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Abstract

Many modern control methods, such as model-predictive control, rely heavily on solving optimiza-
tion problems in real time. In particular, the ability to efficiently solve optimal control problems
has enabled many of the recent breakthroughs in achieving highly dynamic behaviors for complex
robotic systems. The high computational requirements of these algorithms demand novel algorithms
tailor-suited to meeting the tight requirements on runtime performance, memory usage, reliability,
and flexibility. This thesis introduces a state-of-the-art algorithm for trajectory optimization that
leverages the problem structure while being applicable across a wide variety of problem requirements,
including those involving conic constraints and non-Euclidean state vectors such as 3D rotations.
Additionally, algorithms for exposing parallelization in both the temporal and spatial domains are
proposed. While optimal control algorithms—such as those developed in this thesis—work well for
many systems, their performance is generally limited by the provided analytical model. To address
this limitation, this thesis also proposes a sample-efficient method for updating controller perfor-
mance through the combination of information from an approximate model with data from the true
system dynamics.
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1 Introduction

1.1 Motivation

Solving optimization problems has become ubiquitous in robotics. Nearly all of the recent break-
throughs in robotics have been enabled by solving optimization problems. Whether these are

optimizing extremely large neural networks for better perception, finding an optimal alignment
when fusing sensor data, calculating the most probable map and location history from sensor data,
or calculating the next command to send to a robot to achieve a pre-specified objective, solving
optimization problems reliably and efficiently has become central to many tasks across all stages of
the autonomy pipeline.

Many simple robots can be controlled effectively with classical control techniques such as proportional-
integral-derivative (PID) control or linear-quadratic regulators (LQR); however, as our robots be-
come increasingly complex and as we demand increasing levels of autonomy, robustness, efficiency,
and performance, the need for more advanced, optimization-based control techniques such as model-
predictive control (MPC) has risen. Online optimization methods such as MPC, where small but
descriptive optimization problems are solved in real time, have enabled many impressive achieve-
ments in recent years across a breadth of applications, including aerospace, legged locomotion,
autonomous driving, and manipulation (see Fig. 1.1).

Trajectory optimization, a subset of the more general field of optimal control, is a powerful and
promising method for controlling complex robotic systems. This general framework allows a user
to specify a possibly-nonlinear cost function encoding objectives such as distance to a goal, energy
consumption, smoothness, or time of arrival. A set of state and control trajectories that minimize
the objective while obeying the nonlinear and generally underactuated system dynamics, in addition
to any other constraints such as joint or torque limits, obstacle avoidance, etc., is returned to the
user and sent to the robot.

Trajectory optimization can be used to generate trajectories for a wide variety of systems, in-
cluding aerial vehicles subject to complex nonlinear aerodynamic forces, legged systems that make
and break contact with their environment, serial-link manipulators that interact physically with
their environment, or spacecraft trajectory design that finds low-cost orbit transfers for trajectories
spanning the course of days or even months. In short, trajectory optimization can generate optimal
motion plans for nearly every robotic system we care about, while taking into account an extremely
wide variety of constraints or control objectives.

However, this generality and expressivity comes at the cost of significant computation. The
resulting nonlinear programs (NLPs) are constrained, non-convex problems where finding the global
minimum is almost always computationally intractable. As a result, most methods rely on finding
local minima using gradient information from the objective and constraints. Solving these problems
reliably and efficiently remains an open problem in the field of optimal control.

As a result, most modern control techniques rely on convex approximations of these problems,
whose global solution can be found reliably and generally in bounded time. The full, nonlinear
problem is often solved offline and used as a reference for online control, sometimes in the form of
a trajectory library. However, these convex approximations often make limiting assumptions about
the problem or the system, limiting performance. The ability to solve the full nonlinear trajectory
optimization problem fast enough to do online replanning or model-predictive control (MPC) has the
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(a) (b) (c) (d)

Figure 1.1: Notable recent successes of optimal control, a) SpaceX rocket booster landing (2018), b)
Boston Dynamics’ Atlas doing parkour (2018), c) MIT Mini Cheetah doing backflips (2019), and d)
Stanford’s MARTY drifing around a racecourse (2019).

potential to open up a new frontier of performance for the next generation of robots. This could mean
increased capabilities and output for scientific exploration robots such as Mars rovers or underwater
robots exploring the depths of our oceans. Or it could lead to increased operational regimes for legged
locomotion, allowing these systems to be incorporated in sectors such as healthcare, surveillance,
last-mile delivery, or inspection, all while increasing operation time and minimizing the need for
human intervention. To open up new frontiers of capabilities, the robots of today and tomorrow
need to have—among many other important capabilities—increased capacities to make decisions,
generate plans, and move efficiently through complex and uncertain environments. The ability to
solve planning and control problems in real time is one step to move us closer towards that lofty
goal.

The goal of this thesis is to develop faster and more reliable algorithms for solving trajectory
optimization problems, and demonstrate the performance gains that can be realized by solving the
full nonlinear trajectory optimization problem in real time.

1.2 Key Challenges

There are many challenges associated with developing state-of-the-art optimization solvers. Simply
finding the right algorithm for the task at hand, one that performs reliably and efficiently, is a
challenging task given the seemingly infinite ways to assemble a good nonlinear optimization solver
[1]. Once a good algorithm has been found, it is then another challenging step to implement it
well enough in software to beat other solvers, since memory management, numerical stability, and
generality all play critical roles, let alone implementing it in such a way that it can be used or
replicated by others. Since this is often a low priority for academics, this makes comparisons against
existing methods a challenge in itself. Even when implemented, getting the algorithm to work on
real hardware instead of in simulation is another nontrivial task.

In short, developing novel optimization algorithms is a challenge, which is why most roboticists
use existing solvers rather than writing their own. However, as demonstrated in this thesis, the per-
formance gains obtained from writing optimization methods developed for a particular application,
leveraging domain insight and problem structure, are almost always worth the effort.

1.3 Contributions

Our contributions are:

1. ALTRO, a state-of-the-art solver for constrained nonlinear trajectory optimization written in
Julia. Released open-source as part of a suite of official packages for setting up and solving
trajectory optimization problems, it offers state-of-the-art performance with a convenient,
user-friendly API and thorough documentation.

2
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2. ALTRO-C, an extension of the original ALTRO algorithm that handles second-order cone
programs and offers state-of-the-art performance for both nonlinear and convex MPC problems
problems. To the authors’ knowledge, it is the first nonlinear trajectory optimization solver to
natively handle conic constraints.

3. A powerful and intuitive method for solving optimization problems with 3D rotations, based
entirely on the approachable fields of matrix calculus and linear algebra.

4. A novel parallel direct linear system solver for the KKT systems that arise when solving
trajectory optimization problems.

5. A scalable method for generating trajectories for teams of quadrotors carrying a single payload.

6. A sample-efficient method for improving MPC controller performance by combining informa-
tion from an approximate prior model with data from the real system.

1.4 Outline

In the following section we provide a survey of trajectory optimization and optimal control, focusing
on the work done in the last 20 years. Part I, comprising Chapters 3-7, focuses on our theoretical
and algorithmic contributions to the field of optimal control. In Chapter 3, we provide an in-
depth derivation of the ALTRO algorithm, along with the benchmarks results obtained in 2018 and
published in [2]. Chapter 4 builds on this work, describing extensions of the ALTRO algorithm to
conic MPC problems, demonstrating state-of-the-art performance on a variety of convex and conic
MPC benchmark problems. Chapter 5 details a powerful and intuitive methodology for solving
optimization problems for systems with 3D rotations, and includes details on adapting the ALTRO
algorithm to natively handle unit quaternions. The following two chapters consider algorithms that
are better-suited to leveraging parallel computation. Chapter 6 proposes a novel method direct linear
system that uses recursive Schur complements to parallelize across the temporal domain. Chapter 7
focuses instead on the spatial domain, considering the the feasibility of applying direct collocation
in maximal coordinates using the Ipopt solver, where parallelization is natural exposed across each
body of a multi-body system.

Part II focuses on applications of the theoretical and algorithmic contributions of Part I to real
systems. Chapter 8 describes a method for generating a motion plan for a team of quadrotors
carrying a single, heavy load using distributed trajectory optimization. Each of the distributed
components use ALTRO to solve the trajectory optimization problem. The method is demonstrated
in hardware. The final chapter, Chapter 9 addresses the case where the nominal dynamics model
is insufficient, and introduces a technique to improve the tracking performance of convex MPC
controllers by combining information from an approximate model with data from the real system.
Preliminary results are provided in high-fidelity simulation environments. Concluding remarks are
given in 10.

1.5 Literature Review

The field of optimal control has a long and rich history, beginning predominantly in the 1950s and
1960s with the advent of space exploration and computers. The progress of the field of optimal
control has naturally been closely linked with progress in the field of optimization and numerical
computation. For an excellent overview of the state of optimal control and trajectory optimization
up to the turn of the century, see Betts’ seminal 1998 survey [3].

Historically, trajectory optimization algorithms have been split into one of two categories: indi-
rect and direct. Indirect methods derive a set of first-order necessary conditions on the continuous-
time problem formulation, employing the well-known Pontryagin’s Minimum (or Maximum) Princi-
ple and the calculus of variations to derive a set of first-order ordinary differential equations (ODEs)
describing a two-point boundary-value problem (BVP). This BVP is then solved using any one of
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a variety of methods. Direct methods, on the other hand, first discretize the problem into a finite
set of time steps, often referred to as “knot points.” This “transcribes” the infinite-dimensional
continuous-time optimal control problem in a finite-dimensional NLP that can be solved using any
of the general methods for NLPs. The classic distinction between these methods is summarized as
follows:

• Indirect methods: “Optimize, then discretize.”

• Direct methods: “Discretize, then optimize.”

Despite being more brittle and requiring analytical derivatives for every problem, indirect meth-
ods were used frequently in the aerospace industry for many years. However, as computers got
faster and the field of nonlinear optimization grew more mature, the runtime performance gap nar-
rowed, and direct methods became the de-facto standard for optimal control, given their improved
robustness, ability to easily handle generic constraints, and the fact that writing general-purpose
solvers that could handle a wide variety of vehicle models and mission scenarios was much more
straightforward [3].

Since the early 2000s, nearly all practitioners in both aerospace and robotics use direct methods,
with a few exceptions [4]. Given that indirect methods are rarely used in practice, we’ll restrict
our attention to the various direct methods for trajectory optimization, with an emphasis on the
work done in the last 20 years. Most modern approaches to trajectory optimization can be placed
in one of two categories: those based on differential dynamic programming (DDP), and those based
on direct transcription. Since DDP-based approaches can be derived as an indirect method, some
practitioners refer to these as indirect methods while referring to those based on direct transcription
as direct methods.

Direct transcription is a broad category of algorithms that discretize the state and input tra-
jectories in time and relate the resulting finite set of states and controls across all time steps as
decision variables in an NLP, with the nonlinear system dynamics imposed as equality constraints.
Direct collocation is by far the most common version of direct transcription, originally introduced
in 1987 by Hargraves and Paris [5]. The most traditional implementation of direct collocation uses
Hermite-Simpson integration, which fits third-order splines on the state and cost trajectories, and
a first-order hold on the controls. Since the dynamics are imposed as constraints between adjacent
time steps, most implemenations of direct collocation use implicit integration methods for the first-
order ODEs describing the system dynamics, since these methods often exhibit improved robustness
and energy conservation behavior over the more traditional explicit Runge-Kutta-style integrators.
Betts’ 2001 book [6] is an excellent overview of these methods in the aerospace community. Another
excellent resource for an introductory overview of direct collocation, especially for the robotics com-
munity, is Matthew Kelly’s tutorial and accompanying MATLAB code [7]. Important recent work
in the field of robotics includes several works that came out of Russ Tedrake’s lab at MIT around
the 2015 DARPA robotics challenge, where they demonstrated 1kHz control on a 34 degree of free-
dom (DOF) humanoid using an active-set method that uses problem-specific heuristics to pick the
active set [8]. This work then grew to include methods for “contact-implicit” trajectory optimiza-
tion, where the optimization algorithm is free to pick the number and timing of contact interactions
with the environment [9]–[12]. Another interesting extension to direct collocation provides improved
tracking performance of the resulting trajectory given bounded uncertainties or disturbances [13].
Along similar lines, Howell et. al combine direct trajectory optimization, deterministic sampling,
and policy optimization to derive a computationally tractable method for generating robust motion
plans [14].

While the traditional methods for direct collocation rely on fitting low-order polynomials between
time steps, more recent methods have investigated the use of fitting global polynomials to the
entire trajectory, referred to as orthogonal, global, or pseudospectral collocation. These methods
exhibit exponential convergence in the order of the polynomial, as long as the underlying problem is
sufficiently smooth. These methods have been successfully applied to aerospace applications, with
the most famous example being zero-propellant orientation slews for the International Space Station
around 2007 [15]. The surveys by Rao [16], [17] give a good overview of these methods. Due to their
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smoothness requirements and more complicated implementation, these methods have received very
little attention in the robotics community.

In contrast to methods based on direct transcription that typically rely on general-purpose NLP
software such as SNOPT [18], Ipopt [19] or the Knitro solver by Artelys, DDP-based methods
solve for a locally-optimal feedback policy by optimizing only over the controls, maintaining strict
dynamic feasibility by simulating the system forward using the locally-optimal feedback policy. DDP
was originally introduced in 1966 [20] but was mostly ignored until the early 2000s when it was picked
back up by the robotics community, deriving the well-known iterative LQR (iLQR) algorithm [21].
Taking a Gauss-Newton approach, iterative LQR avoids the expense of calculating the second-order
derivatives of the dynamics. Similar to most Gauss-Newton algorithms, iLQR tends to take more
iterations but converge in overall less time than DDP. While fast and relatively easy to implement,
the traditional DDP-based versions had no ability to work with additional constraints beyond the
dynamics constraints. Many methods were proposed over the years, including solving QPs at each
time step to handle simple bounds on the inputs [22] or more general nonlinear constraints [23],
projection onto the linearized constraints [24], or augmented Lagrangian methods [25]. A derivative-
free variant based on the unscented Kalman filter from the state estimation community was also
proposed [26]. Most recently, the developers of the Pinocchio dynamics library [27] proposed a
DDP solver that uses augmented Lagrangian methods to handle equality constraints, building off of
previous work covered in this thesis [28].

An important follow-on to constrained DDP that has received some significant attention is
“multiple-shooting DDP,” which breaks up the trajectory into a series of sub-trajectories with conti-
nuity constraints linking them together. Similar to traditional multiple shooting methods, multiple
shooting DDP allows for varying amounts of dynamic infeasibility, and can have better numerical
conditioning. Parallelism is another key benefit, since each sub-trajectory can be processed in par-
allel. Giftthaler et. al. derive a family of such methods and demonstrate superior convergence for
MPC problems [29], but was restricted to only the Gauss-Newton approximation, i.e. iLQR. The ap-
plication of multiple shooting with full DDP to aerospace problems was studied in a recent two-part
paper out of University of Texas, Austin [30], [31]. While both of these leveraged parallelism on a
multi-core CPU, impressive performance gains have recently been demonstrated on other hardware
accelerators, including GPUs and FPGAs [32].

Iterative LQR and its variants have seen wide adoption in the legged locomotion community, in
particular. Real-time whole-body control for the HRP-2 Humanoid was demonstrated using iLQR
in 2015, a major breakthrough for the optimal control community [33]. Since then, several labs
have published papers demonstrating the successful application of variants of iLQR for quadupedal
locomotion [34]–[36].
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2 Background

2.1 Notation

For a function f(x, u), we define fx ≡ ∂f(x, u)/∂x |xk,uk
, fxx ≡ ∂2f(x, u)

/
∂x2 |xk,uk

, and fxu ≡
∂2f(x, u)

/
∂x∂u |xk,uk

. We define a vertical concatenation, (A,B,C) ≡ [ATBTCT ]T . The set of
natural numbers from one to a positive integer p is denoted Np ≡ {1, . . . , p}. Let 0n ∈ Rn be the
zeros vector of length n and In ∈ Rn×n be the n-by-n identity matrix.

2.2 Trajectory Optimization

So far we have discussed methods for solving trajectory optimization problems without formally
defining the trajectory optimization problem. While trajectory optimization problems can take a
variety of forms, in robotics we often deal with problems of the following form:

minimize
x(t), u(t)

ℓ(x(tf )) +

∫ tf

0

ℓ(x(t), u(t))dt

subject to ẋ = f(x, u),

x(0) = xinit,

g(x(t), u(t)) = 0,

h(x(t), u(t)) ≤ 0,

(2.1)

where x(t) and u(t) are the state and control trajectories from time 0 to tf , respectively. Unlike
most optimization problems, (2.1) is an infinite-dimensional nonlinear optimization problem, since
the optimization variables x(t) and u(t) are arbitrary continuous-time trajectories. Adding further
complexity, the dynamics constraint ẋ = f(x, u) constrains the derivatives of the optimization
variables, implying the need to solve differential equations.

Rather than attempting to solve (2.1) by deriving the analytical necessary conditions for optimal-
ity in continuous time (i.e. an “indirect” method), nearly all modern practitioners first discretize
it, converting it into a finite-dimensional problem optimizing a discrete set of samples along the
continuous state and control trajectories (i.e. a “direct” method). The resulting finite-dimensional
optimization problem takes the following form:

minimize
x1:N , u1:N−1

ℓN (xN ) +

N−1∑
k=1

ℓk(xk, uk,∆t)

subject to x1 = xinit,

f(xk+1, uk+1, xk, uk,∆t) = 0, k ∈ Z+
N−1,

gk(xk, uk) = 0, k ∈ NN ,

hk(xk, uk) ≤ 0, k ∈ NN ,

(2.2)

where xk ∈ Rn and uk ∈ Rm are the state and control variables at time step k, N is the number
of time steps (a.k.a “knot points”), ∆tk ≡ tk+1 − tk is the time steps, and Nk ≡ {1, 2, . . . , k}.

6
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Overloading notation, here f represents the discretized dynamics, potentially using either explicit
or implicit integration methods, while ℓk is an approximation of the integrated “stage” cost in
(2.2). All of the functions ℓk, ℓN , f , gk and hk are assumed to be nonlinear and have continuous
second-derivatives, unless specified otherwise.

Moving forward, “trajectory optimization problem” will refer to a finite-dimensional nonlinear
optimization problem of the form (2.2).

2.3 The Linear Quadratic Regulator

The Linear Quadratic Regular (LQR) problem is a canonical problem in the theory of optimal
control, partially due to the fact that it has analytical solutions that can be derived using a variety of
methods, and from the fact that LQR is an extremely useful tool in practice. We present derivations
for both continuous-time and discrete-time LQR. The ideas and concepts from these derivations will
appear frequently throughout the rest of this work.

The continuous-time LQR problem is formulated as

minimize
u(t)

1

2
xT (tf )Q(tf )x(tf ) +

1

2

∫ tf

0

(
xT (t)Q(t)x(t) + uT (t)R(t)u(t)

)
dt

subject to ẋ(t) = A(t)x(t) +B(t)u(t)

(2.3)

where R is a real, symmetric, positive-definite matrix and Q is a real, symmetric, positive semi-
definite matrix.

Using equivalent methods to those used to transform (2.1) into (2.2), the discrete-time LQR
problem can be written:

min
u(t)

1

2
xT
NQNxN +

1

2

N−1∑
k=0

xT
kQkxk + uT

kRkuk

s.t. xk+1 = Akxk +Bkuk

(2.4)

2.3.1 The Hamilton-Jacobian-Bellman Equation

The Hamilton-Jacobi-Bellman equation is an important equation in optimal control theory that
states the necessary conditions for optimality for a continuous-time system. We define the cost
function to be

J(x(t), u(t), t) = ℓ(x(tf ), t) +

∫ tf

0

ℓ(x(t), u(t), t)dt (2.5)

and the cost-to go:
J∗(x(t), t) = min

u(t)
J(x(t), u(t), t). (2.6)

We now define the Hamiltonian as

H(x(t), u(t), J∗
x , t) = ℓ(x(t), u(t), t) + J∗T

x (x(t), t)[f(x(t), u(t), t] (2.7)

where J∗
x = ∂J∗

∂x and f(x(t), u(t), t) are the dynamics.
The Hamilton-Jacobi-Bellman equation is then

0 = J∗
t (x(t), t) +H(x(t), u∗(t), J∗

x , t) (2.8)

We now use these to solve the continuous LQR problem. We form the Hamiltonian

H(x(t), u(t), J∗
x , t) = xT (t)Q(t)x(t) + uT (t)R(t)u(t) + J∗T

x (x(t), t)[A(t)x(t) + B(t)u(t)] (2.9)

and minimize it with respect to u(t) by setting ∂H/∂u = 0:

∂H
∂u

= Ru+BTJ∗
x = 0. (2.10)

7
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Solving with respect to u yields the optimal control

u∗ = −R−1BTJ∗
x (2.11)

which is globally optimal since ∂2H
/
∂u2 = R(t) is positive definite.

Substituting the optimal control back into our Hamiltonian (2.9):

H(x, u∗, J∗
x , t) =

1

2
xTQx+

1

2
J∗T
x BR−1BTJ∗

x + J∗T
x [Ax−BR−1BTJ∗

x ]

=
1

2
xTQx− 1

2
J∗T
x BR−1BTJ∗

x + J∗T
x Ax

(2.12)

We’re now ready to use the Hamilton-Jacobi-Bellman equation (2.8). Since the HJB equation is
a first-order partial differential equation of the minimum cost, we need to guess a solution, which
we assume to be quadratic:

J∗(x(t), t) =
1

2
xT (t)K(t)x(t) (2.13)

where K is a symmetric positive-definite matrix.
Plugging these into the HJB equation we get:

0 =
1

2
xT
(
K̇ +Q−KTBR−1BTK + 2KA

)
x (2.14)

Leveraging the symmetry of quadratic forms and the fact that (2.14) must be equal to zero for all
x(t) we arrive at the Riccati equation:

0 = K̇ +Q−KTBR−1BTK +KA+ATK. (2.15)

When solved for K(t) using a specialized Riccati solver, the optimal control law is given by

u∗(t) = −R−1(t)BT (t)K(t)x(t). (2.16)

2.3.2 Discrete Riccati Recursion

We now shift our focus to solving the discrete-time LQR problem (2.4). We start by defining the
discrete cost-to-go function

Vk(x) = min
ui,...,uN−1

1

2
xT
NQxN +

1

2

N−1∑
i=k

xT
i Qixi + uT

i Riui (2.17)

subject to the dynamics: xk+1 = Akxk +Bkuk. This gives the cost of starting at a particular state
and moving towards the goal in an optimal manner. The cost of the entire optimal trajectory is
therefore V1(x1). From the Bellman equation and the principle of optimality we can re-define the
value function in a more convenient, recursive form:

Vk(x) = min
uk

1

2
xT
kQkxk +

1

2
uT
kRkuk + Vk+1(Akxk +Bkuk) (2.18)

which simply states that the cost-to-go is the cost incurred for the current decision, plus the cost-to-
go of where our current decision takes us (by simulating our dynamics forward one time instance).
For convenience, we define the action-value function Q(xk, uk) to be the value being minimized:

Vk(x) = min
uk

Q(xk, uk) (2.19)

We also assume that Vk(x) is a quadratic form, i.e.

Vk(x) =
1

2
xT
k Pkxk (2.20)

8
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so that the action-value function takes the following form:

Q(xk, uk) =
1

2
xT
kQkxk +

1

2
uT
kRkuk +

1

2
(Akxk +Bkuk)

TPk+1(Akxk +Bkuk) (2.21)

Since there are no controls to optimize at the last time step, we note that

VN (x) =
1

2
xT
NQNxN (2.22)

Now that we know the terminal cost-to-go, we can find the optimal cost-to-go for all time steps
once we have a recurrence relation that gives Vk as a function of Vk+1. We start by optimizing the
action-value function at time step k, which has the following first-order necessary condition:

∂Q

∂u
=0

=Rkuk +BTPk+1(Akxk +Bkuk)
(2.23)

Solving for u we find the optimal control trajectory:

u∗
k =− (Rk +BT

k Pk+1Bk)
−1BT

k Pk+1Akxk

= −Q−1
uuQuxxk

= −Kkxk

(2.24)

where Quu = ∂2Q
/
∂u2 and Qux = ∂2Q

/
∂u∂x .

With an optimal feedback policy, we now substitute (2.24) into (2.21) to get the cost-to-go:

Vx(x) =Q(xk, u
∗
k)

=
1

2

(
xT
kQkxk + xT

kK
T
k RkKkxk + xT

k (Ak −BkKk)
TPk+1(Ak −BkKk)xk

)
=
1

2
xT
(
Qk +AT

k Pk+1Ak +KT
k (Rk +BTPk+1Bk)Kk

−KT
k B

T
k Pk+1Ak −AkPk+1BkKk

)
xk

=
1

2
xT
k Pkxk

(2.25)

where, after substituting in (2.24) and simplifying,

Pk = Qk +AT
k Pk+1Ak −AT

k P
T
k+1Bk(Rk +BT

k Pk−1Bk)
−1BT

k Pk+1Ak. (2.26)

This establishes the recurrence relation between Vk and Vk+1, which can be used to recursively
calculate the cost-to-go for the entire trajectory, along with the optimal feedback control gains Kk.

2.4 Nonlinear Programming

As mentioned in Sec. 1.5, direct methods solve the discretized trajectory optimization problem
2.2 using generic nonlinear programming solvers. A wide variety of methods exist for solving this
difficult class of optimization problems. The following sections provide some brief background on a
sampling of the most common methods. In this section, we refer to the following generic NLP:

minimize
x

f(x)

subject to g(x) = 0,

h(x) ≤ 0

(2.27)
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where f : Rn 7→ R, g : Rn 7→ Rm, and h : Rn 7→ Rp are all assumed to be twice differential nonlinear
functions. The first-order optimal conditions for this problem (i.e. the KKT conditions) are:

∇xf(x) +∇xg(x)
Tλ−∇xh(x)

Tµ = 0 stationarity (2.28a)

g(x) = 0 primal feasibility (2.28b)

h(x) ≤ 0 primal feasibility (2.28c)

µi ≥ 0, i ∈ Np dual feasibility (2.28d)

µih(x)i = 0, i ∈ Np complementarity. (2.28e)

2.4.1 Penalty Methods

One of the simplest methods for handling equality-constrained NLPs (e.g. p = 0), penalty methods
solve an unconstrained optimization of the following form:

minimize
x

f(x) + ρφ(g(x)) (2.29)

where φ(x) : Rm 7→ R is some penalty function, often the quadratic penalty function φ(x) = xTx.
These methods are extremely easy to implement, but require that the penalty weight ρ be increased to
infinity to achieve zero constraint violation, which leads to severe issues with numerical conditioning
when implemented in a computer. One way around this is to use an “exact” penalty method using
the L1-norm, which is not continuously differentiable [1]. Penalty methods are therefore rarely used
in practice, especially since augmented Lagrangian methods are simple extention to penalty methods
that have dramatically better theoretical and practical properties.

2.4.2 Augmented Lagrangian Method

The Augmented Lagrangian method (ALM) is straightforward improvement upon the simple penalty
method. ALM minimizes the augmented Lagrangian

LA(x, λ) = f(x)− λT g(x) +
ρ

2
g(x)T g(x) (2.30)

with respect to the primal variables x, holding the dual variables λ and penalty parameter ρ constant.
After converging to a local optima x∗, λ and ρ are updated using the following update rules:

λ+ = λ− ρ g(x∗) (2.31)

ρ+ = ϕρ (2.32)

where ϕ ∈ R > 1 is some geometric factor, typically around 10. After updating the dual variables
and penalty parameter, the augmented Lagrangian is once again minimized, using the solution from
the previous iteration x∗ as the initial guess.

Inequality constraints can be handled in a variety of ways, but we’ve found the version set forth
in [37] to work well in practice. We extend the definition of the augmented Lagrangian to be

LA(x;λ, ρ) = f(x) + λT g(x) + µTh(x) +
ρ

2
g(x)T g(x) +

1

2
h(x)T Iρh(x) (2.33)

where

Iρ =

{
0 if h(x)i < 0 ∧ µi > 0

ρ otherwise
(2.34)

The dual update for the inequality constraints simply projects the update multipliers back into
the positive orthant:

µ+ = max(µ+ ρ h(x), 0) (2.35)

This is done to ensure that the dual feasibility condition is always satisfied, while allowing the update
to decrease the value of µi to 0 (to satisfy the complementarity condition) when the i-th constraint
becomes satisfied.

