �D�P�S�S�F�T�Q�P�O�E�T �U�P �W�F�S��
�U�J�D�B�M �M�F�H �P�S�J�F�O�U�B�U�J�P�O�
� = 90 �E�F�H�S�F�F�T�� �$�P�M�P�S�T �D�P�S�S�F�T�Q�P�O�E �U�P �U�I�F �U�J�N�F �S�F�R�V�J�S�F�E
�U�P �S�F�B�D�I �B �U�B�S�H�F�U �X�B�M�L�J�O�H �T�U�B�U�F �X�J�U�I_x = 1:2 �N � �T� ���
z = 0:92 �N�
 _z = 0:4 �N � �T� ����

�T�Q�B�D�F �C�V�U �T�U�J�M�M �Q�S�P�E�V�D�F�T �N�P�U�J�P�O�T �Q�M�B�O�T �D�M�P�T�F �U�P �U�I�F �D�P�O�U�J�O�V�P�V�T���U�J�N�F �T�P�M�V��

�U�J�P�O�T��

�5�Z�Q�J�D�B�M �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �D�P�O�U�S�P�M�M�F�S�T �U�I�B�U �V�T�F �1�P�J�O�D�B�S�© �N�B�Q�T�
 �S�F�M�Z �P�O

�B �Q�F�S�J�P�E�J�D �P�S�C�J�U �P�G �T�U�B�U�F �U�I�B�U �J�O�U�F�S�T�F�D�U�T �B �T�J�O�H�M�F �T�V�S�G�B�D�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �U�P �B

�T�Q�F�D�J�¶�D �H�B�J�U �F�W�F�O�U�
 �T�V�D�I �B�T �W�F�S�U�J�D�B�M �B�Q�F�Y �E�V�S�J�O�H �U�I�F �·�J�H�I�U �Q�I�B�T�F �P�S �W�F�S�U�J�D�B�M
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�5�B�C�M�F �������� �4�U�B�U�F �T�Q�B�D�F �C�P�V�O�E�B�S�J�F�T �G�P�S �E�J�T�D�S�F�U�F �Œ�"�5�3�*�"�4���T�B�G�F�• �X�B�M�L�J�O�H �B�O�E
�S�V�O�O�J�O�H �H�B�J�U�T��

�E�P�N�B�J�O �M�P�X�F�S �C�P�V�O�E �V�Q�Q�F�S �C�P�V�O�E �V�O�J�U�T

� ���� ������ �p
l �������� ������ �N
_x �������� ������ �N � �T� ��

_z �������� ������ �N � �T� ��

k ���� ���� mg
l0

�M�F�H �P�S�J�F�O�U�B�U�J�P�O �E�V�S�J�O�H �U�I�F �T�J�O�H�M�F �T�V�Q�Q�P�S�U �Q�I�B�T�F�� �$�P�O�U�S�P�M�M�F�S�T �X�I�J�D�I �U�B�S�H�F�U

�C�P�U�I �X�B�M�L�J�O�H �B�O�E �S�V�O�O�J�O�H �H�B�J�U�T �T�P�N�F�U�J�N�F�T �J�O�D�M�V�E�F �N�V�M�U�J�Q�M�F �F�W�F�O�U �N�B�Q�T �U�P

�J�O�D�S�F�B�T�F �U�I�F �E�J�W�F�S�T�J�U�Z �P�G �U�B�S�H�F�U �T�U�B�U�F�T�� �)�P�X�F�W�F�S�
 �U�I�J�T �S�F�R�V�J�S�F�T �B �T�F�Q�B�S�B�U�F �F�O��

�U�J�U�Z�
 �T�V�D�I �B�T �U�I�F �V�T�F�S �P�S �T�F�D�P�O�E �P�Q�U�J�N�J�[�B�U�J�P�O�
 �U�P �E�F�D�J�E�F �X�I�J�D�I �F�W�F�O�U �T�V�S�G�B�D�F �U�P

�U�B�S�H�F�U �B�U �F�B�D�I �T�U�F�Q�� �5�I�J�T �N�B�O�V�B�M �T�F�M�F�D�U�J�P�O �J�T �O�P�U �J�E�F�B�M�
 �C�F�D�B�V�T�F �U�I�F �J�O�J�U�J�B�M �P�Q�U�J��

�N�J�[�B�U�J�P�O �Q�S�P�D�F�T�T �J�T �V�O�B�C�M�F �U�P �D�S�F�B�U�F �T�P�M�V�U�J�P�O�T �X�I�J�D�I �N�P�W�F �G�S�F�F�M�Z �U�I�S�P�V�H�I �B�M�M

�H�F�O�F�S�B�U�F�E �N�B�Q�T�� �*�O �D�P�O�U�S�B�T�U�
 �P�V�S �B�Q�Q�S�P�B�D�I �¶�O�E�T �U�I�F �P�Q�U�J�N�B�M �D�P�O�U�S�P�M �B�D�S�P�T�T

�B�M�M �F�W�F�O�U �T�V�S�G�B�D�F�T�
 �X�I�J�D�I �B�S�F �T�F�M�F�D�U�F�E �U�P �F�O�B�C�M�F �U�S�B�K�F�D�U�P�S�J�F�T �X�I�J�D�I �T�Q�B�O �·�J�H�I�U�


�T�J�O�H�M�F �T�V�Q�Q�P�S�U�
 �B�O�E �E�P�V�C�M�F �T�V�Q�Q�P�S�U �Q�I�B�T�F�T��

�0�V�S �E�F�T�J�H�O �J�T �C�B�T�F�E �P�O �U�I�S�F�F �T�U�B�U�F �T�Q�B�D�F �T�V�S�G�B�D�F�T �T�I�P�X�O �J�O �¶�H�V�S�F ������ �D�P�S��

�S�F�T�Q�P�O�E�J�O�H �U�P �U�I�F �H�B�J�U �F�W�F�O�U�T �P�G �·�J�H�I�U �B�Q�F�Y �	�'�"�
�
 �J�O�J�U�J�B�M �T�J�O�H�M�F �T�V�Q�Q�P�S�U �	�4�4�*�
�


�B�O�E �T�J�O�H�M�F �T�V�Q�Q�P�S�U �B�Q�F�Y �	�4�4�"�
�� �5�I�F �N�P�E�F�M �M�F�H �G�P�S�D�F�T �B�S�F �D�P�N�Q�V�U�F�E �V�T�J�O�H

�B �O�P�O�M�J�O�F�B�S �T�Q�S�J�O�H���E�B�N�Q�F�S �Q�B�S�B�N�F�U�F�S�J�[�B�U�J�P�O�
F = k(l0 � l) + b(l0 � l) _l�
 �X�I�J�D�I

�S�F�R�V�J�S�F�T �B �T�Q�S�J�O�H �T�U�J�µ�O�F�T�Tk �B�O�E �E�B�N�Q�J�O�H �D�P�F�¸�D�J�F�O�Ub�� �8�F �B�Q�Q�M�Z �U�I�F �T�B�N�F

�E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �N�F�U�I�P�E �	�B�M�H�P�S�J�U�I�N ���
 �U�P �¶�O�E �U�I�F �P�Q�U�J�N�B�M �D�P�O�U�S�P�M

�G�P�S �U�I�J�T �G�S�B�N�F�X�P�S�L�� �8�F �B�M�T�P �T�J�H�O�J�¶�D�B�O�U�M�Z �S�F�E�V�D�F �U�I�F �T�U�B�U�F �T�Q�B�D�F �C�P�V�O�E�T �	�U�B��

�C�M�F �������
 �U�P �F�O�G�P�S�D�F �U�I�F �L�J�O�F�N�B�U�J�D �B�O�E �B�D�U�V�B�U�J�P�O �M�J�N�J�U�T �P�G �U�I�F �"�5�3�*�"�4 �I�B�S�E��

�X�B�S�F�� �5�I�F �S�F�T�V�M�U�J�O�H �D�P�O�U�S�P�M �M�B�X�T �B�S�F �D�B�Q�B�C�M�F �P�G �S�V�O�O�J�O�H �B�O�E �X�B�M�L�J�O�H �H�B�J�U�T

�X�J�U�I �T�J�N�J�M�B�S �Q�F�S�G�P�S�N�B�O�D�F �D�P�N�Q�B�S�F�E �U�P �U�I�F �D�P�O�U�J�O�V�P�V�T���U�J�N�F �T�P�M�V�U�J�P�O�T��
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�'�J�H�V�S�F �������� �5�I�F �E�J�T�D�S�F�U�F �B�Q�Q�S�P�B�D�I �M�P�P�L�T �V�Q �B �O�F�X �D�P�O�U�S�P�M �X�I�F�O�F�W�F�S �U�I�F
�N�P�E�F�M �S�F�B�D�I�F�T �P�O�F �P�G �U�I�S�F�F �E�J�T�U�J�O�D�U �H�B�J�U �F�W�F�O�U�T�� �5�I�F �F�W�F�O�U�T �B�S�F �T�F�M�F�D�U�F�E �T�P
�U�I�B�U �U�I�F �T�Z�T�U�F�N �D�B�O �N�P�W�F �G�S�F�F�M�Z �C�F�U�X�F�F�O �·�J�H�I�U�
 �T�J�O�H�M�F �T�V�Q�Q�P�S�U�
 �B�O�E �E�P�V�C�M�F
�Q�I�B�T�F�T�� �4�U�B�U�F�T �B�U �'�" �B�O�E �4�4�" �B�S�F �P�O�M�Z �B�M�M�P�X�F�E �U�P �U�S�B�O�T�J�U�J�P�O �U�P �4�4�*�
 �X�I�J�M�F �T�U�B�U�F�T
�B�U �4�4�* �D�B�O �D�I�P�P�T�F �U�P �U�S�B�O�T�J�U�J�P�O �U�P �F�J�U�I�F�S �'�" �P�S �4�4�"��

���������� �$�P�N�Q�B�S�J�T�P�O�T �X�J�U�I �C�B�T�F�M�J�O�F�T

�8�F �D�P�N�Q�B�S�F �P�V�S �D�P�O�U�J�O�V�P�V�T �U�J�N�F �D�P�O�U�S�P�M �B�Q�Q�S�P�B�D�I �E�F�T�D�S�J�C�F�E �J�O �U�I�F �Q�S�F��

�W�J�P�V�T �T�F�D�U�J�P�O �U�P �B �E�J�T�D�S�F�U�F �F�W�F�O�U �T�D�I�F�N�F �E�F�T�D�S�J�C�F�E �J�O �<�������>�� �<�������> �V�T�F �G�P�V�S

�E�J�T�D�S�F�U�F �H�B�J�U �F�W�F�O�U�T �U�P �T�X�J�U�D�I �D�P�O�U�S�P�M �W�B�S�J�B�C�M�F�T�
 �J�O�T�U�F�B�E �P�G �D�P�O�U�J�O�V�P�V�T�M�Z �W�B�S�Z��

�J�O�H �U�I�F�N �P�W�F�S �U�I�F �U�S�B�K�F�D�U�P�S�Z�� �5�I�F�T�F �F�W�F�O�U�T �B�S�F �B�Q�F�Y�
 �W�F�S�U�J�D�B�M �M�F�H �P�S�J�F�O�U�B��

�U�J�P�O�
 �N�B�Y�J�N�V�N �W�J�S�U�V�B�M �M�F�H �D�P�N�Q�S�F�T�T�J�P�O �J�O �E�P�V�C�M�F �T�V�Q�Q�P�S�U �B�O�E �N�B�Y�J�N�V�N

�D�P�N�Q�S�F�T�T�J�P�O �P�G �T�J�O�H�M�F �T�V�Q�Q�P�S�U �M�F�H�� �5�I�F �D�I�P�T�F�O �D�P�O�U�S�P�M �W�B�S�J�B�C�M�F�T �B�S�F �U�I�F �M�F�H

