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ABSTRACT

In recent years there has been a rapid development in agile robots capable of operating at
their limits in dynamic environments. Autonomous racing and recent developments in it
also spurred by competitions such as the Indy Autonomous Challenge, A2RL, and F1Tenth
have shown how modern autonomous control algorithms are capable of operating racecars
at their handling limits and also possibly capable of beating humans in the near future.
What becomes challenging for such agile robots is their need to adapt rapidly to changing
environmental conditions like surface change due to tire degradation, weather change, tire
temperature changes in racing; and also the need to maintain a high control frequency nec-
essary to execute such demanding tasks. The robots also need to stay safe while executing
such tasks. In this work we show how we can leverage safe learning for agile robots oper-
ating at their limits, which safely enables them to learn and exploit their limits. We take
autonomous racing as a case study, but will formulate an approach which can be applied
generally to any agile control system.
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C h a p t e r 1

INTRODUCTION

In recent years there has been a rapid development in agile robots capable of operating at
their limits in dynamic environments. Autonomous racing and recent developments in it
also spurred by competitions such as the Indy Autonomous Challenge, A2RL, and F1Tenth
have shown how modern autonomous control algorithms are capable of operating racecars
at their handling limits and also possibly capable of beating humans in the near future.
What becomes challenging for such agile robots is their need to adapt rapidly to changing
environmental conditions like surface change due to tire degradation, weather change, tire
temperature changes in racing; and also the need to maintain a high control frequency nec-
essary to execute such demanding tasks. The robots also need to stay safe while executing
such tasks. In this work we show how we can leverage safe learning for agile robots oper-
ating at their limits, which safely enables them to learn and exploit their limits. We take
autonomous racing as a case study, but will formulate an approach which can be applied
generally to any agile control system.

We will first describe how we outline our works towards this common goal of achieving highly
agile control algorithms to operate robots at their limits. High speed autonomous racing
consists of two main objectives: 1) to formulate precise control at the operational limits; and
2) to enforce safety constraints which may require long-term planning. The second objective
of enforcing safety constraints is often interlinked with the primary objective of achieving
optimal behavior. This is because at the handling limits, even a little error can break the
control limits, leading to the car spinning out or making it impossible to respect constraints,
leading to a crash, which ultimately leads to its losing more time and affecting its optimality.
Hence in autonomous racing, it is necessary to find a sweet spot between safety and agility.
To address this combined objective, we are faced with various practical challenges, such as: 1)
delays from computation time and physical system leading to inaccurate controls; 2) sensor
noise; 3) imperfect models; 4) a dynamic environment due to changing friction surface and
weather conditions. In the current work, we aim to tackle all of these challenges, which are
common to a wide range of agile systems, such as drones, quadrupeds in wild environments,
robots playing sports like table tennis, etc.

We first describe some preliminaries associated with autonomous racing in chapter 2 which
will be used in all subsequent chapters. Venn diagram in Figure 1.1 best describes where
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Figure 1.1: Venn diagram describing what each chapter aims to solve

the contribution of this work falls and where each chapter stands. In chapter 3, we address
the issue of delays classically and modify our robust tube MPC with a delay compensation
scheme which can also account for bounded model errors and sensor noises. That works well
if the vehicle model parameters are accurate and do not change over time. However, for
racing tire degradation is a very common phenomenon; the tires lose traction over time and
thus the friction parameters actively change during the race. To account for the dynamic
changes, we need to employ an adaptive solution, which we further describe in chapter
4. In chapter 5, we also discuss how we can consider separate solutions for environmental
disturbances and model errors for safe model-free reinforcement learning. We show how this
can improve solutions for practical deployments of reinforcement learning in autonomous
head-to-head racing and offroad driving scenarios. In chapter 6 we show how decoupling
safety and optimality for automated imitation learning helps significantly in terms of sample
efficiency. Finally, in chapter 7, we demonstrate that a completely end-to-end model can be
pre-trained via meta-learning to learn a robust initial model that can be fine-tuned quickly
on any environment with zero knowledge of vehicle model and thus can be deployed on any
vehicle across a wide range of types and can be quickly adapted to any environment changes.



3

C h a p t e r 2

PRELIMINARIES

2.1 Racing Line

Race drivers follow a racing line for specific maneuvers. This line can be used as a reference
path by the motion planner to assign time-optimal trajectories while avoiding collision. The
racing line is minimum-time or minimum-curvature. They are similar, but the minimum-
curvature path additionally allows the highest cornering speeds given the maximum legiti-
mate lateral acceleration [Hei+20].

There are many proposed solutions to finding the optimal racing line, including nonlinear
optimization [RB20; Hei+20], genetic algorithm-based search [Ves15] and Bayesian optimiza-
tion [JM20]. However, for our work, we calculate the minimum-curvature optimal line, which
is close to the optimal racing line as proposed by [Hei+20]. The race track is represented
by a sequence of tuples (xi,yi,wi), i ∈ {0, ..., N − 1}, where (xi,yi) denotes the coordinate
of the center location and wi denotes the lane width at the i-th point. The output racing
line consists of a tuple of seven variables: coordinates x and y, longitudinal displacement s,
longitudinal velocity vx, acceleration ax, heading angle ψ, and curvature κ. It is obtained by
minimizing the following cost:

min
η1...ηN

N−1∑
n=0

κ2i (n)

s.t. ηi ∈
[
−wi

2
+
wveh

2
,
wi

2
− wveh

2

] (2.1)

where the vehicle width is wveh, and ηi is the lateral displacement with respect to the reference
center line.