10
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2.4.3 Sequential Quadratic Programming

Sequation quadratic programming (SQP) is a powerful method for solving nonlinear optimization
problems. Many variations exhist, but typically solve a quadratic program (QP) of the following
form:

minimize
x

1

2
xTPx+ qTx

subject to Ax+ b = 0,

Cx+ d ≤ 0

(2.36)

where P ∈ Rn×n is an approximation of the Hessian of the Lagrangian, q ∈ Rn is gradient of the
Lagrangian, and A ∈ Rm×n, b ∈ Rm, C ∈ Rp×n, d ∈ Rp are the first-order approximations of g and
h, respectively.

SQP methods tend to be very amenable to warm-starting, especially if a good guess of the active
set of inequality constraints at the optimal solution is known apriori. Good SQP implmentations
tend to require lots of careful globalization methods to ensure convergence, and tend to be fairly
complicated to implement from scratch. The commercial SNOPT solver [18] is the most commonly
used SQP solver. For more details, see Chapter 18 of [1].

2.4.4 Interior Point Method

Interior point methods (IPM) have increasingly become the algorithm of choice for solving convex
optimization problems, including LPs, QPs [38], and SOCPs [39]. Extensions of IPM to nonlinear
programming have also shown impressive performance, but like SQP requires carefully implemented
globalization strategies to ensure robust convergence to a local minima.

Interior point methods solve a series of reformulated problems of the form:

minimize
x, s

f(x)− ρ

p∑
i=1

log si

subject to g(x) = 0,

h(x) + s = 0

(2.37)

The KKT conditions of this problem are

∇f(x) +∇g(x)Tλ+∇h(x)Tµ = 0 (2.38a)

g(x) = 0 (2.38b)

h(x) + s = 0 (2.38c)

s, µ ≥ 0 (2.38d)

µi − ρ s−1
i = 0, i ∈ Np (2.38e)

The last equation can be written the more convenient matrix form:

µ− ρI(s)−1e = 0 (2.39)

where I(x) is a diagonal matrix with the elements of the vector x on the diagonal, and e ∈ Rp =
[1, . . . 1]T is the all ones vector. Comparing these with (2.28) we see they are almost identical, with
the exception of the complementarity condition, which is equal to the penalty parameter ρ instead
of zero. Thus, on each iteration of IPM, a relaxed version of the original KKT conditions is solved,
achieving convergence to the true minima as ρ→ 0.

Taking a first-order Taylor series approximation of these conditions, we obtain the following
linear system:

∇2L 0 ∇gT ∇hT

0 I(µ) 0 I(s)
∇g 0 0 0
∇h I 0 0



∆x
∆s
∆λ
∆µ

 = −


∇f(x) +∇g(x)Tλ+∇h(x)Tµ

I(s)µ− ρe
g(x)

h(x) + s

 (2.40)
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where the second line is obtained by multiplying (2.39) by I(s). This system can be converted into
an equivalent symmetric system of equations by multiplying the second block row by I(s)−1 and
defining Σ = I(s)−1I(µ):

∇2L 0 ∇gT ∇hT

0 Σ 0 −I
∇g 0 0 0
∇h −I 0 0




∆x
∆s
−∆λ
−∆µ

 = −


∇f(x) +∇g(x)Tλ+∇h(x)Tµ

µ− ρI(s)−1e
g(x)

h(x) + s

 (2.41)

Interior point methods tend to converge very quickly to tight tolerances, exhibiting quadratic
convergence near the solution. However, they tend to be less amenable to warm-starting than SQP
or ALM. The most common implementation is the open-source Ipopt solver [19], which uses a filter
approach together with a feasibility restoration phase for improving globalization. For more details
on interior point methods for solving LPs, QPs, and NLPs, see [1].
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3
ALTRO: A Fast Solver for Constrained

Trajectory Optimization

In this chapter we present the ALTRO solver, a new solver for constrained nonlinear trajectory
optimization that combines iLQR within an augmented Lagrangian solver together with an active-

set direct method for solution polishing. The content and results in this chapter are based on the
content originally published in [2]. The timing results given in this chapter are not representative of
the current state of the ALTRO solver. See the next chapter and the open-source software package1

for more representative timing results.

3.1 Introduction

As discussed in Sec. 1.5, direct collocation and differential dynamic programming (DDP) are two
of the most common methods for solving trajectory optimization problems, but have their own
unique strengths and weaknesses. In summary, direct collocation methods for trajectory optimization
parameterize both the states and controls as decision variables and solve (2.2) using general-purpose
nonlinear programming (NLP) solvers such as SNOPT [18] or Ipopt [19], and tend to be versatile
and robust. It is straight forward to provide an initial state trajectory to the solver in such methods,
even if it is dynamically infeasible. Direct collocation with Hermite-Simpson integration is by far
the most common direct collocation method, using third-order splines for the state trajectory and
first-order hold on the controls [5].

Alternatively, DDP-based methods leverage the structure of (2.2) to solve a sequence of smaller
sub-problems using Dynamic Programming. These are anytime algorithms, meaning they are always
strictly dynamically feasible, allowing state and input trajectories at any iteration to be used in a
tracking controller. However, it is often difficult to find a suitable initial guess for the control tra-
jectory. Historically, these methods have been considered less robust and less suitable for reasoning
about general state and control constraints but tend to be fast and amenable to implementation in
embedded systems. Of the many variants of DDP, the Gauss-Newton approximation, iterative LQR
(iLQR), is by far the most common in the robotics community.

Several efforts have been made to incorporate constraints into DDP methods: Box constraints
on control inputs [22] and stage-wise inequality constraints on the states [23], [40] have been handled
by solving a constrained quadratic program (QP) at each step of the backward pass. A projection
method was devised that satisfies linearized terminal state and stage state-input constraints [24].
Augmented Lagrangian methods (ALM) have been proposed [25], including hybrid approaches that
also solve constrained QPs for stage state-input constraints [40], [41]. Mixed state-input constraints
have also been handled using a penalty method [34].

Of these methods, those leveraging ALM have shown promise, given the ease of implemena-
tion, fast convergence, and the ability to handle generic state and control equality and inequality
constraints [25]. However, this approach suffers from a few critical issues:

1. Poor numerical conditioning

2. Poor “tail” convergence

1https://github.com/RoboticExplorationLab/Altro.jl
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3. Inability to provide an initial guess for the state trajectory.

In this chapter we present ALTRO (Augmented Lagrangian TRajectory Optimizer), a trajectory
optimization algorithm that addresses these issues by combining the best characteristics of both
direct collocation and DDP methods, namely: speed, small problem size, numerical robustness,
handling of general state and input constraints, anytime dynamic feasibility, and infeasible state
trajectory initialization. Using iLQR in an augmented Lagrangian framework to handle general state
and input constraints, we: 1) derive a numerically robust square-root formulation of the backward
pass, 2) introduce a method for initializing an infeasible state trajectory, 3) formulate the minimum
time problem, and 4) present an anytime projected Newton method for solution polishing.

3.2 Augmented Lagrangian DDP

Prior to describing the novel characteristics of ALTRO, we present the derivation for solving con-
strained trajectory optimization problems using differential dynamic programming and iterative
LQR within an augmented Lagrangian framework (AL-DDP or AL-iLQR), similar to [25]. The
derivation proceeds very similarly to that of discrete LQR, as derived in Section 2.3.2.

The key idea of DDP is that at each iteration, all nonlinear constraints and objectives are
approximated using first or second order Taylor series expansions so that the approximate functions,
now operating on deviations about the nominal trajectory, can be solved using discrete LQR. This
optimal feedback policy is computed during the “backward pass” (Algorithm 1), since the dynamic
programming step begins at the tail of the trajectory, as in LQR. The optimal deviations are then
applied to the nominal trajectory during a “forward pass” (Algorithm 2), using the optimal feedback
policy during the forward simulation—also known as a rollout—of the dynamics.

To handle constraints, we simply “augment” the cost function with the multiplier and penalty
terms of the augmented Lagrangian, treating λ and ρ as constants. After several iterations of
DDP, the multipliers and penalty terms are updated, and the process is repeated. The algorithm is
summarized in Algorithm 3. We now proceed with the formal derivation.

3.2.1 Backward Pass

We first form the augmented Lagrangian of (2.2):

LA =ℓN (xN ) +
(
λN +

1

2
cN (xN )Iρ,N

)T
cN (xN )

+

N−1∑
k=0

[
ℓk(xk, uk,∆t) +

(
λ+

1

2
Iρ,kck(xk, uk)

)T

ck(xk, uk)

]

=LN (xN , λN , ρN ) +

N−1∑
k=0

Lk(xk, uk, λk, ρk)

(3.1)

where λk ∈ Rpk is a Lagrange multiplier, ρk ∈ Rpk is a penalty weight, and ck = (gk, hk) ∈ Rpk is
the concatenated set of equality and inequality constraints with index sets Ek and Ik, respectively.
Iρk
∈ Rpk×pk is the penalty matrix defined similarly to (2.34):

Iρk
=

{
0 if hk(x)i < 0 ∧ i ∈ Ik ∧ µi = 0

(ρk)i otherwise
(3.2)

We now define the cost-to-go and the action-value functions as before:

VN (xN )|λ,ρ = LN (xN , λN , ρN ) (3.3)

Vk(xk)|λ,ρ = min
uk

{Lk(xk, uk, λk, ρk) + Vk+1(f(xk, uk,∆t))|λ,ρ} (3.4)

= min
uk

Q(xk, uk)|λ,ρ, (3.5)
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where Vk(x)|λ,ρ is the cost-to-go at time step k evaluated with the Lagrange multipliers λ and the
penalty terms ρ.

In order to make the dynamic programming step feasible, we take a second-order Taylor series
of the nonlinear cost-to-go

δVk(x) ≈
1

2
δxT

k Pkδxk + pTk δxk (3.6)

where Pk and pk are the Hessian and gradient of the cost-to-go at time step k, respectively. It is
important to note that by taking Taylor series approximations, we have now switched to optimizing
deviations about the nominal state and control trajectory.

Similar to (2.22), we can trivially calculate the cost-to-go at the terminal time step since there
are no controls to optimize:

pN = (ℓN )x + (cN )Tx (λ+ IρN
cN ) (3.7)

PN = (ℓN )xx + (cN )Tx IρN
(cN )x. (3.8)

which are simply the gradient and Hessian of (3.3) with respect to the states xN .
The relationship between δVk and δVk+1 is derived by taking the second-order Taylor expansion

of Qk with respect to the state and control,

δQk =
1

2

[
δxk

δuk

]T[
Qxx Qxu

Qux Quu

] [
δxk

δuk

]
+

[
Qx

Qu

]T[
δxk

δuk

]
(3.9)

Dropping the time-step indices for notational clarity, the block matrices are,

Qxx = ℓxx +ATP ′A+ cTx Iρcx (3.10a)

Quu = ℓuu +BTP ′B + cTu Iρcu (3.10b)

Qux = ℓux +BTP ′A+ cTu Iρcx (3.10c)

Qx = ℓx +AT p′ + cTx (λ+ Iρc) (3.10d)

Qu = ℓu +BT p′ + cTu (λ+ Iρc), (3.10e)

where A = ∂f/∂x|xk,uk
, B = ∂f/∂u|xk,uk

, and ′ indicates variables at the k+1 time step. It is in this
step that we differentiate between DDP and iLQR. DDP computes the full second-order expansion,
which includes computations with rank-3 tensors resulting from the vector-valued dynamics and
general constraints. iLQR computes these expansions only to first order, such that the dynamics
and constraints are both linear in the states and controls, resulting in a Gauss-Newton approximation
of the true Hessian. While this lower accuracy expansion results in the need for more iterations,
these iterations are considerably less expensive to compute, often resulting in a considerably faster
overall convergence rate. The value of including the full second-order information often depends on
the type of problem being solved, and there exist a variety of methods for approximating the rank-3
tensor information without the need to explicitly compute it. The motivation for the name “iterative
LQR” should now be clear, as we see that by linearizing the dynamics we arrive at a problem nearly
identical to (2.4).

Minimizing (3.9) with respect to δuk gives a correction to the control trajectory. The result is
a feedforward term dk and a linear feedback term Kkδxk. Regularization is added to ensure the
invertibility of Quu:

δu∗
k = −(Quu + βI)−1(Quxδxk +Qu) ≡ Kkδxk + dk. (3.11)

Take a quick moment to note that this is almost exactly the same as (2.24), except we have now
added some regularization to handle poorly conditioned Hessians (since these now depend on the
expansion about the nominal trajectory) and now have a feedforward term, which results from the
linear terms in the expansion. We would see similar terms appear in LQR if we included linear terms
in the cost function.
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Substituting δu∗
k back into (3.9), a closed-form expression for pk, Pk, and the expected change

in cost, ∆Vk, is found:

Pk = Qxx +KT
k QuuKk +KT

k Qux +QxuKk (3.12a)

pk = Qx +KT
k Quudk +KT

k Qu +Qxudk (3.12b)

∆Vk = dTkQu +
1

2
dTkQuudk. (3.12c)

Algorithm 1 Backward Pass

1: function BackwardPass(X,U)
2: ∆V ← 0
3: pN , PN ← (3.7), (3.8)
4: for k=N-1:-1:0 do
5: δQ← (3.9), (3.10)
6: if Quu ≻ 0 then
7: Kk, dk,← (3.11)
8: Pk, pk,∆Vk ← (3.12)
9: ∆V ← ∆V +∆Vk

10: else
11: Increase β and go to line 3
12: end if
13: end for
14: return K, d,∆V
15: end function

3.2.2 Forward Pass

Now that we have computed the optimal feedback gains for each time step, we now update the
nominal trajectories by simulating forward the dynamics. Since the initial state is fixed, the entire
forward simulation can be summarized by the following updates:

δxk =x̄k − xk (3.13a)

δuk =Kkδxk + αdk (3.13b)

ūk =uk + δuk (3.13c)

x̄k+1 =f(x̄k, ūk) (3.13d)

where x̄k and ūk are the updated nominal trajectories and 0 ≤ α ≤ 1 is a scaling term.

Line Search

As with all nonlinear optimization, a line search along the descent direction is needed to ensure
an adequate reduction in cost. We employ a simple backtracking line search on the feedforward
term using the parameter α. After applying equations (3.13) to get candidate state and control
trajectories, we compute the ratio of the actual decrease to the expected decrease:

z =
J(X,U)− J(X̄, Ū)

−∆V (α)
(3.14)

where

∆V (α) =

N−1∑
k=0

αdTkQu + α2 1

2
dTkQuudk (3.15)
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is the expected decrease in cost, computed using d̄k = αdk to compute (3.12c) at each time step.
This can be computed very efficiently by storing the two terms in (3.12c) separately and then scaling
them by α and α2 during the forward pass.

If z lies within the interval [β1, β2], usually [1e-4, 10], we accept the candidate trajectories. If it
does not, we update the scaling parameter α = γα, where 0 < γ < 1 is the backtracking scaling
parameter. γ = 0.5 is typical. Increasing the lower bound on the acceptance interval will require
that more significant progress is made during each backward-forward pass iteration. Decreasing the
upper bound will keep the progress closer to the expected decrease. These values aren’t changed
much in practice.

Regularization

If the line search fails to make progress after a certain number of iterations, or the cost “blows up”
to exceed some maximum threshold (can easily happen for highly nonlinear, unstable dynamics) the
forward pass is abandoned and the regularization term β is increased prior to starting the backward
pass. Increasing the regularization term makes the partial Hessian in (3.11) more like the identity
matrix, effectively “steering” the Newton (or Gauss-Newton) step direction towards the more naive
gradient descent direction, which tends to be more reliable when the current iterate is far from the
local optimum.

The regularization is also increased if the partial Hessian in (3.11) loses rank during the backward
pass. In this case, the regularization term is increased and the backward pass is restarted from the
beginning. The regularization is only decreased after a successful backward pass. The regularization
scaling value is usually between 1.5 and 2.0.

Algorithm 2 Forward Pass

1: function ForwardPass(X,U,K, d,∆V, J)
2: Initialize x̄0 = x0, α = 1, J− ← J
3: for k=0:1:N-1 do
4: ūk = uk +Kk(x̄k − xk) + αdk
5: x̄k+1 ← f(x̄k, ūk,∆t)
6: end for
7: J ← Using X,U
8: if J satisfies line search conditions then
9: X ← X̄, U ← Ū

10: else
11: Reduce α and go to line 3
12: end if
13: return X,U, J
14: end function

3.2.3 Termination Conditions

The “inner” DDP/iLQR solve is run until one of the following termination conditions is met:

• The cost decrease between iterations Jprev − J is less than some intermediate tolerance,
ϵintermediate. This is the typical exit criteria.

• The feedforward gains go to zero. We compute the average maximum of the normalized gains:

∇ilqr =
1

N − 1

N−1∑
k=0

∥dk∥∞
|Uk|+ 1

(3.16)

• The solver hits a maximum number of iterations, imax
ilqr
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Algorithm 3 Iterative LQR

1: Initialize x0, U, tolerance
2: X ← Simulate from x0 using U , discrete dynamics
3: function iLQR(X,U)
4: J ← Using X,U
5: do
6: J− ← J
7: K, d,∆V ← BackwardPass(X,U)
8: X,U, J ← ForwardPass(X,U,K, d,∆V, J−)
9: while |J − J−| > tolerance

10: return X,U, J
11: end function

3.2.4 Augmented Lagrangian Update

Once the inner solve hits one of the termination conditions listed in section 3.2.3, the dual variables
are updated according to,

λ+
ki

=

{
λki + ρkicki(x

∗
k, u

∗
k) i ∈ Ek

max(0, λki
+ ρki

cki
(x∗

k, u
∗
k)) i ∈ Ik,

(3.17)

and the penalty is increased monotonically according to the schedule,

ρ+ki
= ϕρki

, (3.18)

where ϕ > 1 is a scaling factor. To avoid the ill-conditioning that occurs with arbitrarily high
penalty values, the penalty is saturated at a maximum penalty, specified by the user (typically 108).

After experimenting with various different heuristic schemes for updating the multipliers and the
penalty parameters, we have found that the most naive approach, that is updating them every outer
loop iteration, is by far the most reliable approach. It’s possible that better performance may be
achieved by skipping penalty updates, or only updating some of penalty parameters (e.g. the ones
corresponding to active constraints), but we found that the most basic approach works the best on
the largest variety of problems.

3.2.5 Hyperparameters

For convenience, we summarize all the hyperparameters in AL-iLQR, splitting them between those
used for the inner unconstrained iLQR solve and those used by the outer Augmented Lagrangian
solver.
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CHAPTER 3. ALTRO

3.3 The ALTRO Algorithm

ALTRO (Algorithm 4) comprises two stages: The first stage solves (2.2) rapidly to a coarse tolerance
using iLQR to solve the unconstrained sub-problems within the AL framework, following the ap-
proach outlined in the previous section. The optional secondary stage uses the coarse solution from
the first stage to warm start an active-set Newton method that achieves high-precision constraint
satisfaction. We present several refinements and extensions to constrained iLQR, as well as the novel
projected Newton stage for “solution polishing.”

Algorithm 4 ALTRO

1: procedure
2: Initialize x0, U, tolerances; X̃
3: if Infeasible Start then
4: X ← X̃, s0:N−1 ← from (3.34)
5: else
6: X ← Simulate from x0 using U
7: end if
8: X,U, λ← AL-iLQR(X,U, tol.)
9: (X,U, λ)← Projection((X,U, λ), tol.)

10: return X,U
11: end procedure

3.3.1 Square Root Backward Pass

Augmented Lagrangian methods make rapid convergence on constraint satisfaction, but only as long
as the penalty terms are updated at every outer loop iteration. This can quickly lead to very large
penalty parameters, resulting in severe numerical ill-conditioning. To help mitigate this issue and
make AL-iLQR more numerically robust we derive a square-root backward pass inspired by the
square-root Kalman filter.

Background

To begin, we provide some background on matrix square-roots. The Cholesky factorization of a
square positive-definite matrix G factors the matrix into two upper-triangular matrices G = UTU ,
where the upper-triangular matrix factor U can be considered a “square root” of the matrix G. We
denote this matrix square root as U =

√
G.

Also in terms of background, the QR factorization F = QR returns an upper-triangular matrix
R and an orthogonal matrix Q.

We now seek a method for computing
√
A+B in terms of

√
A and

√
B, where A,B ∈ Rn×n are

square positive-definite matrices. We begin by noting that

A+B =
[√

A
T √

B
T
] [√

A√
B

]
= FTF (3.19)

where F ∈ R2n×n. Taking the QR factorization of F we get

A+B =FTF

=RTQTQR

=RTR

(3.20)

since QTQ = I given that Q is an orthogonal matrix. Therefore we have that R =
√
A+B since R

is upper-triangular. We use QRR(·) to denote the operation of taking the QR factorization of the
argument and returning the upper-triangular factor.
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The related equation
√
A−B can be computed using successive rank-one downdates of

√
A using

the rows of
√
B. We denote this operation as DownDate(

√
A,
√
B).

Derivation

The ill-conditioning of the backward pass is most significant in the Hessian of the cost-to-go, Pk. Our
objective is to find an algorithm that only stores the square root of this matrix and never calculates
it explicitly.

We begin by calculating the square root of the terminal cost-to-go:

√
PN = QRR

([
(ℓN )xx
IρN

cN

])
(3.21)

All that is left is to find
√
P k as an expression in terms of

√
P k+1. We start by finding the square

roots of Qxx and Quu:

Zxx =
√
Qxx ← QRR

 √ℓxxS
′
A√

Iρcx

 (3.22)

Zuu =
√
Quu ← QRR



√
ℓuu

S
′
B√

Iρcu√
ρI


 . (3.23)

The optimal gains are then trivially computed as

K = −Z−1
uuZ

−T
uu Qux (3.24)

d = −Z−1
uuZ

−T
uu Qu, (3.25)

Here it’s important to note that these equations should be computed using a linear solver (e.g. the
“\” operator in MATLAB or Julia) sequentially, since these equations are trivially computed using
backward or forward substitution, given that the square root factors are triangular.

The gradient (3.12b) and change of the cost-to-go (3.12c) are also computed with simple substi-
tution:

p = Qx + (ZuuK)T (Zuud) +KTQu +Qxud (3.26)

∆V = dTQu +
1

2
(Zuud)

T (Zuud). (3.27)

We note that (3.12a) is a quadratic form that can be expressed as

P =

[
I
K

]T [
Qxx QT

ux

Qux Quu

] [
I
K

]
P =

[
I
K

]T [
ZT
xx 0

CT DT

] [
Zxx C
0 D

] [
I
K

]
=

[
Zxx + CK

DK

]T [
Zxx + CK

DK

] (3.28)

where,

C = Z−T
xx Qxu (3.29)

D =

√
ZT
uuZuu −QuxZ

−1
xx Z

−T
xx Qxu (3.30)

= DownDate
(
Zuu, Z

−T
xx Qxu

)
. (3.31)

The square root of Pk is then

√
P k = QRR

([
Zuu + Z−T

xx QxuK
DownDate

(
Zuu, Z

−T
xx Qxu

)
·K

])
(3.32)
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3.3.2 Infeasible State Trajectory Initialization

Desired state trajectories can often be identified (e.g., from sampling-based planners or expert knowl-
edge), whereas finding a control trajectory that will produce this result is usually challenging. Dy-
namically infeasible state trajectory initialization is enabled by introducing additional inputs to the
dynamics with slack controls s ∈ Rn,

xk+1 = f(xk, uk) + sk, (3.33)

to make the system artificially fully actuated.
Given initial state and control trajectories, X̃ and U , the initial infeasible controls s0:N−1 are

computed as the difference between the dynamics and desired state trajectory at each time step:

sk = x̃k+1 − f(x̃k, uk) (3.34)

The optimization problem (2.2) is modified by replacing the dynamics with (3.33). An additional
cost term,

N−1∑
k=0

1

2
sTkRssk, (3.35)

and constraints sk = 0, k ∈ NN−1 are also added to the problem. Since sk = 0 at convergence, a
dynamically feasible solution to (2.2) is still obtained.

3.3.3 Minimum Time

Minimum time problems can be solved by considering τ =
√
dt ∈ R as an input at each time step,

T = {τ0, . . . , τN−1}. The optimization problem (2.2) is modified to use dynamics,[
xk+1

ωk+1

]
=

[
f(xk, uk, τk)

τk

]
, (3.36)

with an additional cost,

N−1∑
k=0

Rminτ
2
k , (3.37)

and constraints ωk = τk, k=1, . . . , N−1 to ensure time steps are equal so the solver does not exploit
discretization errors in the system dynamics. Upper and lower bounds can also be placed on τk.

3.3.4 Solution Polishing

Augmented Lagrangian methods only make good progress on constraints as long as the penalty
terms are updated. However, the penalties can only be updated a finite number of times before the
penalties result in severe ill-conditioning, as discussed previously. As a result, augmented Lagrangian
methods suffer from slow “tail” convergence, or convergence near the optimal solution. Active-set
methods, on the other hand, exhibit quadratic convergence near the optimal solution. We present
an active-set projection method to rapidly converge on the constraints once the convergence of
AL-iLQR slows down.

This final solution polishing method solves the following optimization problem:

minimize
δz

δzTHδz

subject to Dδz = d
(3.38)

where z ∈ RNn×(N−1)m is the concatenated vector of the states and controls at all time steps, H is
the Hessian of the cost, and D, d are the linearized active constraints. Constraints are considered
active if the constraint violation is less than some small positive value ϵconstraint.
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This problem essentially projects the solution from AL-iLQR onto the constraint manifold, while
minimizing impact to the cost. Algorithm 5 takes successive Newton steps δz, only updating the
constraint Jacobian D when the convergence rate r drops below a threshold, allowing re-use of the
same matrix factorization S for inexpensive linear system solutions. Further, this algorithm can be
implemented in a sequential manner [42] that does not require building large matrices, making it
amenable to embedded systems.

Algorithm 5 Projection

1: function Projection(Y, tol.)
2: H−1 ← invert Hessian of objective
3: while ∥d∥∞ > tol. do
4: d,D ← linearize active constraints
5: S ←

√
DH−1DT

6: v ← ∥d∥∞
7: r ←∞
8: while v > tol. and r > conv. rate tol. do
9: Y, v+ ← LineSearch(Y, S,H−1, D, d, v)

10: r ← log v+/ log v
11: end while
12: end while
13: return Y
14: end function

Algorithm 6 Projection Line Search

1: function LineSearch(Y, S,H−1, D, d, v0)
2: Initialize α, γ
3: while v > v0 do
4: δYp ← H−1DT (S−1S−T d)
5: Ȳp ← Yp + αδYp

6: d← UpdateConstraints(Ȳp)
7: v ← ∥d∥∞
8: α← γα
9: end while

10: return Ȳ , v
11: end function

3.4 Results

ALTRO’s performance is compared to the classic DIRCOL method [5] on a number of benchmark
motion-planning problems. Each problem uses the following cost function:

J =
1

2
(xN − xf )

TQf (xN − xf ) (3.39)

+ dt

N−1∑
k=0

1

2
(xk − xf )

TQ(xk − xf ) +
1

2
uT
kRuk,

is solved to constraint satisfaction cmax = 1e-4, and is performed on a laptop computer with an Intel
Core i7-6500U processor and 8GB RAM. All algorithms are implemented in the Julia programming
language. Unless otherwise specified, DIRCOL is provided the dynamically feasible state trajectory
computed during the initial forward simulation from ALTRO, and solved using Ipopt [19].
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Figure 3.1: Runtime comparison for parallel park problem with (left) and without (right) constraints.

3.4.1 Parallel Parking

A parallel parking problem for a Reeds-Shepp car [43] is solved with Q = 0.001I3×3, R = 0.01I2×2,
Qf = 100I3×3, tf = 3s, and N = 51. Fig. 3.1 compares the runtime performance of ALTRO and
DIRCOL. ALTRO’s unconstrained runtime is typically within a standard deviation of DIRCOL.
ALTRO solves faster than DIRCOL for the constrained problem. Error bars are one standard
deviation and were collected using BenchmarkTools.jl.