�T�U�J�µ�O�F�T�T �B�O�E �M�B�O�E�J�O�H �B�O�H�M�F�� �5�I�F �S�F�T�V�M�U�T �P�G �U�I�J�T �D�P�N�Q�B�S�J�T�P�O �B�S�F �T�I�P�X�O �J�O �'�J�H��

�V�S�F �������� �5�I�F �P�S�J�H�J�O�B�M �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �J�O �<�������> �E�F�Q�F�O�E�T �P�O �B �V�T�F�S���E�F�¶�O�F�E

�T�F�R�V�F�O�D�F �P�G �H�B�J�U �U�S�B�O�T�J�U�J�P�O�T�
 �X�I�J�D�I �M�J�N�J�U�T �U�I�F �B�Q�Q�M�J�D�B�C�J�M�J�U�Z �P�G �U�I�J�T �B�Q�Q�S�P�B�D�I

�U�P �H�F�O�F�S�B�M �H�B�J�U �U�S�B�O�T�J�U�J�P�O�T �X�J�U�I�P�V�U �I�V�N�B�O �J�O�Q�V�U�� �8�F �T�P�M�W�F �U�I�F �H�B�J�U �U�S�B�O�T�J��

�U�J�P�O �Q�S�P�C�M�F�N �V�T�J�O�H �B �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �B�Q�Q�S�P�B�D�I �T�J�N�J�M�B�S �U�P �U�I�F �P�O�F

�E�F�T�D�S�J�C�F�E �J�O �U�I�F �M�B�T�U �T�F�D�U�J�P�O�
 �X�I�J�M�F �T�U�B�Z�J�O�H �U�S�V�F �U�P �U�I�F �P�S�J�H�J�O�B�M �Q�B�S�B�N�F�U�S�J�[�B��

�U�J�P�O �P�G �H�B�J�U �F�W�F�O�U�T �B�O�E �D�P�O�U�S�P�M �W�B�S�J�B�C�M�F�T��

�"�T �D�B�O �C�F �T�F�F�O �J�O �'�J�H�V�S�F �������
 �X�I�J�M�F �C�P�U�I �Q�P�M�J�D�J�F�T �I�B�W�F �W�F�S�Z �M�B�S�H�F �C�B�T�J�O�T �P�G

�B�U�U�S�B�D�U�J�P�O �J�O�U�P �U�I�F �E�F�T�J�S�F�E �S�V�O�O�J�O�H �T�U�B�U�F �P�G_x = 3:0m/ s; z = 0:95m; _z = � 1:0m/ s�
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�U�I�F �D�P�T�U�T �J�O�D�V�S�S�F�E �X�I�J�M�F �G�P�M�M�P�X�J�O�H �U�I�F �C�B�T�F�M�J�O�F �B�S�F �N�V�D�I �I�J�H�I�F�S �U�I�B�O �U�I�P�T�F

�G�S�P�N �B �D�P�O�U�J�O�V�P�V�T �B�Q�Q�S�P�B�D�I�� �5�I�J�T �I�J�H�I�M�J�H�I�U�T �U�I�F �B�E�W�B�O�U�B�H�F �P�G �V�T�J�O�H �B �D�P�O��

�U�J�O�V�P�V�T�M�Z �W�B�S�Z�J�O�H �D�P�O�U�S�P�M �N�F�D�I�B�O�J�T�N�
 �X�I�J�D�I �B�M�M�P�X�T �G�P�S �N�P�S�F �·�F�Y�J�C�M�F �D�P�O��

�U�S�P�M�M�F�S�T�
 �B�O�E �I�F�O�D�F �T�P�M�V�U�J�P�O�T �U�I�B�U �I�B�W�F �B �M�P�X�F�S �D�P�T�U��
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�$�I�B�Q�U�F�S ��

�1�B�S�B�N�F�U�S�J�D �*�O�T�J�H�I�U�T �J�O�U�P �0�Q�U�J�N�B�M

�-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T

�/�V�N�F�S�J�D�B�M�M�Z �D�B�M�D�V�M�B�U�J�O�H �P�Q�U�J�N�B�M �D�P�O�U�S�P�M�T �V�T�J�O�H �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �N�F�U�I��

�P�E�T �H�F�O�F�S�B�U�F�T �M�B�S�H�F �H�S�J�E�T �P�G �D�P�O�U�S�P�M �B�D�U�J�P�O �W�B�M�V�F�T �T�Q�B�O�O�J�O�H �T�U�B�U�F �T�Q�B�D�F�� �"�M��

�U�I�P�V�H�I �U�I�F �S�F�T�V�M�U�J�O�H �Q�P�M�J�D�J�F�T �D�B�O �C�F �E�J�S�F�D�U�M�Z �J�N�Q�M�F�N�F�O�U�F�E�
 �J�U �J�T �E�J�¸�D�V�M�U �U�P

�W�J�T�V�B�M�J�[�F �U�I�F�J�S �C�F�I�B�W�J�P�S �E�V�F �U�P �I�J�H�I �Q�S�P�C�M�F�N �E�J�N�F�O�T�J�P�O�B�M�J�U�Z�� �5�I�J�T �N�B�L�F�T

�J�U �Q�B�S�U�J�D�V�M�B�S�M�Z �D�I�B�M�M�F�O�H�J�O�H �U�P �V�O�E�F�S�T�U�B�O�E �B�O�E �I�Z�Q�P�U�I�F�T�J�[�F �B�C�P�V�U �U�I�F �G�V�O�E�B��

�N�F�O�U�B�M �Q�S�P�D�F�T�T�F�T �X�I�J�D�I �H�P�W�F�S�O �U�I�F�N�� �%�F�U�F�S�N�J�O�J�O�H �U�I�F �Q�S�J�N�B�S�Z �D�P�N�Q�P��

�O�F�O�U�T �P�G �P�Q�U�J�N�B�M �Q�P�M�J�D�J�F�T �J�T �J�N�Q�P�S�U�B�O�U �G�P�S �E�J�S�F�D�U�J�O�H �G�V�U�V�S�F �J�O�W�F�T�U�J�H�B�U�J�P�O�T �B�O�E

�E�J�T�D�P�W�F�S�J�O�H �X�I�J�D�I �G�F�B�U�V�S�F�T �P�G �T�U�B�U�F �I�B�W�F �T�J�H�O�J�¶�D�B�O�U �J�N�Q�B�D�U �P�O �U�I�F �D�P�O�U�S�P�M��

�8�F �F�Y�Q�F�D�U �U�I�F �Q�P�M�J�D�J�F�T �J�O�W�F�T�U�J�H�B�U�F�E �J�O �U�I�J�T �X�P�S�L �U�P �S�F�M�Z �P�O �F�T�T�F�O�U�J�B�M �G�F�B�U�V�S�F�T

�P�G �C�J�Q�F�E�B�M �M�P�D�P�N�P�U�J�P�O�
 �C�F�D�B�V�T�F �U�I�F�Z �B�S�F �H�F�O�F�S�B�U�F�E �V�T�J�O�H �B �I�J�H�I�M�Z �H�F�O�F�S�B�M

�Q�P�J�O�U���N�B�T�T �N�P�E�F�M �X�J�U�I �S�F�M�B�U�J�W�F�M�Z �G�F�X �Q�B�S�B�N�F�U�F�S�T�� �)�P�X�F�W�F�S�
 �J�U �J�T �J�N�Q�P�S�U�B�O�U

�U�P �O�P�U�F �U�I�B�U �U�I�F �D�P�T�U �G�V�O�D�U�J�P�O�T �V�T�F�E �I�F�S�F �S�F�T�V�M�U �J�O �T�Q�F�D�J�¶�D �M�P�O�H���U�F�S�N �Q�P�M�J�D�Z

�H�P�B�M�T �X�I�J�D�I �N�B�Z �E�J�µ�F�S �G�S�P�N �U�I�P�T�F �P�G �C�J�P�M�P�H�J�D�B�M �T�Z�T�U�F�N�T�� �/�F�W�F�S�U�I�F�M�F�T�T�
 �J�O��

�T�Q�F�D�U�J�O�H �U�I�F�T�F �Q�P�M�J�D�J�F�T �J�T �X�P�S�U�I�X�I�J�M�F �B�T �U�I�F�Z �B�S�F �D�B�Q�B�C�M�F �P�G �H�F�O�F�S�B�U�J�O�H �T�U�B�C�M�F

�X�B�M�L�J�O�H �B�O�E �S�V�O�O�J�O�H �H�B�J�U�T �G�P�S �C�J�Q�F�E�B�M �S�P�C�P�U�T��
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������ �'�J�U�U�J�O�H �1�B�S�B�N�F�U�S�J�D �-�J�O�F�B�S �.�P�E�F�M�T

�*�O �B�O �B�U�U�F�N�Q�U �U�P �H�F�U �B�O �J�O�U�V�J�U�J�W�F �F�Y�Q�M�B�O�B�U�J�P�O �G�P�S �U�I�F �P�Q�U�J�N�B�M �Q�P�M�J�D�J�F�T �H�F�O�F�S��

�B�U�F�E �C�Z �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H�
 �X�F �B�U�U�F�N�Q�U�F�E �U�P �¶�U �Q�B�S�B�N�F�U�S�J�D �M�J�O�F�B�S �N�P�E��

�F�M�T �U�P �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �W�B�M�V�F �G�V�O�D�U�J�P�O�T�� �5�I�F�T�F �N�P�E�F�M�T �M�F�U �V�T �I�Z�Q�P�U�I�F�T�J�[�F

�B�C�P�V�U �U�I�F �V�O�E�F�S�M�Z�J�O�H �F�T�T�F�O�U�J�B�M �D�P�N�Q�P�O�F�O�U�T �U�I�B�U �U�P�H�F�U�I�F�S �E�F�U�F�S�N�J�O�F �U�I�F �P�Q��

�U�J�N�B�M �D�P�O�U�S�P�M �B�D�U�J�P�O�T�� �8�I�J�M�F �X�F �E�P �O�P�U �F�Y�Q�F�D�U �U�P �¶�U �P�O�F �H�F�O�F�S�B�M �N�P�E�F�M �U�P �B�M�M

�H�B�J�U�T�
 �X�F �F�Y�Q�F�D�U �D�P�S�S�F�M�B�U�J�P�O�T �C�F�U�X�F�F�O �T�Q�F�D�J�¶�D �T�U�B�U�F �W�F�D�U�P�S �G�F�B�U�V�S�F�T �B�O�E �U�I�F

�M�P�O�H���U�F�S�N �D�P�T�U�T �E�F�T�D�S�J�C�F�E �C�Z �U�I�F �D�P�N�Q�V�U�F�E �W�B�M�V�F �G�V�O�D�U�J�P�O�T�� �6�M�U�J�N�B�U�F�M�Z�
 �U�I�J�T

�C�P�J�M�T �E�P�X�O �J�O�U�P �B �O�V�N�F�S�J�D�B�M �S�F�H�S�F�T�T�J�P�O �Q�S�P�C�M�F�N �X�I�J�D�I �B�U�U�F�N�Q�U�T �U�P �¶�U �B �I�J�H�I��

�E�J�N�F�O�T�J�P�O�B�M �I�Z�Q�F�S�Q�M�B�O�F �U�P �B �Q�S�F�D�P�N�Q�V�U�F�E �T�F�U �P�G �E�B�U�B �Q�P�J�O�U�T�� �8�I�J�M�F �N�B�O�Z

�U�P�P�M�T �B�S�F �B�Q�Q�S�P�Q�S�J�B�U�F �G�P�S �Q�F�S�G�P�S�N�J�O�H �U�I�J�T �D�B�M�D�V�M�B�U�J�P�O�
 �I�F�S�F �X�F �G�P�D�V�T �P�O �M�J�O�F�B�S

�P�S�E�J�O�B�S�Z �M�F�B�T�U���T�R�V�B�S�F�T �S�F�H�S�F�T�T�J�P�O �U�P �N�J�O�J�N�J�[�F �U�I�F �T�V�N �P�G �T�R�V�B�S�F�E �S�F�T�J�E�V�B�M�T