To create a velocity profile, we need to consider the vehicle’s constraints on both longitudinal
and lateral acceleration [Hei+20]. Our approach involves generating a library of velocity pro-
files, each tailored to specific lateral acceleration limits determined by the friction coefficients
for the front (µf ) and rear (µr) tires, as well as the vehicle’s mass (m) and the gravitational
constant (g). In particular, we produce a set of velocity profiles covering a range of maxi-
mum lateral forces corresponding to the friction µeff within the interval [µmin, µmax]. This
library allows us to retrieve a velocity profile that matches a given value of µ. Interpolation
is necessary when we encounter a friction value that falls within the valid range but is not
explicitly present in the library.
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Figure 2.1: Example (a) raceline and (b) minimum curvature line on a track meant for 1/31th

scale racecar

An example of a racing line calculated on racetrack meant for 1/31th size racecar [FL21] is
shown in Figure 2.1. As can be seen the racing line usually close to the minimum curvature
path as shown in Figure 2.1. This is to get as much high speed as possible. At certain regions
it also stays closer to the geometrically minimum distance path to travel less geometric
distance and get around the track as fast as possible.

2.2 Vehicle models

The most widely used vehicle models in the context of autonomous driving and racing are
the kinematic and dynamic bicycle models. The kinematic model uses x, y coordinates, ϕ
heading angle in the global inertial frame, velocity v, and acceleration a. The dynamic model
has states x, y, and ϕ in the global frame; longitudinal velocity vx, lateral velocity vy, and
yaw angular velocity ω in the vehicle’s body frame; and steering angle δ. For the kinematic
model, the control variables are acceleration a and steering δ, and throttle d and change in
steering ∆δ define the action space.

Kinematic model

This model is defined exclusively by the geometric parameters of the vehicle that can be
physically measured, without taking into consideration any contact surfaces. It ignores the
effect of lateral tire slip, which is crucial at high speeds. Hence, it is suitable for lower speeds,
but at cornering speeds, it is inaccurate due to considerable lateral tire slip.
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ẋ

ẏ

ϕ̇

v̇

δ̇

β


=



v cos(ϕ+ β)

v sin(ϕ+ β)
v sin(β)

lr

a
∆δ
∆t

tan−1(
lf

lf+lr
tan δ)


(2.2)

Dynamic model

The dynamic model has states pxx, py, and ϕ as position and orientation in the global frame;
longitudinal velocity vx, lateral velocity vy, and yaw angular velocity ω in the vehicle’s body
frame; and steering angle δ. For the dynamic model, Fr,x is the longitudinal force on the
rear tire in the tire frame assuming a rear-driven vehicle, Ff,y and Fr,y are the forces on the
front and rear tires, respectively, and αf and αr are the corresponding slip angles. r and p

are the roll and pitch respectively of the vehicle. We denote the mass of the vehicle m, the
moment of inertia in the vertical direction about the center of mass of the vehicle Iz, the
length of the vehicle from the COM (center of mass) to the front wheel lf , and the length
from the COM to the rear wheel lr. Bf/r, Cf/r, Df/r are the Pacejka tire model parameters
specific to the tire and track surface. Cm1 and Cm2 are longitudinal parameters that dictate
the longitudinal force generated from the vehicle given the throttle command.



ṗx

ṗy

ϕ̇

v̇x

v̇y

ω̇

δ̇


=



vx cos(ϕ)− vy sin(ϕ)
vx sin(ϕ) + vy cos(ϕ)

ω
1
m
(Fr,x − Ff,y sin(δ) +mvyω −mg sin(p))

1
m
(Fr,y + Ff,y cos(δ)−mvxω +mg sin(r))

1
Iz
(Ff,ylf cos(δ)− Fr,ylr)

∆δ
∆t


(2.3)

where Fr,x = (Cm1 − Cm2vx)d − Clf − Cdv
2
x, Ff,y = Df sin(Cf tan

−1(Bfαf )), αf = δ −
tan−1

(
ωlf+vy

vx

)
, and Fr,y = Dr sin(Cr tan

−1(Brαr)), αr = tan−1
(

ωlr−vy
vx

)
.

Extended kinematic model

The extended kinematic model (E-kinematic model) [Jai+20] extends the commonly used
kinematic bicycle model from 4-DOF to 7-DOF to make the dimension consistent with the
dynamic model, since vx, vy and w are not in the kinematic model. Also, slip angles αf and
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αr are assumed to be 0 in the kinematic model. It is derived just by having α̇f = 0 and
α̇r = 0. For longitudinal forces, the effect of aerodynamic forces is ignored.



ṗx

ṗy

ϕ̇

v̇x

v̇y

ω̇

δ̇


=



vx cos(ϕ)− vy sin(ϕ)
vx sin(ϕ) + vy cos(ϕ)

ω
Fr,x

m
lf

lf+lr
(δ̇vx + v̇xδ)

1
lf+lr

(δ̇vx + v̇xδ)
∆δ
∆t


(2.4)

where Fr,x = (Cm1 − Cm2vx)d. This model extends the dimension of the kinematic model
to obtain the same number of states as the dynamic model. In our work, the E-kinematic
model will serve as a nominal model. The discrepancy between the dynamic model and
the nominal model will be learned and compensated by our learning component.