A minimum-time trajectory is found by initializing both ALTRO and DIRCOL with the control
trajectory of a solution with tf = 2s and enforcing −2 ≤ u ≤ 2. Both algorithms converge to bang-
bang control inputs and a minimum time of 1.54s (Fig. 3.2). Importantly, DIRCOL failed to solve
the problem several times before successfully finding a solution, likely due to the way Ipopt finds
an initial feasible solution. Additionally, the DIRCOL solution rapidly oscillates at turning points,
unlike the ALTRO solution. While DIRCOL converged faster in this scenario, ALTRO converged
more reliably (Table 3.3).

3.4.2 Car Escape

Escape (see Fig. 3.3) is a problem where standard constrained iLQR fails to find an obstacle-free
path to the goal. Using the same cost weights from the parallel parking problem and N = 101, both
ALTRO and DIRCOL are initialized with a dynamically-infeasible collision-free state trajectory
guessed by interpolating the six points shown in yellow in Fig. 3.3. ALTRO was able to converge
to an optimal collision-free path in less time and fewer iterations than DIRCOL.

The projected Newton method is used to achieve high-precision constraint satisfaction after
reaching a coarse threshold of maximum constraint violation cmax < 1e-3. Fig. 3.4 demonstrates
ALTRO* achieving cmax < 1e-8 in one Newton step. Runtime performance of this final solution-
polishing step is currently relatively slow: The total runtime for ALTRO* is 1.398s (0.617s for the
first stage), but should be dramatically improved with a more careful sparse matrix implementation.
Further, Fig. 3.4 suggests that this final Newton step should be initiated once the penalty reaches
its maximum value.

3.4.3 Quadrotor Maze

A quadrotor is tasked with navigating the maze (with floor and ceiling constraints) shown in Fig.
3.5a. The cost weighting matrices are Q = I13×13, R = I4×4, Qf = 1000I13×13, tf = 5.0s, and
N = 101. Input constraints, 0 ≤ u ≤ 50, are also enforced. The solvers are initialized with an
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Figure 3.2: Minimum Time Parallel Park. Fixed final time (tf = 2s) control trajectories (black),
ALTRO solution (orange), and DIRCOL solution (blue) for both linear and angular velocity control
inputs. ALTRO converges to a smooth, bang-bang control, while DIRCOL exhibits rapid oscillation
when linear velocity goes to zero (corresponding to the corners where the car pivots in place).

Table 3.3: Peformance of ALTRO vs DIRCOL

System Time (s) Iters Evals/Iter

Parallel Park 0.117 / 0.100 42 / 24 410 / 532
Parallel Park 0.098 / 0.154 20 / 37 912 / 493

Parallel Park (m.t.) 0.845 / 0.645 128 / 84 2176 / 465
Escape 2.83 / 9.08 37 / 79 357 / 948

Escape (ALTRO∗) 1.94 / 9.08 14 / 79 357 / 948
Quadrotor Maze 23.0 / 559+ 218 / 5000+ 320 / 2630+
Robotic Arm 14.3 / 313* 227 / 4692* 1050 / 822*

infeasible state trajectory indicated by the yellow points in Fig. 3.5a and inputs are initialized for
hovering. ALTRO is able to find a collision-free trajectory, while DIRCOL fails to find collision-free
trajectories even after being initialized with the solution from ALTRO (denoted by “+” in Table
3.3).

3.4.4 Robotic Arm Obstacle Avoidance

A Kuka iiwa robotic arm is tasked with moving its end-effector through a set of closely spaced
obstacles to a desired final position (see Fig. 3.5) using the cost function Q = diag(I7×7, 100I7×7),
R = 0.01I7×7, Qf = 10I14×14, tf = 5.0s, and N = 41, subject to torque limits: −80 ≤ u ≤ 80.
The input trajectory is initialized with a stationary gravity-compensated trajectory. DIRCOL failed
to solve this problem unless initialized with the ALTRO solution. Performance of ALTRO and
warm-started DIRCOL (values denoted ∗) are given in Table 3.3.

3.5 Conclusion

We have presented a versatile high-performance trajectory optimization algorithm, ALTRO, that
combines the advantages of both direct and indirect methods: fast convergence, infeasible state
trajectory initialization, anytime dynamic feasibility, and high-precision constraint satisfaction. Our
preliminary implementation demonstrates competitive—and often superior—performance on a num-
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Figure 3.3: Car Escape. The DIRCOL trajectory is blue, the (failed) constrained iLQR solution is
solid orange, and the ALTRO solution is the dashed orange line.

Figure 3.4: Max constraint violation comparison for Escape. After reaching a coarse tolerance
(dashed black line) ALTRO∗ performs a single iteration of Algorithm 5. DIRCOL satisfies the
tolerance, but the first stage of ALTRO fails to achieve the desired constraint tolerance, likely due
to poor numerical conditioning after reaching the maximum penalty (dotted red line). Additionally,
DIRCOL finds a slightly lower cost than ALTRO∗, 0.331 vs 0.333.
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(a) (b)

Figure 3.5: 3D visualizations of the quadrotor and robotic arm solutions. a) Quadrotor navigating
maze environment. ALTRO is initialized with a cubic interpolation of the yellow spheres and con-
verges to the green trajectory. The quadrotor exhibits dynamic, aggressive banking maneuvers to
avoid the obstacles. b) Front (left) and side (right) views of Kuka iiwa arm moving end effector from
initial position (red) to desired position (green).

ber of benchmark motion-planning problems when compared to direct collocation implemented with
the Ipopt solver. We find that ALTRO performs particularly well in comparison to DIRCOL on prob-
lems involving obstacles and high-dimensional state and input spaces. The following chapters provide
additional extensions to the ALTRO algorithm: Chapter 4 adds support for conic constraints and
demonstrates state-of-the-art performance of the solver on convex MPC problems, including those
with second-order cone constraints. Chapter 5 proposes a straightforward methodology for adapting
algorithms, like ALTRO, to natively account for the group structure of rotations, and examples are
provided demonstrating the application of the modified version of ALTRO to solve for high-angle
maneuvers for a handful of aerospace applications. Our implementation of ALTRO is available at
https://github.com/RoboticExplorationLab/Altro.jl.
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4
ALTRO-C: A Fast Solver for Conic

Model-Predictive Control

Building off the results of the previous chapter, here we detail the extension of the ALTRO
algorithm to second-order cone programs (SOCPs), as well as details regarding an improved

implementation that enables the state-of-the-art performance on convex MPC problems demon-
strated in this chapter. This work originally appeared in [44].

4.1 Introduction

Model-predictive control (MPC) has become a widely used approach for controlling complex robotic
systems with several notable successes in recent years [45]–[47]. By transforming the control problem
into an optimization problem with an explicit objective and constraints, MPC can achieve desired
behaviors while accounting for complex dynamics, torque limits, and obstacle avoidance. However,
because these optimization problems must typically be solved at rates of tens to hundreds of Hertz
on board the robot, efficient and reliable solver algorithms are crucial to their success.

In practice, most MPC problems are formulated as convex optimization problems, since convex
solvers are available that can guarantee convergence to a globally optimal solution, or provide a
certificate of infeasibility if a solution does not exist. A variety of numerical techniques for solving
such problems have been developed over the past several decades, and many high-quality solver
implementations—both open-source and proprietary—are available. In the control community, a
particular emphasis has been placed on high-performance solvers for quadratic programs (QPs) that
are suited to real-time use on embedded computing hardware, including active-set [48] [8], interior-
point [38], [49], [50], and alternating direction method of multipliers (ADMM) [51] methods. There
has also been at least one interior-point solver for second-order cone programs (SOCPs) developed
for embedded applications [39].

To achieve high performance on MPC problems, a solver must a) exploit problem structure with
sparse matrix factorization techniques, b) take advantage of previous solutions to “warm start” the
current solve, and c) efficiently handle convex conic constraints on states and inputs. We present
ALTRO-C, a more capable version of the ALTRO solver [2] originally developed for offline solution of
nonlinear trajectory optimization problems, that achieves all three of these properties. As a result, it
delivers state-of-the-art performance on both QPs and SOCPs in MPC applications, and can easily
support optimization over other cones in the future. To the best of our knowledge, ALTRO-C is the
first solver specifically designed for MPC applications that can handle second-order cone constraints.

In summary, our contributions include:

• A novel method for incorporating conic—including second-order cone—constraints into a Dif-
ferential Dynamic Programming (DDP)-based trajectory optimization solver.

• An open-source solver implementation in Julia that delivers state-of-the-art performance for
convex MPC problems with a convenient interface for defining trajectory optimization prob-
lems.

• A suite of benchmark MPC problems that demonstrate the solver’s performance, including a
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satellite with flexible appendages, a quadruped with both linearized and second-order friction
cones, rocket soft-landing, and manipulation with contact.

4.2 Conic Augmented Lagrangian

There has been great interest in recent years within the optimization community in optimization
over cones, sometimes referred to as generalized inequalities. The second-order cone, Ksoc = {(v, s) ∈
Rn+1 | ∥v∥2 ≤ s}, (also known as the quadratic cone or the Lorentz cone) has proven particularly
useful in control applications including the rocket soft-landing problem [52] [53] and friction cone
constraints that appear in manipulation or locomotion tasks [54]. Before methods existed for directly
attacking SOCPs, many practitioners linearized this cone, resulting in increased problem sizes and
less accurate or sub-optimal solutions.

Most existing specialized “conic” solvers are based on ADMM [55], [56] or interior-point [39]
methods. Both of these approaches have tradeoffs: ADMM methods converge slowly (linearly) but
are very warm-startable, while interior-point methods converge quickly (quadratically) but aren’t
well-suited to warm-starting. The augmented Lagrangian method (ALM) is an attractive middle-
ground, offering both superlinear convergence and good warm-starting capabilities.

Despite some theoretical work showing promising convergence analyses of ALM for conic pro-
grams [57]–[61] and several ALM implementations for solving large-scale semi-definite programs
(SDPs) [62], [63], no ALM implementation for SOCPs existed until very recently [64]. Building on
that work, our aim is to develop an ALM SOCP solver that exploits the special structure of MPC
problems.

As described in Sec. 2.4.2, augmented Lagrangian methods solve constrained optimization prob-
lems by solving a series of unconstrained problems minimizing the augmented Lagrangian:

LA(x) = f(x)− λT c(x) + ρ
1

2
c(x)T c(x), (4.1)

where f(x) : Rn 7→ R is the objective function, c(x) : Rn 7→ Rm is an equality constraint function,
λ ∈ Rm is a Lagrange multiplier, and ρ ∈ R is a penalty weight. This standard form can also be
adapted to handle inequality constraints, as described in [2] [37].

After each unconstrained minimization of (4.1) with respect to x, the penalty ρ is increased and
the Lagrange multiplier λ is updated according to,

λ← (λ− ρc(x)) , (4.2)

which is equivalent to a gradient ascent step on the dual problem [65]. Augmented Lagrangian
methods are theoretically capable of superlinear convergence rates, but often exhibit poor “tail-
convergence” behavior in practice due to ill-conditioning as ρ is increased.

Based on [57], we generalize the augmented Lagrangian method to enforce general conic con-
straints. Equation (4.1) can be rewritten as,

LA(x) = f(x) +
1

2ρ
(∥λ− ρc(x)∥2 − ∥λ∥2). (4.3)

Comparing the first quadratic penalty term λ− ρc(x) with the standard dual ascent step (4.2), we
see that this reformulation is effectively penalizing the difference between the current and updated
Lagrange multiplier estimates.

If our constraint is instead required to lie within the cone K, we can modify the augmented
Lagrangian penalty to penalize the difference between the multipliers after the updated multiplier
is projected back into the cone,

LA(x) = f(x) +
1

2ρ
(∥ΠK(λ− ρc(x))∥2 − ∥λ∥2), (4.4)

where ΠK(x) : Rp 7→ Rp is the projection operator for the cone K. We refer to (4.4) as the conic
augmented Lagrangian.
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For simple inequality constraints of the form c(x) ≤ 0, the projection is onto the non-positive
orthant: ΠK−(x) = min(0, x). Simple closed-form expressions for the projection operator exist for
several other cones, including the second-order cone:

ΠKsoc
(x) =


0 ∥v∥2 ≤ −s
x ∥v∥2 ≤ s
1
2 (1 + s/∥v∥2)[vT ∥v∥2]T ∥v∥2 > |s|

(4.5)

where v =
[
x0 . . . xp−1

]T
, s = xp. Analogous to (4.2), the dual update in the conic case becomes,

λ← ΠK(λ− ρc(x)). (4.6)

This method for handling conic constraints is the key algorithmic development in ALTRO-C,
enabling the competitive timing and convergence results demonstrated in Section 4.4.

4.3 ALTRO-C Solver

The original ALTRO algorithm, described in Chapter 3 and [2], was modified using the formulation
in 4.2 to handle second-order cone constraints and was renamed ALTRO-C. Analytic first and
second-order derivatives of (4.5) were implemented to calculate the expansions of (4.4) required by
the iLQR algorithm. No changes were made to the active-set solution-polishing method. To our
knowledge, ALTRO-C is the first DDP-based algorithm to support conic constraints, and one of the
first optimal control solvers in general to support generalized inequalities.

In addition to adding second-order cone constraints, the Julia implementation of ALTRO-C
has been improved substantially from the original version presented in [2], enabling the competi-
tive timing results demonstrated in Section 4.4. Memory allocations have been eliminated wherever
possible, and ALTRO-C has been particularly optimized for small-to-medium-size problems by lever-
aging loop-unrolling and analytical linear algebra1. If the problems are small enough, the matrix
operations in the backward pass are stored on the stack and all operations are unrolled at compile
time, resulting in speed improvements of 10-100x over the built-in heap-allocated Julia arrays that
use BLAS or LAPACK linear algebra subroutines. On the benchmark problems included in [2],
these performance enhancements achieved anywhere from a 65-140x improvement in runtime perfor-
mance over the original implementation. In addition to excellent performance, ALTRO-C provides
a convenient API that dramatically simplifies MPC problem definition and provides convenient and
efficient methods for updating the MPC problem between iterations. By providing several methods
for modifying the problem and constraints in-place, ALTRO is uniquely well-suited to solving MPC
problems, especially since the solver is well-suited to warming-starting. While not as lightweight
as embedded solvers such as ECOS, Julia can be run on ARM processors, and future work will
investigate runtime performance on microcomputers.

4.4 Examples

The following examples were run on an Intel i7-1165G7 processor. For the QP examples, ALTRO-C
was compared against OSQP [51], a state-of-the-art ADMM QP solver optimized for online op-
timization, and the SOCP examples were compared against ECOS [39], an interior-point SOCP
solver designed for embedded applications, COSMO [55], a state-of-the-art ADMM SOCP method,
and Mosek2, a high-quality commercial convex optimization package. All problems were solved
to cost and constraint tolerances of 10−4, so the solution-polishing steps of both ALTRO-C and
OSQP were disabled. The reported timing results only capture the time to solve the convex op-
timization problem: All overhead associated with modifying the problem during each MPC iter-
ation is omitted. Future work with emphasis on applications will include the often non-trivial

1These algorithms are part of the StaticArrays.jl package
2https://www.mosek.com/
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Figure 4.1: Comparison of ALTRO-C and OSQP as a function of a) state dimension (N = 21,m = 2),
b) control dimension (N = 21, n = 30), and c) horizon length (n = 12,m = 6). The x-axis is labeled
at the sampled sizes.

steps required to efficiently update the problem between iterations, although fast and allocation-
free methods are already implemented in ALTRO-C3. Code for the examples is available at https:
//github.com/RoboticExplorationLab/altro-mpc-icra2021.

4.4.1 Random Linear MPC

We compared the general performance of ALTRO-C and OSQP on a set of random QPs of the
following form:

minimize
X,U

N∑
k=1

∥xk − x̄k∥2Qk
+

N−1∑
k=1

∥uk∥2R

subject to xk+1 = Axk +Buk,

x1 = 0,

u− ≤ uk ≤ u+

(4.7)

The problems were generated from the following distributions: Qii ∼ U(0, 10), Rii = 0.1, Qf =
(N−1)Q, and u+

i = −u−
i = 3. The reference trajectory x̄k, ūk was generated by randomly generating

a control trajectory ū ∼ N (0, 1) and simulating the system forward. Random dynamics matrices,
A and B, were generated such that the eigenvalues of A were within the unit circle and the system
was controllable.

At each MPC iteration, the first control was used to simulate the system forward with additive
noise: xk+1 = Axk + Buk + ϵk, where ϵk ∼ N (0, ∥xk∥∞/100). The primal and dual variables for
each solver were then shifted by one time step to warm-start the next solve.

We compare solve times while varying the state dimension n in Fig. 4.1a, the control dimension
m in Fig. 4.1b, and the time horizon N in Fig. 4.1c. As expected, both ALTRO-C and OSQP
demonstrate linear scaling with respect to the horizon length, while ALTRO-C achieves significantly
lower overall times. Both solvers exhibit polynomial scaling in the state and control dimensions,
with ALTRO-C achieving better scaling with respect to state dimension. Because ALTRO-C directly
optimizes control trajectories using a Riccati recursion, it exhibits worse scaling with respect to input
dimension. While ALTRO-C is faster than OSQP for m < 15, OSQP has an advantage for systems
with larger input dimensions.

3Available in the Altro.jl and TrajectoryOptimization.jl packages
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Figure 4.2: Solve times for OSQP and ALTRO-C for the flexible spacecraft pointing problem. Both
ALTRO-C and OSQP benefit from warm starting, leading to reduced solve times as the simulation
progresses. ALTRO-C reaches a significantly faster steady state solve time than OSQP.

4.4.2 Flexible Spacecraft

For spacecraft with flexible appendages, controlling the attitude with a naive feedback controller
can result in poor performance due to excitation of flexible modes. Running an MPC controller in
this scenario is advantageous because it can plan for known disturbances and better reason about
actuator constraints [66]. The nonlinear dynamics of a flexible spacecraft [67] were linearized about
a reference orientation, resulting in the following linear ODEs,

Jω̇ +GT η̈ = τd − u,

η̈ + Cη̇ +Kη +Φf = −Gω̇,
(4.8)

where ω ∈ R3 is the spacecraft’s angular velocity, η ∈ R3 is the modal displacement, J is the
spacecraft’s inertia matrix, G is the Jacobian mapping modal displacement to angular displacement,
Φ is the Jacobian mapping modal displacement to linear displacement, C is the damping matrix,
K is the stiffness matrix, f is the disturbance force, τd is the disturbance torque, and u ∈ R3 is
the control torque. This linearization is valid for inertial pointing scenarios where deviations from
the reference attitude are limited to a few degrees. The flexible spacecraft pointing problem can be
posed as a convex MPC problem with 12 states, 3 controls, and linear actuator constraints.

For large spacecraft, the dynamics are relatively slow, so a sample rate of 2 Hz and horizon of
40 seconds were used for this problem. The cost function included quadratic penalties on pointing
error, angular velocity, excitation of the flexible modes, and the control inputs, which were bounded
between ±0.1Nm. As shown in Fig. 4.2, both solvers are able to leverage warm-starting to reduce
the number of iterations required for convergence after a handful of MPC steps, with ALTRO-C
being at least twice as fast as OSQP after the first few steps, enabling fast and reliable solving of
the MPC problem, without any unnecessary overhead.

4.4.3 Quadruped

Quadrupeds are high dimensional, underactuated robotic systems that are challenging to control.
Current state-of-the-art approaches simplify the dynamics and pre-specify a foot contact sequence
so that the problem can be cast as a quadratic program that can readily be solved online.

Based on [47], we model the robot as a single rigid body with xk ∈ R12 and contact forces acting
at the legs treated as control inputs uk ∈ R12. A convex problem is obtained by linearizing the
dynamics about the current reference, resulting in a problem similar to (4.7), but with additional
friction-cone constraints on the foot contact forces,∥∥f t

i,k

∥∥
2
≤ µfn

i,k i ∈ {1, . . . , 4}, (4.9a)

0 ≤ fn
i,k i ∈ {1, . . . , 4} (4.9b)
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Figure 4.3: Simplified quadruped model considers a single rigid body that neglects the inertia of the
legs. Approximate Newton-Euler equations are defined with leg forces acting at the foot contacts.

where f t
i,k and fn

i,k ∈ R3 are the tangential and normal components of the contact forces of foot i
at time step k, respectively. Most MPC implementations further linearize the second-order friction
cone constraint (4.9a),

−µ̃fn ≤ f tx ≤ µ̃fn,

−µ̃fn ≤ f ty ≤ µ̃fn,
(4.10)

resulting in a QP. Both the original SOCP and linearized QP versions of the problem can be solved
with ALTRO-C.

ALTRO-C was compared to OSQP using the QP formulation and ECOS for the SOCP formula-
tion. The MuJoCo simulator [68] was used to simulate the full nonlinear dynamics of the quadruped
walking in place. ALTRO-C and OSQP were warm started with the solution from the previous step.
Timing results are shown in Fig. 4.4. While OSQP is slightly faster than ALTRO-C, both solvers
achieve sub-millisecond times. Interestingly, ALTRO-C achieves nearly the same solve time on the
SOCP formulation, while ECOS is many times slower. This result demonstrates that the common
practice of linearizing friction cones to achieve faster MPC solve times may be unnecessary with
better-optimized solvers.

Finally, we note that non-convex versions of this problem have also been successfully demon-
strated using the IPOPT solver [69]. Because ALTRO is also a nonlinear trajectory optimization
solver, it can also seamlessly handle such non-convex extensions without having to change solvers,
and while maintaining high performance.

4.4.4 Rocket Soft Landing

The rocket soft-landing problem involves landing a vehicle on the surface of a planet while respecting
actuator and safety constraints. Several previous works have formulated this problem as a convex
second-order cone program [52], [53], [70], [71] It is standard to decompose the MPC problem into
two separate controllers: a long-horizon controller for the translation dynamics, and a short-horizon
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Figure 4.4: Timing results for the quadruped benchmark averaged over 60 MPC iterations. The QP
results are for the linearized friction cone, while the SOCP results are for the second-order friction
cone. Error bars denote one standard deviation.

attitude controller. Here we consider the translation problem, adapted from [53],

minimize
X,U

N∑
k=1

∥xk − x̄k∥2Qk
+

N−1∑
k=1

∥uk∥2R (4.11a)

subject to xk+1 = Axk +Buk + b, (4.11b)

x1 = xinit, (4.11c)

∥uk∥2 ≤ umax, (4.11d)∥∥[uk,x uk,y]
T
∥∥
2
≤ αuuk,z, (4.11e)∥∥[xk,x yk,y]

T
∥∥
2
≤ αxxk,z (4.11f)

where xk ∈ R6, uk ∈ R3 =
[
uk,x uk,y uk,z

]T
, and the dynamics are approximated by a point mass

subject to gravity. The three second-order cone constraints (4.11d), (4.11e), and (4.11f) enforce a
maximum thrust, thrust angle, and a safe glideslope region, respectively.

To highlight the advantage of handling second-order cone constraints in ALTRO-C, we optimized
the 15 second, 301 knot point reference trajectory with both ALTRO and ALTRO-C, each to a
constraint tolerance of 10−5. Since only ALTRO-C handles conic constraints directly, ALTRO
enforced the squared version of Eq. (4.11d)-(4.11f) at each time step. ALTRO-C took a median
time of 25.4 ms and 24 iterations, while the original version of ALTRO took 40.0 ms and 76 iterations.

For the convex MPC problem with a horizon length of 20 time steps, ALTRO-C was roughly
ten times faster than ECOS, converging in under 4 iterations and 0.37 ± 0.33 ms, compared to 3.80
± 0.18 ms for ECOS. Fig. 4.5 highlights the convergence characteristics of ALTRO-C compared
to several other state-of-the-art conic solvers. A reference “ground-truth” solution was generated
using COSMO [55] with very tight tolerances, and the distance to the ground-truth solution was
computed for decreasing solver tolerances. As shown, ALTRO-C converges extremely quickly to a
solution very close to the true solution, while other solvers require much tighter tolerances (implying
longer solve times) to achieve similar results.

4.4.5 Grasp Optimization

Grasp optimization for robotic manipulators can be formulated as an SOCP [54]. We model a two-
finger robotic manipulator grasping a box and tracking a reference trajectory. The box is subject
to contact forces from the gripper F 1 and F 2 ∈ R3, and gravity Fg. The inward pointing normal vi

for the ith contact point is useful for separating the contact forces into the tangential and normal
components. The problem setup is illustrated in Fig. 4.6.

Similar to (4.7), a quadratic cost function is used to penalize distance from a reference trajectory.

35



CHAPTER 4. ALTRO-C

10−1310−1210−1110−1010−910−810−710−610−510−410−310−210−1
10−8

10−3

102

Solver Tolerance

T
ra
je
ct
or
y
E
rr
or

ALTRO-C ECOS COSMO Mosek

Figure 4.5: Convergence comparison for conic solvers. The error relative to a reference trajectory is
shown as a function of solver tolerance.
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Figure 4.6: A free-body diagram and trajectory snapshots for a manipulation task. F 1 and F 2 are
the contact forces from the gripper, and vi is the inward pointing normal for the object at the ith

contact point. Fg is the gravitational force. The object pose is shown in blue, contact forces are
shown in red, and the gravity vector is in green. Snapshots that are more transparent correspond
to earlier time steps in the trajectory.
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Figure 4.7: Computation time comparison for the grasp optimization MPC problem. The solid lines
represent average run-time, while the dotted lines represent the 1st and 3rd quartiles.

Contact forces are treated as control inputs, and are subject to the following constraints:∥∥(I − vik(v
i
k)

T )F i
k

∥∥
2
≤ µ(vik)

TF i
k, i = 1, 2 (4.12a)

(vik)
TF i

k ≤ fmax, i = 1, 2 (4.12b)

αk = Ckuk. (4.12c)

Equation (4.12a) enforces Coulomb friction, where
∥∥(I − vi(vi)T )F i

∥∥
2
is the magnitude of the normal

component, (vi)TF i is the magnitude of the tangential component, and µ is the coefficient of friction.
Equation (4.12b) bounds the normal force, and (4.12c) ensures that the torques generate the pre-
specified reference angular acceleration αk ∈ R3.

To ease visualization, the reference trajectory in Fig. 4.6 was kept planar, but could easily be
extended to 3D. The performance of ALTRO-C was compared to several other conic solvers for
different MPC horizon lengths N . As shown in Fig. 4.7, while all solvers exhibit linear scaling with
respect to N , ALTRO-C exhibits the fastest run-times—averaging 0.24 ms for 11 knot points and
1.0 ms for 51 knot points.

4.5 Conclusion

We have presented ALTRO-C, a conic augmented Lagrangian method for solving model-predictive
control problems with general convex conic constraints. The method was implemented by mod-
ifying the open-source ALTRO solver and demonstrated on several benchmark control problems.
ALTRO-C fully exploits the structure of trajectory optimization problems, achieves fast conver-
gence to moderate tolerances, and offers good warm-starting capabilities, making it ideal for MPC
applications. Comparisons to several QP and SOCP solvers show that our algorithm delivers state-
of-the-art performance on small-to-medium-size MPC problems and is suitable for many real-time
control applications. Additionally, unlike other specialized conic solvers, ALTRO-C can be readily
applied to nonlinear and non-convex problems.

Future work may investigate extending ALTRO-C to work with additional cones, including the
semi-definite cone. Further benchmarking results against other state-of-the-art MPC solvers, such as
the newly released HPIPM [38], are also left for future work. While the current Julia implementation
offers significant benefits, a lightweight C implementation of the algorithm could also be useful for
resource-constrained embedded applications.

The next chapter further extends ALTRO by proposing a straightforward method for adapting
Newton-based optimization methods to account for the group structure of rotations, and concludes
the work involving the ALTRO algorithm.
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5 Planning With Attitude

This chapter we introduces a powerful yet intuitive method for adapting optimization algorithms—
like ALTRO—to account for the group structure of 3D rotations. This general approach allows

for straightforward adaptation of existing algorithms to account for the group structure of rotations
within gradient or Newton-based optimization methods. This work originally appeared in [72].