�J�O �U�I�F �¶�U �N�P�E�F�M��

�0�S�E�J�O�B�S�Z �M�F�B�T�U �T�R�V�B�S�F�T �J�T �B �X�J�E�F�M�Z �V�T�F�E �N�F�U�I�P�E �G�P�S �T�P�M�W�J�O�H �V�O�L�O�P�X�O �Q�B��

�S�B�N�F�U�F�S�T �J�O �B �M�J�O�F�B�S �N�P�E�F�M�� �5�I�F �F�Y�Q�S�F�T�T�J�W�F�O�F�T�T �B�O�E �B�D�D�V�S�B�D�Z �P�G �B �M�J�O�F�B�S

�N�P�E�F�M �H�F�O�F�S�B�U�F�E �U�I�J�T �X�B�Z �J�T �E�F�Q�F�O�E�F�O�U �P�O �Q�S�P�W�J�E�J�O�H �S�F�M�F�W�B�O�U �C�B�T�J�T �G�V�O�D�U�J�P�O�T

�U�I�B�U �E�F�T�D�S�J�C�F �U�I�F �E�B�U�B �T�F�U�� �5�I�J�T �J�T �V�T�F�G�V�M �X�I�F�O �E�P�N�B�J�O �L�O�P�X�M�F�E�H�F �J�T �B�W�B�J�M��

�B�C�M�F�
 �C�V�U �B �Q�P�U�F�O�U�J�B�M �Q�S�P�C�M�F�N �X�I�F�O �V�T�F�G�V�M �C�B�T�J�T �G�V�O�D�U�J�P�O�T �D�B�O�O�P�U �C�F �G�P�V�O�E��

�*�O �U�I�F�T�F �D�B�T�F�T�
 �N�P�S�F �Q�P�X�F�S�G�V�M �G�V�O�D�U�J�P�O �B�Q�Q�S�P�Y�J�N�B�U�P�S�T�
 �T�V�D�I �B�T �O�F�V�S�B�M �O�F�U��

�X�P�S�L�T �P�S �(�B�V�T�T�J�B�O �Q�S�P�D�F�T�T�F�T�
 �N�B�Z �C�F �S�F�R�V�J�S�F�E �U�P �D�P�N�Q�V�U�F �B�D�D�V�S�B�U�F �N�P�E�F�M�T��

�8�F �P�Q�U �G�P�S �U�I�F �M�F�T�T �D�P�N�Q�M�F�Y �M�J�O�F�B�S �M�F�B�T�U���T�R�V�B�S�F�T �B�Q�Q�S�P�B�D�I �I�F�S�F �B�T �B �X�B�Z �U�P

�F�W�B�M�V�B�U�F �U�I�F �B�D�D�V�S�B�D�Z �P�G �N�P�E�F�M�T �C�V�J�M�U �X�J�U�I �E�J�µ�F�S�F�O�U �G�F�B�U�V�S�F�T �P�G �T�Z�T�U�F�N �T�U�B�U�F��

�(�J�W�F�O �B �T�F�U �P�G �C�B�T�J�T �G�V�O�D�U�J�P�O�Tb = [ b1; b2; :::;bn] �F�W�B�M�V�B�U�F�E �B�U �T�P�N�F �T�U�B�U�Fs�
 �X�F

�¶�U �U�I�F �D�P�N�Q�V�U�F�E �W�B�M�V�F �G�V�O�D�U�J�P�O �E�B�U�B �U�P �B �N�P�E�F�M �P�G �U�I�F �G�P�S�N

v̂s = w1b1 + w2b2 + ::: + wnbb + � s�
 �	�������
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�X�I�F�S�Fw = [ w1;w2; :::;wn] �B�S�F �M�J�O�F�B�S �X�F�J�H�I�U�T �P�G �U�I�F �N�P�E�F�M �B�O�E� s �J�T �U�I�F �F�S�S�P�S �G�P�S

�U�B�S�H�F�U �E�B�U�B �Q�P�J�O�Uv�
s�� �8�F �N�J�O�J�N�J�[�F �U�I�F �T�V�N �P�G �T�R�V�B�S�F�E �S�F�T�J�E�V�B�M�T�


P
i(v̂i � v�

i )
2�


�C�Z �T�P�M�W�J�O�H �U�I�F �O�P�S�N�B�M �F�R�V�B�U�J�P�O�T�� �5�I�J�T �J�T �P�Ò�F�O �F�Y�Q�S�F�T�T�F�E �J�O �N�B�U�S�J�Y �G�P�S�N �B�T

w = ( B TB )� 1B Tv � �
 �X�I�F�S�F �O�P�XB �D�P�O�U�B�J�O�T �U�I�F �T�F�U �P�G �D�I�P�T�F�O �C�B�T�J�T �G�V�O�D�U�J�P�O�T

�F�W�B�M�V�B�U�F�E �B�U �B�M�M �E�B�U�B �Q�P�J�O�U�T �B�O�Ev � �J�T �B �W�F�D�U�P�S �D�P�O�U�B�J�O�J�O�H �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H

�U�B�S�H�F�U �W�B�M�V�F�T�� �8�I�J�M�F �U�I�J�T �S�F�M�B�U�J�P�O�T�I�J�Q �I�P�M�E�T �N�B�U�I�F�N�B�U�J�D�B�M�M�Z�
 �O�V�N�F�S�J�D�B�M �J�T��

�T�V�F�T �D�B�O �B�S�J�T�F �X�I�J�M�F �Q�F�S�G�P�S�N�J�O�H �U�I�F �N�B�U�S�J�Y �J�O�W�F�S�T�J�P�O �P�O �B �D�P�N�Q�V�U�F�S�� �*�O

�N�B�O�Z �D�B�T�F�T �U�I�F �O�P�S�N�B�M �F�R�V�B�U�J�P�O�T �D�B�O �C�F �W�F�S�Z �D�M�P�T�F �U�P �T�J�O�H�V�M�B�S�� �U�I�J�T �D�P�N��

�N�P�O�M�Z �I�B�Q�Q�F�O�T �X�I�F�O �U�X�P �E�J�µ�F�S�F�O�U �C�B�T�J�T �G�V�O�D�U�J�P�O�T �Q�S�P�W�J�E�F �T�J�N�J�M�B�S �¶�U�T �U�P �U�I�F

�E�B�U�B�� �"�U�U�F�N�Q�U�J�O�H �U�P �O�V�N�F�S�J�D�B�M�M�Z �J�O�W�F�S�U �B �N�B�U�S�J�Y �U�I�B�U �J�T �D�M�P�T�F �U�P �T�J�O�H�V�M�B�S �P�Ò�F�O

�Q�S�P�W�J�E�F �F�S�S�P�O�F�P�V�T �S�F�T�V�M�U�T �E�V�F �U�P �S�P�V�O�E�P�µ �F�S�S�P�S�T�� �8�F �B�W�P�J�E �U�I�F�T�F �F�S�S�P�S�T �C�Z

�V�T�J�O�H �T�J�O�H�V�M�B�S �W�B�M�V�F �E�F�D�P�N�Q�P�T�J�U�J�P�O �	�4�7�%�
 �P�G �U�I�F �C�B�T�J�T �G�V�O�D�U�J�P�O �N�B�U�S�J�Y�� �5�I�J�T

�B�M�M�P�X�T �V�T �U�P �X�S�J�U�F �U�I�F �N�B�U�S�J�Y �E�F�D�P�N�Q�P�T�J�U�J�P�O

B = UWVT �	�������


�B�O�E �T�P�M�W�F �U�I�F �O�P�S�N�B�M �F�R�V�B�U�J�P�O�T �X�J�U�I

w = VW+ UTv � �
 �	�������


�X�I�F�S�F+ �J�O�E�J�D�B�U�F�T �U�I�F �Q�T�V�F�E�P�J�O�W�F�S�T�F�� �5�I�J�T �X�J�M�M �Q�S�P�E�V�D�F �B �T�P�M�V�U�J�P�O �U�I�B�U �J�T �U�I�F

�C�F�T�U �M�F�B�T�U���T�R�V�B�S�F�T �¶�U �F�W�F�O �J�O �U�I�F �Q�S�F�T�F�O�D�F �P�G �B �O�F�B�S�M�Z �T�J�O�H�V�M�B�S �N�B�U�S�J�Y��

�8�F �D�I�P�P�T�F �U�P �¶�U �B �E�J�µ�F�S�F�O�U �N�P�E�F�M �U�P �F�B�D�I �Q�I�B�T�F���T�Q�F�D�J�¶�D �W�B�M�V�F �G�V�O�D�U�J�P�O �J�O

�P�S�E�F�S �U�P �U�B�L�F �B�E�W�B�O�U�B�H�F �P�G �U�I�F �E�J�µ�F�S�F�O�U �T�U�B�U�F �W�F�D�U�P�S�T �G�P�S �·�J�H�I�U�
 �T�J�O�H�M�F �T�V�Q�Q�P�S�U�


�B�O�E �E�P�V�C�M�F �T�V�Q�Q�P�S�U �Q�I�B�T�F�T�� �4�J�O�D�F �U�I�F �O�V�N�C�F�S �P�G �E�B�U�B �Q�P�J�O�U�T �D�P�N�Q�V�U�F�E �G�P�S

�F�B�D�I �Q�I�B�T�F �E�J�µ�F�S�T �T�J�H�O�J�¶�D�B�O�U�M�Z �	�·�J�H�I�U�� �����
�������
 �T�J�O�H�M�F �T�V�Q�Q�P�S�U�� ���
�������
�������
 �E�P�V��

�C�M�F �T�V�Q�Q�P�S�U�� �����
�������
�������
�
 �X�F �M�J�N�J�U �U�I�F �O�V�N�C�F�S �P�G �E�B�U�B �Q�P�J�O�U�T �V�T�F�E �J�O �U�I�F �S�F��
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�H�S�F�T�T�J�P�O �U�P �����
������ �C�Z �S�B�O�E�P�N�M�Z �T�F�M�F�D�U�J�O�H �Q�P�J�O�U�T�� �'�V�S�U�I�F�S�N�P�S�F�
 �X�F �S�F�N�P�W�F

�P�V�U�M�J�F�S�T �J�O �U�I�F �E�B�U�B�T�F�U �V�T�J�O�H �S�P�C�V�T�U �D�P�W�B�S�J�B�O�D�F �F�T�U�J�N�B�U�J�P�O �W�J�B �U�I�F �0�S�U�I�P�H��

�P�O�B�M�J�[�F�E �(�O�B�O�B�E�F�T�J�L�B�O���,�F�U�U�F�O�S�J�O�H �	�0�(�,�
 �N�F�U�I�P�E�� �5�I�J�T �Q�S�F�W�F�O�U�T �V�T �G�S�P�N

�V�T�J�O�H �Q�P�J�O�U�T �X�J�U�I �W�F�S�Z �I�J�H�I �D�P�T�U�T �U�I�B�U �B�S�F �P�Ò�F�O �P�V�U�T�J�E�F �U�I�F �S�F�B�D�I�B�C�M�F �T�F�U�� �P�O

�B�W�F�S�B�H�F �U�I�J�T �D�P�S�S�F�T�Q�P�O�E�T �U�P �C�F�U�X�F�F�O ���� �B�O�E ���� �Q�F�S�D�F�O�U �P�G �B �E�B�U�B �T�F�U�� �"�Ò�F�S

�B�Q�Q�M�Z�J�O�H �U�I�F�T�F �¶�M�U�F�S�T �X�F �B�U�U�F�N�Q�U �U�P �¶�O�E �U�I�F �N�P�E�F�M�T �X�J�U�I �U�I�F �I�J�H�I�F�T�U �D�P�F�¸��

�D�J�F�O�U �P�G �E�F�U�F�S�N�J�O�B�U�J�P�O�


R2 = 1 �
P

i(v�
i � v̂i)2

P
i(v�

i � �N�F�B�O(v� ))2
�
 �	�������


�G�P�S �B �¶�Y�F�E �D�P�N�Q�M�F�Y�J�U�Z �E�F�¶�O�F�E �B�T �U�I�F �U�P�U�B�M �O�V�N�C�F�S �P�G �V�U�J�M�J�[�F�E �C�B�T�J�T �G�V�O�D�U�J�P�O��

�8�F �B�Q�Q�S�P�B�D�I �U�I�J�T �U�B�T�L �C�Z �C�J�O�B�S�Z �U�F�T�U�J�O�H �F�B�D�I �Q�P�T�T�J�C�M�F �D�P�N�C�J�O�B�U�J�P�O �P�G �D�B�O��

�E�J�E�B�U�F �C�B�T�J�T �G�V�O�D�U�J�P�O�T�� �5�I�J�T �S�F�R�V�J�S�F�T �T�F�B�S�D�I�J�O�H �U�I�S�P�V�H�I2n � 1 �D�P�N�C�J�O�B�U�J�P�O�T

�G�P�Sn �O�P�N�J�O�B�U�F�E �C�B�T�J�T �G�V�O�D�U�J�P�O�T��

���������� �$�I�P�J�D�F �P�G �C�B�T�J�T �G�V�O�D�U�J�P�O�T

�5�I�F �C�B�T�J�T �G�V�O�D�U�J�P�O�T �D�I�P�T�F�O �G�P�S �P�V�S �F�Y�Q�F�S�J�N�F�O�U�T �X�F�S�F �C�B�T�F�E �P�O �Q�I�Z�T�J�D�B�M �Q�M�B�V��

�T�J�C�J�M�J�U�Z�� �'�P�S �F�Y�B�N�Q�M�F�
 �T�Z�T�U�F�N �F�O�F�S�H�Z �B�O�E �E�J�S�F�D�U�J�P�O �P�G �U�I�F �W�F�M�P�D�J�U�Z �W�F�D�U�P�S �B�S�F

�Q�F�S�U�J�O�F�O�U �R�V�B�O�U�J�U�J�F�T �X�I�F�O �D�P�O�U�S�P�M�M�J�O�H �B �S�V�O�O�J�O�H �H�B�J�U�� �8�F �V�T�F�E �J�O�T�J�H�I�U�T �M�J�L�F

�U�I�F�T�F �U�P �E�F�T�J�H�O �C�B�T�J�T �G�V�O�D�U�J�P�O�T �E�F�T�D�S�J�C�J�O�H �Q�P�J�O�U �N�B�T�T �C�J�Q�F�E�B�M �T�Z�T�U�F�N�T�� �5�I�F�T�F

�G�B�M�M �J�O �U�P �U�X�P �D�B�U�F�H�P�S�J�F�T�
 �U�I�P�T�F �X�I�J�D�I �P�O�M�Z �J�O�W�P�M�W�F �U�I�F �D�F�O�U�F�S �P�G �N�B�T�T �W�B�S�J�B�C�M�F�T

�B�O�E �U�I�P�T�F �X�I�J�D�I �J�O�W�P�M�W�F �U�I�F �G�P�P�U �Q�P�J�O�U �M�P�D�B�U�J�P�O�T�� �'�M�J�H�I�U �Q�I�B�T�F �S�F�H�S�F�T�T�J�P�O

�V�T�F�T �D�F�O�U�F�S �P�G �N�B�T�T �G�V�O�D�U�J�P�O�T�
 �T�J�O�H�M�F �T�V�Q�Q�P�S�U �Q�I�B�T�F �S�F�H�S�F�T�T�J�P�O �J�T �B�V�H�N�F�O�U�F�E

�X�J�U�I �G�V�O�D�U�J�P�O�T �J�O�W�P�M�W�J�O�H �P�O�F �G�P�P�U �Q�P�T�J�U�J�P�O�
 �B�O�E �E�P�V�C�M�F �T�V�Q�Q�P�S�U �S�F�H�S�F�T�T�J�P�O

�J�O�D�M�V�E�F�T �B �T�Z�N�N�F�U�S�J�D �T�F�U �P�G �G�V�O�D�U�J�P�O�T �G�P�S �U�I�F �T�F�D�P�O�E �G�P�P�U �Q�P�T�J�U�J�P�O��
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�5�B�C�M�F �������� �5�I�F �T�F�U �P�G �C�B�T�J�T �G�V�O�D�U�J�P�O�T �J�O�W�F�T�U�J�H�B�U�F�E �G�P�S �¶�U�U�J�O�H �M�J�O�F�B�S �N�P�E�F�M�T��

�%�F�T�D�S�J�Q�U�J�P�O �4�Z�N�C�P�M

�$�F�O�U�F�S �P�G �N�B�T�T �C�B�T�J�T �G�V�O�D�U�J�P�O�T

�7�F�S�U�J�D�B�M �)�F�J�H�I�U z

�)�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z _x

�7�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z _z

�7�F�S�U�J�D�B�M �I�F�J�H�I�U �T�R�V�B�S�F�E z2

�)�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z �T�R�V�B�S�F�E _x2

�7�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z �T�R�V�B�S�F�E _z2

�7�F�S�U�J�D�B�M �I�F�J�H�I�U� �I�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z z� _x

�7�F�S�U�J�D�B�M �I�F�J�H�I�U� �W�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z z� _z

�)�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z� �W�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z_x � _z

�5�P�U�B�M �W�F�M�P�D�J�U�Z �N�B�H�O�J�U�V�E�F
p

_x2 + _z2

�7�F�M�P�D�J�U�Z �B�O�H�M�F �B�S�D�U�B�O(_z/ _x)

�-�B�O�E�J�O�H �B�O�H�M�F �B�S�D�T�J�O(z/ l0)

�-�F�H �C�B�T�J�T �G�V�O�D�U�J�P�O�T

�-�F�H �M�F�O�H�U�I l

�-�F�H �W�F�M�P�D�J�U�Z _l

�)�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z� �M�F�H �M�F�O�H�U�I _xl

�7�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z� �M�F�H �M�F�O�H�U�I _zl

�7�F�S�U�J�D�B�M �I�F�J�H�I�U� �I�P�S�J�[�P�O�U�B�M �Q�P�T�J�U�J�P�O �P�G �G�P�P�Uz� xf oot

�)�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z� �I�P�S�J�[�P�O�U�B�M �Q�P�T�J�U�J�P�O �P�G �G�P�P�U_x � xf oot

�7�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z� �I�P�S�J�[�P�O�U�B�M �Q�P�T�J�U�J�P�O �P�G �G�P�P�U_z� xf oot

�-�F�H �B�O�H�M�F �B�S�D�U�B�O(z/ xf oot)

�-�F�H �M�F�O�H�U�I� �B�S�D�D�P�T(1 � z/ l) l � �B�S�D�D�P�T(1 � z/ l)

�-�F�H �M�F�O�H�U�I �T�R�V�B�S�F�E l2
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�I�F�J�H�I�U �B�O�E �I�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z�� �4�R�V�B�S�F�E �I�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z �B�M�T�P �T�I�P�X�T �T�P�N�F

�T�J�H�O�J�¶�D�B�O�D�F�� �5�I�F �T�J�O�H�M�F �T�V�Q�Q�P�S�U �Q�I�B�T�F �B�H�B�J�O �J�T �I�J�H�I�M�Z �S�F�M�J�B�O�U �P�O �M�F�H �B�O�H�M�F�


�C�V�U �E�P�F�T �O�P�U �T�I�P�X �T�U�S�P�O�H �D�P�S�S�F�M�B�U�J�P�O �X�J�U�I �U�I�F �P�U�I�F�S �C�B�T�J�T �G�V�O�D�U�J�P�O�T�� �%�P�V��

�C�M�F �T�V�Q�Q�P�S�U �S�F�T�V�M�U�T �T�I�P�X �E�F�Q�F�O�E�F�O�D�F �P�O �M�F�H �M�F�O�H�U�I �B�O�E �U�I�F �D�Z�D�M�P�J�E�B�M �D�V�S�W�F��

�5�I�F�T�F �S�F�T�V�M�U�T �D�B�O �C�F �T�F�F�O �J�O �5�B�C�M�F ��������
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�8�B�M�L�J�O�H

�5�I�F �X�B�M�L�J�O�H �T�P�M�V�U�J�P�O �·�J�H�I�U �Q�I�B�T�F �G�F�B�U�V�S�F�T �U�I�F �I�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z �B�O�E �J�U�T

�T�R�V�B�S�F�E �R�V�B�O�U�J�U�Z �Q�S�P�N�J�O�F�O�U�M�Z �J�O �U�I�F �N�P�E�F�M�T�� �7�F�S�U�J�D�B�M �I�F�J�H�I�U �B�O�E �J�U�T �Q�S�P�E�V�D�U

�X�J�U�I �I�P�S�J�[�P�O�U�B�M �G�P�P�U �Q�P�T�J�U�J�P�O �B�M�T�P �Q�M�B�Z �B �M�B�S�H�F �S�P�M�F �J�O �U�I�F �N�P�E�F�M�T�� �5�I�F �T�J�O�H�M�F

�T�V�Q�Q�P�S�U �Q�I�B�T�F �T�I�P�X�T �M�F�T�T �D�M�F�B�S �S�F�M�B�U�J�P�O�T�I�J�Q�T�
 �B�T�J�E�F �G�S�P�N �M�F�H �B�O�H�M�F �X�I�J�D�I �J�T

�J�O�D�M�V�E�F�E �J�O �B�M�M �N�P�E�F�M�� �%�P�V�C�M�F �T�V�Q�Q�P�S�U �N�P�E�F�M�T �I�B�W�F �B �D�M�F�B�S �S�F�M�B�U�J�P�O�T�I�J�Q �X�J�U�I

�M�F�H �M�F�O�H�U�I�
 �U�I�F �Q�S�P�E�V�D�U �P�G �W�F�S�U�J�D�B�M �I�F�J�H�I�U �B�O�E �I�P�S�J�[�P�O�U�B�M �G�P�P�U �Q�P�T�J�U�J�P�O�
 �B�O�E

�U�I�F �Q�S�P�E�V�D�U �P�G �W�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z �B�O�E �M�F�H �M�F�O�H�U�I�� �5�I�F�T�F �S�F�T�V�M�U�T �D�B�O �C�F �T�F�F�O �J�O

�5�B�C�M�F ��������

���������� �.�J�O�J�N�V�N �Q�P�T�J�U�J�W�F �N�F�D�I�B�O�J�D�B�M �Q�P�X�F�S

�3�V�O�O�J�O�H

�.�J�O�J�N�J�[�J�O�H �U�I�F �Q�P�T�J�U�J�W�F �N�F�D�I�B�O�J�D�B�M �Q�P�X�F�S �P�G �U�I�F �T�Z�T�U�F�N �Z�J�F�M�E�T �B �E�J�µ�F�S�F�O�U

�T�F�U �P�G �Q�B�S�B�N�F�U�S�J�D �N�P�E�F�M�T�� �5�I�FR2 �T�D�P�S�F�T �G�P�S �U�I�J�T �S�V�O�O�J�O�H �U�B�S�H�F�U �D�P�T�U �G�V�O�D��

�U�J�P�O �B�S�F �B�M�T�P �O�P�U�J�D�F�B�C�M�Z �I�J�H�I�F�S�
 �J�O�E�J�D�B�U�J�O�H �C�F�U�U�F�S �M�J�O�F�B�S �¶�U�T�� �%�V�S�J�O�H �U�I�F �·�J�H�I�U

�Q�I�B�T�F�
 �U�I�F �N�P�E�F�M�T �B�S�F �E�P�N�J�O�B�U�F�E �C�Z �W�F�S�U�J�D�B�M �I�F�J�H�I�U�
 �I�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z�
 �B�O�E