2.3 Control barrier functions

Control Barrier Functions (CBF) is a popular model-based tool to enforce constraints which
we will be using in subsequent chapters. Hence, we give a standard introduction to CBFs.
We define a continuous and differentiable safety function h(x) : X −→ R. The superlevel set
C ∈ Rn can be named as a safe set. Let the set C obey C = {x ∈ X : h(x) ≥ 0

The safety function h(x) is called a CBF of a control affine system ẋ = f(x)+g(x)u, if there
exists a γ > 0 such that

sup
u∈U

[Lfh(x) + Lgh(x)u+ γ(h(x))] ≥ 0 (2.5)

for all x ∈ X . Lfh(x) and Lgh(x) are Lie derivatives. γ(h(x)) is particularly chosen as a
special class K function γh(x). The solution u assures that the set C is a forward invariant,
i.e., if the solutions starting at any x(0) ∈ C satisfy x(t) ∈ C for ∀t ≥ 0. Recently, CBFs
have been used in conjunction with MPC [ZZS21; WH04]. Having a barrier function-based
constraint in MPC not only ensures strict satisfaction of safety constraints but also facilitates
a smooth trajectory.
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C h a p t e r 3

DELAY-AWARE ROBUST CONTROL

As mentioned in Chapter 1, we will first formulate a controller for autonomous racing in this
chapter with known model parameters with some error and is robust to bounded environ-
ment noise. We will formally prove how this controller can be proven to be safe under mild
assumptions. One more important aspect that is usually ignored in robot controller designs
but is critical for dynamic problemms like autonomous racing is system and computation de-
lays. Delays endanger the safety of autonomous systems functioning in the rapidly changing
environments of autonomous driving and high-speed racing. Unfortunately, the consider-
ation of delays is often overlooked during controller design or learning-enabled controller
training phases prior to deployment in the physical world. This chapter systematically and
comprehensively addresses both the computation delay arising from nonlinear optimization
for control and other inevitable delays caused by actuators. First, we propose a new filtering
approach with no prior knowledge of dynamics and disturbance distribution to adaptively
estimate the time-variant computation delay. Second, we model actuation dynamics for
steering delay. Third, all the constrained optimization is realized in a robust tube model
predictive controller. In terms of application merits, our approach is a novel design for a
standalone delay-aware controller; in addition, our approach can also serve as the existing
controller’s delay compensator. Video1 and code2 are available.

3.1 Introduction

Autonomous vehicles operate in highly complex environments that demand extensive com-
putational resources. Despite efforts to enhance algorithm efficiency, the unavoidable re-
quirement for computation time remains. Given the risks associated with even minor delays
in rapidly changing conditions such as highways and autonomous racing, it is incorrect to
assume that the optimal control is instantaneously generated by an optimization program
and executed on the vehicle.

Fig. 3.1 illustrates the motivation of our work in a collision avoidance scenario. The se-
quential movements in orange color result from a traditional controller without considering
any delay, which could be hazardous in a highly dynamic environment (e.g., high-speed sce-
nario). However, our delay-aware controller takes a safe action earlier (e.g., earlier steering

1https://youtu.be/nURl_HTW_Mo
2https://github.com/dvij542/Delay-aware-Robust-Tube-MPC

https://youtu.be/nURl_HTW_Mo
https://github.com/dvij542/Delay-aware-Robust-Tube-MPC
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Figure 3.1: An illustration comparing a conventional control and a delay-aware control. The
conventional method (case A) always uses the current state to compute the future control
action. Due to a delay, the computed action will not be instantaneously executed (see the
shifted steering wheel symbols from black to blue). Our controller is aware of the delay, thus
in the earliest time step (see the leftmost calculated command in case B), a steering command
has been calculated. The movements in case A (orange) are from the late steering command
sequence shown in the first row of blue steering wheel symbols. Clearly, the movements in
case B (blue) are safer.

for an evasive maneuver with the blue color). Our approach deals with three types of delay
in a unified manner: 1) actuator dynamics delay; 2) control action processing delay; and
3) computation time delay. First, we augment the commonly used vehicle dynamic model-
ing by including steering action delay. Second, we propose a novel adaptive Kalman filter
variant: INFLUENCE (adaptIve kalmaN FiLter with Unknown process modEl and Noise
CovariancE) to probabilistically and safely estimate the control action processing delay and
computation time delay caused by online optimization. INFLUENCE simultaneously iden-
tifies an unknown process model and noise covariances. Third, we extend robust tube model
predictive control (MPC) theory by adding a new delay-aware feature.

This study introduces two control plans, Plan A (Fig. 3.2a) and Plan B (Fig. 3.2b). Both
plans address the compensation of computation and actuator processing delays by adjusting
the initial system state. The key distinction between the two plans lies in the presence or
absence of an existing primary controller in the system. In Plan A, we develop a standalone
controller based on robust tube MPC, incorporating actuator steering as an extended state.
Plan B, on the other hand, is motivated by scenarios where a primary controller, such as
a legacy system or a neural network controller in a learning-enabled system, cannot be
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(a) Plan A (b) Plan B

Figure 3.2: Overview of two control plans. Plan A incorporates the actuator’s dynamics
in the MPC. In Plan B, since we cannot change the black-box controller, we consider its
output as the nominal control. An external optimization considers the nominal control as
a reference and refines it based on the actuator’s dynamics. In both plans, the type II and
type III delays are estimated to determine the shifting time of the initial state. Control
barrier functions are used in the two plans as safety constraints.

modified internally. As depicted in Fig. 3.2b, the original control, which disregards delay,
is refined and regulated through an external optimization process that considers actuator
dynamic delay. Plan B aligns with the theme of safe artificial intelligence (AI). It is common
to make naive delay-free assumptions during the training of the learning-enabled control
policy in a simulation environment. However, this simulation-to-real gap poses challenges
for the reliable deployment of safety-critical autonomous systems, such as self-driving cars.
We validate our framework in on-road autonomous driving and autonomous racing scenarios.

We make the following contributions in this chapter:

1. We extend the conventional robust tube MPC with the capacity to deal with various
types of practical delays.

2. Unlike many existing filters, INFLUENCE does not require prior knowledge of model
dynamics and noise distribution. In addition, its probabilistic and adaptive estimation
mitigates overconservatism.