5.1 Introduction

Many robotic systems—including quadrotors, airplanes, satellites, autonomous underwater vehicles,
and quadrupeds—can perform arbitrarily large three-dimensional translations and rotations as part
of their normal operation. While representing translations is straightforward and intuitive, effectively
representing the nontrivial group structure of 3D rotations has been a topic of study for many
decades. Although we can intuitively deduce that rotations are three-dimensional, a globally non-
singular three-parameter representation of the space of rotations does not exist [73]. As a result,
when parameterizing rotations, we must either a) choose a three-parameter representation and deal
with singularities and discontinuities, or b) choose a higher-dimensional representation and deal with
constraints between the parameters. While simply representing attitude is nontrivial, generating and
tracking motion plans for floating-base systems is an even more challenging problem.

Early work on control problems involving the rotation group dates back to the 1970s, with exten-
sions of linear control theory to spheres [74] and SO(3) [75]. Effective attitude tracking controllers
have been developed for satellites [76], quadrotors [77]–[80] [81], [82] and a 3D inverted pendulum
[83], [84] using various methods for calculating three-parameter attitude errors.

More recently, these ideas have been extended to trajectory generation [85], sample-based motion
planning [86], [87], and optimal control. Approaches to optimal control with attitude states include
analytical methods applied to satellites [88], discrete mechanics [89]–[91], a combination of sampling-
based planning and constrained trajectory optimization for satellite formations [92], [93], projection
operators [94], or more general theory for optimization on manifolds [95]. Nearly all of these methods
rely heavily on principles from differential geometry and Lie group theory; however, despite these
works, many recent papers in the robotics community continue to naively apply standard methods
for motion planning and control with no regard for the group structure of rigid body motion.

In this paper, we make a departure from previous approaches to geometric planning and control
that rely heavily on ideas and notation from differential geometry, and instead use only basic math-
ematical tools from linear algebra and vector calculus that should be familiar to most roboticists.
In Sec. 5.3 we introduce an approach to quaternion differential calculus similar to [96], [97], but
significantly simpler and more general, enabling straight-forward adaptation of existing algorithms
to systems with quaternion states. For concreteness, we then apply our method to the canonical
Wahba’s problem [98] in Sec. 5.4, and demonstrate superior convergence to approaches that fail
to properly account for the group structure. In Sec. 5.5 we extend these ideas to the problem of
trajectory optimization, and detail modifications to ALTRO, a state-of-the-art constrained trajec-
tory optimization solver, and demonstrate performance gains on several benchmark problems. With
the modifications presented in this paper, ALTRO explicitly leverages both the structure of the
trajectory optimization problem as well as the group structure of 3D rotations, making it uniquely
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CHAPTER 5. PLANNING WITH ATTITUDE

well-suited to solving challenging problems with near real-time performance.
In summary, our contributions include:

• A unified approach to quaternion differential calculus entirely based on standard linear algebra
and vector calculus.

• Derivation of a Newton-based algorithm for nonlinear optimization directly on the space of
unit quaternions.

• Implementation of a fast and efficient solver for trajectory optimization problems with attitude
dynamics and nonlinear constraints that correctly accounts for the group structure of 3D
rotations.

5.2 Background

We begin by defining some useful conventions and notation. Attitude is defined as the rotation from
the robot’s body frame to the world frame. We also define gradients to be row vectors, that is, for
f(x) : Rn → R, ∂f

∂x ∈ R1×n.

5.2.1 Unit Quaternions

We leverage the fact that quaternions are linear operators and that the space of quaternions H is
isomorphic to R4 to explicitly represent—following the Hamilton convention—a quaternion q ∈ H
as a standard vector q ∈ R4 := [qs qTv ]

T where qs ∈ R and qv ∈ R3 are referred to as the scalar and
vector parts of the quaternion, respectively. The space of unit quaternions, S3 = {q : ∥q∥2 = 1}, is
a double-cover of the rotation group SO(3), since q and −q represent the same rotation [99].

Quaternion multiplication is defined as

q2 ⊗ q1 = L(q2)q1 = R(q1)q2 (5.1)

where L(q) and R(q) are orthonormal matrices defined as

L(q) :=

[
qs −qTv
qv qsI + [qv]

×

]
(5.2)

R(q) :=

[
qs −qTv
qv qsI − [qv]

×

]
, (5.3)

and [x]× is the skew-symmetric matrix operator

[x]× :=

 0 −x3 x2

x3 0 −x1

−x2 x1 0

 . (5.4)

The inverse of a unit quaternion q−1, giving the opposite rotation, is equal to its conjugate q∗,
which is simply the same quaternion with a negated vector part:

q∗ = Tq :=

[
1
−I3

]
q. (5.5)

The following identities, which are easily derived from (5.2)–(5.5), are extremely useful:

L(Tq) = L(q)T = L(q)−1 (5.6)

R(Tq) = R(q)T = R(q)−1. (5.7)
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T
q

O

δq

Figure 5.1: When linearizing about a point q on an sphere Sn−1 in n-dimensional space, the tangent
space T is a plane living in Rn−1, illustrated here with n = 3. Therefore, when linearizing about a
unit quaternion q ∈ S3, the space of differential rotations lives in R3.

We will sometimes find it helpful to create a quaternion with zero scalar part from a vector
r ∈ R3. We denote this operation as,

r̂ = Hr ≡
[
0
I3

]
r. (5.8)

Unit quaternions rotate a vector through the operation r̂′ = q ⊗ r̂ ⊗ q∗. This can be equivalently
expressed using matrix multiplication as

r′ = HTL(q)R(q)THr = A(q)r, (5.9)

where A(q) is the rotation matrix in terms of the elements of the quaternion [100].

5.2.2 Rigid Body Dynamics

For clarity, we will restrict our attention to rigid bodies moving freely in 3D space. That is, we
consider systems with dynamics of the following form:

x =


r
q
v
ω

 , ẋ =


v

1
2q⊗ ω̂ = 1

2L(q)Hω
1
m

WF (x, u)
J−1(Bτ(x, u)− ω × Jω)

 (5.10)

where x and u are the state and control vectors, r ∈ R3 is the position, q ∈ S3 is the attitude, v ∈ R3

is the linear velocity, and ω ∈ R3 is the angular velocity. m ∈ R is the mass, J ∈ R3×3 is the inertia
matrix, WF (x, u) ∈ R3 are the forces in the world frame, and Bτ(x, u) are the moments in the body
frame.

5.3 Quaternion Differential Calculus

We now present a simple but powerful method for taking derivatives of functions involving quater-
nions based on the notation and linear algebraic operations outlined in Sec. 5.2.1.

Derivatives consider the effect an infinitesimal perturbation to the input has on an infinitesimal
perturbation to the output. For vector spaces, the composition of the perturbation with the nominal
value is simple addition and the infinitesimal perturbation lives in the same space as the original
vector. For unit quaternions, however, neither of these are true; instead, they compose according
to (5.1), and infinitesimal unit quaternions are (to first order) confined to a 3-dimensional plane
tangent to S3 (see Fig. 5.1).
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The fact that differential unit quaternions are three-dimensional should make intuitive sense:
Rotations are inherently three-dimensional and differential rotations should live in the same space
as angular velocities, i.e. R3.

There are many possible three-parameter representations for small rotations in the literature.
Many authors use the exponential map [75], [91], [94], [95], [101], [102], while others have used the
Cayley map (also known as Rodrigues parameters) [89], [90], Modified Rodrigues Parameters (MRPs)
[103], or the vector part of the quaternion [77]. We choose Rodrigues parameters [99] because they
are computationally efficient and do not inherit the sign ambiguity associated with unit quaternions.
The mapping between a vector of Rodrigues parameters ϕ ∈ R3 and a unit quaternion q is known
as the Cayley map:

q = φ(ϕ) =
1√

1 + ∥ϕ∥2

[
1
ϕ

]
. (5.11)

We will also make use of the inverse Cayley map:

ϕ = φ−1(q) =
qv
qs

. (5.12)

See Appendix A for more details on the other error maps.

5.3.1 Jacobian of Vector-Valued Functions

When taking derivatives with respect to quaternions, we must take into account both the com-
position rule and the nonlinear mapping between the space of unit quaternions and our chosen
three-parameter error representation.

Let ϕ ∈ R3 be a differential rotation applied to a function with quaternion inputs y = h(q) :
S3 → Rp, such that

y + δy = h(L(q)φ(ϕ)) ≈ h(q) +∇h(q)ϕ. (5.13)

Note that we chose to represent ϕ in the body frame, consistent with the standard definition of
angular velocity, and therefore it is applied to q through right (rather than left) multiplication. We
can calculate the Jacobian ∇h(q) ∈ Rp×3 by differentiating (5.13) with respect to ϕ, evaluated at
ϕ = 0:

∇h(q) = ∂h

∂q
L(q)H :=

∂h

∂q
G(q) =

∂h

∂q

[
−qTv

qsI3 + [qv]
×

]
(5.14)

where G(q) ∈ R4×3 is the attitude Jacobian, which essentially becomes a “conversion factor” allowing
us to apply results from standard vector calculus to the space of unit quaternions. This form
is particularly useful in practice since ∂h/∂q ∈ Rp×4 can be obtained using finite differences or
automatic differentiation. As an aside, although we have used Rodrigues parameters, G(q) is actually
the same (up to a constant scalar factor) for any choice of three-parameter attitude representation.
The proof of this property is given in Appendix A.

5.3.2 Hessian of Scalar-Valued Functions

If the output of h is a scalar (p = 1), then we can find its Hessian by taking the Jacobian of (5.14)
with respect to ϕ using the product rule, again evaluated at ϕ = 0:

∇2h(q) = G(q)T
∂2h

∂q2
G(q)− I3

∂h

∂q
q, (5.15)

where the second term comes from the second derivative of φ(ϕ). Similar to G(q), this expression is
the same (up to a constant scalar factor) for any choice of three-parameter attitude representation,
and is also proved in Appendix A.
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5.3.3 Jacobian of Quaternion-Valued Functions

We now consider the case of a function that maps unit quaternions to unit quaternions, q′ = f(q) :
S3 → S3. Here we must also consider the non-trivial effect of a differential rotation applied to the
output, i.e.:

L(q′)φ(ϕ′) = f(L(q)φ(ϕ)). (5.16)

Solving (5.16) for ϕ′ we find,

ϕ′ = φ−1
(
L(q′)T f(L(q)φ(ϕ))

)
≈ ∇f(q)ϕ. (5.17)

Finally, the desired Jacobian is obtained by taking the derivative of (5.17) with respect to ϕ:

∇f(q) = HTL(q′)T
∂f

∂q
L(q)H = G(q′)T

∂f

∂q
G(q). (5.18)

Once again, (5.18) holds (up to a constant) for any three-parameter attitude representation.

5.4 Modifying Newton’s Method

Newton’s method uses derivative information about a function to iteratively approximate its roots.
For unconstrained systems, this method is highly effective, and can exhibit quadratic convergence
rates. For constrained systems, the updates can be projected back onto the feasible set at each
iteration, but without the same convergence guarantees.

In this section, we will leverage the quaternion calculus results introduced in the previous section
to modify Newton’s method so that it implicitly accounts for the quaternion unit-norm constraint.
Unlike the projection approach, this modified form of Newton’s method retains the fast convergence
rates associated with the unconstrained method. We will demonstrate this behavior on Wahba’s
Problem, a least-squares attitude estimation problem [98], [99].

5.4.1 Methodology

Given a set of known vectors in the world frame, Wwi, and measurements of these vectors in the
body frame, Bvi, we seek the rotation from the body to the world frame WA(q)B that solves the
following optimization problem,

minimize
q

W (q)

subject to q ∈ S3,

where Wahba’s loss function W (q) is,

W (q) =
∑
i

∥∥Wwi −A(q) Bvi
∥∥2
2
= ∥r(q)∥22, (5.19)

and r(q) is the residual vector.
The Jacobian of r(q) can be found using (5.14):

∇r(q) = ∂r

∂q
G(q) (5.20)

= −2HTR(q)T

(∑
i

R(B v̂i)

)
G(q). (5.21)

Given a guess solution, qk, The standard Gauss-Newton method can then be used to compute a
three-parameter update, ϕk via the Moore-Penrose pseudoinverse:

ϕk = −(∇rT∇r)−1∇rT r(qk). (5.22)
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Figure 5.2: Convergence comparison for Wahba’s problem. The error is the angle between the
current solution and the globally optimal solution computed using a singular-value decomposition.
The thick line is the average result of 100 trials with randomized orientations and measurements.
The thin lines are the maximum and minimum over all 100 trials. By modfying Newton’s method
with the methods of section 5.3, quadratic convergence rates are achieved, while a näıve approach
stalls after only a few iterations.

The update is then applied using the composition for the group:

qk+1 = qk ⊗ φ(ϕk). (5.23)

This “multiplicative” Gauss-Newton method is summarized in Algorithm 7.

Algorithm 7 Multiplicative Gauss-Newton Method

1: k = 0
2: while ∥ϕ∥ > tolerance do

3: ∇r = ∂r(qk)
∂q G(qk) ▷ Compute Jacobian

4: ϕ = −(∇rT∇r)−1∇rT r(qk) ▷ Compute update step
5: qk+1 = L(qk)φ(ϕ) ▷ Apply update step
6: k = k + 1
7: end while

5.4.2 Results

Figure 5.2 compares the multiplicative Gauss-Newton method with a näıve Newton’s method in
which the quaternion is simply projected back onto the unit sphere at every iteration. The näıve
method makes progress initially, but quickly stalls. By correctly handling the group structure of
unit quaternions, the multiplicative method is able to maintain the fast convergence rates typical of
Newton’s method. By comparing our method with the global solution obtained from a singular-value
decomposition [104], we see that our method recovers the globally optimal solution within a small
number of iterations.

5.5 Trajectory Optimization for Rigid Bodies

Here we outline the modifications to the ALTRO solver—(Chapter 3, [2])—to solve trajectory op-
timization problems for rigid bodies, which extends easily to arbitrary systems whose state is in
Rn × S3. for constrained nonlinear optimization problems that uses iterative LQR (iLQR) with an
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augmented Lagrangian framework. We consider trajectory optimization problems of the form,

minimize
x1:N , u1:N−1

ℓf (xN ) +

N−1∑
k=1

ℓk(xk, uk)

subject to xk+1 = f(xk, uk),

gk(xk, uk) = 0,

hk(xk, uk) ≤ 0,

(5.24)

where x and u are the state and control vectors as described in Sec. 5.2.2, f are the dynamics as
defined in (5.10), ℓk is a general nonlinear cost function at a single time step, N is the number of
time steps, and gk, hk are general nonlinear equality and inequality constraints.

ALTRO combines techniques from both differential dynamic programming (DDP) and direct
transcription methods to achieve high performance on challenging constrained nonlinear trajectory
optimization problems. Like most methods for nonlinear optimization, ALTRO iteratively approxi-
mates the nonlinear functions f, ℓ, g, and h with their first or second-order Taylor series expansions.
Leveraging the methods from Sec: 5.3, we adapt the algorithm to optimize directly on the error
state δx ∈ R12:

δxk =


rk − r̄k

φ−1(q̄−1
k ⊗ qk)

vk − v̄k
ωk − ω̄k

 . (5.25)

We begin by linearizing the dynamics about the reference state and input trajectories, x̄ and ū,
using (5.18). The linearized error dynamics become,

δxk+1 = Akδxk +Bkδuk, (5.26)

where

Ak = E(x̄k+1)
T ∂f

∂x
|x̄k,ūk

E(x̄k),

Bk = E(x̄k+1)
T ∂f

∂u
|x̄k,ūk

,

(5.27)

and E(xk) ∈ R13×12 is the error-state Jacobian:

E(x) =


I3

G(q)
I3

I3

. (5.28)

By applying (5.14) and (5.15) to the nonlinear cost functions ℓ and (5.18) to the nonlinear constraint
functions gk and hk, we can calculate the second-order expansion of the cost function:

δℓ(x, u) ≈ 1

2
δxT ℓxxδx+

1

2
δuT ℓuuδu+ δTu ℓuxδx+ ℓTx δx

T + ℓTu δu. (5.29)

With these results, we can apply standard Newton and quasi-Newton techniques along the lines
of Section 5.4. The second-order expansion of the “action-value expansion” is then identical to 3.10,
except that they are now on the error state, and therefore have a reduced dimension.

We can also calculate a second-order expansion of the “action-value function” Q(x, u) needed in
DDP and LQR-based methods, from which we can calculate the quadratic expansion of the cost-
to-go Pk ∈ R12×12, pk ∈ R12, and optimal linear feedback gains Kk ∈ Rm×12 and feed-forward
corrections dk ∈ Rm by starting at the terminal state and performing a backward Riccati recursion
as usual [2], [105].

During the “forward rollout” of these methods, the dynamics are simulated forward in time using
updated control inputs:

uk = ūk − dk −Kkδxk. (5.30)

where ūk is the control value from the previous iteration, and δx is computed using (5.25). For more
details on the ALTRO algorithm, we refer the reader to [2].
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Table 5.1: Trajectory Optimization Timing Results (naive/modified)

Problem Iterations time (ms)

barrellroll 23 / 17 105.74 / 72.64
quadflip 31 / 25 505.59 / 433.59
satellite 16 / 17 170.98 / 263.10

5.5.1 Quaternion Cost Functions

In addition to the straight-forward modifications to the ALTRO algorithm itself, some care must be
taken in designing cost functions that are well-suited to unit quaternions. We frequently minimize
costs that penalize distance from a goal state, e.g. 1

2 (x−xg)
TQ(x−xg); however, näıve substraction

of unit quaternions does not respect their group structure, and often results in undesired behavior.
Instead, we have found the following cost function, which penalizes the geodesic distance between
two unit quaternions [87], to work well in practice:

Jgeo = (1−
∣∣qTg q∣∣). (5.31)

Its gradient and Hessian are,

∇Jgeo = − sign(qTg q)q
T
g G(q) (5.32)

∇2Jgeo = sign(qTg q)I3q
T
g q, (5.33)

where sign denotes the signum function. This cost function is particularly useful for rotations since
it eliminates the ambiguity arising from the quaternion double-cover of SO(3).

5.6 Experiments

In this section we present several trajectory optimization problems for systems that undergo large
changes in attitude: an airplane barrel roll, a quadrotor flip, and a satellite with flexible solar panels
that must slew to a new orientation while avoiding a keep-out zone. All problems are run using
ALTRO, first without any of the modifications presented in the current paper, analagous to the
näıve Newton’s method in section 5.4 and labeled “naive”, and then using the modifications listed
in Sec. 5.5 and the geodesic cost function described in Sec. 5.5.1, labeled “modified”. All cost
functions are of the following form:

ℓnaive(x, u, x̄, Q,R) =
1

2
(x− x̄)TQ(x− x̄) +

1

2
uTRu (5.34)

ℓmodified(x, u, x̄, Q,R) = ℓnaive(x, u, x̄, Q̄, R) + w(1± q̄T q) (5.35)

where x̄ is the reference state and Q̄ = diag(Qr, 0⃗4, Qv, Qω), with Qr, Qv, Qω being the weights of
Q for position, and linear and angular velocity, respectively.

Timing results are summarized in Table 5.1. All experiments are solved to a constraint satisfac-
tion tolerance of 10−5 and discretized with a 4th order Runge-Kutta integrator. The results were
run on a laptop computer with a 2.8 GHz i7-1165G7 processor with 16 GB of RAM. Code for all
experiments is available on GitHub1.

5.6.1 Airplane Barrel Roll

A 180 degree barrel roll trajectory for a fixed-wing airplane was optimized. The airplane’s dynamics
model consists of the a simple rigid body as defined in Section 5.2.2 with forces and torques due
to lift and drag fit from wind tunnel data [26]. The airplane was tasked to do a barrel roll by

1https://github.com/RoboticExplorationLab/PlanningWithAttitude
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Figure 5.3: Barrel roll trajectory computed by ALTRO using a terminal cost to encourage an upside-
down attitude.
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Figure 5.4: Constraint satisfaction as a function of iteration when solving the barrel roll problem
using ALTRO both with and without the modifications for optimizing unit quaternions.

constraining the terminal state to upside-down (see Fig. 5.3). To mitigate issues with integration
error and drift in the magnitude of the quaternion, the following constraint function was used to
enforce a terminal orientation of q̄:

qv
∥q∥
− q̄v sign

(
q̄T

q

∥q∥

)
= 0 (5.36)

The solver was initialized with level flight trim conditions. The convergence of the different
versions of ALTRO is compared in Fig. 5.4. As expected, the modified version achieves better
convergence and faster solve times compared to the näıve version since the expansions being provided
to the algorithm more accurately capture the relationship between the attitude state and the goal and
constraints. For this relatively simple problem, we gained a modest 31% improvement in runtime,
despite the additional matrix multiplications when calculating the cost and constraint expansions.

5.6.2 Quadrotor Flip

A 360 degree flip trajectory for a quadrotor was optimized with dynamics adapted from [106]. To
encourage the flip, we specified a “waypoint” cost function of the following form:∑

k∈N

ℓ(xk, uk, x̂, Q̂, R) +
∑
k∈W

ℓ(xk, uk, x̄k, Qw, R) (5.37)

where x̂, Q̂ are the nominal state and state weight matrix, Qw is the weight matrix for the waypoints,
and W = {20, 45, 51, 55, 75, 101}, N = {1 : 101} \ W. Four intermediary “waypoints” were used
to encourage the quadrotor to reach angles of 90◦, 180◦, 270◦, and 360◦ around an approximately
circular arc. The last waypoint was used to encourage the quadrotor to move towards the final goal,
and the first kept it above the floor before starting the loop. The solver was provided a dynamically
infeasible initial trajectory that linearly interpolates between the initial and final states, rotating
the quadrotor around the x-axis a full 360◦.
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Figure 5.5: Snapshots of the quadrotor flip trajectory. The gree-colored quadrotors represent the
state near t=0 s and the red-colored quadrotors represent the state near t=5.0 s

Figure 5.5 shows snapshots of the trajectory as generated using ALTRO. To compare the conver-
gence properties of the two methods, the optimal state and control trajectories were perturbed with
random Gaussian white noise with a mean of 1 for position, linear velocity, and angular velocity, 0.1
for the controls, and 145 degrees for the orientation (about a random axis). As shown in Fig. 5.6,
the modified method converges more reliably than the näıve method. It is also worth noting that
this problem could not be solved using any three-parameter attitude representation, since it passes
through the singularities at 90◦, 180◦, and 360◦ associated with Euler angles, Rodrigues parameters,
and Modified Rodrigues Parameters, respectively.

5.6.3 Satellite Attitude Keep-Out

A spacecraft with flexible appendages was tasked to perform a 150 degree slew maneuver while
ensuring that a body-mounted camera did not point within 40 degrees of a “keep-out zone” around
the sun vector. The spacecraft dynamics are presented in detail in [66], and are based on equation
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Figure 5.6: Convergence comparison for quadrotor flip. Percent of 100 trials that successfully
converged, where each trial is initialized with locally-optimal trajectories perturbed with significant
Gaussian white noise.
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(5.10) with the addition of six states to account for three flexible modes. Control torques are
generated by four reaction wheels. A quadratic cost function penalizes error from the desired final
attitude as well as displacement of the flexible modes. We enforce the camera keep-out zone with
the following constraint, (

Wrsun
)T (WA(q)B Brcam

)
≤ cos(40◦), (5.38)

where Brcam is the camera line-of-sight unit vector in the body frame and W rsun is the unit vector
pointing to the sun in the world frame. The attitudes that satisfy this constraint comprise a non-
convex set, with the constraint itself being nonlinear in q.
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Figure 5.7: Visualization of the flexible spacecraft slew with a keep-out zone. Attitude is parame-
terized with a Rodrigues parameter to visualize the trajectory in three dimensions. The constraint
surface represents attitudes where the camera line-of-sight is within 40◦ of the sun. The uncon-
strained solution violates this constraint, while the constrained solution is able to avoid the keep out
zone.

ALTRO is able to converge to a locally optimal trajectory for this problem without an initial
guess (all controls were initialized to zero). The resulting attitude trajectory is depicted in Fig. 5.7.
Without enforcing the camera constraint, the trajectory passes through the keep-out zone. As noted
in Table 5.1, the quaternion modifications did not result in a significant improvement over the naive
implementation of ALTRO for this problem, indicating that the computational benefits are problem
dependent. We hypothesize that the more dynamic behaviors in the other examples benefit more
from the quaternion modifications than the relatively slow-moving spacecraft.

5.7 Conclusion

We have presented a general, unified method for optimization-based planning and control for rigid-
body systems with arbitrary attitude using standard linear algebra and vector calculus. The applica-
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tion of this methodology is straightforward and yields substantial improvements in the convergence
of Newton and DDP-based methods, while also offering improvements for nonlinear constrained
trajectory optimization for floating-base systems.

Many state-of-the-art trajectory optimization methods, including direct collocation and sequen-
tial convex programming, rely on general-purpose optimization solvers whose internal numerical
methods are not exposed to the user. Therefore, these methods are unable to exploit the full struc-
ture of both the trajectory optimization problem and the rotation group at a low level. In contrast,
we are able to implement deep, native support for quaternions into the ALTRO solver, making it
possible to solve more challenging problems with higher performance than other algorithms.

The methods we have presented can also be leveraged to adapt other classes of gradient or
Newton-based algorithms to exploit the structure of 3D rotations. Future directions beyond trajec-
tory optimization may include simulation and planning methods that leverage maximal-coordinate
formulations of multi-body dynamics [107], system-identification for complex multi-body systems
and fixed-wing aircraft in post-stall conditions, and state estimation for spacecraft with sparse mea-
surements.

While the ALTRO algorithm has demonstrated impressive performance on systems whose dy-
namics are accurately characterized by a few rigid bodies, the algorithm is inherently serial and
doesn’t map well to parallel processors, which can enable the computational performance necessary
to generate online motion plans for systems with many degrees of freedom. In the next two chapters
we consider alternative approaches that expose parallelization and may be better suited to these
types of systems.
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A Parallel Linear System Solver for
Optimal Control

Efficent linear system solvers are a critical component of numerical methods for solving optimal
control problems. Currently, most direct methods for solving linear systems are serial, and only

a few commercial parallel direct methods exist. We present a novel direct method that exploits
the sparse, banded structure that arises in optimal control problems, including the prototypical
LQR problem. Using a recursive application of Schur complements, the algorithm has a theoretical
O(log(N)) complexity in the time horizon, and maps well onto many-core processors. An open-
source implementation demonstrates better performance than state-of-the-art commercial parallel
direct solvers designed for general sparse symmetric linear systems.

6.1 Motivation

Parallel computing has changed many aspects of how we approach algorithm development. With
single-processor speeds reaching asymptotic improvements, it has become increasingly clear that
substantial future improvements in computational performance must come through parallelization,
custom silicon, or often a combination of both. While many algorithms in robotics are naturally
parallelizable, especially the data-driven approaches that frequently appear in perception and rein-
forcement learning, many algorithms are still inherently serial and difficult to parallelize. Numerous
problems in robotics require solving large, sparse, and nonlinearly-constrained optimization prob-
lems. Particularly in optimal control, these problems should ideally be solved online and onboard
the robot, placing a high demand on computationally efficient algorithms.

While some approaches to motion planning and control are naturally parallelizable, such as
sampling-based approaches like RRT [108], graph-based approaches that rely on discretization of
the configuration space [109], or trajectory-sampling approaches like MPPI [110], they have many
limitations. These algorithms often scale poorly with the dimension of the state space or the time
horizon, have limited ability to deal with complicated and/or underactuated dynamics, or are limited
by the types of constraints that can be imposed on the system, such as those used to ensure either
physically-realistic or safe state and control trajectories. Optimization-based methods, on the other
hand, offer many benefits over these approaches, and have received a lot of attention from both the
academic and commercial robotics communities over the past few years.

Typical approaches to optimal control and the related sub-problem of trajectory optimization
usually fall into one of two categories: DDP-based approaches that rely on iteratively generating a
local feedback law and simulating the system forward under the closed-loop feedback policy [2], [20],
[22], [29], [34], [35], [44], or direct collocation methods that solve the problem using general-purpose
nonlinear programming (NLP) solvers like SNOPT [18], Ipopt [19], or Knitro [5], [6], [10], [13],
[14], [111]. Both of these methods rely on forming a local approximation to the nonlinear system,
which requires 1st or 2nd-order Taylor series expansions of the cost, dynamics, and constraints. The
calculation of these expansions is trivially parallelizable over the time horizon. Parallelizing the
optimization algorithm itself, however, is much more challenging.