�W�F�S�U�J�D�B�M �W�F�M�P�D�J�U�Z�� �4�J�O�H�M�F �T�V�Q�Q�P�S�U �N�P�E�F�M�T �P�O�M�Z �T�I�P�X �B �T�U�S�P�O�H �U�S�F�O�E �X�J�U�I �U�I�F

�D�Z�D�M�P�J�E�B�M �U�F�S�N�
 �C�V�U �E�P�V�C�M�F �T�V�Q�Q�P�S�U �T�I�P�X�T �B �D�M�F�B�S�F�S �P�S�E�F�S�J�O�H �P�G �U�F�S�N�T�� �-�F�H

�M�F�O�H�U�I �I�B�T �U�I�F �I�J�H�I�F�T�U �G�S�F�R�V�F�O�D�Z�
 �G�P�M�M�P�X�F�E �C�Z �M�F�H �W�F�M�P�D�J�U�Z�
 �B�O�E �U�I�F�O �U�I�F �Q�S�P�E��

�V�D�U �P�G �I�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z �B�O�E �I�P�S�J�[�P�O�U�B�M �G�P�P�U �Q�P�T�J�U�J�P�O�� �5�I�F�T�F �S�F�T�V�M�U�T �D�B�O �C�F

�T�F�F�O �J�O �5�B�C�M�F ��������

�8�B�M�L�J�O�H

�5�I�F �X�B�M�L�J�O�H �S�F�T�V�M�U�T �T�I�P�X �T�J�N�J�M�B�S �U�S�F�O�E�T�� �5�I�F �·�J�H�I�U �Q�I�B�T�F �N�P�E�F�M�T �B�Q�Q�F�B�S

�U�P �X�F�B�L�M�Z �G�B�W�P�S �I�P�S�J�[�P�O�U�B�M �W�F�M�P�D�J�U�Z�
 �W�F�S�U�J�D�B�M �I�F�J�H�I�U�
 �B�O�E �T�R�V�B�S�F�E �I�P�S�J�[�P�O�U�B�M



�$�I�B�Q�U�F�S ���� �1�B�S�B�N�F�U�S�J�D �*�O�T�J�H�I�U�T �J�O�U�P �0�Q�U�J�N�B�M �-�P�D�P�N�P�U�J�P�O �1�P�M�J�D�J�F�T ����

�W�F�M�P�D�J�U�Z�� �5�I�F �T�J�O�H�M�F �T�V�Q�Q�P�S�U �N�P�E�F�M�T �E�P �O�P�U �T�I�P�X �B�T �N�B�O�Z �D�P�O�T�J�T�U�F�O�U �U�S�F�O�E�T�


�C�V�U �E�P �G�S�F�R�V�F�O�U�M�Z �V�T�F �U�I�F �T�R�V�B�S�F�E �M�F�H �M�F�O�H�U�I�� �'�J�O�B�M�M�Z�
 �U�I�F �E�P�V�C�M�F �T�V�Q�Q�P�S�U

�Q�I�B�T�F �S�F�T�V�M�U�T �T�I�P�X �N�P�S�F �P�S�E�F�S�� �-�F�H �M�F�O�H�U�I �B�O�E �M�F�H �W�F�M�P�D�J�U�Z �I�B�W�F �U�I�F �T�U�S�P�O�H�F�T�U

�S�F�M�B�U�J�P�O�T�I�J�Q�T�
 �B�T �X�B�T �U�I�F �D�B�T�F �X�J�U�I �U�I�F �S�V�O�O�J�O�H �U�B�S�H�F�U�� �5�I�F �Q�S�P�E�V�D�U �P�G �W�F�S�U�J�D�B�M

�W�F�M�P�D�J�U�Z �B�O�E �I�P�S�J�[�P�O�U�B�M �G�P�P�U �Q�P�T�J�U�J�P�O �G�P�M�M�P�X �U�I�F�T�F �R�V�B�O�U�J�U�J�F�T �J�O �J�N�Q�P�S�U�B�O�D�F��

�0�V�S �B�O�B�M�Z�T�J�T �T�I�P�X�T �U�I�B�U �Q�B�S�U�T �P�G �U�I�F �H�B�J�U �D�Z�D�M�F �G�P�S �T�Q�F�D�J�¶�D �U�B�S�H�F�U�T �D�B�O �C�F

�F�Y�Q�M�B�J�O�F�E �C�Z �E�J�µ�F�S�F�O�U �H�B�J�U �G�F�B�U�V�S�F�T�� �5�I�J�T �H�J�W�F�T �B �X�B�Z �P�G �B�Q�Q�S�P�Y�J�N�B�U�J�O�H �I�J�H�I��

�E�J�N�F�O�T�J�P�O�B�M �Q�P�M�J�D�J�F�T �G�S�P�N �E�Z�O�B�N�J�D �Q�S�P�H�S�B�N�N�J�O�H �J�O �B �D�P�O�D�J�T�F�
 �Q�B�S�B�N�F�U�S�J�D

�N�B�O�O�F�S�� �5�I�J�T �D�B�O �G�V�S�U�I�F�S �C�F �V�T�F�E �U�P �S�F�B�T�P�O �B�C�P�V�U �U�I�F �O�B�U�V�S�F �P�G �Q�P�M�J�D�J�F�T �C�F�J�O�H

�H�F�O�F�S�B�U�F�E�
 �B�O�E �Q�S�P�W�J�E�F �J�O�T�J�H�I�U�T �B�C�P�V�U �U�I�F�N��
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�%�F�B�E�C�F�B�U �4�Q�S�J�O�H �.�B�T�T �.�P�E�F�M

�3�V�O�O�J�O�H �P�O �"�5�3�*�"�4

�5�I�F �T�J�N�Q�M�F �T�Q�S�J�O�H �N�B�T�T �N�P�E�F�M �	�4�.�.�
 �E�F�T�D�S�J�C�F�T �B �Q�P�J�O�U �N�B�T�T �S�F�C�P�V�O�E�J�O�H �P�O

�N�B�T�T�M�F�T�T �T�Q�S�J�O�H �M�F�H�T�� �3�F�T�F�B�S�D�I �P�O �U�I�J�T �N�P�E�F�M �I�B�T �M�F�E �U�P �E�F�B�E�C�F�B�U �G�P�P�U �Q�M�B�D�F��

�N�F�O�U �T�U�S�B�U�F�H�J�F�T �U�I�B�U �Q�S�P�E�V�D�F �I�J�H�I�M�Z �S�P�C�V�T�U �4�.�. �S�V�O�O�J�O�H �J�O �U�I�F �Q�S�F�T�F�O�D�F �P�G

�M�B�S�H�F �B�O�E �G�S�F�R�V�F�O�U�
 �V�O�F�Y�Q�F�D�U�F�E �H�B�J�U �E�J�T�U�V�S�C�B�O�D�F�T �<�����
 �������
 �������
 �������>�� �5�I�J�T �U�I�F��

�P�S�F�U�J�D�B�M �Q�F�S�G�P�S�N�B�O�D�F �H�P�F�T �G�B�S �C�F�Z�P�O�E �X�I�B�U �I�B�T �C�F�F�O �E�F�N�P�O�T�U�S�B�U�F�E �J�O �S�V�O��

�O�J�O�H �S�P�C�P�U�T �<�����
 �����
 �����
 �������>�� �)�P�X�F�W�F�S�
 �U�I�F�T�F �S�P�C�P�U�T �B�S�F �D�M�F�B�S�M�Z �N�P�S�F �D�P�N�Q�M�F�Y

�T�Z�T�U�F�N�T �U�I�B�O �U�I�F �D�P�O�D�F�Q�U�V�B�M �4�.�.�� �5�I�F�Z �Q�P�T�T�F�T�T �N�P�S�F �E�F�H�S�F�F�T �P�G �G�S�F�F�E�P�N

�M�F�B�E�J�O�H �U�P �B�E�E�J�U�J�P�O�B�M �E�Z�O�B�N�J�D�T�
 �B�S�F �M�J�N�J�U�F�E �C�Z �B�D�U�V�B�U�P�S �T�B�U�V�S�B�U�J�P�O�
 �B�O�E �F�Y�Q�F��

�S�J�F�O�D�F �T�F�O�T�P�S�Z �O�P�J�T�F �U�I�B�U �Q�S�P�E�V�D�F�T �V�O�D�F�S�U�B�J�O�U�Z �B�C�P�V�U �U�I�F �B�D�U�V�B�M �T�U�B�U�F �P�G �U�I�F

�T�Z�T�U�F�N�� �"�T �B �S�F�T�V�M�U�
 �U�I�F �V�U�J�M�J�U�Z �P�G �4�.�. �U�I�F�P�S�J�F�T �G�P�S �U�I�F �D�P�O�U�S�P�M �P�G �D�P�N�Q�M�F�Y

�S�V�O�O�J�O�H �S�P�C�P�U�T �S�F�N�B�J�O�T �M�B�S�H�F�M�Z �V�O�D�M�F�B�S��

�"�E�E�S�F�T�T�J�O�H �U�I�J�T �H�B�Q �J�O �V�O�E�F�S�T�U�B�O�E�J�O�H�
 �T�F�W�F�S�B�M �S�F�T�F�B�S�D�I�F�S�T �I�B�W�F �J�O�W�F�T�U�J��

�H�B�U�F�E �U�I�F �G�P�P�U �Q�M�B�D�F�N�F�O�U �T�U�S�B�U�F�H�J�F�T �P�G �U�I�F �4�.�. �P�O �N�P�S�F �T�J�N�Q�M�J�¶�F�E �I�P�Q�Q�J�O�H

�S�P�C�P�U�T�� �'�P�S �B�O �F�B�S�M�Z �F�Y�B�N�Q�M�F�
 �;�F�H�M�J�O �<�������> �J�O�W�F�T�U�J�H�B�U�F�E �T�U�B�U�F �T�Q�B�D�F �Q�M�B�O��

�O�J�O�H �B�M�H�P�S�J�U�I�N�T �C�B�T�F�E �P�O �U�I�F �4�.�. �G�P�S �B �C�P�X���M�F�H�H�F�E �I�P�Q�Q�F�S �X�J�U�I �B �D�P�N��
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�'�J�H�V�S�F �������� �$�.�6�Š�T �"�5�3�*�"�4 �C�J�Q�F�E �T�I�P�X�O �J�O �U�I�F �C�P�P�N �U�F�T�U�C�F�E �E�V�S�J�O�H �U�I�F
�H�S�P�V�O�E �E�J�T�U�V�S�C�B�O�D�F �F�Y�Q�F�S�J�N�F�O�U�T �X�J�U�I �V�O�F�Y�Q�F�D�U�F�E �I�F�J�H�I�U �D�I�B�O�H�F�T �P�G� ���� �D�N
�	�E�J�T�D�V�T�T�F�E �J�O �T�F�D�U�J�P�O �����������
��

�Q�S�F�T�T�J�C�M�F �T�Q�S�J�O�H �B�O�E �Q�B�T�T�J�W�F�M�Z �T�U�B�C�J�M�J�[�F�E �U�S�V�O�L�� �.�P�S�F �S�F�D�F�O�U�M�Z�
 �4�I�F�N�F�S �B�O�E

�%�F�H�B�O�J �<�������> �J�O�W�F�T�U�J�H�B�U�F�E �E�F�B�E�C�F�B�U �I�P�Q�Q�J�O�H �Q�P�M�J�D�J�F�T �G�P�S �B �T�J�N�J�M�B�S �N�P�O�P�Q�P�E

�S�P�C�P�U �X�J�U�I �B �H�Z�S�P�T�D�P�Q�J�D�B�M�M�Z �T�U�B�C�J�M�J�[�F�E �U�S�V�O�L �J�O �B �M�P�X �H�S�B�W�J�U�Z �F�O�W�J�S�P�O�N�F�O�U��

�5�I�F�Z �V�T�F�E �B�O �B�O�B�M�Z�U�J�D�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F �4�.�. �U�P �D�P�N�Q�B�S�F �U�I�F �F�µ�F�D�U