3. We propose a safety guard component to compensate for delays of a learning-enabled
(LE) controller that does not consider delays. In addition, in our control optimiza-
tion framework, the delay compensator is combined with barrier functions (CBFs) for
collision avoidance.

The rest of this chapter is organized into the following sections. A review of some relevant
related works is presented in Section 3.2. The methodology is described in Section 3.3.
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The experiments and their results are presented in Section 3.4. Section 3.5 contains the
conclusions and lays foundation for follow-up works in subsequent chapters.

3.2 Related work

General delay compensation control: [Cor+11] considers a discrete control problem: it
proposes to shift one discrete step ahead for the initial state in MPC, for the particularly
simple one-step delay problem. [STL13] uses a cache mechanism for buffering previously
computed control actions. However, their approaches only works for static scenarios with
fixed horizon length, which leads to a less responsive controller. The first significant im-
provement in our work is that our filtering approach actively estimates a time-variant local
upper bound of the computation delay.

Actuation delay compensation control: To deal with delays in actuator dynamics,
[Nah+19] proposes to augment the original state space model with an extra first-order ordi-
nary differential equation (ODE) for the delay behavior. The particular application in their
work is braking control. For control action processing delay, which is usually time-invariant,
[LL18] proposes to compensate for such a delay by transitioning the initial state in a preview
controller. [KI11] further extends the idea and considers actuator saturation. The major dis-
advantage of the preview controller is that it is not flexible enough to simultaneously consider
multiple constraints such as dynamics, state, and control limits. Note that our work deals
with delays and all constraints of state and control in a unified robust MPC optimization.
[XJ22] considers a fixed communication delay in their connected cruise control problem with
other vehicles driven by humans. This communication delay can be handled in a similar way
to actuation delay compensation in our design.

Safe control: [AKJ21] proposes an approach for designing safety-critical controllers involv-
ing CBFs for nonlinear systems with time-varying input delay. It combines a state predictor
that compensates for the time-varying input delay with a CBF-based feedback law for the
nominal system, which is delay-free. We combines CBF with MPC to account for delays
and uncertainties in the system and the environment. Several works consider robustness
against uncertainty using uncertainty-aware MPC [Lim+10; Gao+14; Lan+04; MNM22].
The robust MPC in [Bao+23] provides probabilistic safety guarantees. [ZZS21] proposes
using CBF as constraints, which would make the MPC more potentially feasible and allow
smooth obstacle avoidance. We extend the design in our proposed controller to include de-
lay compensation and robustness to uncertainties. There are also some works combining
machine learning techniques with safe control, such as iterative learning control [Li+22] and
reinforcement learning [MNM22; HL23]. We propose a controller design which is robust
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to both the system and environment uncertainties/noises as well as the system delays. A
disturbance observer can be used to estimate the uncertainties for a robust MPC [Zho+23].
It would be interesting to extend our approach with this feature in the future, but in this
chapter, we assume the disturbance has a known bound.

3.3 Methodology

Notation

A polytope is the convex hull of finite vertices in Rd. The Minkowski sum of two polytopes,
A and B, is another polytope in d-dimensional space defined as A⊕ B := {a+ b|a ∈ A, b ∈
B}. The Pontryagin difference between two polytopes, A and B, is another polytope in
d-dimensional space defined as A⊖B := {x|x+ b ∈ A, ∀b ∈ B}.

System dynamics

A dynamic bicycle model is used in frenet frame in this chapter which is different from what
we described in Section 2.2



ė1

ë1

ė2
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ė1 +
2Cf lf−2Crlr

Iz
e2 −

2Cf l
2
f+2Crl2r
IzVx

ė2
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(3.1)

where u =
[
δ p

]T
, x =

[
e1 ė1 e2 ė2 vx s δa

]T
. Cf , Cr are the stiffness coefficients

of the front and the rear tires, lf and lr are the front and the rear tire distances from the
centre of mass (COM), Iz, m are the moment of inertia and mass of the vehicles, and c is
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the inverse of the radius of curvature of the reference line at the perpendicular point from
the vehicle’s position. The control variables are steering angle (δ) and pedal (p). The state
variables taken include the lateral position error (e1), heading angle error (e2) with respect
to the optimal racing line, their first-order derivatives ė1 and ė2, longitudinal velocity (vx),
and longitudinal displacement (s). In many existing motion planning and control works,
control actions are assumed to be applied instantaneously in an ideal case. Due to this, a
delay is caused due to the mismatch between the calculated and the actual steering angle
state. To solve this problem, we include the steering angle as a separate state, and model the
steering actuator dynamics as follows by a first order ODE (see [Nah+19]): δ̇a = Kδ(δ− δa),
where δ is the desired steering angle, δa is the actual steering angle, and Kδ is calculated as
the inverse of the time constant. Thus, we control only δ to tell the actuator which state to
achieve and use δa instead of δ for the dynamics calculation. For acceleration, the delays in
pedal dynamics are neglected for simplicity. Kp is used for the mapping between pedal and
acceleration. However, its delay can also be modeled in the same way as the steering.