To parallelize DDP-based methods, the trajectory is split into many segments and “glued” back
together by additional constraints [29], [32], [112]. While this approach shows some promise, a recent
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study implementing DDP on a GPU found that increased parallelism led to decreased convergence
rates, leading to a natural limit to the amount of parallelism that could be exploited [32]. Direct
methods, on the other hand, are almost always dependent on general-purpose NLP solvers, all of
which are currently serial and single-threaded. The most computationally demanding part of these
algorithms is generally solving a large, sparse linear system of equations encoding the local optimality
conditions for the nonlinear optimization problem. Efficient methods for parallelizing the solution
of these linear systems are critical for unlocking the computational improvements necessary to find
trajectories for high-dimensional systems and for long-horizon trajectories.

This paper presents a novel method for solving the LQR problem, whose solution can be found
by solving a banded linear system of equations. This linear system is prototypical of those found
when solving optimal control problems with methods like sequential quadratic programming (SQP).
Using a hierarchical set of Schur complements inspired by the nested-dissection algorithm used to
solve problems for planar graphs [113], [114], we derive an algorithm with O(log(N)) complexity in
the time horizon. With a modest amount of parallelism, this algorithm outperforms the benchmark
O(N) Riccati recursion that underlies DDP-based algorithms, while being strictly more general in its
applicability. We also show that the algorithm is faster and scales better with increased parallelism
than commercial parallel linear-system solvers. Our algorithm is particularly well-suited to solving
long-horizon problems. The ability to efficiently handle long time horizons is often critical in high-
speed applications such as autonomous trucking, where a longer planning horizon has a direct impact
on the safety and performance of the controller. Even when solving problems offline, such as finding
low-thrust trajectories for space systems [115], reducing solve times from hours to minutes or seconds
will have a dramatic impact on the approaches we can take when searching for or designing such
trajectories.

The remainder of this paper is structured as follows: In Section 6.2 we survey methods for solving
the LQR problem and other related parallel solvers for optimal control. In Section 6.3 we review
the linear quadratic regulator (LQR) problem and Schur complements. We derive our algorithm in
Section 6.4, demonstrating a novel use of recursive Schur complements to solve the LQR problem,
followed by considerations for adapting the algorithm to work well on a many-core processor. The
theoretical performance of the algorithm is compared to the Riccati solution in Section 6.5, which
is followed up by a comparison of the actual open-source C implementation against a suite of state-
of-the-art sparse matrix solvers in Section 6.6, with concluding remarks in Section 6.7.

6.2 Related Work

As one of the canonical problems in robotics, the LQR problem and its variants have received a
tremendous amount of attention over the past 60 years. The work most related to the current one is
a recent paper by Laine and Tomlin [116], which solves the LQR problem in parallel by splitting the
trajectory into sub-trajectories and adding additional constraints, based on previous work applying
MPC to distributed systems that used a nearly identical approach to decompose the distributed
system into a set of smaller problems [117].

Recently, the traditional LQR problem has been extended to work with stage-wise equality
constraints [107], [118]. The linear system (6.4a) associated with LQR can also be solved using any
of the general techniques for solving sparse linear systems in parallel, including parallel QR [118],
block-cyclic reduction [119], [120], multigrid methods [121], [122], and indirect Krylov methods such
as preconditioned conjugate-gradient [123].

Other notable work related to parallelizing optimal control or trajectory optimization problems
includes the qpDUNES solver [124] that parallelizes over the time horizon using block-cyclic re-
duction, a recent paper solving contact-aware problems on a GPU using a combination of indirect
methods and block-cyclic reduction [125], an FPGA implementation of a linear MPC solver using the
MINRES indirect method [126], and a variety of ADMM or augmented Lagrangian-based methods
[127]–[131].

Like [116], the proposed algorithm parallelizes the LQR problem over the time horizon, but in-
stead of assuming an explicit discrete dynamics function, our algorithm can be trivially extended
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to work with implicit integrators such as the Hermite-Simpson method commonly found when solv-
ing optimal control problems with direct collocation. It can also easily handle stage-wise equality
constraints.

While the proposed algorithm borrows ideas from the literature on solving symmetric sparse
linear systems in parallel, it is, to the authors’ best knowledge, a novel application and specialization
of those ideas to the optimal control problem. We also provide a documented open-source parallelized
implementation of our algorithm with a convenient wrapper written in a high-level programming
language, where many of the previously cited works are purely theoretical or don’t provide an open-
source implementation.

6.3 Background

6.3.1 Notation

We use interval notation j ∈ (a, b] := {a+1, a+2, . . . , b}, j ∈ [a, b] := {a, a+1, . . . , b}, for j, a, b ∈ N
to denote sets of consecutive integers. We use angle-bracket notation ⟨x, y⟩ to denote xT y for both
vectors and matrix arguments.

6.3.2 The Linear Quadratic Regulator

The Linear Quadratic Regulator (LQR) problem is the canonical problem in optimal control, since it
can be solved using a variety of methods and is amenable to theoretical analysis. It is also of practical
significance since LQR problems arise when an unconstrained nonlinear optimal control problem is
approximated using a 2nd-order Taylor expansion of the cost function and a linear approximation
of the dynamics. The LQR problem, shown here with affine terms included, has the form:

minimize
x1:N , u1:N−1

N∑
k=1

1

2
xT
kQkxk + qTk xk

+

N−1∑
k=1

1

2
uT
kRkuk + rTk uk

subject to xk+1 = Âkxk + B̂kuk + fk = 0,

x1 = xinit

(6.1)

where xk ∈ Rn and uk ∈ Rm are the state and control vectors at time step k, N is the number of
time steps (also referred to as the time horizon), and Â ∈ Rn×n, B̂ ∈ Rn×m, f ∈ Rn, Q ∈ Rn×n, R ∈
Rm×m, q ∈ Rn, and r ∈ Rm come from the Taylor expansions of the cost and dynamics about some
reference trajectory (or point).

The well-known first-order optimality, or KKT, conditions for (6.1) are [132]:

Qkxk + qk + ÂT
k λk+1 − λk = 0, k ∈ [1, N) (6.2a)

Rkuk + rk + B̂T
k λk+1 = 0, k ∈ [1, N) (6.2b)

QNxN + qN − λN = 0 (6.2c)

xk+1 = Âkxk + B̂kuk + fk, k ∈ [1, N) (6.2d)

x1 = xinit (6.2e)

which can be written in matrix form as the following linear system:

Hv = g (6.3)
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where for N = 4:

H =



Q1 −I ÂT
1

R1 B̂T
1

Q2 −I ÂT
2

R2 B̂T
2

Q3 −I Â
R3 B̂

Q4 −I
−I
Â1 B̂1 −I

Â2 B̂2 −I
Â3 B̂3 −I


(6.4a)

v =
[
xT
1 uT

1 xT
2 uT

2 xT
3 uT

3 xT
4 λT

1 λT
2 λT

3 λT
4

]T
(6.4b)

g = −
[
qT1 rT1 qT2 rT2 qT3 rT3 qT4 xT

init f
T
1 fT

2 fT
3

]T
(6.4c)

Note that H is a symmetric, quasidefinite matrix (known as a KKT matrix) with Nn+ (N − 1)m
positive eigenvalues and Nn negative eigenvalues [132].

6.3.3 Schur complements

A Schur complement is a common trick that reduces solving a single large linear system to solving a
series of smaller ones. We will use the Schur complement to solve symmetric 3x3 block-tridiagonal
systems of the form:  A D

DT B ET

E C

xy
z

 =

ab
c

 . (6.5)

We can solve the first and last rows of (6.5) for x and z:

x = A−1(a−Dy) = ā− D̄y, (6.6a)

z = C−1(c− Ey) = c̄− Ēy, (6.6b)

where we calculate the following pieces numerically by factorizing A and C:

D̄ = A−1D, ā = A−1a, (6.7a)

Ē = C−1E, c̄ = C−1c. (6.7b)

We can use (6.6) to eliminate x and z from the middle row, allowing us to solve for y:

y = −(DT D̄ + ET Ē −B)−1(b− ET c̄−DT ā)

= −B̄−1b̄
(6.8)

After solving (6.8) numerically, we can now plug the result into (6.6) to get our completed solution
vector.

6.4 A Parallel LQR Algorithm

6.4.1 Recursive Schur complements

We now derive our parallelizable algorithm for solving linear systems of the form (6.3). First, we
reorder the rows and columns of (6.4a) to get a banded matrix with a bandwidth of 2n+m− 1 (see
Fig. 6.1).
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

Q1 ÂT
1

R1 B̂
T
1

Â1 B̂1 −I
−I Q2 ÂT

2

R2 B̂
T
2

Â2 B̂2 −I
−I Q3 ÂT

3

R3 B̂
T
3

Â3 B̂3 −I
−I Q4

R3





x1
u1

λ2
x2
u2

λ3
x3
u3

λ4
x4
u4


= −



q1
r1
f1
q2
r2
f2
q3
r3
f3
q4
r4


(6.9)

Figure 6.1: The LQR linear system, rearranged and partitioned to appear in the form of (6.5). The
red block in the upper left corner is A, the red lower-right block is C. The top vertical green block
is D, and the bottom green vertical block is E. The solution and right-hand-side vectors have also
been partitioned, with the top blue blocks equating to x and a, the middle green block to y and b,
and the bottom blue blocks to z and c. We use these blocks to solve the LQR problem using the
steps in Sec. 6.3.3.

Note that, for clarity, we’ve ignored the special boundary conditions at the first and last time
steps. From the coloring we see that the LQR problem takes the 3x3 block tridiagonal form of (6.5).
When solving for ā, c̄, D̄, and Ē in (6.7) we make a critical observation:

D̄ = −


Q1 ÂT

1

R1 B̂
T
1

Â1 B̂1 −I
−I Q2

R2



−1AT
2

BT
2

, ā = −


Q1 ÂT

1

R1 B̂
T
1

Â1 B̂1 −I
−I Q2

R2



−1
q1
r1
f1
q2
r2

,
(6.10a)

Ē = −


Q3 ÂT

3

R3 B̂
T
3

Â3 B̂3 −I
−I Q4

R4



−1
−I
, c̄ = −


Q3 ÂT

3

R3 B̂
T
3

Â3 B̂3 −I
−I Q4

R4



−1
q3
r3
f3
q4
r4

.
(6.10b)
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Due to the banded structure of the matrix, each of these smaller linear systems also takes the form of
(6.5). Note that, for each diagonal A or C block, we solve two linear systems, one with right-hand-
side data from the original right-hand-side vector (shown in blue), and one with right-hand-side data
from the green columns in Fig. 6.1.

If we apply the same technique to each of these 4 linear systems, we’d get 16 total linear systems
to solve. However, after eliminating duplicates, we’re left with 12 unique small linear systems,

D̄1

(1)

= −
[
Q1

R1

]−1
[
ÂT

1

B̂1
1

]
, ā1

(1,2)

= −
[
Q1

R1

]−1[
0
0

]
, ā1

(1,3)

= −
[
Q1

R1

]−1[
q1
r1

]
, (6.11a)

Ē1

(1)

= −
[
Q2

R2

]−1[
−I
]
, c̄1

(1,2)

= −
[
Q2

R2

]−1
[
ÂT

2

B̂T
2

]
, c̄1

(1,3)

= −
[
Q2

R2

]−1[
q2
r2

]
, (6.11b)

D̄2

(1)

= −
[
Q3

R3

]−1
[
ÂT

3

B̂1
3

]
, ā2

(1,2)

= −
[
Q3

R3

]−1[
−I
]
, ā2

(1,3)

= −
[
Q3

R3

]−1[
q3
r3

]
, (6.11c)

Ē2

(1)

= −
[
Q4

R4

]−1[
−I
]
, c̄2

(1,2)

= −
[
Q4

R4

]−1[
0
0

]
, c̄2

(1,3)

= −
[
Q4

R4

]−1[
q4
r4

]
, (6.11d)

where (6.11a) and (6.11b) come from (6.10a) and (6.11c) and (6.11d) come from (6.10b). We also
introduce some notation, since we need to distinguish between all of the different ā, c̄, D̄, and Ē

blocks. We use ā
(j,p)
i and c̄

(j,p)
i to denote the ith ā or c̄ at a recursion depth of j using right-hand-

side data from a “parent” depth of p, where depth is measured from the bottom. We also note

that, as suggested by (6.11), ā
(j,j)
i = D̄

(j)
i and c̄

(j,j)
i = Ē

(j)
i . The notation is further clarified in Fig.

6.2. Since the linear systems in (6.10) all involve block-diagonal matrices, we can solve all of these
systems directly using e.g. a dense Cholesky decomposition. With these pieces we use (6.8) to get
all the y’s, followed by (6.6) to get all the x’s and z’s, which concatentated form the ā, c̄, D̄, and Ē
at the next level, i.e. (6.10). These are then used to solve the top-level Schur complement for the
solution vector using the same procedure.

It should be clear that the resulting algorithm is naturally recursive and results in a binary tree
of Schur complements, since each 3x3 Schur complement requires solving another Schur complement

problem for both A and C. Borrowing terminology from tree graphs, we will often refer to e.g. D
(j)
i

as the D for the ith “leaf” of “level” j. While a näıve recursive implementation of this algorithm
turns out to be computationally inefficient and hard to parallelize, we can “unroll” the recursion
following the steps of the previous paragraphs. The resulting algorithm is summarized in Algorithm
8.

As we saw in the preceding paragaphs, our algorithm starts at the lowest level by factorizing all of
the orange blocks along the diagonal, and then using those factorizations to solve all of the systems
in (6.11), corresponding to lines 1-3. It’s important to note that we get different right-hand-side
data for each of the “upper” levels, corresponding to the data from the red, green, and blue blocks
from the same rows as the diagonal block. After this initial computation, in lines 7-18 we loop over
each of the levels, using the pieces from the previous level to calculate a y and then x and z for each
of the upper levels to get all the ā, c̄, D̄, or Ē for the next level. In Algorithm 8, the right-hand-side
vector is represented as the highest level, K + 1 where K = log2 N is the number of levels for a
problem with a horizon length of N (see Fig. 6.2 for more details).

The following section describes further considerations and modifications that are needed to effi-
ciently implement the algorithm on a many-core processor.

6.4.2 Parallelization

We now proceed with the derivation of our final algorithm, a “flattened” version of Algorithm 8 to
make it amenable to implementation on a many-core processor using e.g. OpenMP. By carefully
analyzing the dependency graph of Algorithm 8 we identified the critical path, which we used to
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H =



A
(1)
1 D

(1)
1

D
(2)
1B

(1)
1

E
(1)
1 C

(1)
1

B
(2)
1

E
(2)
1

A
(1)
2 D

(1)
2

B
(1)
2

E
(1)
2 C

(1)
2



, g =



a
(1,3)
1

b
(1,3)
1

c
(1,3)
1

b
(2,3)
1

a
(1,3)
2

b
(1,3)
2

c
(1,3)
2


Figure 6.2: The LQR KKT system after recursively partitioning with Schur complements with a
depth of K = 2 = log2(N) with N = 4. The labels follow the notation used in Algorithm 8. Levels
are enumerated starting at j = 1 for the deepest recursion level (the orange and red blocks), up to
j = K (the green blocks). We assign the right-hand-side vector a level of K + 1 (the blue blocks).

We use A
(j)
i and C

(j)
i to denote the ith A and C blocks at level j, e.g. the block outlined in black

is C
(2)
1 . We use the same notation for D

(j)
i and E

(j)
i , as shown. We use a

(j,p)
i and c

(j,p)
i to refer to

the block with the rows of D
(j)
i and E

(j)
i , respectively, and the columns of either D

(p)
i or E

(p)
i . For

example, the block outlined in red is c
(1,2)
2 since it corresponds to the rows of the red block E

(1)
2

but taken from the green data / columns of level p = 2. Since the right-hand-side vector g is given
a level of K + 1, its blocks all have p = 3. We’ve partitioned the g vector from the lowest level,

coloring the blocks corresponding to the B
(j)
i blocks to match the level j.
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Algorithm 8 Recursive Schur complements

1: for i ∈ (0, 2K−1] do
2: for p ∈ (0,K + 1] do

3: Solve A
(1)
i ā

(1,p)
i = a

(1,p)
i using Cholesky

4: Solve C
(1)
i c̄

(1,p)
i = c

(1,p)
i using Cholesky

5: end for
6: end for
7: for j ∈ (0,K] do
8: for i ∈ (0, 2K−j ] do

9: B̄
(j)
i = ⟨D(j)

i , D̄
(j)
i ⟩+ ⟨E

(j)
i , Ē

(j)
i ⟩ −B

(j)
i

10: Factorize B̄
(j)
i

11: for p ∈ (j,K + 1] do

12: b̄
(j,p)
i ← b

(j,p)
i − ⟨D(j)

i , ā
(j,p)
i ⟩ − ⟨E(j)

i , c̄
(j,p)
i ⟩

13: Solve −B̄(j)
i y

(j,p)
i = b̄

(j,p)
i using Cholesky

14: x
(j,p)
i ← ā

(j,p)
i − D̄

(j)
i y

(j,p)
i

15: z
(j,p)
i ← c̄

(j,p)
i − Ē

(j)
i y

(j,p)
i

16: end for
17: end for
18: end for

determine the synchronization points for the algorithm. This section provides the key highlights of
the final algorithm; interested readers should consult the provided open-source implementation for
the full details of the algorithm.

In lines 1-6 of Algorithm 8 we compute ā, c̄, D̄, and Ē at the bottom level, using right-hand-side
data from each of the upper levels. It should be obvious looking at Fig. 6.1 that at most two levels
plus the right-hand-side at level K + 1 will have non-zero data, since any row containing a Qk or
Rk has at most two other entries. We can replace these lines with a loop over time indices k that,
for each Qk and Rk, solves −Q−1

k qk, Q
−1
k ÂT

k , Q
−1
k (−I), −R−1

k rk, and R−1
k B̂T

k , with special-casing
applied to the initial and final time steps. We denote the function that handles all of this for each
time step SolveLeaf(k).

Examining the main loop of Algorithm 8, we notice that we need to calculate many terms of the
form

⟨D, ā⟩ or ⟨E, c̄⟩ . (6.12)

where the ā and c̄ terms come from each of the upper levels (line 12), as well as the current one (line
9). We can calculate all of these terms in parallel since they are completely independent. While
the inner dimension of these inner products gets larger at higher levels, they all have the same
computational cost since the D and E for each level all have the same form:

D=


...

ÂT
k

B̂T
k

 E=

−I0
...

 (6.13)

Leveraging this structure allows us to compute inner products solely on the blocks corresponding
to the states and controls at the current and next time steps. We denote the function that com-

putes b̄ for level j, leaf i (which includes calculating B̄ since b̄
(j,j)
i = B̄

(j)
i ) and parent level p as

InnerProducts(i, j, p).
After calculating all the b̄ and B̄ terms we compute the Cholesky factorization of B̄ and solve

for y = B̄−1b̄ for all leaves i and upper levels p. We denote the functions that do each of these
operations FactorizeBbar(i, j) and SolveBbar(i, j, p).

The last step is to calculate x and z (lines 14-15 in Algorithm 8). This step updates all of the
ā, c̄, D̄, and Ē terms for the next level. We can see from Fig. 6.2 that this affects every row of the
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columns associated with the upper levels, except those which correspond to a B for the current or
upper levels. Since our updates are of the form:

ā← ā− D̄y (6.14a)

c̄← c̄− Ēy, (6.14b)

each row can be updated in parallel. We perform these updates blockwise, parallelizing over knot
points and upper levels. We can write down a function UpdateSchur(k, j, p) that performs (6.14)
based on the knot point index k, level j, and upper level p.

Algorithm 9 Recursive Schur LQR (rsLQR)

1: parfor k = 1:N do
2: SolveLeaf(k)
3: end parfor
4: for j ∈ (0, D] do
5: L = 2K−j (number of leaves)
6: parfor i ∈ (0, L], p ∈ [j,K + 1] do
7: InnerProducts(i, j, p)
8: end parfor
9: parfor i ∈ (0, L] do

10: FactorizeBbar(i, j)
11: end parfor
12: parfor i ∈ (0, L], p ∈ (j,K + 1] do
13: SolveBbar(i, j, p)
14: end parfor
15: parfor k ∈ (0, N ], p ∈ (j,K + 1] do
16: UpdateSchur(k, j, p)
17: end parfor
18: end for

Putting this all together, our algorithm is summarized in Algorithm 9, which we refer to as rsLQR
in the following sections. As shown by the parfor loops in Algorithm 9, most of the computation
can be done in parallel. Each parfor carries an implicit synchronization before continuing to the
next loop, and corresponds with the synchronization steps needed along the critical path. The next
section analyses the theoretical computational properties of this algorithm.

6.5 Theoretical Complexity

We compare the theoretical complexity of our algorithm against Riccati recursion, an extremely effi-
cient but inherently serial algorithm for solving LQR problems. We approximated the floating point
operations for each algorithm using the approximate floating point complexity for the fundamental
linear algebra operations given in Table 6.1. To account for parallelization, the total number of
operations of each of the parallel loops was divided by the number of processors, thresholding when
the number of processors exceeded the number of individual tasks. Only parallelization of the par-
allel for-loops in Algorithm 9 is considered: low-level parallelization of the linear algebra via SIMD
instructions, instruction-level-parallelism, or multithreading was ignored for both algorithms. While
this could offer significant performance improvements, achieving an implementation that efficiently
scales with both levels of parallelism is nontrival and left for future work.

The state, control, and horizon complexity for Riccati and our algorithm rsLQR with an in-
creasing number of processors is shown in Fig. 6.3. The maximum number of processors, 4096, was
chosen such that all parallelization that can be exploited is exploited for the longest horizon length
of 512. The number of processors needed to fully exploit the parallelism available with N time steps
is given by:

Pmax = N (log2(N)− 1) (6.15)
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Table 6.1: Theoretical Complexity for Linear Algebra

Method Complexity

Matrix Multiplication 2nmp
Matrix Multiplication w/ addition np(3m+ 1)

Cholesky factorization n(n+1)(n−1)
3 + n+ n(n+1)

2
Cholesky solve 2pn2

For matrix multiplication C = AB, A ∈ Rn×m, B ∈ Rm×p. For Cholesky factorization, A ∈ Rn×n, and for
a Cholesky solve Ax = b, b ∈ Rn×p.

As shown, the proposed algorithm beats Riccati recursion with 32-64 cores. With 64 cores—
currently the high end of what is available on modern multicore CPUs—the proposed algorithm
is 2-5x faster than standard Riccati recursion. When fully exploiting the given parallelism (again,
ignoring low-level parallelism in the linear algebra), we achieve the expected log(N) complexity, with
performance about 45x faster than Riccati at a horizon length of 512. For problems with thousands
of knot points (e.g. 4096), such as those found in space trajectory design [115], our algorithm is over
250x faster with n = 14 and m = 7.

6.6 Computational Results

6.6.1 Implementation Details

The algorithm was implemented in pure C, using OpenMP for shared-memory parallelization. A
Julia wrapper is also provided. While the algorithm may also map well to a distributed-memory
architecture, given its relatively low communication requirements between workers, this is left for
future work. Using OpenMP, a single threadpool was maintained for the entire algorithm, and work
was statically divided amongst the threads by dividing the work into equal-sized portions.

Since the algorithm only requires basic element-wise matrix operations, matrix multiplication,
and Cholesky decomposition, a custom linear algebra library was written in pure C, which provided
better scaling with the number of cores than Eigen [133], OpenBLAS [134], or Intel MKL [135]. The
memory required by the algorithm is allocated in one large chunk, which is subsequently assigned
in consecutive blocks to the blocks required by the algorithm, increasing data locality and reducing
the likelihood of cache misses.

The code for the examples was compiled in Release mode (i.e. full optimizations) using Clang
13 on a desktop with an AMD 3990X processor with 64 cores running Pop! OS 21.10. The results
for Riccati recursion are based on an implementation in pure C using the exact same linear algebra
routines and build system as the rsLQR algorithm. To guarantee that all linear systems were strictly
quasidefinite, a small about of regularization was added to the dual variables for all problems. The
code is freely available at https://github.com/bjack205/rsLQR.

6.6.2 Numerical Results

As shown in Fig. 6.4, actual performance closely matched theoretical predictions once the horizon
was long enough to offset the overhead of launching a significant number of worker threads. At a
horizon length of 512 with 64 cores, our algorithm is 50% faster than Riccati recursion.

Figure 6.5 compares the computation time versus horizon length for several solvers. All solvers
were called from Julia, and solve times are the median over 100 samples. As shown, the proposed
algorithm performs significantly better on long horizons than parallelized commercial solvers for
symmetric sparse systems, with a 183% improvement over Pardiso 6.0 [136] and an 84% improvement
over MA86 [137] at a horizon length of N = 512. In our tests, neither of these solvers scaled
very well with increased parallelism, often only providing marginal improvements. Our algorithm
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(c) Horizon complexity with n = 14 states and m = 7 controls (the dimensions of a standard 7DOF robot
arm).

Figure 6.3: Theoretical complexity vs Riccati for an increasing number of processors. The legend
entry rsLQR(P ) represents the rsLQR algorithm run with P processors. All results are in units of
millions of floating-point operations.
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Figure 6.4: Comparison of actual (solid lines) and theoretical (dashed lines) speedup of rsLQR versus
Riccati recursion for varying horizon lengths for a system with n = 14 states and m = 7 controls.
Values greater than 1 mean rsLQR was faster than Riccati.

0 100 200 300 400 500 600 700 800 900 1,000 1,100
0

20

40

60

80

100

knot points

so
lv
e
ti
m
e
(m

s)

Riccati SuiteSparse QDLDL

rsLQR(64) MA86(64) Pardiso(64)

Figure 6.5: Comparison of solve time vs horizon length for several state-of-the-art sparse matrix
solvers. Parallelizable methods are followed by a number in parentheses denoting the number of
cores used to compute the solution.

demonstrated performance on-par with the SuiteSparse package, and was only beat by the single-
threaded QDLDL algorithm [51], whose performance on these KKT systems is significantly better
than all other solvers.

6.7 Discussion

We have demonstrated a new parallelizable algorithm for solving the sparse linear systems that arise
when solving trajectory optimization and other related optimal-control problems. This algorithm
offers greater generality than other LQR-based approaches, allowing straightforward adaptations
to handle implicit integration methods and constraints. With 64 parallel threads, the proposed
algorithm offers a 50% improvement over Riccati recursion at a horizon length of 512, while again
being strictly more general in its applicability. It also beats existing commerical parallelized sparse
symmetric linear system solvers such as HSL MA86 (by about 80%) and Pardiso 6.0 (by about
180%) at a horizon length of 512, and scales much better with increased parallelism.
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Substantial areas for future work remain, such as adapting the implementation to work on
distributed-memory architectures and comparisons with distributed memory linear algebra pack-
ages such as ScaLAPACK [138]. While our algorithm’s performance was only matched or beaten by
SuiteSparse and QDLDL, these algorithms don’t work on large-scale distributed-memory architec-
tures. Future work may also investigate GPU or FPGA implementations; however, while modern
GPUs have thousands of “cores”, mapping the current algorithm onto the SIMD-style parallelism
of a GPU would require significant modification to maintain high performance due its communica-
tion and synchronization requirements. Future work will also investigate the performance benefits
of integrating the proposed method into nonlinear trajectory optimization methods such as direct
collocation via sequential quadratic or convex programming.

While this chapter focused on leveraging parallelization across the time domain, the next chap-
ter considers a method for exposing parallelization across the spatial domain by representing the
dynamics of a multi-body mechanism in maximal coordinates.
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7

Trajectory Optimization in Maximal
Coordinates

While methods like ALTRO work extremely well for many systems, efficiently generating mo-
tion plans for systems with inherent sparsity in their dynamics is an outstanding challenge

in the robotics community, especially since popular DDP-based approaches—such as ALTRO—do
not recognize or exploit this structure. This unpublished work explores this topic by solving trajec-
tory optimization problems for rigid body systems represented in maximal coordinates and discrete
variational integrators.