�P�G �D�P�O�T�U�B�O�U �E�F�B�E�C�F�B�U �J�N�Q�B�D�U �B�O�H�M�F�T �U�P �T�X�J�O�H �M�F�H �S�F�U�S�B�D�U�J�P�O �Q�P�M�J�D�J�F�T�� �'�J�O�B�M�M�Z�


�6�Z�B�O�ñ�L �B�O�E �D�P�M�M�F�B�H�V�F�T �<�������> �R�V�B�O�U�J�¶�F�E �U�I�F �Q�S�F�E�J�D�U�J�W�F �Q�F�S�G�P�S�N�B�O�D�F �P�G �B�O�B��

�M�Z�U�J�D�B�M �B�Q�Q�S�P�Y�J�N�B�U�J�P�O�T �P�G �U�I�F �4�.�. �J�O �B�D�I�J�F�W�J�O�H �E�F�B�E�C�F�B�U �C�F�I�B�W�J�P�S �V�T�J�O�H �B

�N�P�O�P�Q�F�E�B�M �T�Q�S�J�O�H �M�F�H �X�J�U�I �O�P �B�U�U�B�D�I�F�E �U�S�V�O�L�� �"�M�M �U�I�F�T�F �T�U�V�E�J�F�T �I�B�W�F �J�O �D�P�N��

�N�P�O �U�I�B�U �U�I�F�Z �X�F�S�F �Q�F�S�G�P�S�N�F�E �X�J�U�I �T�N�B�M�M �B�O�E �T�Q�F�D�J�B�M�J�[�F�E �P�O�F���M�F�H�H�F�E �Q�M�B�U��

�G�P�S�N�T�
 �D�I�B�S�B�D�U�F�S�J�[�F�E �C�Z �Q�S�J�T�N�B�U�J�D �M�F�H�T�
 �Q�B�T�T�J�W�F�M�Z �T�U�B�C�J�M�J�[�F�E �U�S�V�O�L �N�P�U�J�P�O �J�O

�T�U�B�O�D�F�
 �B�O�E �F�Y�U�F�S�O�B�M �T�F�O�T�P�S �N�F�B�T�V�S�F�N�F�O�U�T�� �*�O �D�P�O�U�S�B�T�U�
 �X�F �B�S�F �J�O�U�F�S�F�T�U�F�E �J�O

�V�O�E�F�S�T�U�B�O�E�J�O�H �J�G �U�I�F �4�.�. �M�F�H �Q�M�B�D�F�N�F�O�U �U�I�F�P�S�J�F�T �D�B�O �C�F �U�S�B�O�T�G�F�S�S�F�E �U�P �N�P�S�F

�I�V�N�B�O�P�J�E �S�P�C�P�U�T �B�O�E �B�U�U�F�N�Q�U �U�I�F �U�S�B�O�T�G�F�S �P�O �"�5�3�*�"�4�
 �B �C�J�Q�F�E�B�M �N�B�D�I�J�O�F �P�G

�I�V�N�B�O �T�D�B�M�F �B�O�E �X�F�J�H�I�U �X�J�U�I �B�O �B�D�U�J�W�F�M�Z �D�P�O�U�S�P�M�M�F�E �U�S�V�O�L �B�O�E �X�J�U�I�P�V�U �F�Y�U�F�S��

�O�B�M �T�F�O�T�J�O�H �	�'�J�H�� �������
��



�$�I�B�Q�U�F�S ���� �%�F�B�E�C�F�B�U �4�Q�S�J�O�H �.�B�T�T �.�P�E�F�M �3�V�O�O�J�O�H �P�O �"�5�3�*�"�4 ����

�'�P�S �U�I�F �U�S�B�O�T�G�F�S�
 �X�F �G�P�D�V�T �P�O �S�F�O�E�F�S�J�O�H �U�I�F �C�F�T�U �Q�P�T�T�J�C�M�F �C�F�I�B�W�J�P�S �N�B�U�D�I

�C�F�U�X�F�F�O �U�I�F �4�.�. �B�O�E �"�5�3�*�"�4�� �5�P �B�D�I�J�F�W�F �U�I�J�T �H�P�B�M�
 �X�F �V�T�F �B �N�P�E�F�M���C�B�T�F�E

�G�P�S�D�F �D�P�O�U�S�P�M �B�Q�Q�S�P�B�D�I �E�V�S�J�O�H �U�I�F �T�U�B�O�D�F �Q�I�B�T�F �P�G �S�V�O�O�J�O�H�� �$�P�O�U�S�P�M�M�F�S�T �P�G

�U�I�J�T �U�Z�Q�F �I�B�W�F �C�F�F�O �J�N�Q�M�F�N�F�O�U�F�E �T�V�D�D�F�T�T�G�V�M�M�Z �P�O �M�F�H�H�F�E �S�P�C�P�U�T �G�P�S �U�S�B�D�L��

�J�O�H �E�F�T�J�S�F�E �G�P�S�D�F�T �E�V�S�J�O�H �M�P�D�P�N�P�U�J�P�O �<�����
 �����
 �����>�� �$�P�N�C�J�O�F�E �X�J�U�I �U�S�B�D�L�J�O�H

�U�I�F �E�F�B�E�C�F�B�U �G�P�P�U �Q�M�B�D�F�N�F�O�U�T �P�G �U�I�F �4�.�. �J�O �·�J�H�I�U�
 �"�5�3�*�"�4 �T�I�P�V�M�E �N�B�U�D�I

�U�I�F �C�F�I�B�W�J�P�S �B�O�E �S�P�C�V�T�U�O�F�T�T �P�C�T�F�S�W�F�E �J�O �U�I�F �T�J�N�Q�M�J�¶�F�E �N�P�E�F�M�� �)�P�X�F�W�F�S�
 �X�F

�F�Y�Q�F�D�U �E�F�W�J�B�U�J�P�O�T �G�S�P�N �U�I�J�T �J�E�F�B�M �C�F�I�B�W�J�P�S �E�V�F �U�P �U�I�F �S�F�B�M �X�P�S�M�E �D�I�B�M�M�F�O�H�F�T

�G�B�D�F�E �C�Z �U�I�F �N�B�D�I�J�O�F�� �8�F �Q�F�S�G�P�S�N �Q�M�B�O�B�S �S�V�O�O�J�O�H �F�Y�Q�F�S�J�N�F�O�U�T �U�P �R�V�B�O�U�J�G�Z

�U�I�F�T�F �E�F�W�J�B�U�J�P�O�T�
 �B�O�E �U�I�V�T�
 �U�I�F �V�U�J�M�J�U�Z �P�G �U�I�F �4�.�. �U�I�F�P�S�J�F�T �G�P�S �N�P�S�F �D�P�N�Q�M�F�Y

�S�P�C�P�U�T��

�5�I�F �S�F�N�B�J�O�E�F�S �P�G �U�I�J�T �T�F�D�U�J�P�O �J�T �P�S�H�B�O�J�[�F�E �J�O �G�P�V�S �Q�B�S�U�T�� �8�F �¶�S�T�U �Q�S�P�W�J�E�F

�B �H�F�O�F�S�B�M �P�W�F�S�W�J�F�X �P�G �P�V�S �D�P�O�U�S�P�M �B�Q�Q�S�P�B�D�I �J�O �T�F�D�U�J�P�O ������ �C�F�G�P�S�F �E�F�U�B�J�M�J�O�H �J�U�T

�J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�O �"�5�3�*�"�4 �J�O �T�F�D�U�J�P�O �������� �8�F �U�I�F�O �Q�S�F�T�F�O�U �U�I�F �S�F�T�V�M�U�T �P�G

�U�I�F �S�V�O�O�J�O�H �F�Y�Q�F�S�J�N�F�O�U�T �J�O �T�F�D�U�J�P�O �������
 �X�I�J�D�I �T�I�P�X �U�I�B�U �U�I�F �S�F�T�V�M�U�J�O�H �D�P�O��

�U�S�P�M�M�F�S �B�D�I�J�F�W�F�T �W�F�M�P�D�J�U�Z �U�S�B�D�L�J�O�H �U�I�B�U �J�T �D�P�O�T�J�T�U�F�O�U �X�J�U�I �E�F�B�E�C�F�B�U �C�F�I�B�W�J�P�S �P�G

�U�I�F �V�O�E�F�S�M�Z�J�O�H �N�P�E�F�M �G�P�S �W�F�M�P�D�J�U�Z �D�I�B�O�H�F�T �P�G� �� :�� �N � �T� ���� �'�P�S �M�B�S�H�F�S �W�F�M�P�D�J�U�Z

�D�I�B�O�H�F�T �B�O�E �H�S�P�V�O�E �I�F�J�H�I�U �E�J�T�U�V�S�C�B�O�D�F�T �V�Q �U�P� ���� �D�N�
 �U�I�F �D�P�O�U�S�P�M�M�F�S �Q�F�S�G�P�S��

�N�B�O�D�F �E�F�H�S�B�E�F�T�
 �B�M�U�I�P�V�H�I �U�I�F �S�P�C�P�U �N�B�J�O�U�B�J�O�T �S�V�O�O�J�O�H�� �8�F �E�J�T�D�V�T�T �U�I�F �S�F�B��

�T�P�O�T �G�P�S �U�I�J�T �E�F�H�S�B�E�B�U�J�P�O �B�O�E �I�J�H�I�M�J�H�I�U �J�O �T�F�D�U�J�P�O ������ �E�J�S�F�D�U�J�P�O�T �U�P �J�N�Q�S�P�W�F

�P�O �U�I�F�T�F �J�O�J�U�J�B�M �S�F�T�V�M�U�T �B�C�P�V�U �4�.�.���C�B�T�F�E �D�P�O�U�S�P�M �G�P�S �H�F�O�F�S�B�U�J�O�H �S�P�C�V�T�U �B�O�E

�W�F�S�T�B�U�J�M�F �C�F�I�B�W�J�P�S �J�O �S�V�O�O�J�O�H �S�P�C�P�U�T��

������ �$�P�O�U�S�P�M �"�Q�Q�S�P�B�D�I

�5�I�F �4�.�. �D�P�O�T�J�T�U�T �P�G �B �Q�P�J�O�U �N�B�T�Tm �S�F�C�P�V�O�E�J�O�H �P�O �B �N�B�T�T�M�F�T�T �T�Q�S�J�O�H �M�F�H �P�G

�T�U�J�µ�O�F�T�Tk �B�O�E �S�F�T�U �M�F�O�H�U�Il0�� �5�I�J�T �T�Z�T�U�F�N �C�F�I�B�W�F�T �B�T �B �Q�V�S�F�M�Z �C�B�M�M�J�T�U�J�D �Q�S�P�K�F�D��



�$�I�B�Q�U�F�S ���� �%�F�B�E�C�F�B�U �4�Q�S�J�O�H �.�B�T�T �.�P�E�F�M �3�V�O�O�J�O�H �P�O �"�5�3�*�"�4 ����

�U�J�M�F �E�V�S�J�O�H �·�J�H�I�U �B�O�E �B�T �B �T�Q�S�J�O�H���M�P�B�E�F�E �J�O�W�F�S�U�F�E �Q�F�O�E�V�M�V�N �E�V�S�J�O�H �T�U�B�O�D�F

�X�J�U�I

m•x = k
h
l0 (x2 + z2)� 1/2 � 1

i
x�


m•z = k
h
l0 (x2 + z2)� 1/2 � 1

i
z � mg�


�	�������


�X�I�F�S�F(x; z) �B�S�F �U�I�F �D�P�P�S�E�J�O�B�U�F�T �P�G �U�I�F �Q�P�J�O�U �N�B�T�T �J�O �U�I�F �I�P�S�J�[�P�O�U�B�M �B�O�E �W�F�S�U�J��

�D�B�M �E�J�N�F�O�T�J�P�O�T�� �5�I�F �N�P�E�F�M �E�P�F�T �O�P�U �D�P�O�T�J�E�F�S �T�M�J�E�J�O�H �E�V�S�J�O�H �T�U�B�O�D�F�� �4�U�B�O�D�F