Robust Tube MPC

The dynamic model is described in a discrete-time manner as xn+1 = f(xn,un,wn). The
original non-linear model is linearized around the current state xn at every time step into
a linear system. However, in the MPC’s prediction horizon of n, we assume time-invariant
dynamics with Jacobian matrices An and Bn, i.e., inside the prediction horizon, the model is
xk+1,n = Anxk,n+Bnuk,n+wk,n. To simplify the notation, henceforth we omit n unless it is
necessary to be mentioned explicitly. We assume the matrix pair (A,B) to be controllable,
therefore, there exists a stabilizing linear feedback gain K with appropriate dimension such
that AK = A+BK is Hurwitz. This assumption holds empirically true for our experiments
and is also common in literature [Gao+14]. The disturbance wk is assumed to be bounded
as wk ∈ W . W is assumed to be a convex polyhedron with the origin as an interior
point. Also, it must be noted that we can include the linearization error by adding an
extra disturbance [Gao+14]. In our work, we assume that the extra disturbance has been
enclosed by a sufficiently large disturbance set. The objective is to stabilize this uncertain
system while satisfying the state and control constraints as xk ∈ X and uk ∈ U . For this
system, we can define a disturbance invariant set, Z, such that AKZ ⊕W ⊆ Z. A typical
MPC controller is defined as a finite horizon optimization problem, P over the future input
control sequence and states. We define P on an equivalent nominal system assuming no
disturbance to optimize nominal state sequence X̄ = {x̄0, x̄1..., x̄N} and nominal control
sequence Ū = {ū0, ū1..., ūN−1} as follows (note again the optimization is for the current
step n, which is omitted for notation simplicity),
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min
U

N−1∑
k=0

(x̄k − xref,k)
TQ(x̄k − xref,k) + ūT

kRūk

+ (x̄N − xref,N)
TQN(x̄N − xref,N)

s.t. x̄k+1 = Ax̄k +Būk

x0 ∈ x̄0 ⊕Z

ū ∈ U ⊖KZ

x̄ ∈ X ⊖ Z

(3.2)

where Xref = {xref,0,xref,1...,xref,N} is the reference state sequence, R, Q and QN are the
control, state and terminal state cost matrices, respectively and all of them are positive
semi-definite. We solve the following problem using CasADi’s QP solver [And+18]. Now,
for this uncertain system, we design a controller u = ū +K(x − x̄). For such a controller,
we can guarantee that x+ ∈ x̄+ ⊕Z

for any bounded w ∈ W , which implies that all states xk will be robustly contained inside
X .

Delay-aware robust tube MPC

So far, we assume that the optimization of the command as well as the execution of the
optimized command to the vehicle is instantaneous. However, this is not the case in a
practical vehicle system, where we have computation delay tc and control action processing
delay ta. Therefore, the control influences the car at td = tc + ta after the time when the
observed state is used for optimization. This could lead to instability, as the robust tube
assumptions no longer hold true. This is especially dangerous when td is large. To deal with
this time delay in the system, [STL13] proposes a bi-level control scheme where the high-level
controller plans robust commands using tube MPC and the low-level unit runs a feedback
controller on these reference commands. A buffer is used for communication between the two
units. The brief idea is that assuming the input sequence for time frame t to t+ th is known
at time t where th is the horizon length, we pass the predicted th time-ahead state obtained
via simulation to the optimization problem (3.2) starting at time t so as to complete before
t+ th time and apply the optimal input sequence to the system with feedback between times
t+ th to t+2th. The above procedure repeats in every cycle with the latest state prediction.
In this strategy we need to wait for th − tc time for each cycle where tc is the computation
time taken for optimization.
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However, such a common approach in the literature is inappropriate in a fast-changing
environment such as driving at high speeds on highways, where immediate action might
have to be taken in an emergency case. Fig. 3.3 illustrates our solution: we estimate an
upper bound on the computation time, t̂c, calculated locally after each cycle with a high
probabilistic guarantee. Instead of updating the buffer from t + th to t + 2th, we update if
from t+ t̂c to t+ t̂c+ th. This significantly improves the high-level MPC controller frequency,
which would be required for fast-changing scenarios where the path to be followed continually
updates. We use an adaptive Kalman filter to calculate t̂c. Section 3.3 describes this in detail.
Also, we have an additional constant time delay ta due to control action processing, hence
the total upper bound on delay time is t̂d = t̂c + ta. Based on this, we shift the initial state
and use the shifted estimated state xt̂d|t at time t̂d. We estimate this state at time t̂d using
the nominal commands from the buffer assuming no extra disturbance from the environment.
We fill the buffer B from time t+ t̂c to t+ t̂c+th with the calculated controls (Ū) and nominal
states (X̄). As we calculate the commands in discrete steps of ∆t, the buffer is updated in the
following fashion : ū[t+t̂c+k∆t,t+t̂c+(k+1)∆t] = ūk for k ∈ {0, 1, 2, · · · , N − 1}, as demonstrated
in Fig. 3.3. The commands are calculated in the following manner as described in Equation
3.3. The pre-compensator acts as a low-level unit that simply executes commands in the
buffer at the required times and runs in parallel. It has a higher frequency than the high-level
MPC.

Figure 3.3: Our delay-aware robust MPC with dual cycles
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min
U

N−1∑
k=0

(x̄k − xref,k)
TQ(x̄k − xref,k) + ūT

kRūk

+ (x̄N − xref,N)
TQN(x̄N − xref,N)

s.t. x̄k+1 = Ax̄k +Būk

xtd+t ∈ x̄0 ⊕Z =⇒ xtd|t ∈ x̄0 ⊕Z ⊖ (⊕s−1
j=0A

j
KW)

s =

⌈
td
∆t

⌉
ū ∈ U ⊖KZ

x̄ ∈ X ⊖ Z

(3.3)

Control limits (U)

For control constraints, we limit throttle amount and steering with their actuation limits.