Trajectory optimization problems for an acrobot and 6 degree-of-freedom robot arm are solved in
maximal coordinates. The acrobot trajectories are compared against those generated with a standard
direct collocation method using implicit midpoint integration. The results suggest that using Ipopt
to solve trajectory optimization problems in maximal coordinates provides no advantage over those
expressed minimal coordinates. The solves took many iterations to converge, and frequently failed
to converge at all.

7.1 Motivation

In order for autonomous robotic systems to operate sucessfully and robustly in the real world, they
need to be able to generate and execute motion plans. Ideally, these motion plans should be able
to balance competing objectives such as time-to-arrival, energy efficiency, or safety, handle a broad
range of complex scenarios, and be fast to compute so that new plans may be quickly regenerated
as the enviornment around the robot changes. For robotic systems with few degrees of freedom,
such as autonomous cars, quadrotors, planes, or underwater robots, the task of efficiently generating
and following motion plans, at least for moderately complex scenarios, is relatively straighforward.
Approaches to the motion planning problem for these systems include sampling-based methods that
sample over the configuration space of the robot and connect samples based on their feasibility
[109], graph-based methods that discretize the planning space, and optimization-based methods,
like those proposed in this dissertation, [2], [5], [44], [105] that discretize and optimize a single
planned trajectory.

While many autonomous systems of interest fall into the previously-mentioned category, many
do not. Multi-body systems such as quadrupeds, humanoids, or robotic manipulators can easily
have between 20-100 degrees of freedom. Moving into distributed or multi-agent systems such as
power or communication networks, multi-agent teams [139], satellite constellations, or swarms of
micro-robots, the dimensionality grows to hundreds of degrees of freedom. And for other systems,
such as soft robotics or fluid control where the fidelity of the system dynamics is dependent on
discretizing a continuous system into a set of finite elements, the number of degrees of freedom
becomes arbitrarily large. While the dimensionality of the state vectors describing these systems is
often very large, they generally have a unique and sparse coupling between elements of the state:
e.g. links in a robot arm are only connected to 1-3 other links via joints, members of a multi-agent
team often only communicate locally with the robots with a given radius, or finite elements that
only couple directly with their neighboring elements. When these systems are linearized about some
point, this structure shows up as sparsity in the underlying matrices, where often 80-99% of the
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Figure 7.1: Arm task of moving from an upright position to a goal location specified in cartesian
coordinates. The state and control trajectory was found by solving a trajectory optimization problem
in maximal coordinates using Ipopt.

matrix is zeros, and only 1-20% contains meaningful data. Leveraging this inherent sparsity in the
system dynamics is naturally critical to generating efficient motion plans for these systems.

The purpose of this chapter is to demonstrate the performance of the well-known Ipopt solver
when solving motion planning problems for systems with lots of sparsity in the dynamics, and
propose future research directions. In particular, this chapter focuses on implementing trajectory
optimization in maximal coordinates using discrete variational integrators. Representing rigid-body
systems in maximal coordinates has some appealing properties, namely that world or task-based
goals and constraints, such as the location of an end-effector for manipulation tasks, are trivially
expressed in maximal coordinates. Additionally, some recent studies have shown that local control
methods such as LQR perform better in maximal coordinates [107], [140]. Lastly, by treating a
mechanism as a finite set of individual rigid bodies linked together by joints, we can achieve an
extremely high degree of generality and potentially open the door for parallelizable algorithms that
will hopefully more than offset the cost of solving a larger optimization problem [141]. While some
researchers have attempted this approach in the past with dissapointing results [142], this work
leveraged state-of-the-art variational integrators which offer many benefits over the more traditional
integration methods used in previous studies [11], [107], [143]. No previous paper has published
any successful results using this approach, so the goal of this work was to explore the potential of
combining maximal coordinates, discrete variational integrators, and trajectory optimization.
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7.2 Background

7.2.1 Rigid Bodies

A rigid body is a mathematical abstraction that is often extremely useful for describing physical
systems whose internal dynamics (such as bending modes) are much higher than the dynamics of
interest. Examples include the structurally stiff links used in classical robot manipulators. Many
robotic systems are well-approximated by a set of rigid bodies held together by joints. For this paper
we will deal exclusively with this type of system, and this section presents the notation and some
key equations that arise when dealing with rigid bodies.

Rigid Body State

The state of a rigid body is typically defined by its three-dimensional pose x ∈ SE(3) and its velocity
v ∈ TSE(3) ≡ R6. For convenience, we will often split the pose and velocity into their translational
and rotational components:

x =

[
r
q

]
, v =

[
ν
ω

]
(7.1)

where r ∈ R3 is the position of the body in the world frame, q ∈ SO(3) is the attitude, mapping
vectors in the body frame to the world frame, ν ∈ R3 is the linear velocity, and ω ∈ R3 is the angular
velocity.

Attitude Representation

This chapter uses the same notation proposed in Chapter 5, where the attitude is represented as a
unit quaternion in Hamilton form:

q =

[
qs
qv

]
(7.2)

where qs ∈ R and qv ∈ R3 are the scalar and vector part of the quaternion. Although the space
of unit quaternions technically represents a double-cover of the space of rotations, and our state
vector is therefore an element of R3 × S3, we will still denote our state vector as element of SE(3)
for brevity.

Error Pose and Derivatives

Since our pose is represented with a unit quaternion, we need to account for the unit norm constraint
when doing common operations like composing states or taking derivatives. We will frequently need
to deal directly with local perturbations about a nominal pose, which we denote by the 6-dimensional
error pose:

∆ =

[
∆r
∆ϕ

]
∈ R6 (7.3)

We can convert from an error pose to a normal pose via an exponential map:

exp(∆) =

[
∆r

φ(∆ϕ)

]
∈ SE(3) (7.4)

where φ(∆ϕ) can be any mapping from a local 3-parameter attitude representation to a unit quater-
nion1. Here we will use a scaled Cayley map:

q = φ(ϕ) =
1√

1 +
∥∥ 1
2ϕ
∥∥2
[
1
1
2ϕ

]
(7.5)

1As with the scaled Cayley map used here, some care must be taken to ensure the local perturbations are on the
scale of radians
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The scaling is chosen such that the local perturbations have units on the same scale as radians. The
standard exponential map could also be used, but the Cayley map is more computationally efficient.

Composing two poses is done by adding their translations and multiplying their respective quater-
nions:

r1 ⊕ r2 =

[
r1 + r2
q1 ⊗ q2

]
(7.6)

When taking derivatives of functions of poses, we expect the derivatives to be with respect to
the error pose ∆. Leveraging the techniques proposed earlier in this dissertation, we get the correct
result by differentiating with respect to an error pose composed with the nominal pose, evaluated
with an error pose at the additive identity (i.e. zero):

∇f(x) = ∂f

∂x

∂

∂∆
(x⊕ exp(∆))

∣∣∣
∆=0

(7.7)

=
∂f

∂x
G(x) =

∂f

∂x

[
I3

1
2L(q)H

]
(7.8)

where we define G(x) to be the error pose Jacobian.
We will also need to differentiate the above equation to obtain second-order derivatives. When

doing so, we need to evaluate the derivative of G(x)T b for some vector b ∈ R4 (usually ∂f/∂x ). We
denote and define this derivative to be:

∇G(x, b) =

[
03

1
2H

TR(b)T

]
(7.9)

7.2.2 Variational Integrators

The dynamics for many robotic systems can be described using the manipulator equation:

M(θ)θ̈ + C(θ, θ̇) +G(θ) = B(θ)τ (7.10)

where θ ∈ Rn are generalized coordinates (often joint angles), M(θ) is the mass matrix, C(θ, θ̇) are
the Coriolis forces, G(θ) are the gravitation or potential forces, and B(θ) maps the torques τ to joint
torques. These dynamics can be discretized by solving for θ̈ and subsequently using any standard
quadrature rule, such as a 3rd-order Hermite spline or a 4th-order Runge Kutta method.

The manipulator equation is the result of applying the famous Euler-Lagrange equation to a
system of rigid bodies:

d

dt

(
∂L

∂ẋ

)
− ∂L

∂x
= F (t), (7.11)

which itself is just the first-order necessary conditions of the minimum-action principle:

minimize
x(t), v(t)

∫ T

0

L(x(t), v(t)) + F (t)Tx(t)

subject to ẋ(t) = g(v(t)),

c(x(t)) = 0

(7.12)

where L(x, v) = T (x, v)−U(x) is the Lagrangian, T (x, v), U(x) are the kinetic and potential energy
of the system, and F (t) are external forces. Rather than approximating the discrete dynamics by
solving (7.12) to get the Euler-Lagrange equation, which is then approximated using some integration
method, we can instead discretize (7.12) directly to arrive at a discrete version of the Euler-Lagrange
equation. This is the central idea behind discrete mechanics and variational integrators. In the
following section we step through the derivation for a 2nd-order variational integrator for systems
of rigid bodies.
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7.3 Discrete Dynamics in Maximal Coordinates

Assume we have a system of M rigid bodies, each with state x(j) ∈ SE(3) and velocity v(j) ∈ R6.
The concatenated pose and velocity vectors are denoted in bold face: x ∈ M × SE(3),v ∈ R6×M .
Subscript indices are used to denote time steps.

7.3.1 Joint Constraints

Let the joints of our multi-body system be defined by a directed graph with nodes 1, . . . ,M , and
an edge from i to j denotes a joint between body i and body j. The direction of the edge provides
the convention for applying forces and torques on each body. We assume that there is only ever a
single edge between a pair of nodes. We denote the graph G with edge set E . The function N1(j)
returns the outbound set of vertices from node j: {i | (j, i) ∈ E}, and N2(j) likewise returns the
inbound set of vertices {i | (i, j) ∈ E}. The joint constraint function c(x) is then the concatenation
of the pairwise joint constraints for each edge in E . For this chapter, we will work only with revolute
joints, whose pairwise constraint function is:

c(x(1), x(2)) =

[
r(1) +A

(
q(1)
)
p1 − r(2) −A

(
q(2)p2

)
a⃗⊥HTL(q(1))T q(2)

]
(7.13)

where p1 is the location of the joint the link 1 frame, p2 is the location of the joint in the link 2
frame, a⃗ is the axis of rotation as a unit vector in the link 1 frame and a⃗⊥ ∈ R2×3 is the orthgonal
complement to the joint axis. This is best computed by taking two consecutive cross products with
the joint axis.

7.3.2 Joint Forces

Using the same graph as above, we can write functions that provide the forces and torques applied
to each body by actuating a joint with a torque u ∈ R (for revolute joints). For each pair of indices
in the edge set E (i.e. each joint) we have two functions:

ξ1(x
(1), x(2), u) =

[
03×1

−a⃗ · u

]
(7.14a)

ξ2(x
(1), x(2), u) =

[
03×1

A
(
L(q(2))T q(1)

)
a⃗ · u

]
(7.14b)

that return the wrenches on link 1 and 2, respectively. The wrench force is defined in the world
frame and the wrench torque is defined in the body frame of each link. The total wrench on any
link j is then given by the following expression:∑

i∈N1(j)

ξ1

(
x(j), x(i), uj

)
+

∑
i∈N2(j)

ξ2

(
x(i), x(j), uj

)
(7.15)

7.3.3 Discrete Dynamics

The kinetic and potential energies of our multi-body system are:

T (x,v) =

M∑
j=1

1

2
(v(j))TM (j)v(j) (7.16)

and the potential energy, under gravity, is:

U(x) =

M∑
j=1

1

2
m(j)gr(j)z (7.17)
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Since the pose of our system lies on a manifold, we must enforce the constraint in (7.12) specifying
the state kinematics. We wish to approximate the midpoint velocity using two consecutive poses
separated by a time step of h seconds. For linear velocity, this is just 1

2 (r2−r1). For angular velocity,
we use the quaternion kinematics:

q̇ =
1

2
L(q)Hω. (7.18)

We can approximate the quaternion at the next time step using Euler integration and re-arranging
to isolate q1, where we use qI to represent the quaternion identity:

q2 ≈ q1 + hq̇. (7.19a)

q2 ≈ q1 +
h

2
L(q1)Hω. (7.19b)

≈ L(q1)qI + L(q1)H

(
h

2
ω

)
(7.19c)

= L(q1)

(
qI +H

h

2
ω

)
(7.19d)

which we can use to solve for ω at the midpoint:

ω =
2

h
HTL(q1)

T q2 (7.20)

We can now approximate the continuous-time Lagrangian using two consecutive poses, which we
define as the discrete Lagrangian:

Ld(x1,x2) = hL(xmid(x1, x2),vmid(x1, x2)) (7.21a)

=

M∑
j=1

1

2
Wv(x

(j)
1 , x

(j)
2 )TM (j)Wv(x

(j)
1 , x

(j)
2 )

−m(j)geT3 Wx(x
(j)
1 , x

(j)
2 ) (7.21b)

where the pose at the midpoint is approximated as:

Wx(x1, x2) =

[
1
2 (r1 + r2)

q1

]
(7.22)

and the velocity at the midpoint is approximated as:

Wv(x1, x2) =
1

h

[
(r2 − r1)

2hHTL(q1)
T q2

]
(7.23)

To achieve higher-order integrators, simply replace these functions with higher-order quadrature
rules for approximating the pose and velocity along the time step.

Using the similar techniques to those used to convert continuous-time trajectory optimization
problems to a discrete approximation , we approximate the continuous-time minimum-action prob-
lem (7.12) that optimizes over continuous trajectories with a discrete version that optimizes over
knot points along a trajectory, evenly spaced h seconds apart:

minimize
x1:N

N−1∑
k=1

Ld(xk,xk+1) +
h

2
(FT

k xk + FT
k+1xk+1)

subject to c(xk) = 0

(7.24)

Here we’ve decided to enforce the constraints at the knot points instead of the midpoints. The pose
kinematics constraint has been eliminated since we’re handling it implicitly inside of our quadrature
rule (7.23).
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The first-order necessary conditions for this optimization problem are:

N−1∑
k=1

D1Ld(xk,xk+1)δxk + D2Ld(xk,xk+1)δxk+1

+
h

2
FT
k δxk +

h

2
FT
k+1δxk+1 + hλT

kDc(xk) = 0 (7.25a)

c(xk) = 0,∀k ∈ NN (7.25b)

where Dif(. . . ) is the partial derivative of f with respect to the ith argument.
Re-arranging the first condition by removing the δx1 and δxN terms from summation, we get:(
D1Ld(x1,x2) + FT

1 + hλT
1 Dc(x1)

)
δx1

+

N−1∑
k=2

[
D2Ld(xk−1,xk) + D1Ld(xk,xk+1) +

h

2
(F (xk−1, uk−1) + F (xk, uk))

T + hλT
kDc(xk)

]
δxk

+
(
D2Ld(xN−1,xN ) + FT

N + hλT
NDc(xN )

)
δxN = 0.

(7.26)
Since δx1 and δxN are equal to zero (no variation at the endpoints), and the summation must be
equal to zero for any arbitrary δxk, then the terms of the summation must be equal to 0. We now
obtain the Discrete Euler-Lagrange Equation (DEL) for a multi-body system:

DT
2 Ld(xk−1,xk) + DT

1 Ld(xk,xk+1) +
h

2
(Fk−1 + Fk) + hDc(xk)

Tλk = 0. (7.27)

Using (7.21b) and (7.15) we can rewrite the DEL for each individual link, which results in:

DEL(x1, x2, x3, u1, u2, λ2) = DLT2(x1, x2) +DLT1(x2, x3)

+
h

2

(
2∑

k̄=1

∑
i∈N1(j)

ξ1

(
x
(j)

k̄
, x

(i)

k̄
, u

(j)

k̄

)
+

∑
i∈N2(j)

ξ2

(
x
(i)

k̄
, x

(j)

k̄
, u

(j)

k̄

))

+ h

( ∑
i∈N1(j)

D1c
(
x
(j)
2 , x

(i)
2

)T
λ
(ji)
2 +

∑
i∈N2(j)

D2c
(
x
(i)
2 , x

(j)
2

)T
λ
(ij)
2

)
= 0

(7.28)

where DLT1(x1, x2) and DLT2(x1, x2) are the left and right discrete Legendre transforms, respec-
tively. They are derived by taking the derivative of (7.21b) with respect to a single pose:

DLT1(x1, x2) =

[
−m

h (r2 − r1)− 1
2hmge3

4
hG(q1)

TTR(q2)
THJHTL(q1)

T q2

]
(7.29)

DLT2(x1, x2) =

[
m
h (r2 − r1)− 1

2hmge3
4
hG(q2)

TL(q1)HJHTL(q1)
T q2

]
. (7.30)

We maintain dynamic and kinematic feasibility by enforcing the DEL and the joint constraints
simultaneously.

7.4 Trajectory Optimization in Maximal Coordinates

In order to solve trajectory optimization problems in maximal coordinates, we simply replace the
generic dynamics constraint with the discrete Euler-Lagrange equation and add the joint constraints.
Note that since the DEL is a function of the joint forces, we need to add those as decision variables
to the optimization problem.
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Figure 7.2: End-effector location for acrobot for (a) minimal coordinates, and (b) maximal coordi-
nates. Mark color corresponds to time, with blue being zero seconds and red being the final time.

Our new trajectory optimization problem is now of the form:

minimize
x
(1:M)
1:N , u1:N−1, λ2:N

ℓ(xN ) +

N−1∑
k=1

ℓ(xk, uk)

subject to

DEL(x
(j)
k−1, x

(j)
k , x

(j)
k+1, uk−1, uk, λ) = 0, ∀k ∈ N2,N−1, j ∈ NM ,

c(x
(i)
k , x

(j)
k ) = 0, ∀k ∈ NN , (i, j) ∈ E

(7.31)

In order to solve (7.31) using Ipopt, we need to supply the constraint Jacobian with respect to all
of the decision variables. Unlike standard forward simulation using variational integrators in which
only derivatives with respect to x3 are required, trajectory optimization needs the derivatives with
respect to all of the inputs to the DEL equation.

7.5 Results

An Ipopt-based solver for trajectory optimization in maximal coordinates was developed from scratch
in the Julia programming language. For maximal coordinates, automatic differentiation was only
used for the gradient of the cost function: the Jacobian of all constraints were derived and imple-
mented analytically. For the minimal coordinate implementation, RigidBodyDynamics.jl was used
to compute the dynamics and dynamic Jacobians (using automatic differentiation) and the dynamics
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were discretized using implicit midpoint integration. All timing results were obtained on an Intel
i7-1165G7 processor with 16 GB of memory.

The mass and inertia properties for the double pendulum (acrobot) and robot arm were calculated
assuming each link was a cylindrical body of aluminum of uniform density of 2.7 kg/m3.

7.5.1 Acrobot

The acrobot problem is a canonical benchmark problem for generating motion plans for under-
actuated systems. The acrobot is a double pendulum with actuation only at the “elbow” joint.
This problem was solved using both the maximal coordinate solver and an implementation of direct
collocation in minimal coordinates using implicit midpoint integration.

In addition to the dynamics constraints, both minimal and maximal coordinate solvers con-
strained the end effector to be at the upright position:

r
(M)
N +A(q

(M)
N )pee − rgoal, (7.32)

where pee is the location of the end effector in the last links’s frame, and rgoal is the location of

the goal in the world frame. For minimal coordinates, r
(M)
N and q

(M)
N were calculated using forward

kinematics using RigidBodyDynamics.jl. The objectives for both solvers only penalized distance
of the end effector to the goal for all time steps, and some regularization on the control values, such
that they would have identical costs for equivalent trajectories. Both solvers were initialized with
identical initial guesses, which copied the initial state for all states, a control of 5t for the time t, and
the joint forces for the maximal coordinate solver were provided the forces obtained by simulating
the system forward with the given control inputs. A non-zero control input and reasonable estimate
of the joint forces were necessary for the solver to converge.

The joint forces from both solvers are shown in Fig. 7.3, and the objective and constraint vi-
olations are shown in Figs. 7.4 and 7.5. The end-effector trajectories are shown in Fig. 7.2. In
summary, the maximal coordinate solver found a trajectory with much lower control torques and
therefore got a lower cost. As summarized in Table 7.1, despite the fact the maximal coordinate
trajetory problem is significantly larger, its cost per iteration is almost half that of minimal coordi-
nates in this preliminary implementation. This is likely due to the fact that evaluating the dynamics
Jacobian in maximal coordinates is extremely simple (not to mention extremely parallelizable) in
maximal coordinates, whereas minimal coordinates require inverting the mass matrix to solve for
the accelerations.

Overall, the maximal coordinate solver was much more brittle than the minimal coordinate
solver. It took significantly more work to get a good trajectory in maximal coordinates. The solver
had a tendency to exploit the discretization and “flip” the elbow joint in one time step, completely
violating physically realistic behavior, which could only be verified by carefully analyzing the output
trajectory. This behavior could be mitigated by penalizing the angular velocity of each body, but
wasn’t used in this example in order to keep equivalent cost functions between the two solvers.

7.5.2 6 DOF Arm

A simple 6 degree-of-freedom serial-link manipulator was modeled with simlar geometry to the Kuka
iiwa arm. In maximal coordinates, this model has 42 states, 6 controls, and 30 joint forces per time
step. Similar to the acrobot, the arm was tasked to reach a cartesian point in the world frame. The
objective minimized distance of the end effector to the goal, as well as penalizing the linear and
angular velocities of each link. The midpoint velocities were calculated using the poses at adjacent
times steps using the same method described in Section 7.3.3. Gravity was not included in this
problem since including gravity made it extremely difficult to solve. Future work figuring out a good
heuristic to do cheap gravity compensation in maximal coordinates should make it easier to find
good trajectories under gravity.

A summary of the solve is given in Table 7.2. Ipopt produced a high-quality smooth trajectory
(see control torques in Fig. 7.6). While the solver converged to a high-quality trajectory, it took
about 45 seconds to generate, even for this very simple point-to-point motion task.
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Figure 7.3: Control torques for the acrobot elbow joint.
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Figure 7.4: Objective value for acrobot.

0 50 100 150 200 250 300 350 400

100

iterations

co
n
st
ra
in
t
v
io
la
ti
on

Min Coords - primal Min Coords - dual

Max Coords - primal Max Coords - dual

Figure 7.5: Constraint violations for acrobot.
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Table 7.1: Min/Max Comparison for Acrobot

Value Min Coords Max Coords

Variables 504 2514
Constraints 403 2391
nnz(jac) 3606 45773
Jac density 1.8% 0.8%
Iters 93.0 388.0
Cost 19683.0 429.0
Run time (s) 6.54 13.5
Time/iter (ms) 70.0 145.0

Constraints do not include simple bounds (the initial condition), “nnz(jac)” is shorthand for the number of
nonzero elements in the constraint Jacobian, and “Jac density” is the number of nonzero elements in the
constraint Jacobian divided by its total size.

Table 7.2: Summary of Solve for 6DOF Arm

Value 6dof Arm

Variables 3942
Constraints 3567
nnz(jac) 84269
Jac density 0.6%
Iters 235.0
Cost 140.0
Run time (s) 39.17
Time/iter (ms) 167.0
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Figure 7.6: Joint torques for the 6 degree-of-freedom arm.
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7.6 Conclusion

This project explored using maximal coordinates to solve trajectory optimization problems. Al-
though maximal coordinates have some very attractive properties, using them in an off-the-shelf
solver like Ipopt didn’t work very well and doesn’t seem to offer any sort of advantage over a min-
imal coordinate representation. It took significant work tuning costs and providing good initial
guesses for the solver to converge. Ipopt frequently got stuck in the feasibility restoration phase
and claimed infeasibility for some cost values or varying initial conditions. While the per-iteration
computation time for the acrobot was suprisingly fast in maximal coordinates, it usually took many
more iterations to converge than the minimal coordinate solver.

Future work could explore writing a custom solver for these types of systems. Since satisfying
both the discrete Euler-Lagrange and joint constraints is relatively difficult, some sort of on- or near-
manifold optimization method that takes steps that maintain dynamic and/or kinematic feasibility
between solver iterations could improve convergence. A custom NLP solver would also have the
advantage of dealing directly the group structure of quaternions by performing optimization entirely
on the error state, rather than adding norm constraints to the solver. The code for this project is
available at https://github.com/bjack205/MCTrajOpt.

The last two chapters of this dissertation shift focus to applications of optimization-based control
methodologies, such as those presented in the first part of the dissertation. Chapter 8 uses the
ALTRO algorithm proposed in Chapter 3 in a distributed, parallel algorithm to solve a motion
planning problem for a multi-agent team-lift scenario, demonstrated on hardware. In a separate
vein, Chapter 9 considers the impact of inaccurate models on MPC performance, and suggests a
straightforward method to improve MPC performance by updating approximate models using data
from the real system.
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8

Scalable Cooperative Transport of
Cable-Suspended loads with UAVs

using Distributed Trajectory
Optimization

In this chapter we apply the methods from Chapter 3 in a distributed algorithm to solve the
quadrotor team-lift problem. This relatively simple approach to parallelization was an important

starting point for the later work detailed previously in Chapters 6 and 7. The content of this chapter
was originally published in [139].

8.1 Introduction

Many robotic tasks can be accomplished by a single agent, but often there are benefits to employing
a team of robots. For example, transporting a heavy load can be accomplished by deploying a single
powerful, expensive, and potentially dangerous aerial vehicle, or by deploying a group of smaller
aerial vehicles that cooperatively transport the load. The potential benefits of a team approach,
namely reduced cost, increased versatility, safety, and deployability of the system, are important but
come at the cost of increased complexity. Motion planning for a single robot is already a challenging
task, and coordinating a group of agents to cooperatively accomplish a task can be significantly
more complicated due to increased degrees of freedom, more constraints, and the requirement to
reason about the effects of distributed computation and communication.

Approaches for multi-agent motion planning range from decentralized methods that consider
local interactions of the agents to centralized methods that globally coordinate a system of agents.
The decentralized approach has many advantages, such as robustness to agent removal or failure,
scalability, computational efficiency and, possibly, reduced communication requirements among the
network of agents. While decentralized approaches can achieve useful and interesting global behav-
ior [144]–[148], they have important limitations. Often, they are limited to simple, homogeneous
dynamics, such as single or double integrators. It is also difficult to enforce constraints, either at
the agent or the system level.

Centralized approaches, in contrast, are able to reason about general dynamics and constraints.
However, they typically necessitate increased computation and communication, and require solving
large optimization problems. Centralized methods are, therefore, typically run offline. Additionally,
since the optimization problems involved often exhibit cubic or exponential scaling of computation
time with the number of decision variables, centralized approaches tend to scale poorly for systems
with a large number of agents. Both centralized and decentralized approaches have been used in a
large variety of fields, from controlling swarms of microscale robots [149], to modeling human crowds
[150], to planning motion for teams of aerial vehicles transporting heavy loads.

Aerial vehicles have been used to transport slung loads since at least the 1960s [151] for applica-
tions including: delivering fire retardant to fight forest fires, carrying beams for civil infrastructure
projects, moving harvested trees, carrying military vehicles, and transporting large animals. Today,
quadrotors have become a standard testbed for such aerial vehicle applications, and there is an
extensive literature on utilizing a single quadrotor to carry a slung load [152]–[155].
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Figure 8.1: Hardware experiment with a team of 3 quadrotors carrying a heavy load that a single
quadrotor cannot lift. The team must reconfigure to proceed through the narrow doorway.

Teams of quadrotors have also been explored, oftentimes making significant simplifying assump-
tions. The most common simplification, and one also taken in the current work, is to model the
cables as massless rigid links [156]–[160] More recent approaches have relaxed this assumption by
modeling the system as a hybrid dynamical system and then solving the problem as a mixed-integer
program that takes nearly an hour to solve [153]. While most assume a simple point mass for the
load, some also consider extensions to rigid bodies [156], [160]. A distributed controller for a group
of quadrotors rigidly attached to a load, assuming no communication between agents [161] has also
been developed.

Beyond the suspended-load problem, collision-free trajectories for a swarm of quadrotors can be
calculated using sequential convex programming, but the computational complexity scales exponen-
tialy with the number of agents [162]. Other notable examples of coordinated teams of quadrotors
include throwing and catching a ball with quadrotors connected by a net [163], performing a treasure
hunt [164], and manipulating flexible payloads [165]. Distributed approaches for motion planning
have been proposed using alternating direction method of multipliers (ADMM) and mixed inte-
ger programs [166]–[169], but they utilize simplified dynamics or constraints, and don’t consider
interaction between agents (e.g., forces).