�P�D�D�V�S�T �X�I�F�O �U�I�F �G�P�P�U �Q�P�J�O�U �T�U�S�J�L�F�T �U�I�F �H�S�P�V�O�E �B�O�E �·�J�H�I�U �S�F�T�V�N�F�T �P�O�D�F �U�I�F

�M�F�H �M�F�O�H�U�I �S�F�B�D�I�F�Tl0 �E�V�S�J�O�H �S�F�C�P�V�O�E�� �5�I�F �N�P�E�F�M�Š�T �U�S�B�K�F�D�U�P�S�Z �J�O �·�J�H�I�U �J�T �G�V�M�M�Z

�E�F�U�F�S�N�J�O�F�E �C�Z �U�I�F �I�P�S�J�[�P�O�U�B�M �T�Q�F�F�E_x �B�O�E �U�I�F �T�Z�T�U�F�N �F�O�F�S�H�ZEs�
 �X�I�J�D�I �J�T �B

�D�P�O�T�U�B�O�U �Q�B�S�B�N�F�U�F�S �P�G �U�I�F �N�P�E�F�M�� �(�J�W�F�O �U�I�F �T�Q�F�F�E �J�O �P�O�F �·�J�H�I�U �Q�I�B�T�F�
 �U�I�F

�N�P�E�F�M �C�F�I�B�W�J�P�S �J�O �U�I�F �F�O�T�V�J�O�H �T�U�B�O�D�F �B�O�E �·�J�H�I�U �Q�I�B�T�F�T �J�T �D�P�O�U�S�P�M�M�F�E �C�Z �U�I�F

�M�F�H �B�O�H�M�F� �5�% �B�U �U�P�V�D�I�E�P�X�O �<�������>�� �5�I�J�T �J�O�·�V�F�O�D�F �P�G �U�I�F �M�B�O�E�J�O�H �B�O�H�M�F �P�O �U�I�F

�N�P�E�F�M �C�F�I�B�W�J�P�S �D�B�O �C�F �D�B�Q�U�V�S�F�E �X�J�U�I �U�I�F �B�Q�F�Y �S�F�U�V�S�O �N�B�Q�
_xi+1 = f ( _xi; � �5�%;i)�


�X�I�J�D�I �S�F�M�B�U�F�T �U�I�F �T�U�B�U�F �P�G �U�I�F �N�P�E�F�M �C�F�U�X�F�F�O �U�I�F �B�Q�F�Y�F�T �P�G �U�X�P �T�V�C�T�F�R�V�F�O�U

�·�J�H�I�U �Q�I�B�T�F�T �	i �B�O�Ei+1�
�� �*�O�W�F�S�U�J�O�H �U�I�J�T �G�V�O�D�U�J�P�O �Z�J�F�M�E�T �B �E�F�B�E�C�F�B�U �U�P�V�D�I�E�P�X�O

�B�O�H�M�F �U�I�B�U �U�B�L�F�T �U�I�F �T�Z�T�U�F�N �G�S�P�N �U�I�F �D�V�S�S�F�O�U �G�P�S�X�B�S�E �W�F�M�P�D�J�U�Z_xi �U�P �B �E�F�T�J�S�F�E

�G�P�S�X�B�S�E �W�F�M�P�D�J�U�Z_xi+1 = _x�
a �J�O �B �T�J�O�H�M�F �T�U�F�Q�


� �
�5�%;i = f � 1( _xi; _x�

a)�� �	�������


�%�F�B�E�C�F�B�U �D�P�O�U�S�P�M�M�F�S�T �C�B�T�F�E �P�O �U�I�J�T �U�I�F�P�S�Z �I�B�W�F �C�F�F�O �J�E�F�O�U�J�¶�F�E �U�I�B�U �Q�S�P�W�J�E�F

�S�P�C�V�T�U�O�F�T�T �U�P �V�O�P�C�T�F�S�W�F�E �S�P�V�H�I �U�F�S�S�B�J�O �G�P�S �U�I�F �4�.�. �J�O �T�J�N�V�M�B�U�J�P�O �<�����
 �������


�������>��

�0�V�S �U�B�S�H�F�U �Q�M�B�U�G�P�S�N �G�P�S �U�S�B�O�T�M�B�U�J�O�H �U�I�J�T �U�I�F�P�S�Z �J�T �$�.�6�Š�T �"�5�3�*�"�4 �	�'�J�H�� �������
�


�P�O�F �P�G �U�I�S�F�F �J�E�F�O�U�J�D�B�M �D�P�Q�J�F�T �P�G �B �I�V�N�B�O���T�J�[�F�E �C�J�Q�F�E�B�M �S�P�C�P�U �E�F�W�F�M�P�Q�F�E �C�Z

�U�I�F �%�Z�O�B�N�J�D �3�P�C�P�U�J�D�T �-�B�C�P�S�B�U�P�S�Z �B�U �0�S�F�H�P�O �4�U�B�U�F �6�O�J�W�F�S�T�J�U�Z �<�����>�� �5�I�F �D�F�O��

�U�S�P�J�E�B�M �E�Z�O�B�N�J�D�T �P�G �"�5�3�*�"�4 �I�B�T �J�O�F�S�U�J�B�M �Q�S�P�Q�F�S�U�J�F�T �T�J�N�J�M�B�S �U�P �U�I�B�U �P�G �I�V�N�B�O



�$�I�B�Q�U�F�S ���� �%�F�B�E�C�F�B�U �4�Q�S�J�O�H �.�B�T�T �.�P�E�F�M �3�V�O�O�J�O�H �P�O �"�5�3�*�"�4 ����

�M�P�D�P�N�P�U�J�P�O�� �5�I�F �S�P�C�P�U �X�F�J�H�I�T �B�C�P�V�U ���� �L�H �X�J�U�I �J�U�T �N�B�T�T �D�P�O�D�F�O�U�S�B�U�F�E �J�O

�U�I�F �U�S�V�O�L�
 ��:���� �N �B�C�P�W�F �U�I�F �Q�F�M�W�J�T�� �5�I�F �U�S�V�O�L�Š�T �S�P�U�B�U�J�P�O�B�M �J�O�F�S�U�J�B �J�T �B�C�P�V�U

�� :�� �L�H� �N �� �� �&�B�D�I �M�F�H �P�G �U�I�J�T �C�J�Q�F�E�B�M �S�P�C�P�U �J�T �D�P�O�T�U�S�V�D�U�F�E �G�S�P�N �G�P�V�S �M�J�H�I�U�X�F�J�H�I�U

�D�B�S�C�P�O �¶�C�F�S �T�F�H�N�F�O�U�T�� �5�I�F �Q�S�P�Y�J�N�B�M �T�F�H�N�F�O�U�T �B�S�F �E�S�J�W�F�O �J�O �U�I�F �T�B�H�J�U�U�B�M

�Q�M�B�O�F �C�Z �T�F�S�J�F�T �F�M�B�T�U�J�D �B�D�U�V�B�U�P�S�T �	�4�&�"�
 �D�P�N�Q�P�T�F�E �P�G �B �¶�C�F�S�H�M�B�T�T �M�F�B�G �T�Q�S�J�O�H

�B�O�E �B �H�F�B�S�F�E �F�M�F�D�U�S�J�D �%�$ �N�P�U�P�S�� �5�I�F �S�F�·�F�D�U�F�E �J�O�F�S�U�J�B �P�G �U�I�F�T�F �I�J�Q���B�O�D�I�P�S�F�E

�N�P�U�P�S�T �J�T �B�C�P�V�U ��:���� �L�H� �N �� �B�Ò�F�S �H�F�B�S�J�O�H�� �8�J�U�I �B �Q�P�X�F�S �T�V�Q�Q�M�Z �T�U�B�C�J�M�J�[�F�E

�C�Z �B ��:���� �' �F�M�F�D�U�S�P�M�Z�U�J�D �D�B�Q�B�D�J�U�P�S�
 �U�I�F�T�F �N�P�U�P�S�T �D�B�O �E�S�B�X �Q�F�B�L �D�V�S�S�F�O�U�T �P�G

������ �" �F�B�D�I�
 �X�I�J�D�I �U�S�B�O�T�M�B�U�F�T �J�O�U�P �Q�F�B�L �U�P�S�R�V�F�T �P�G �B�C�P�V�U ������ �/� �N �Q�F�S �B�D�U�V�B��

�U�P�S �B�U �U�I�F �K�P�J�O�U �M�F�W�F�M�� �*�O �B�E�E�J�U�J�P�O�
 �G�S�P�O�U�B�M �Q�M�B�O�F �B�C�E�V�D�U�J�P�O �B�O�E �B�E�E�V�D�U�J�P�O �P�G

�F�B�D�I �I�J�Q �J�T �Q�S�P�W�J�E�F�E �C�Z �B �U�I�J�S�E �%�$ �N�P�U�P�S �N�P�V�O�U�F�E �P�O �U�I�F �U�S�V�O�L�� �"�M�U�I�P�V�H�I

�"�5�3�*�"�4 �J�T �D�B�Q�B�C�M�F �P�G �V�O�U�F�U�I�F�S�F�E �����% �M�P�D�P�N�P�U�J�P�O�
 �U�I�J�T �Q�B�Q�F�S �G�P�D�V�T�F�T �P�O �Q�M�B��

�O�B�S �D�P�O�U�S�P�M �U�I�F�P�S�Z �P�G �U�I�F �4�.�.�� �I�F�O�D�F�
 �U�I�F �U�S�V�O�L �J�T �B�U�U�B�D�I�F�E �U�P �B �C�P�P�N �C�V�U �J�T

�G�S�F�F �U�P �Q�J�U�D�I �J�O �U�I�F �T�B�H�J�U�U�B�M �Q�M�B�O�F�� �5�I�F �C�P�P�N �D�P�O�T�U�S�B�J�O�T �U�I�F �S�P�C�P�U �U�P �N�P�W�F �J�O

�B �T�Q�I�F�S�F �B�O�E �I�B�T �O�F�H�M�J�H�J�C�M�F �N�B�T�T �B�O�E �J�O�F�S�U�J�B�� �5�I�F �C�P�P�N �Q�J�W�P�U �Q�P�J�O�U �N�P�W�F�T

�G�S�F�F�M�Z �X�J�U�I �U�I�F �S�P�C�P�U�
 �B�O�E �U�I�V�T �E�P�F�T �O�P�U �U�S�B�O�T�N�J�U �B�O�Z �T�J�H�O�J�¶�D�B�O�U �G�P�S�D�F�T �J�O �U�I�F

�T�B�H�J�U�U�B�M �Q�M�B�O�F �U�I�B�U �D�P�V�M�E �T�U�B�C�J�M�J�[�F �U�I�F �U�S�V�O�L�Š�T �Q�J�U�D�I��

���������� �*�N�Q�M�J�D�J�U �S�F�H�V�M�B�U�J�P�O �P�G �T�Z�T�U�F�N �F�O�F�S�H�Z

�5�X�P �Q�P�J�O�U�T �D�P�N�Q�M�J�D�B�U�F �U�I�F �U�S�B�O�T�G�F�S �P�G �D�P�O�U�S�P�M �U�I�F�P�S�J�F�T �E�F�W�F�M�P�Q�F�E �G�P�S �U�I�F

�4�.�. �P�O�U�P �M�F�H�H�F�E �S�P�C�P�U�T �T�V�D�I �B�T �"�5�3�*�"�4�� �5�I�F �¶�S�T�U �Q�P�J�O�U �J�T �U�I�B�U �U�I�F �T�Z�T�U�F�N

�F�O�F�S�H�Z �J�T �D�P�O�T�U�B�O�U �J�O �U�I�F �N�P�E�F�M �C�V�U �X�J�M�M �D�I�B�O�H�F �J�O �B �S�P�C�P�U �E�V�F �U�P �U�I�F �E�F�T�J�S�F