State CBF Constraints (X )

In (3.1), the longitudinal and lateral errors of the vehicle are s and e1. As the free space
along the Frenet frame is non-convex in general, we cannot directly set the constraints. This
is because it becomes computationally expensive for the optimization problem to set the
constraints in the non-convex form. To solve this, we propose the use of the IRIS algorithm
to derive a set of convex constraints for the optimization problem to make it efficiently
solvable while also ensuring safety for the vehicle [KLD21]. IRIS works by finding a largest
possible ellipsoid that fits the non-convex space, which is later converted to a set of convex
constraints. The lane boundaries are also fed as constraints to the non-convex free space by
sampling points around the vehicle’s location. The convex space X can be expressed as a set
of linear state constraints where each bounding line can be expressed by ai, bi, and ci, see
(3.4). Further, we formulate each of these constraints with a CBF as given in (3.4), where
L is the number of sides of the bounding polygon for the convex space X .

hi(Xk) = aisk + bie1,k + ci, ∀i = 0, 1...L− 1 (3.4)

Disturbance-invariant set (Z)

We over-approximate Z at the n-th time step as: Zn = ΣN
i=0A

i
K,nW [Rak+04], where AK,n =

An +BnKn, Kn is the control gain. However, AK,n is state-dependent and time-variant. To
ensure robustness, Zn must be covered by Zn+1. For detailed calculation and proof, readers
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are referred to [KLD22]. The basic idea is to have a union operation of sets given the range
of states.

Stability

Using tube-MPC ensures the system stays within a certain tube for bounded disturbance as
discussed in Section 3.3. The tube is obtained based on the calculation of the disturbance
invariant set. The calculation and the stability proof can be found in [KLD22] and [Lim+10].

Feasibility

A reachable set Rk is defined as the set of nominal states at the end of k time steps, i.e., at
time t+ t̂c + k∆t as follows:

Rk = {x̄k : ∀i = 0, 1..k − 1, x̄i+1 = Ax̄i +Būi

ūi ∈ U ⊖KZ}
(3.5)

where R0 is defined according to the constraint of x̄0 in (3.3). Let us define the set of all
states satisfying the CBF constraints as follows:

Xcbf = {x ∈ X : ḣ(x) + γ(h(x)) ≥ 0} (3.6)

Since the robust tube MPC guarantees that the actual system state, x ∈ x̄+ Z where x̄ is
the nominal state obtained from optimization and Z is the disturbance invariant set defined
in Section 3.3, we can define set Xcbf,robust = Xcbf ⊖ Z. If the nominal state obtained by
optimization is present in Xcbf,robust, we can guarantee that the system state will lie within
Xcbf, i.e., it will satisfy the CBF constraint.

The feasibility of the system depends on whether the intersection between Rk and the super-
level set Xcbf,robust is non-empty. If h is a valid CBF, then Xcbf is non-empty. When we reduce
the decay rate γ of the CBF, the set Xcbf becomes smaller, resulting in a more conservative
or safer system. However, there is a tradeoff between feasibility and safety, as described
in [ZZS21]. The intersection between Rk and Scbf might become infeasible. Choosing an
appropriate γ that ensures a non-empty intersection between the two sets remains an open
challenge, and automatically determining the optimal γ for a given scenario is still an open
problem. In [LLD21], they addressed this issue by introducing an additional optimization
over γ to ensure pointwise feasibility at each step. However, formulating a persistent feasible
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solution remains an open problem, which we acknowledge as a limitation and a potential
area for future research. In this study, we assume that γ is well-tuned without introducing
infeasibility problems. Furthermore, during our experiments, we carefully tuned γ and did
not encounter any infeasible corner cases.

INFLUENCE for computation time delay

INFLUENCE is proposed as a variant of the adaptive Kalman filter for the estimation
of an upper bound on computation time. The conventional Kalman filter is unsuitable
for cases in which the process model and the noise covariance are unknown. These are
compensated by using adaptive filters. However, state-of-the-art adaptive filters rely either
on known dynamics while assuming unknown noise covariances [HE13; MT76] or on known
covariances while assuming unknown model parameters [LT15]. To compensate for this
deficiency, INFLUENCE assumes that measurement noise variance r, process noise variance
q, and η in the process model are all unknown. We assume a linear unknown process
model with parameters η. We assume both process and observation noise distributions to
be mutually uncorrelated, independent and Gaussian. INFLUENCE works as described in
Algorithm 1, where tc,n is the observed computation time, and xn|n−1, pn|n−1 are the predicted
computation time mean and variance estimates for the n-th time step. The computation
complexity taken by each cycle is O(1), i.e., independent of Nr and Nq and thus very low.
As observed from Fig. 3.6, the average computation time taken in each cycle is less than 5

ms, so the algorithm is capable of real-time deployment.

The algorithm starts with initialization of all variables. The key idea is that we use the
model information η in the current step to estimate the noise information q and r, followed
by the update of η itself [HE13; MT76]. In the third box, w and e are measurement and
prediction errors. They are updated in an incremental manner. Nq and Nr are tunable
parameters for update rates. In the last box, λ and F can be considered as a forgetting
factor and a learning rate, respectively.

It is important to note here that for the sake of simplicity, the notation x is used for the
computation time to be estimated and is not to be confused with the state notation we used
earlier. We use the predicted mean xn|n−1 and variance pn|n−1 estimates for the n-th time
step to get an upper-bound estimate on computation time: t̂c,n = xn|n−1+βpn|n−1. Assuming
a Gaussian distribution, the parameter β dictates the level of confidence in estimating t̂c,n
as an upper bound (higher value of β implies higher confidence). For the experiments in this
chapter, we use β = 2.
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Algorithm 1 INFLUENCE algorithm
Initialize:

x0|0 = tc,0, p0|0 = 0, q0 = ϵ, r0 = ϵ, e0 = 0, w0 = 0, F0 = I2, η = [1 0]T

for n = 1 to T do
xn|n−1 = ηTn−1[xn−1|n−1] // Estimate new state using the current estimated value of η
pn|n−1 = η2n−1,0 pn−1|n−1 + qn−1

en = Nr−1
Nr

en−1 +
1
Nr

(tc,n − xn|n−1)