In this work, we present a scalable distributed approach for obtaining a solution to the central-
ized “batch” motion-planning problem for a team of quadrotors carrying a cable-suspended load and
demonstrate the algorithm in hardware (Fig. 8.1). This approach combines the generality of cen-
tralized methods, while approaching near real-time performance that would be impossible without
distributed, parallel computation. We formulate a trajectory optimization problem and consider the
nonlinear rigid body dynamics of the quadrotors and non-convex collision and obstacle avoidance
constraints. We use the trajectory optimization solver ALTRO [2] to find the state and control
trajectories for the system of agents. To make the problem scalable in the number of agents, we take
an intuitive approach of decomposing the problem by agent and solving the resulting subproblems
in parallel. The result is a substantial reduction in solution time and superior scaling as the number
of agents is increased. The novelty of this approach lies in the use of a trajectory optimization solver
(in our case, ALTRO) to solve a sequence of smaller constrained problems, that include optimizing
interactions (i.e., forces) between agents, instead of solving a single large trajectory optimization
problem.

The remainder of this paper is organized as follows: Section 8.2 formulates the cable-suspended-
load problem as a trajectory optimization problem. Section 8.3 presents a decomposition scheme and
an algorithm for solving the batch problem in parallel among agents. Section 8.4 contains simulation
results and Section 8.5 contains details of the hardware experiments. Finally, we conclude with a
discussion of the algorithm and results in Section 8.6.
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8.2 Batch Problem

We formulate a trajectory optimization problem for the team cable-suspended load problem with
L quadrotors attached to a point-mass load. The suspension cables are assumed to pass through
the center of mass of each quadrotor, and are modeled as massless rigid links. The dynamics model
formulation of the system is critical for achieving good performance using trajectory optimization,
and is described in detail in Section 8.2.1. Section 8.2.2 then describes the optimization problem.

8.2.1 Dynamics

Quadrotor Model with Quaternions

The quadrotor dynamics presented in [106] are modified to use quaternions for angular representation
and incorporate the force generated by a suspension cable:

ẋ =


ṙ
q̇
v̇
ω̇

 =


v

1
2q ⊗ ω̂

g + 1
mi (R(q)F (u) + Fc(u5, x, x

ℓ))
J−1(τ(u)− ω × Jω)


= f(x, u;xℓ)

(8.1)

where r ∈ R3 is the position, q is a unit quaternion, R(q) ∈ SO(3) is a quaternion-dependent rotation
matrix from body frame to world frame, v ∈ R3 is the linear velocity in the world frame, ω ∈ R3 is
the angular velocity in the body frame, x ∈ R13 is the state vector, u ∈ R5 is the control vector with
the last component being the magnitude of the cable force, xℓ ∈ R6 is the state vector of the load
(defined below), g ∈ R3 is the gravity vector, and mi ∈ R is the mass of the i-th quadrotor, J ∈ S3 is
the moment of inertia tensor, q2⊗ q1 denotes quaternion multiplication, and ω̂ denotes a quaternion
with zero scalar part, and ω vector part. Quaternions are used to easily allow for large angular
displacements and extensions to more aggressive maneuvers. The forces and torques F, τ ∈ R3 in
the body frame are

F (u) =

 0
0

kf (u1 + u2 + u3 + u4)

 (8.2)

τ(u) =

 kfdmotor(u2 − u4)
kfdmotor(u3 − u1)

km(u1 − u2 + u3 − u4)

 (8.3)

where kf , km are motor constants, dmotor is the distance between motors, and u1:4 are motor thrusts.
Forces from the cables, modeled in the world frame, are calculated as:

Fc(γ, x, x
ℓ) = γ

rℓ − r

∥rℓ − r∥ 2
, (8.4)

where γ ∈ R (u5 for each quadrotor) is the magnitude of the tension in the cable and rℓ is the
three-dimensional position of the load.

Load

The dynamics of a load being transported by L quadrotors are:

ẋℓ =

[
ṙℓ

v̇ℓ

]
=

[
vℓ

g + 1
mℓF

ℓ(xℓ, uℓ, x1, ..., xL)

]
= f ℓ(xℓ, uℓ;x1, . . . , xL)

(8.5)
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where rℓ is the three-dimensional position, vℓ is the linear velocity in the world frame, mℓ is the
mass of the load, xℓ ∈ R6 is the state vector, uℓ ∈ RL is the force acting on the load (not a direct
control input), xi is the state vector of quadrotor i, and

F ℓ(xℓ, uℓ, x1, ..., xL) = −
L∑

i=1

Fc(u
ℓ
i , x

i, xℓ). (8.6)

8.2.2 Optimization Problem

The batch problem is formulated by concatenating the states and controls of L quadrotors and the
load:

x̄ ∈ R13L+6 =


x1

...
xL

xℓ

 , ū ∈ R5L+L =


u1

...
uL

uℓ

 . (8.7)

where IL = {1, . . . , L} are the indices of the quadrotors and IA = {1, . . . , L, ℓ} are the indices of
all the agents (including the load). We can pose the team cable-suspended-load problem as a single
trajectory optimization problem:

minimize
X,U

Jℓ(Xℓ, U ℓ) +

L∑
i=1

J i(Xi, U i) (8.8a)

subject to

xi
k+1 = f i

k(x
i
k, u

i
k,∆t;xℓ

k), ∀i ∈ IL, (8.8b)

xℓ
k+1 = f ℓ

k(x
ℓ
k, u

ℓ
k,∆t;x1

k, . . . , x
L
k ), (8.8c)

xi
0 = x(0)i, ∀i ∈ IA, (8.8d)

xℓ
N = x(tf )

ℓ, (8.8e)

rimin ≤ rik ≤ rimax, ∀i ∈ IA, (8.8f)

0 ≤ (ui
k)j ≤ ui

max, ∀i ∈ IL, j ∈ {1, . . . , 4}, (8.8g)

uℓ
k ≥ 0, (8.8h)

(ui
k)5 = (uℓ

k)i, ∀i ∈ IL, (8.8i)∥∥rik − rℓk
∥∥
2
= dcable, ∀i ∈ IL, (8.8j)

2dquad −
∥∥∥pik − pjk

∥∥∥
2
≤ 0, ∀i, j ∈ IL, i ̸= j, (8.8k)

dquad + dobs −
∥∥∥pik − pjobs

∥∥∥
2
≤ 0, ∀i ∈ IL,∀j, (8.8l)

dload + dobs −
∥∥∥pℓk − pjobs

∥∥∥
2
≤ 0, ∀j, (8.8m)

where X = [x0, . . . , xN ] is a state trajectory of length N , U = [u0, . . . , uN−1] is a control trajectory
of length N − 1, X = [X1, . . . , XL, Xℓ] andU = [U1, . . . , UL, U ℓ] are sets of trajectories for the
system, pi ∈ R2 is the two-dimensional position of the quadrotor or load (discarding height), x(0)
and x(tf ) are initial and final conditions, d is a scalar dimension (e.g., quadrotor radius), ∆t is the
time step duration, and all constraints apply at each time steps k.

The constraints are, from top to bottom: discrete quadrotor dynamics (8.8b) from (8.1), dis-
crete load dynamics (8.8c) from (8.5), initial conditions (8.8d), final condition for the load (8.8e),
workspace constraints (i.e. floor and ceiling constraints) (8.8f), quadrotor motor constraints (8.8g),
positive cable tension (8.8h), equal tension force on quadrotor and load (8.8i), cable length (8.8j),
collision avoidance (8.8k), and obstacle avoidance for the quadrotors (8.8l) and load (8.8m). The ob-
stacles are modeled as cylinders of infinite height, which reduces collision checking to a plane. These
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simple constraints can be combined to form narrow doorways or slots and enables fast, analytical col-
lision checking. The self-collision constraints also model the quadrotors as cylinders of infinite height
to help prevent unmodeled prop wash effects from disturbing the system. The objective for each
agent was a quadratic cost, having the form: (xk−xref)

TQk(xk−xref) and (uk−uref)
TRk(uk−uref)

for the states and controls, respectively, at each time step k.
We found it beneficial to both initialize the solver and include in the objective state and control

references: xref, uref, based on trim conditions that produce static hovering of the system. These
conditions were found using trajectory optimization by setting the initial and final positions and
velocities of the system to be the same. Large costs were used for all states except the orientation,
which had a relatively small cost. Solving this problem, the system naturally finds an equilibrium
state where the quadrotors “lean away” from the load in order to create thrust in a direction that
compensates for the tension in the cable (this behavior can be seen in Fig. 8.1). These quadrotor
orientations are then used for the initial and final orientations and the trim controls are used as
reference controls. Regularizing the control values to these trim controls, rather than to zero, had a
significant effect on the convergence of the optimization. This hover condition was also used as the
initial control trajectory provided to ALTRO.

8.3 Distributed Formulation

We present a scalable approach for solving (8.8a) by decomposing the problem by quadrotor. Of
the given constraints, only the collision avoidance constraint (8.8k) directly couples the states of
the quadrotors (i.e. only the collision avoidance constraints are functions of the states of different
quadrotors). The quadrotors’ dynamics are only indirectly coupled (through the load) via the cable
constraints (8.8i) and (8.8j). The objective, by design, is separable by agent, i.e. there is no cost
coupling between the state and controls of the quadrotors or the quadrotors and load.

From these observations, a decomposition is quite apparent: solve a trajectory optimization
problem for each quadrotor independently, treating all other quadrotor and load trajectories as
static. After each quadrotor has optimized independently, the updated trajectories are collected and
used to optimize the load trajectory. The updated load trajectory, along with the updated quadrotor
trajectories, are then communicated to each quadrotor and the process is repeated.

While this update for the load trajectory can be considered a consensus update, it is distinct
from approaches like ADMM that perform primal updates over agents followed by a collective dual
update. In our approach, each agent performs primal and dual updates until convergence before
communicating. In practice, we found this approach to converge faster and more reliably. Our
procedure is summarized in Algorithm 10.

Algorithm 10 Distributed Trajectory Optimization

1: function dist-traj-opt(X0,U0, tol.)
2: X̃← X0, Ũ← U0

3: while max-violation(X̃, Ũ) > tol. do
4: for i = 1, . . . , L do in parallel
5: Xi, U i ← solve-quad(Xi, U i; X̃, Ũ)
6: send Xi, U i to central agent
7: end for
8: Xℓ, U ℓ ← solve-load(Xℓ, U ℓ; X̃, Ũ)
9: send X̃, Ũ to all agents

10: end while
11: return X̃, Ũ
12: end function

The “central” agent (the one that computes the load trajectory) is, in practice, randomly assigned
before the solve to one of the quadrotors, and is computed in a separate process with a separate
memory space.
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As with most nonlinear optimization algorithms, the performance of our algorithm improves
dramatically with a good initial guess. We designed our guess by solving an initial set of trajectory
optimization problems for each quadrotor and the load separately, without any of the system-level
constraints (i.e., self-collision (8.8k) or cable constraints (8.8i) and (8.8j)). Since these problems
are completely de-coupled, they can be solved in parallel. Getting these initial trajectories to be
sufficiently close to the final solution was key in getting the fast convergence demonstrated in the
results that follow. The time to solve these initial trajectory optimization problems is included in
the overall solution time. These optimizations were initialized with the same trim conditions given
to the batch problem, described previously. However, for these initial optimization problems, the
initial control and control reference for the cable tension was set to zero, since the cable constraints
weren’t considered during these problems. This resulted in slightly different initializations for the
batch and distributed algorithms.

8.4 Simulations

8.4.1 Scenarios

Three scenarios using the batch problem formulation are considered: 1) point-to-point transfer of a
load using L quadrotors (see Fig. 8.2), 2) a load transfer through a narrow slot, followed by a narrow
doorway, which requires the quadrotors to spread apart and then gather together (see Fig. 8.4), and
3) a load transfer through a narrow doorway using 3 quadrotors (see Fig. 8.6). All scenarios solve
a 10 s trajectory. We assume perfect knowledge of the obstacles.

In the first and second scenarios, the stage costs were identical for all time steps. The costs for
the second and third scenarios were identical; however, in the third scenario, the cost was altered
at the middle time step km = (N − 1)/2 to encourage the quadrotors to “line up” when passing
through the door. This stage cost simply placed a high cost (about equal in magnitude to the cost
at the terminal time step) for deviations from an intermediate configuration for passing through the
doorway. The desired positions were calculated directly from the initial position of the load and the
location of the center of the door. The load was assumed to be at the center of the door, at the
same height it started. The quadrotors are then evenly distributed on an arc of α degrees. This
encourages the quadrotors to “fan” out around the load, see Fig. 8.1).

The dimensions of the quadrotor, load cables, and doorway were based on the actual values
for the hardware experiment (see Section 8.5). In simulation, the slot and doorways are modeled
using horizontally and vertically oriented cylinder obstacle constraints. The doorway in Fig. 8.6
was constructed from two cylinders 2 m apart with a radius of 0.5 m, 0.6 m smaller than the actual
doorway (1.0 m vs 1.6 m). The slot scenario is similarly dimensioned. To encourage the quadrotors
to get in position before reaching the door, we made the doorway artificially “deep” by adding a
second set of cylinders. The width of the quadrotor was set to 0.55 m. This scenario is challenging
since, although a single quadrotor can fit through the doorway easily, two cannot. The quadrotors
must coordinate a way to carry the load through the doorway while passing through one at a time.

8.4.2 Results

We define two methods for solving (8.8a):

• Batch - solve directly

• Parallel - solve using Algorithm 10 with multiple cores on the same or distributed machines

All trajectory optimization sub-problems were solved using ALTRO to a maximum constraint vio-
lation of 1e-3 and performed either on a desktop computer with an AMD Ryzen Threadripper 2950x
processor and 16GB RAM or an ODROID-XU4 microcomputer with a 32-bit Samsung Exynos5
Octa ARM Cortex-A15 2Ghz processor and 2GB of RAM onboard the quadrotors. Algorithm 10
is implemented in the Julia programming language, uses the ALTRO trajectory optimization solver
[2], and leverages the language’s convenient methods for working with distributed computation. The
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Figure 8.2: Simulation of teams with 3, 8, and 15 quadrotors (left, center, right) in final configuration
after a point-to-point load transfer. To maintain the final system configuration, quadrotors orient
to produce thrust that maintains hover despite a force resulting from the load.
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Figure 8.3: Timing result comparing batch and parallel algorithms for a point-to-point load transfer
using L quadrotors. The parallel algorithm scales favorably compared to the batch approach as the
number of quadrotors is increased.

solver hyper-parameters were tuned to each algorithm (batch vs. distributed) but kept the same
across all scenarios.

Fig. 8.3 contains the timing results for the first scenario with L ranging from 3 to 15 quadro-
tors, clearly demonstrating the scalability of Algorithm 10 compared to explicitly solving the batch
problem (8.8a).

When solving the second scenario, the batch version took 4.0 seconds to solve, whereas the
distributed version took only 2.0 seconds. To test sensitivity of the algorithm to initial conditions,
we varied the x position by ±1.5m in the x and y direction (+x is closer to the goal, and +z is
vertical). The distributed version could solve problems within ±0.5m in x and ±1.5m in y. The
batch version solved problems within ±1.5m in x and ±1.5m in y. The batch version can handle a
larger set of initial conditions since it jointly optimizes all of the trajectories, so will naturally be
more robust.

A sequence of frames from the doorway scenario is presented in Fig. 8.6, and the timing results
for this scenario are included in Table 8.1. The last row in the table was performed on the 3
ODROID-XU4 computers onboard the quadrotors used in the hardware demonstration. One of
the quadrotors was used as the “central” agent, which used a separate core for solving the load
problem. Communication between the computers was performed over WiFi. The cost and constraint
convergence is compared in Figures 8.5a and 8.5b, respectively. The cost and constraint values for
the parallel solve were calculated by concatenating the current values for the quadrotor and load
trajectories. The distributed method starts with a slightly higher initial cost and constraint violation
since the initial control trajectories assume zero force in the cable (since the initial “presolve” neglects
these constraints), whereas the the initial guess for the batch method guesses the force from the
trim conditions. Both methods achieve the same constraint satisfaction, but the distributed version
achieves a slightly lower cost of 3.6 versus 4.6 for the batch version. While the resulting trajectories
are similar, the distributed version results in a seemingly “smoother” trajectory, likely resulting
from the guess provided by the “presolve” phase. The implementation and all simulation results
are available at: https://github.com/RoboticExplorationLab/TrajectoryOptimization.jl/
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Figure 8.4: Slot scenario. The quadrotors have to automatically reconfigure to pass through a narrow
horizontal slot, followed by a narrow doorway.

Table 8.1: Runtime performance: Doorway Scenario

Computer Batch Parallel

Desktop 3.6 s 0.8 s
1 Quadrotor 28.7 s 5.4 s
3 Quadrotors - 5.7 s

tree/distributed_team_lift

8.5 Hardware Results

Hardware experiments were conducted with three custom-built quadrotor aerial robots based on
the F330 frame [170] in a 16.5 m × 6.5 m × 2.7 m motion capture room. Each quadrotor (mi ≈
1 kg) was equipped with a Pixfalcon, an open-source flight controller board, along with the PX4
open-source autopilot software (v1.7.3) to manage low-level control and real-time state estimation.
Furthermore, each quadrotor used an ODROID-XU4 for high-level trajectory tracking and as bridge
to the the Robot Operating System (ROS) network to interface with the Optitrack motion capture
system. For this experiment, the 10 s doorway scenario trajectories from Section 8.4 were computed
offline using the onboard ODROID microcomputers networked over WiFi (see Table 8.1) and a
simple velocity-based trajectory tracking controller was used to follow the planned trajectories.

Despite each quadrotor being unable to individually lift a 0.9 kg load, the team was able to
successfully transport it together through a 2.1 m × 1.6 m doorway. A sequence of frames from the
experiment is shown in Fig. 8.7 and accompanying media. The experiments demonstrate that the
method can be implemented on a team of resource-constrained quadrotors, making it practical for
implementation onboard real systems.

8.6 Discussion

The current work presents a novel method for solving cable-suspended load problems with quadrotors
by posing them as nonlinear trajectory optimization problems. By decomposing the problem and
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Figure 8.5: Convergence comparison of covergence of the cost function (a) and constraint violation
(b) for the batch and distributed solves. The distributed solve is broken into three phases: 1) Pre-
solve, where an initial trajectory for each agent is obtained by solving each problem independently,
2) Quads, where each quadrotor solves it’s own problem in parallel, and 3) Load, where the trajec-
tory for the load is solved using the updated quadrotor trajectories.

Figure 8.6: Simulation results of a team with 3 quadrotors transporting a load, that a single agent
cannot lift, through a doorway during a 10 s trajectory. The system reconfigures to travel through
the doorway and is shown at time instances t = 0.0, 2.4, 5.0, 7.6 10.0 s (left to right).

solving each sub-problem in parallel, the algorithm is fast enough to generate new trajectories in
a few seconds (faster than the time it takes to execute them). It also scales well to large numbers
of agents, and is lightweight enough to run on resource-constrained onboard computers that can be
carried by a quadrotor.

The presented approach has many advantages, including speed, scalability, and the ability to
generate complex system-level behaviors via specification of general constraints or the objective of
the optimization problem. However, there are also some important limitations worth noting: As with
nearly all nonlinear optimization problems, convergence is not guaranteed. The results presented
in Section 8.5 took careful tuning of the objective, selection of solver hyperparameters, and good
initializations via trim conditions.

Our algorithm makes no assumptions about the dynamics of the system, and demonstrate that
sub-problems can be solved in parallel across multiple agents to achieve dramatic reductions in
compute time compared to a naive “batch” formulation. However, our approach benefits from the
inherently sparse coupling between agents in the cable-suspended load problem, and it is unclear
how well it will generalize to other multi-agent problems with more complicated coupling.

Several directions for future work remain: An implementation, specifically focusing on paral-
lelization of the batch solve and communication between quadrotors, could likely execute faster
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Figure 8.7: Top view from hardware experiment with team of 3 quadrotors carrying a load through a
doorway, progressing through time (left to right). The team reconfigures from an initial configuration
that is wider than the doorway to a narrow configuration with the quadrotors nearly inline.

than real-time, enable online re-planning and model-predictive control, and be more robust than
the presented approach. Further extensions to the cable-suspended load scenario are also possible
within our approach, including lifting rigid bodies instead of simple point masses, connecting the
cables to arbitrary points on the quadrotor, and allowing for hybrid dynamics e.g., slack cables.
While effective, the simplistic tracking controller used in the hardware demonstrations can also be
improved, for example, by using the LQR feedback gains calculated by the trajectory optimization
solver in the online control loop. Finally, generalizations to a variety of other multi-agent systems
with different dynamics and constraints are possible.
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9

Data-Efficient Model Learning for
Model Predictive Control with

Jacobian-Regularized Dynamic Mode
Decomposition

We present a data-efficient algorithm for learning models for model-predictive control (MPC).
Our approach, Jacobian-Regularized DMD (JDMD), offers improved sample efficiency over

traditional Koopman approaches based on Dynamic-Mode Decomposition (DMD) by leveraging
Jacobian information from an approximate prior model of the system, and improved tracking per-
formance over traditional model-based MPC. We demonstrate JDMD’s ability to quickly learn bi-
linear Koopman dynamics representations across several realistic examples in simulation, including
a perching maneuver for a fixed-wing aircraft with an experimentally derived high-fidelity physics
model. In all cases, we show that the models learned by JDMD provide superior tracking and
generalization performance in the presence of significant model mismatch within a model-predictive
control framework, when compared to the approximate prior models used in training and models
learned by standard extended DMD.

9.1 Introduction

In recent years, both model-based optimal-control [8], [34], [171], [172] and data-driven reinforcement-
learning methods [173], [174] have demonstrated impressive successes on complex, nonlinear robotic
systems. However, both approaches suffer from inherent drawbacks: Data-driven methods often
require extremely large amounts of data and fail to generalize outside of the domain or task on
which they were trained. On the other hand, model-based methods require an accurate model of
the system to achieve good performance. In many cases, high-fidelity models can be too difficult
to construct from first principles or too computationally expensive to be of practical use. However,
low-order approximate models that can be evaluated cheaply at the expense of controller perfor-
mance are often available. With this in mind, we seek a middle ground between model-based and
data-driven approaches in this work.

We propose a method for learning bilinear Koopman models of nonlinear dynamical systems
for use in model-predictive control that leverages derivative information from an approximate prior
dynamics model of the system in the training process. Given the increased availability of differen-
tiable simulators [68], [175], this approximate derivative information is readily available for many
systems of interest. Our new algorithm builds on extended Dynamic Mode Decomposition (EDMD),
which learns Koopman models from trajectory data [176]–[180], by adding a derivative regulariza-
tion term based on derivatives computed from a prior model. We show that this new algorithm,
Jacobian-regularized Dynamic Mode Decomposition (JDMD), can learn models with dramatically
fewer samples than EDMD, even when the prior model differs significantly from the true dynamics of
the system. We also demonstrate the effectiveness of these learned models in a model-predictive con-
trol (MPC) framework. The result is a fast, robust, and sample-efficient pipeline for quickly training
a model that can outperform MPC controllers using the approximate analytical model as well mod-
els learned using both traditional Koopman approaches and multi-layer perceptrons (MLPs). While
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our proposed Koopman-based approached is significantly more sample efficient, we also demonstrate
the utility of incorporating gradient information for learning a simple model using a two-layer MLP.

Our work is most closely related to the recent work of Folkestad et. al. [179], [181]–[183] which
learn bilinear models and apply nonlinear model-predictive control directly on the learned bilinear
dynamics. Other recent works have combined linear Koopman models with model-predictive control
[178] and Lyapunov control techniques with bilinear Koopman [184]. Our contributions are:

• A novel extension to extended dynamic mode decomposition, called JDMD, that incorporates
gradient information from an approximate analytic model

• A recursive, batch QR algorithm for solving the least-squares problems that arise when learning
bilinear dynamical systems using DMD-based algorithms, including JDMD and EDMD

The remainder of the paper is organized as follows: In Section 9.2 we provide some background
on the application of Koopman operator theory to controlled dynamical systems and review some
related works. Section 9.3 then describes the proposed JDMD algorithm. In Section 9.4 we outline a
memory-efficient technique for solving the large, sparse linear least-squares problems that arise when
applying JDMD and other DMD-based algorithms. Section 9.5 then provides simulation results and
analysis of the proposed algorithm applied to control tasks on a cartpole, a quadrotor, and a small
foam airplane with an experimentally determined aerodynamics model, all subject to significant
model mismatch. It also includes a comparison of the current approach to model-learning via a
multi-layer perceptron, for the canonical cartpole problem. In Section 9.6 we discuss the limitations
of our approach, followed by some concluding remarks in Section 9.7.

9.2 Background and Related Work

9.2.1 Koopman Operator Theory

The theoretical underpinnings of the Koopman operator and its application to dynamical systems
has been extensively studied [177], [185]–[188] Rather than describe the theory in detail, we highlight
the key concepts employed by the current work and refer the reader to the existing literature on
Koopman theory for further details.

We start by assuming a controlled, nonlinear, discrete-time dynamical system,

x+ = f(x, u), (9.1)

where x ∈ X ⊆ RNx is the state vector, uk ∈ RNu is the control vector, and x+ is the state at the
next time step. Assuming the dynamics are control-affine, the nonlinear finite-dimensional system
(9.1) can be represented exactly by an infinite-dimensional bilinear system through the Koopman
canonical transform [188]. This bilinear Koopman model follows the form,

y+ = Ay +Bu+

m∑
i=1

uiCiy = g(y, u), (9.2)

where y = ϕ(x) is a nonlinear mapping from the finite-dimensional state space X to the infinite-
dimensional Hilbert space of observables Y. In practice, we approximate (9.2) by restricting Y to be
a finite-dimensional vector space, in which case ϕ becomes a finite-dimensional nonlinear function
of the state variables, which can be either chosen heurstically based on domain expertise, or learned
[182], [183], [189].

Intuitively, ϕ “lifts” our state x into a higher dimensional space Y where the dynamics are ap-
proximately (bi)linear, effectively trading dimensionality for (bi)linearity. Similarly, we can perform
an “unlifting” operation by projecting a lifted state y back into the original state space X . In this
work, since we embed the original state within the nonlinear mapping [177], [181], [190]–[192] , ϕ is
constructed in such a way that this unlifting is linear:

x = Gy. (9.3)
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We note that our proposed method does not rely on this assumption: any mapping could be used.
The problem of finding an optimal mapping is itself a major area of research, and many recent
studies have focused on jointly learning both the model and the mapping [182], [183], [189], [193],
[194]. While clearly advantageous, learning an optimal embedding is orthogonal to the main focus
of the current paper, which focuses on a straightforward way of incorporating analytical derivative
information from an approximate model, which is equally applicable whether the embedding function
is learned or chosen heuristically. The mappings in the current work are chosen heuristically based
on problem insight and experience.

9.2.2 Extended Dynamic Mode Decomposition

A lifted bilinear system of the form (9.2) can be learned from P samples of the system dynamics
(x+

j , xj , uj) using Extended Dynamic Mode Decomposition (EDMD) [181], [187]. We first define the
following data matrices:

Z1:P =


y1 y2 . . . yP
u1 u2 . . . uP

u1,1y1 u2,1y2 . . . uP,1yP
...

...
. . .

...
u1,my1 u2,my2 . . . uP,myP

 , Y +
1:P =

[
y+1 y+2 . . . y+P

]
, (9.4)

We then concatenate all of the model coefficient matrices as follows:

E =
[
A B C1 . . . Cm

]
∈ RNy×Nz , (9.5)

The model learning problem can then be written as the following linear least-squares problem:

minimize
E

∥∥EZ1:P − Y +
1:P

∥∥2
2

(9.6)

EDMD is closely related to classical feature-based machine learning approaches like the “kernel
trick” used in support vector machines [195], but extends these ideas to bilinear models of controlled
dynamical systems.