�U�P �B�D�D�F�M�F�S�B�U�F �B�O�E �C�S�B�L�F �B�T �X�F�M�M �B�T �J�O�U�F�S�O�B�M �G�S�J�D�U�J�P�O�� �0�O�F �X�B�Z �P�G �D�I�B�O�H�J�O�H �F�O��

�F�S�H�Z �J�O �U�I�F �4�.�. �J�T �U�P �J�O�U�S�P�E�V�D�F �B�O�P�U�I�F�S �D�P�O�U�S�P�M �J�O�Q�V�U�
 �T�V�D�I �B�T �B �W�B�S�J�B�C�M�F �M�F�H

�T�U�J�µ�O�F�T�T �E�V�S�J�O�H �T�U�B�O�D�F �<�������>�� �)�P�X�F�W�F�S�
 �X�F �B�E�P�Q�U �B �E�J�µ�F�S�F�O�U �B�Q�Q�S�P�B�D�I�� �8�F

�B�Q�Q�S�P�Y�J�N�B�U�F �U�I�F �4�.�. �E�Z�O�B�N�J�D�T �	�������
 �B�S�P�V�O�E �U�I�F �W�F�S�U�J�D�B�M �Q�P�T�F(x; z) = (0 ; z�
0)
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�X�J�U�Iz�
0 < l0 �C�Z

m•x = k(z�
0 � z)

x
z
�
 �	�������


m•z = k (z�
0 � z) � mg�� �	�������


�5�I�J�T �B�Q�Q�S�P�Y�J�N�B�U�F �4�.�. �J�T �T�J�N�J�M�B�S �U�P �U�I�F �P�O�F �V�T�F�E �J�O �<�����>�� �J�U �I�B�T �E�F�D�P�V�Q�M�F�E

�W�F�S�U�J�D�B�M �E�Z�O�B�N�J�D�T�
 �X�I�J�D�I �F�O�B�C�M�F�T �J�O�E�F�Q�F�O�E�F�O�U �D�P�O�U�S�P�M �P�G �B�Q�F�Y �I�F�J�H�I�U �B�O�E

�I�P�S�J�[�P�O�U�B�M �T�Q�F�F�E �B�D�I�J�F�W�F�E �E�V�S�J�O�H �·�J�H�I�U�
 �J�N�Q�M�J�D�J�U�M�Z �S�F�H�V�M�B�U�J�O�H �T�Z�T�U�F�N �F�O�F�S�H�Z

�X�J�U�I �N�P�S�F �O�B�U�V�S�B�M �H�B�J�U �W�B�S�J�B�C�M�F�T�� �4�Q�F�D�J�¶�D�B�M�M�Z�
 �X�F �V�T�F �	�������
 �U�P �Q�S�F�T�D�S�J�C�F �B �E�F��

�T�J�S�F�E �W�F�S�U�J�D�B�M �N�P�U�J�P�Oz� (t) �G�P�S �"�5�3�*�"�4 �X�J�U�I �B�Q�F�Y �I�F�J�H�I�Uz�
a �B�O�E �M�B�O�E�J�O�H �B�O�E

�U�B�L�F�P�µ �I�F�J�H�I�Uz�
0 �	�'�J�H�� �������
�� �(�J�W�F�O �U�I�J�T �S�F�G�F�S�F�O�D�F�
 �X�F �D�P�N�Q�V�U�F �U�I�F �D�P�S�S�F�T�Q�P�O�E��

�J�O�H �S�F�U�V�S�O �N�B�Q �P�G �U�I�F �I�P�S�J�[�P�O�U�B�M �N�P�U�J�P�O �G�S�P�N �	�������
�� �5�I�V�T�
 �U�I�F �V�Q�E�B�U�F�E �E�F�B�E��

�C�F�B�U �D�P�O�U�S�P�M �M�B�X �G�P�S �M�F�H �Q�M�B�D�F�N�F�O�U �J�O �·�J�H�I�U �C�F�D�P�N�F�T

� �
�5�%;i = f � 1

�B�Q�Q�S�P�Y( _xi; _x�
a; z

� (t)) �
 �	�������


�X�I�J�D�I �S�F�H�V�M�B�U�F�T �S�V�O�O�J�O�H �T�Q�F�F�E �P�O �"�5�3�*�"�4��

�#�F�T�J�E�F�T �J�N�Q�M�J�D�J�U �S�F�H�V�M�B�U�J�P�O �P�G �T�Z�T�U�F�N �F�O�F�S�H�Z�
 �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �P�G �U�I�F

�4�.�. �X�J�U�I �	�������
 �B�O�E �	�������
 �B�M�M�P�X�T �V�T �U�P �F�B�T�J�M�Z �H�F�O�F�S�B�M�J�[�F �U�I�J�T �N�P�E�F�M �G�S�P�N �B

�Q�P�J�O�U �N�B�T�T �U�P �B �S�J�H�J�E �C�P�E�Z�
 �X�I�J�D�I �X�F �B�E�E�S�F�T�T �J�O �U�I�F �O�F�Y�U �T�F�D�U�J�P�O��

���������� �&�Y�Q�M�J�D�J�U �T�U�B�C�J�M�J�[�B�U�J�P�O �P�G �U�S�V�O�L �P�S�J�F�O�U�B�U�J�P�O

�" �T�F�D�P�O�E �Q�P�J�O�U �D�P�N�Q�M�J�D�B�U�J�O�H �U�I�F �U�S�B�O�T�G�F�S �P�G �4�.�. �U�I�F�P�S�J�F�T �P�O �U�P �C�J�Q�F�E�B�M

�S�P�C�P�U�T �J�T �U�I�B�U �U�I�F�Z �S�F�R�V�J�S�F �T�U�B�C�J�M�J�[�B�U�J�P�O �P�G �U�S�V�O�L �P�S�J�F�O�U�B�U�J�P�O�
 �X�I�J�D�I �J�T �J�H�O�P�S�F�E

�J�O �U�I�F �4�.�.�� �5�I�J�T �J�T �B �D�P�N�N�P�O �Q�S�P�C�M�F�N �J�O �I�V�N�B�O�P�J�E �X�B�M�L�J�O�H �D�P�O�U�S�P�M �C�B�T�F�E

�P�O �U�I�F �M�J�O�F�B�S �J�O�W�F�S�U�F�E �Q�F�O�E�V�M�V�N �N�P�E�F�M�� �*�U �J�T �P�Ò�F�O �T�P�M�W�F�E �V�T�J�O�H �B �O�P�O�M�J�O�F�B�S

�R�V�B�E�S�B�U�J�D �Q�S�P�H�S�B�N �G�P�S �B �G�V�M�M �P�S�E�F�S �E�Z�O�B�N�J�D�T �N�P�E�F�M �P�G �U�I�F �S�P�C�P�U �<�����
 �����
 �����>��
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�� tT D = 78 tTO = 369 ������

��������

z�
0 = 1 :09

z�
a = 1 :12

�·�J�H�I�U �T�U�B�O�D�F �·�J�H�I�U

�U�J�N�F �	�N�T�


�W
�F

�S
�U

�J
�D

�B
�M

�Q
�P

�T
�J

�U
�J

�P
�O

�	�
N

�


�'�J�H�V�S�F �������� �1�S�F�T�D�S�J�C�F�E �W�F�S�U�J�D�B�M �N�P�U�J�P�Oz� (t) �C�F�U�X�F�F�O �U�X�P �B�Q�F�Y�F�T�� �5�I�F �N�P��
�U�J�P�O �J�T �E�F�S�J�W�F�E �G�S�P�N �	�������
 �B�T�T�V�N�J�O�Hm = ���� �L�H �B�O�Ek = ���� �L�/ � �N � �� �	�E�F�U�B�J�M�T �P�O
�U�I�F �D�I�P�J�D�F �P�Gk �Q�S�P�W�J�E�F�E �J�O �4�F�D�� �����������
�� �5�I�F �N�P�U�J�P�O �J�T �V�T�F�E �C�Z �U�I�F �"�5�3�*�"�4
�D�P�O�U�S�P�M�M�F�S �B�T �B �U�B�S�H�F�U �C�F�I�B�W�J�P�S �B�O�E �S�F���J�O�J�U�J�B�U�F�E �J�O �F�W�F�S�Z �·�J�H�I�U �Q�I�B�T�F��

�5�I�J�T �P�Q�U�J�N�J�[�B�U�J�P�O �C�B�M�B�O�D�F�T �E�J�µ�F�S�F�O�U �H�P�B�M�T�
 �T�V�D�I �B�T �U�I�F �D�F�O�U�F�S �P�G �N�B�T�T �	�$�P�.�


�C�F�I�B�W�J�P�S�
 �U�S�V�O�L �P�S�J�F�O�U�B�U�J�P�O�
 �B�O�E �P�U�I�F�S �D�P�O�T�U�S�B�J�O�U�T �P�O �U�I�F �S�P�C�P�U �N�P�U�J�P�O�� �%�V�F

�U�P �D�P�N�Q�V�U�B�U�J�P�O�B�M �D�P�T�U�T�
 �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �U�Z�Q�J�D�B�M�M�Z �B�Q�Q�M�J�F�T �U�P �P�O�M�Z �U�I�F �D�V�S�S�F�O�U

�U�J�N�F �T�U�F�Q �X�J�U�I�P�V�U �U�B�L�J�O�H �B�E�W�B�O�U�B�H�F �P�G �G�V�U�V�S�F �E�Z�O�B�N�J�D�T�� �*�O �D�P�O�U�S�B�T�U �U�P �U�I�J�T

�B�Q�Q�S�P�B�D�I�
 �X�F �J�O�U�S�P�E�V�D�F �B�O �J�O�U�F�S�N�F�E�J�B�U�F �N�P�E�F�M �P�G �S�F�E�V�D�F�E �P�S�E�F�S �	�'�J�H�� �������C�


�U�I�B�U �B�M�M�P�X�T �V�T �U�P �D�P�O�T�J�E�F�S �U�I�F �G�V�U�V�S�F �E�Z�O�B�N�J�D�T �P�G �B �·�P�B�U�J�O�H �S�J�H�J�E �C�P�E�Z �X�J�U�I

�P�S�J�F�O�U�B�U�J�P�O� �
 �J�O�F�S�U�J�BI �
 �B�O�E �E�Z�O�B�N�J�D�T

m•x = Fx;

m•z = Fz � mg;

I •� = � zFx + xFz;

�	�������


�V�T�J�O�H �¶�O�J�U�F���I�P�S�J�[�P�O �M�J�O�F�B�S �R�V�B�E�S�B�U�J�D �S�F�H�V�M�B�U�J�P�O �	�-�2�3�
�
 �B�T �E�F�U�B�J�M�F�E �J�O �T�F�D��

�U�J�P�O ������������ �)�F�S�FFx �B�O�EFz �B�S�F �U�I�F �H�S�P�V�O�E �S�F�B�D�U�J�P�O �G�P�S�D�F�T �P�G �U�I�F �B�Q�Q�S�P�Y�J�N�B�U�F

�4�.�. �N�P�E�F�M �N�P�E�J�¶�F�E �C�Z �B �T�U�B�C�J�M�J�[�J�O�H �D�P�O�U�S�P�M �G�P�S �U�I�F �U�S�V�O�L �P�S�J�F�O�U�B�U�J�P�O �	�E�F��
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�U�B�J�M�F�E �J�O �T�F�D�U�J�P�O ���������� �C�F�M�P�X�
 �F�R�V�B�U�J�P�O �������
�� �8�F �B�T�T�V�N�F �U�I�B�U �U�I�F �D�F�O�U�S�B�M�J�[�F�E

�J�O�F�S�U�J�BI �P�O �"�5�3�*�"�4 �J�T �D�P�O�T�U�B�O�U�
 �S�B�U�I�F�S �U�I�B�O �D�P�O�¶�H�V�S�B�U�J�P�O���E�F�Q�F�O�E�F�O�U�
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