∆rn =
((tc,n−xn|n−1)−en)2

Nr−1
− pn|n−1

Nr

rn =
∣∣∣Nr−1

Nr
rn−1 +∆rn

∣∣∣ // Update r estimate

Kn =
pn|n−1

pn|n−1+rn

xn|n = xn|n−1 +Kn(tc,n − xn|n−1)
pn|n = (1−Kn)pn|n−1

wn = Nq−1

Nq
wn−1 +

1
Nq

(xn|n − xn|n−1)

∆qn =
pn|n−η2n−1,0 pn−1|n−1

Nq
+

((xn|n−xn|n−1)−wn)2

Nq−1

qn =
∣∣∣Nq−1

Nq
qn−1 +∆qn

∣∣∣ // Update q estimate
Let ϕ be [xn−1|n−1 1]T

Fn = 1
λ

(
Fn−1 − Fn−1ϕϕTFn−1

λ+ϕTFn−1ϕ

)
ηn = ηn−1 + Fnϕ(xn|n − xn|n−1) // Update η estimate

end for

Controller Plan A

Putting everything together, we propose the first controller design as illustrated in Fig. 3.4.
The steering dynamic delay is compensated by adding the actual steering state as a new
state and by using a first-order ODE to model steering dynamics (see section 3.3). The
computation and actuator dynamic delays are handled by initial state shifting (see 3.3 and
3.3). After the optimization, the calculated commands from robust tube MPC are used to
update the buffer from t+ t̂c to t+ t̂c + th filled with the nominal states and the commands.
Observed computation time is used to update the new local upper bound for the next cycle
by using our filter. The pre-compensator unit runs in parallel with high frequency as a
feedback controller using the nominal states and commands from the buffer.

Controller Plan B

We also propose a new controller plan aimed towards safeguarding blackbox controllers whose
internal mechanism is not known, like an LE controller which has been trained in a simplistic
simulation environment where practical delays are not considered. We call the LE controller
the nominal controller (see Fig. 3.5). To compensate for the computation time and control
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Figure 3.4: Controller Plan A for delay-aware robust tube MPC.

action processing delay, we use a similar design to that of plan A through initial state shift.
However, for compensating actuator dynamic delay, we propose the use of a separate process
that uses QP to output control commands that closely track the desired nominal commands
inputted to it while also avoiding collision and respecting lane constraints.

First, we estimate the computation and control action processing delay and use it to shift
the initial state, which is inputted to the LE controller. Rollouts are conducted to obtain
sequential commands as output from the LE controller expressed as Û = {û1, û2, · · · , ûN}.
After solving the QP problem in (3.10), we get the refined commands as output expressed
as U = {u1,u2, · · · ,uN}. Here, ustart is the observed steering angle at the start before
optimization and rk is obtained by taking output at time k∆t in response to a unit step input
to the steering actuator at time 0. Qac and Rac are positive semidefinite weight matrices for
tracking controller commands Û and minimizing controller effort, respectively. Along with
actuator dynamic delay compensation, we also add CBFs to offer safety constraints to the
blackbox controller.

Lane constraints

We assume variable left and right lane width as a function of the longitudinal displacement
s along the racing line. Let the approximate linear functions Ll(s) and Lr(s) govern the left
and right lane width functions, respectively. We have
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hleft,k(x) = Ll(s0)− e1,k
hright,k(x) = e1,k + Lr(s0)

− Lr(s0) ≤
1

λ2
(ë1,k + λė1,k + λ2e1,k) ≤ Ll(s0)

(3.7)

Collision avoidance constraints

For collision avoidance with each vehicle, we set the following second-order CBF since the
dynamic model has a relative degree of two. The detailed justification and expansion can be
found in our code repository.

hveh,k(x,xopp) =

(
s− sopp
ds

)2

+

(
e1 − eopp

de

)2

− 1 (3.8)

where sopp and eopp are the longitudinal and lateral error of the opponent vehicle, and ds and
de are the longitudinal and lateral safe distances from the target opponent vehicle. xopp is
the opponent vehicle’s state. The safety constraint of this second-order CBF is:

hveh,k(x,xopp) + 2λḣveh,k(x,xopp) + λ2ḧveh,k ≥ 0 (3.9)

Figure 3.5: Controller Plan B, delay compensation for an LE controller.

min
U

N∑
k=1

∥∥∥∥∥δ̂k − (δ0 +
i=k∑
i=1

(δi − δi−1)rk−i+1)

∥∥∥∥∥
Q

+ ∥δk∥R

s.t. u0 = ustart

xk+1 = Akxk +Bkuk

h(x̄k,xopp) + λḣ(x̄k,xopp) + λ2h(x̄k,xopp) ≥ 0

(3.10)



21

where ri = (1− e−Ki∆t).

3.4 Experimental Results

The Gazebo simulator [KH04] is used to test normal autonomous driving scenarios (which
we refer to as non-racing in the rest of the chapter). The racing scenarios are tested using
the CARLA simulator [Dos+17b]. Validation of controller plan A and controller plan B is
divided into two subsections. For all the simulation experiments, we have used m = 1600

kg, Cf = 16000 kg·m·s-2·rad-1, Cr = 16000 kg·m·s-2·rad-1, Iz = 1800 kg·m2, Kp = 5 m·s-2,
Kf = −0.134 s-1, L = 3 m, wveh = 1 m, Q = diag[1 0 10 0 1 0 0], R = diag[10 10],
W := w||w|∞ < 0.1, ∆t = 0.05s, N = 8, Kδ = 11 s-1, Nr = 30, Nq = 30, β = 2. For all
the experiments with dynamic obstacle vehicles, their future trajectories are considered by
assuming constant velocities.