9.3 Jacobian-Regularizated Dynamic Mode Decomposition

We now present JDMD as a straightforward adaptation of the original EDMD algorithm described
in Section 9.2.2. Given P samples of the dynamics (x+

i , xi, ui), and an approximate discrete-time
dynamics model,

x+ = f̃(x, u), (9.7)

we can evaluate the Jacobians of our approximate model f̃ at each of the sample points: Ãi =
∂f̃
∂x , B̃i = ∂f̃

∂u . After choosing a nonlinear mapping ϕ : RNx 7→ RNy our goal is to find a bilinear
dynamics model (9.2) that matches the Jacobians of our approximate model, while also matching
our dynamics samples. We accomplish this by penalizing differences between the Jacobians of our
learned bilinear model with respect to the original states x and controls u, and the Jacobians
we expect from our analytical model. These projected Jacobians are calculated by differentiating
through the projected dynamics:

x+ = G

(
Aϕ(x) +Bu+

m∑
i=1

uiCiϕ(x)

)
= f̄(x, u). (9.8)
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Differentiating (9.8) with respect to x and u gives us

Āj =
∂f̂

∂x
(xj , uj) = G

(
A+

m∑
i=1

uj,iCi

)
Φ(xj) = GEÂ(xj , uj) = GEÂj (9.9a)

B̄j =
∂f̂

∂u
(xj , uj) = G

(
B +

[
C1xj . . . Cmxj

] )
= GEB̂(xj , uj) = GEB̂j (9.9b)

where Φ(x) = ∂ϕ/∂x is the Jacobian of the nonlinear map ϕ, and

Â(x, u) =



INy

0
u1INy

u2INy

...
umINy


Φ(x) ∈ RNz×Nx , B̂(x, u) =



0
INu

[ϕ(x) 0 ... 0]
[0 ϕ(x) ... 0]

...
[0 0 ... ϕ(x)]


∈ RNz×Nu . (9.10)

We then solve the following linear least-squares problem:

minimize
E

(1− α)
∥∥EZ1:P − Y +

1:P

∥∥2
2
+ α

P∑
j=1

(∥∥∥GEÂj − Ãj

∥∥∥2
2
+
∥∥∥GEB̂j − B̃j

∥∥∥2
2

)
(9.11)

The resulting linear least-squares problem has (Ny+N2
x +Nx ·Nu) ·P rows and Ny ·Nz columns.

Given that the number of rows in this problem grows quadratically with the state dimension, solving
this problem can be challenging from a computational perspective. In the Section 9.4, we propose
an algorithm for solving these problems without needing to move to a distributed-memory setup in
order to solve these large linear systems. The proposed method also provides a straightforward way
to approach incremental updates to the bilinear system, where the coefficients could be efficiently
learned “live” while the robot gathers data by moving through its environment.

9.4 Efficient Recursive Least Squares

In its canonical formulation, a linear least squares problem can be represented as the following
unconstrained optimization problem:

min
x
∥Fx− d∥22. (9.12)

We assume F is a large, sparse matrix and that solving it directly using a QR or Cholesky decom-
position requires too much memory for a single computer. While solving (9.12) using an iterative
method such as LSMR [196] or LSQR [197] is possible, we find that these methods do not work well
in practice for solving (9.11) due to ill-conditioning. Standard recursive methods for solving these
problems are able to process the rows of the matrices sequentially to build a QR decomposition of
the full matrix, but also tend to suffer from ill-conditioning [198]–[200].

To overcome these issues, we propose an alternative recursive method. We solve (9.12) by dividing
up rows of F into batches:

FTF = FT
1 F1 + FT

2 F2 + . . .+ FT
NFN . (9.13)

The main idea is to maintain and update an upper-triangular Cholesky factor Ui of the first i terms
of the sum (9.13). Given Ui, we can calculate Ui+1 using the QR decomposition, as shown in [2]

Ui+1 =
√
UT
i Ui + FT

i+1Fi+1 = QRR

([
Ui

Fi+1

])
, (9.14)

where QRR returns the upper triangular matrix R from the QR decomposition. For an efficient
implementation, this function should be an “economy” or “Q-less” QR decomposition since the Q
matrix is never needed.
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We also handle regularization of the normal equations, equivalent to adding Tikhonov regular-
ization to the original least squares problem, during the base case of our recursion. If we want to
add an L2 regularization with weight λ, we calculate U1 as:

U1 = QRR

([
F1√
λI

]
.

)
. (9.15)

Throughout the paper, the results presented for both EDMD and JDMD correspond to the best-
performing L2-regularization values for each algorithm to ensure a fair comparison is made. We
perform a sweep over a range of L2-regularization values for each study, with MPC tracking error
as the metric.

9.5 Experimental Results

This section presents the results of several simulation experiments to evaluate the performance of
JDMD. For each simulated system we specify two models: a nominal model, which is simplified
and contains both parametric and non-parametric model error, and a true model, which is used
exclusively for simulating the system and evaluating algorithm performance.

All models were trained by simulating the “true” system with a nominal controller to collect
data in the region of the state space relevant to the task. A set of fixed-length trajectories were
collected, each at a sample rate of 20-25 Hz. The bilinear EDMD model was trained using the same
approach introduced by Folkestad and Burdick [181] When applying MPC to the learned Koopman
models, the projected Jacobians (9.9) were used, since this projected system is much more likely
to be controllable than the lifted one and reduces the computational complexity back to that of
the nominal MPC controller. This results in a nonlinear model in the original state space, which is
linearized about the reference trajectory to create a linear MPC controller. All continuous dynamics
were discretized with an explicit fourth-order Runge Kutta integrator. Code for all experiments is
available at https://github.com/bjack205/BilinearControl.jl.

9.5.1 Systems and Tasks

Cartpole: We perform a swing-up task on a cartpole system. The true model includes Coulomb
friction between the cart and the floor, viscous damping at both joints, and a deadband in the control
input that were not included in the nominal model. Additionally, the mass of the cart and pole
model were altered by 20% and 25% with respect to the nominal model, respectively. The following
nonlinear mapping was used when learning the bilinear models:

ϕ(x) = [ 1, x, sin(x), cos(x), sin(2x), sin(4x), T2(x), T3(x), T4(x) ] ∈ R33

, where Ti(x) is a Chebyshev polynomial of the first kind of order i. All reference trajectories for
the swing up task were generated using ALTRO [2], [44].

Quadrotor: We track point-to-point linear reference trajectories from various initial conditions
on both planar and full 3D quadrotor models. For both systems, the true model includes aerody-
namic drag terms not included in the nominal model, as well as parametric error of roughly 5% on
the system parameters (e.g. mass, rotor arm length, etc.). The planar model was trained using a non-
linear mapping of ϕ(x) = [ 1, x, sin(x), cos(x), sin(2x), T2(x)] ∈ R25 while the full quadrotor model
was trained using a nonlinear mapping of ϕ(x) = [ 1, x, T2(x), sin(p), cos(p), R

T v, vTRRT v, p ×
v, p×ω, ω×ω] ∈ R44, where p is the quadrotor’s position, v and ω are the translational and angular
velocities respectively, and R is the rotation matrix.

Airplane: We perform a post-stall perching maneuver on a high-fidelity model of a fixed-wing
airplane. The perching trajectory is produced using trajectory optimization (see Figure 9.1a) and
tracked using MPC. Perching involves flight at high angles of attack, where the aerodynamic lift and
drag forces are extremely complex and difficult to model from first principles. We look to previous
works where the simulated aerodynamics were fitted using empirical data from in-person, wind-
tunnel experiments (see Figure 9.1b and 9.1c) before being demonstrated on hardware platforms
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(a) Expert perching demonstration, a high angle-of-attack maneuver that minimizes velocity at the goal
position with complex, post-stall aerodynamic forces

(b) E-Flite AS3Xtra airplane model used in
hardware data collection

(c) Experiment setup configurations for collecting flight
data

Figure 9.1: Complex dynamics of a perching fixed-wing airplane. High-angle-of-attack perching
maneuvers (top) require the modeling of complex post-stall aerodynamic effects. The simulated
aerodynamic forces were modeled as functions using flight data collected from real-world hardware
experiments (bottom).

[201], [202]. The true model includes the empirically-modeled, nonlinear flight dynamics [202], while
the nominal model uses a simple flat-plate wing model with linear lift and quadratic drag coefficient
approximations. The bilinear models use a 68-dimensional nonlinear mapping ϕ including terms
such as the rotation matrix (expressed in terms of a Modified Rodriguez Parameter), powers of the
angle of attack and side slip angle, the body frame velocity, various cross products with the angular
velocity, and some 3rd and 4th order Chebyshev polynomials of the states.

9.5.2 Sample Efficiency

We compare the sample efficiency of several algorithms on the cartpole swing-up task in Fig. 9.2,
including a simple two-layer multi-layer perceptron trained using the a loss function equivalent
to (9.11) with α = 1 (MLP) and α ∈ (0, 1) (JMLP). For JMLP, α was monotonically decreased
over time, in order to place more weight on the data as more data was used (red line in Fig.
9.2b). The derivatives of the model with respect to the inputs are calculated automatically using
backward propagation of the partial derivatives for usage in the loss function, resulting in second-
order derivatives of the tanh activation functions when calculating the gradient with respect to
the model parameters. As shown, the proposed method achieves the best performance overall,
and does so with only two training trajectories. In comparison, traditional EDMD requires about
10 iterations to achieve consistent performance, whereas the MLP methods require hundreds of
training trajectories. It’s also important to note that by applying the proposed approach to an MLP
we were able to dramatically improve both the performance and sample efficiency of the MLP-based
approach. Similar results were obtained for the airplane perching example (Fig. 9.6c), where EDMD
requires about 3x the number of samples (35 vs 10) compared to the proposed approach, and never
achieves the same closed-loop performance.
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Figure 9.2: Cartpole swingup MPC tracking error vs training trajectories for Koopman methods
(left) and a multi-layer perceptron (right). The sample efficiency of both methods is significantly im-
proved when derivative information is included in the loss function. Note that Koopman approaches
require an order of magnitude fewer trajectories to stabilize compared the MLP-based approach.
The median error is shown as a thick line, while the shaded regions represent the 5% to 95% per-
centile bounds on the 10 test trajectories.

Nominal EDMD JDMD

Success Rate 82% 18% 80%
Median 0.30 0.63 0.11

5% Quantile 0.13 0.08 0.03
95% Quantile 0.38 2.62 0.23

Table 9.1: Performance summary of MPC tracking of 6-DOF quadrotor. Other than success rate,
all values are the tracking error of the successfully stabilized trajectories.

9.5.3 Generalization

We demonstrate the generalizability of the proposed method on both the planar and 3D quadrotor.
In all tasks, the goal is to return to the origin, given an initial condition sampled from some uniform
distribution centered at the origin. To test the generalizability of the algorithms, we scale the size
of the sampling “window” relative to the window on which it was trained, e.g. if the initial lateral
position was trained on data in the interval [−1.5,+1.5], we sampled the test initial condition from
the window [−γ1.5,+γ1.5]. The results for the planar quadrotor are shown in Figure 9.3b, with γ
up to 2.5. As shown, JDMD generalizes well outside of the training window, where the performance
of EDMD varies significantly even within the training window, as shown by the growing region that
bounds the 5% to 95% percentile of the tracking performance over the 50 test cases. Additionally, in
Figure 9.3a we show the effect of changing the equilibrium position away from the origin: while the
true dynamics should be invariant to this change, EDMD fails to learn this whereas JDMD does.

For the full quadrotor, given the goal of tracking a straight line back to the origin, we test 50
initial conditions, many of which are far from the goal, have large velocities, or are nearly inverted
(see Figure 9.5a). The results using an MPC controller are shown in Table 9.1, demonstrating
the excellent generalizability of the algorithm, given that the algorithm was only trained on 30
initial conditions, sampled relatively sparsely given the size of the sampling window. EDMD only
successfully brings about 18% of the samples to the origin, while the majority of the time resulting
in trajectories like those in Figure 9.5b. JDMD improves the tracking performance of nominal MPC,
which is subject to a constant error bias due to model mismatch, as shown in Fig. 9.5b.
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(a) LQR stabilization error over increasing equilib-
rium offset for 100 random initial conditions.
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Figure 9.3: Generalizability with respect to final or initial conditions sampled outside of the training
domain, studied on planar quadrotor performing an LQR stabilization (left) and MPC tracking task
(right). For the stabilization task, 100 equilibrium positions are sampled uniformly within an offset
value. For the tracking task, 50 initial conditions are sampled from a uniform distribution, whose
limits are determined by a scaling of those of the training distribution. A training range fraction
greater than 1 (vertical gray dashed line) indicates the distribution range is beyond that used to
generate the training trajectories. The median error is shown as a thick line, while the shaded
regions represent the 5% to 95% percentile bounds.
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Figure 9.4: Loss versus number of training trajectories for the cartpole MLP. Although the both
models perform about equally well on instantaneously predicting the discrete dynamics, the sample
efficiency and performance on the closed-loop control problem different significantly (see Figure
9.2b.)
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(a) Generated point-to-point trajectories and ini-
tial conditions for testing tracking MPC of 6-DOF
quadrotor.

(b) Performed trajectories of nominal MPC (black),
EDMD (orange), and JDMD (cyan) for tracking in-
feasible, point-to-point trajectory (red).

Figure 9.5: Point-to-point, test trajectory generation and example tracking performance of full, 6-
DOF quadrotor. The test trajectories generated include a wide scope of initial conditions beyond
that of the training set, such as high position offset, large velocities, and near-inverted attitude.
JDMD often had the best tracking performance while successfully reaching the goal state, with a
similar success rate as nominal MPC within a tighter distribution.

Friction (µ) 0.0 0.1 0.2 0.3 0.4 0.5 0.6

Nominal ✓ ✓ ✗ ✗ ✗ ✗ ✗
EDMD 3 19 6 14 ✗ ✗ ✗
JDMD 2 2 2 2 3 7 12

Table 9.2: Training trajectories required to stabilize the cartpole with the given friction coefficient

9.5.4 Sensitivity to Model Mismatch

While we’ve introduced a significant amount of model mismatch in all of the examples so far,
a natural argument against model-based methods is that they’re only as good as your model is
at capturing the salient dynamics of the system. We investigated the effect of increasing model
mismatch by incrementally increasing the Coulomb friction coefficient between the cart and the
floor for the cartpole stabilization task (recall the nominal model assumed zero friction). The
results are shown in Table 9.2. As expected, the number of training trajectories required to find
a good stabilizing controller increases for the proposed approach. We achieved the results above
by setting α = 0.01, corresponding to a decreased confidence in our model, thereby placing greater
weight on the experimental data. The standard EDMD approach always required more samples,
and was unable to find a good enough model above friction values of 0.4. While this could likely be
remedied by adjusting the nonlinear mapping ϕ, the proposed approach works well with the given
bases. Note that the nominal MPC controller failed to stabilize the system above friction values
of 0.1, so again, we demonstrate that we can improve MPC performance substantially with just a
few training samples by combining analytical gradient information and data sampled from the true
dynamics.

9.5.5 Model Prediction Error vs. Controller Performance

Much of the previous literature on model learning focuses on open-loop dynamics prediction error.
While intuitive, we argue that this is a poor metric when the end goal is closed-loop control perfor-
mance. In Figure 9.6a we show that decreasing confidence in the analytical model (by increasing α)
increases open-loop dynamics prediction error significantly while having minimal impact on closed
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(c) Sample efficiency for the airplane perching problem. JDMD learns the model with only 10 training
trajectories, whereas EDMD requires about 35. Both models perform significantly better than nominal
MPC due to significant model mismatch at high angles of attack.

Figure 9.6: Results on the airplane perching task

loop performance below α = 0.7. We found we can often quickly find models “good enough” for
control with just a few training trajectories (typically with a higher value of α), that predicted the
open-loop dynamics very poorly. For example, in Fig. 9.6a at the extremes of α = 0 (EDMD) and
α ≥ 0.8, the open-loop predictions were unstable and diverged, while the closed-loop system still
successfully tracked the reference trajectory. This also extends to the MLP example, where MPC
tracking performance does not correlate to minimizing loss in the training and test process as seen in
Fig. 9.4. In addition, JDMD matches the Jacobians of that of the nominal model (which has some
Jacobian error from the true model), while EDMD has significant Jacobian error as shown in Fig.
9.6b. This further demonstrates the importance of Jacobians over open-loop dynamics prediction in
a closed-loop control setting, which may be unsurprising due to the presence of the Jacobians in the
feedback-policy of closed-loop controllers.

9.6 Limitations

Many of the limitations of the proposed approach derive from the limitations of Koopman ap-
proaches more broadly. Foremost among these is the sensitivity of performance to the selections
of the nonlinear mapping and respective unlifting operation; the current study has not investigated
the incorporation of the proposed method in methods which jointly learn both the model and the
nonlinear mapping, although the extension should be fairly straightforward. In addition, the bi-
linear Koopman model assumes the original, nonlinear dynamics to be control-affine, limiting its
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application to broad dynamical systems in general. Another significant limitation of the current
work is lack of demonstration on hardware, something we plan to remedy in the future. Better, in-
depth comparisons of the given approach to other approaches beyond a simple MLP would also be
enlightening, which were left out due to scope limitations. Additionally, while the presented single
rigid-body systems such as a quadrotor or airplane have similar dimensionality to many autonomous
systems of interest, extensions to systems with many degrees of freedom may be difficult computa-
tionally, given derivative information grows with the square of the state dimension. In addition, the
relationship between closed-loop performance and open-loop dynamics prediction error should be
studied futher, given we have demonstrated good MPC performance that has not translated directly
to model prediction error. As with most data-driven techniques, it is difficult to claim that our
method will increase performance in all cases. It is possible that having an extremely poor prior
model may hurt rather than help the training process. However, we found that even when the α
parameter is extremely small (placing little weight on the Jacobians during the learning process),
it still dramatically improves the sample efficiency over standard EDMD. It is also quite possible
that the performance gaps between EDMD and JDMD shown here can be reduced through better
selection of basis functions and better training data sets; however, given that the proposed approach
converges to EDMD as α→ 0, we see no reason to not adopt the proposed methodology and simply
tune α based on the confidence of the model and the quantity (and quality) of training data.

9.7 Conclusions and Future Work

We have presented JDMD, a simple but powerful extension to EDMD that incorporates derivative
information from an approximate prior model. We have tested JDMD in combination with a simple
linear MPC control policy across a range of systems and tasks, and have found that the resulting
combination can dramatically increase sample efficiency over EDMD, often improving over a nominal
MPC policy with just a few sample trajectories. We also showed that the proposed approach is
more efficient than a simple multi-layer perception by one or two orders of magnitude. Substantial
areas for future work remain: most notably, demonstrating the proposed pipeline on hardware.
Additional directions include applications on sytems with many degrees of freedom such as those
whose dynamics are governed by discretized PDEs, lifelong learning or adaptive control applications,
combining simulated and real data through the use of modern differentiable physics engines [68],
[175], residual dynamics learning, as well as the development of specialized numerical methods for
solving nonlinear optimal control problems using the learned bilinear dynamics.
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10 Conclusion

Robots have considerable potential to fulfill many meaningful roles in our society, across a broad
range of applications and sectors of our economy. As robots move into the applications of today

and tomorrow, they need to be endowed with a greater ability to make meaningful decisions and
operate at the limits of their desired objectives, whether that be gathering scientific information on
another planet, unloading pallets, delivering mail, or providing helpful care to the sick or the elderly.
A key component in all of these applications is the ability to make and follow efficient motion plans.

The work detailed in this thesis has made significant contributions to progressing the promising
field of trajectory optimization. It has pushed the limits of computational performance, allowing
robots to plan faster or take more into consideration in the plans they generate. It has provided
meaningful theoretical contributions that will aid the next generation of roboticists develop better
tools for systems that operate freely in three-dimensional space. Additionally, it has suggested
research directions that better exploit modern parallel computers. While very powerful, the model-
based algorithms proposed in this thesis are generally only as good as the underlying model itself.
To address this limitation, this thesis has also proposed a sample-efficient approach to learning an
improved model by combining information from the real system with gradient information from an
approximate prior model.
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A Quaternion Error Maps

As detailed in Chapter 5, when taking derivatives with respect to quaternions, we need to have a
mapping from the non-singular space of unit quaternions to a local three-parameter representation,
parameterizing the plane tangent to the quaternion hypersphere at the group identity. As mentioned
in Sec. 5.3, there are several different mappings that have been proposed in the literature. In this
appendix, we provide more details about these mappings and show that, at the group identity, all
these mappings result in the same Jacobians, allowing the results in Sec. 5.3 to apply regardless of
the mapping used.

A.1 Forward and Inverse Maps

Table A.1 summarizes the four most common quaternion error maps. Note that these definitions may
be slightly different due to some scaling parameters that have been added such that the derivatives
in the following sections are all consistent. The exponential map was scaled by a factor of two while
the MRP map was scaled by a factor of one half. Here we define the forward map to be the map that
takes the three-parameter representation ϕ, g, p, or c and converts it back into a unit quaternion,
while the inverse map does the opposite. For notational convenience, we define s ∈ R and v ∈ R3 to
be the scalar and vector part of the unit quaternion.

Map Forward Inverse

Exponential q =

[
cos(∥ϕ∥)
ϕ

∥ϕ∥ sin(∥ϕ∥)

]
ϕ =

v

∥v∥
atan2(∥v∥, s)

Cayley q =
1

1 + ∥g∥2

[
1
g

]
g =

v

s

MRP q =
1

1 + ∥p∥2

[
1− ∥p∥2/4

p

]
p =

2

1 + s
v

Vec q =

[√
1− ∥c∥2

c

]
c = v

Table A.1: Basic quaternion error maps

A.2 Forward Jacobian

As summarized in Sec. 5.3.1, when taking the Jacobian of a function y = h(q) : S3 7→ Rp, we apply
a differential rotation ϕ to the input and apply the chain rule:

∇h(q) = ∂h

∂q
L(q)

∂φ

∂ϕ
(A.1)
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Since ϕ is a differential rotation, we evaluate the Jacobian of the forward map φ as ϕ→ 0. In Sec.
5.18 we claimed that

lim
ϕ→0

∂φ

∂ϕ
= H. (A.2)

We now prove that claim by deriving the Jacobians for the forward maps in Table A.1.

Map Forward Jacobian

Exponential
1

∥x∥

[
−∥x∥ sin(∥x∥)

(I − xxT

xT x
) sin(∥x∥) + xxT

∥x∥ cos(∥x∥)

]
Cayley (1 + ∥g∥2)-3/2

[
−gT

(1 + ∥g∥2)I − ggT

]
MRP (1 + ∥p∥2)-2

[
−pT

(1 + 1
4∥p∥

2
)I − 1

2pp
T

]
Vec

[
−cT√
1−∥c∥2

I

]

For the Cayley, MPR, and Vec maps, the identity (A.2) can be easily verified by plugging in 03

for g, p, and c, respectively. The exponential map, however, requires a slightly more careful analysis.
Using small angle approximations, we can approximate the exponential map as[

1− 1
2∥v∥

2

ϕ
∥ϕ∥∥ϕ∥

]
=

[
1− 1

2∥v∥
2

ϕ

]
. (A.3)

The identity (A.2) can then be easily verified.

A.3 Inverse Jacobian

Similar to the forward Jacobian, when we take the Jacobian of a function q′ = f(q) : S3 → S3 as in
Sec. 5.3.3, we apply a differential rotation to both the input and the output:

f(q) ≈ ∂

∂ϕ
φ−1(L(q′)T f(L(q)φ(ϕ))ϕ. (A.4)

We obtain the Jacobian by again applying the chain rule:

∇f(q) = ∂φ−1

∂q
L(q′)T

∂f

∂q
L(q)

∂φ

∂ϕ
. (A.5)

Note that as the differential value applied to the output goes to zero, the term inside the inverse
map φ−1 goes to the quaternion identity qI = [1 0 0 0]T since q′ = f(q). Therefore, we only need to
evaluate the Jacobian of the inverse map at the quaternion identity. We claimed in Sec. 5.3.3 that

lim
q→qI

∂φ−1

∂q
= HT . (A.6)

We now show that this is true for all of the maps in Table A.1 by deriving the Jacobians of the
inverse maps, shown in Table A.2.

The identity (A.6) can again be easily verified for the Cayley, MRP, and Vec maps by plugging in
s = 1, v = 03. As before, the exponential map requires a more careful analysis since plugging in v =

03 results in divisions by 0. Using the first two terms of the Taylor expansion of arctan(x) = x− x3

3 ,
we get the following approximation for the inverse exponential map (also called the logarithmic
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Map Inverse Jacobian

Exponential
1

(∥v∥2 + s2)

[
−v 1

∥v∥ (∥v∥
2
+ s2)(I − vvT

vT v
)atan2(∥v∥, s) + vvT

∥v∥2 s
]

Cayley
[
−s−2v s−1I

]
MRP

1

(1 + s2)2
[
−v (1 + s)I

]
Vec

[
03 I3

]
Table A.2: Inverse Quaternion Error Map

map):

φ−1
exp(ϕ) ≈

v

∥v∥

(
∥v∥
s
− ∥v∥

3

3s3

)

=
v

s

(
1− ∥v∥

2

3s2

) (A.7)

Taking the Jacobian of this approximation gives ∂φ−1
/
∂q = [∂/∂s ∂/∂v ], where

∂/∂s =
v

s2

(
3∥v∥2

3s2
− 1

)
(A.8a)

∂/∂v =
1

s

(
1− ∥v∥

2

3s2

)
I − 2vvT

3s3
(A.8b)

which, when evaluate at s = 1, v = 03, gives H
T , as expected.

A.4 Second-Order Jacobian

Here we provide a little more detail on deriving (5.15) in Sec. 5.3.2. Given a function h(q) : S3 7→ R,
we want an expression for the Hessian of h. Equivalently, we want to take the Jacobian of (A.1).
Again applying the chain rule we get two separate terms:

∇2h(q) =
∂φ

∂ϕ

T

L(q)T
∂2h

∂q2
L(q)

∂φ

∂ϕ
+

∂

∂ϕ

(
∂φ

∂ϕ

T

L(q)T
∂h

∂q

T
)

(A.9)

The second term is the second derivative of the forward map φ. To avoid dealing directly with the
rank-3 tensor, we instead derive analytic expressions for Jacobians of the Jacobian-transpose-vector
product:

∇2φ(ϕ, b) =
∂

∂ϕ

(
∂φ

∂ϕ

T

b

)
. (A.10)

In Sec. 5.3.2 we used the following identity,

∇2φ(ϕ, b) = −wI3 (A.11)

where w is the first element of the vector b. From (A.9) we see that the vector b is equal to L(q)T ∂h
∂q

T
,

where ∂h
∂q ∈ R1×4 is the gradient with respect to q, treating q as a standard vector in R4. Examining

the definition of L(q) in (5.2), we see the first column is just q, so the first element of the vector b
is simply ∂h

∂q q. We then obtain the expression for the second term in (5.15): −(∂h/∂q q)I3. Since
these second-order expressions are more involved, we derive them in the subsections below. Again
for notational clarity, we define b = [w yT ]T , where w ∈ R, y ∈ R3 correspond to the scalar and
vector parts of the quaternion, s and v.
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A.4.1 Exponential Map

Since the full second-order expansion of the exponential map is complicated and needs to be approx-
imated anyways for the same reasons as the previous sections, we instead derive the second-order
expansion for the small-angle approximation (A.3).

∇2φexp(ϕ, b) =
∂

∂ϕ
(−ϕw + y)

= −wI3
(A.12)

A.4.2 Cayley Map

The second-order term for the Cayley map is:

∇2φcay(g, b) =

((
gw + (ggT y − (1 + gT g)y)

) 3gT

1 + gT g
−
(
I(w + gT y) + gyT − 2ygT

))
(1+gT g)−3/2

(A.13)
Evaluating this expression at g = 03 we get −wI3.

A.4.3 MRP Map

The second-order term for the MRP map is:

∇2φmrp(p, b) =
1

2(1 + 1
4p

T p)3

((
2pw + ppT y − 2(1 +

1

4
pT p)

)
pT − (1 +

1

4
pT p)

(
2wI3 + p′yI3 + pyT − ypT

))
.

(A.14)
Which, when evaluated at p = 03, equals −wI3.

A.4.4 Vec Map

The second-order term for the Vec map is:

∇2φvec(p, b) = −
w

(1− cT c)3/2
(
ccT + (1− cT c)I

)
. (A.15)

Which evaluated at c = 03 also equals −wI3.
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