Controller plan A

Static obstacle avoidance (non-racing)

We conduct a static obstacle avoidance experiment to test controller plan A. The trajecto-
ries can be found in [KLD22]. As shown in Fig. 3.6, INFLUENCE can safely bound the
computation delay in this experiment. Also, the overhead due to the addition of delay esti-
mation using INFLUENCE is significantly smaller than the computation time taken by the
optimization solver.

Figure 3.6: Experiment 3.4, blue: predicted computation time using INFLUENCE without
variance; green: predicted computation time using INFLUENCE with variance; orange: ac-
tual computation time including INFLUENCE’s computation cost; red: actual computation
time without INFLUENCE’s computation cost. ROS time at the x axis is the timestamp in
the ROS operation system.
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Racing scenario

We set up a racing scenario in CARLA to validate the controller plan A. A part of the track
from the Town06 map is used for the experiments. It is a closed track suitable for setting up
a racing scenario. The optimal racing line for the track is given in Fig. 3.7. In the case when
no delay compensation is considered (see Fig. 3.7), the vehicle crashes once during the lap
at a sharp turn. The reason for this is that as the vehicle operates at its friction limit at the
turn, tracking error accumulates due to computation, and actuator delays lead the vehicle to
hit the boundary (see the "without delay compensation" trajectory in the zoomed-in plot),
thus leading to high lap time. On the other hand, with the delay compensation plan included
(see Fig. 3.7), the vehicle safely and closely tracks the racing line, leading to faster lap time.
We further compare race times and the number of crashes with the lane boundary (see Tab.
3.1). As can be observed, with delay compensation, the vehicle takes less time to complete
the race, while without delay compensation due to crash, the vehicle takes more time to
complete the race.

Also, to evaluate the robustness of our algorithm, we perform different runs by manually
adding extra computation time. Fig. 3.8a and Fig. 3.8b show the trajectories followed with
and without delay compensation. As shown in the figures, our delay compensation is able
to handle high computation time up to 0.2 s; while without delay compensation, the vehicle
loses control with only 0.06 s additional computation time. Also, the vehicle remains very
stable with delay compensation, as shown in the lap time and steering variance in Fig. 3.8c
and Fig. 3.8d), respectively.

Run Lap time
(in s)

No of lane
boundary
violations

Without
delay com-
pensation

35.46 1

With delay
compensation 35.34 0

Table 3.1: Comparison in lap times with and and without delay compensation included.

Sudden change scenario (racing)

We also test controller plan A against a sudden change racing scenario. For this scenario,
an opponent vehicle ahead of the ego vehicle suddenly loses control, and thus applies sudden
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Figure 3.7: Performance comparison: red boxes (without delay compensation) show that the
vehicle ran outside the road boundary while the vehicle controlled with delay compensation
(blue boxes) always stays inside the boundary. The vehicle moves counterclockwise.

(a) Trajectories without delay computation (b) Trajectories with delay computation

(c) Lap times (d) Steering variances

Figure 3.8: Robustness test with additional computation time from 0.02 s to 0.15 s.
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braking at t = 2s, forcing the ego vehicle to respond suddenly to avoid collision. If delay
compensation is not considered for this scenario (see Fig. 3.9b), the vehicle collides with
the opponent vehicle. On the other hand, with delay compensation considered, the vehicle
makes a more informed decision to make a sudden turn with braking (see Fig. 3.9a) to avoid
collision with the opponent vehicle.

(a) changing local upper bound of computa-
tion delay (ours). (b) No computation delay.

Figure 3.9: Comparison in Experiment 3.4. The opponent vehicle starts braking at point A.
The ego vehicle crashes into the opponent vehicle at point B without delay compensation.

Overtaking in a turn scenario (racing)

Finally, we test the controller plan A in a scenario where the vehicle has to overtake at a
turn, forcing it to leave the optimal racing line at the turn. Such a scenario requires highly
precise controls, as the vehicle operates at its friction limits. As the vehicle deviates from the
optimal racing line to overtake and avoid collision, the vehicle has to apply braking to avoid
moving outside the track. However, without the delay compensation (see Fig. 3.10b), the
vehicle applies braking late, leading to the vehicle CBF constraint being unable to retain the
vehicle within the lane boundaries. With delay compensation considered, the vehicle makes
more effective control decisions taking the delay into account and thus is able to perform the
overtaking maneuver safely at turns (see Fig. 3.10a).

Controller plan B

We test the controller plan B in two scenarios described below. Imitation learning is used in
our work for training a blackbox LE controller, which has a demonstrator (a model predictive
controller) to obtain state-to-control mapping data [CDS19]. We use a fully connected feed-
forward neural network (FNN) as an LE controller.

Path following in racing scenario

We test controller plan B in the path following racing scenario without obstacles. As dis-
cussed, as the track requires highly precise controls at turns to stay within the track, the
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(a) With delay compensation. (b) Without delay compensation.

Figure 3.10: Comparison in Experiment 3.4. The ego vehicle crashes at point A in the case
in which delay compensation is not considered.

safety controller in the form of lane constraints has to come into play to compensate for errors
in current state measurements and delays. As shown in Fig. 3.11, when delay compensation
is not considered the vehicle moves out of the track boundary as the safety constraints are
not able to safeguard the vehicle due to inconsistency in vehicle state caused by delay errors.
However, with delay compensation (see Fig. 3.11 and Fig. 3.13), the vehicle is able to safely
stay within the lane constraints.

Figure 3.11: Performance comparison: red boxes (w/o delay compensation) show that the
vehicle ran outside the road while the vehicle controlled with delay compensation (blue)
always stays inside the boundary. The vehicle moves clockwise.
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Figure 3.12: Ego vehicle speed for the case when delay compensation is not considered.

Figure 3.13: Ego vehicle speed for the case when delay compensation is considered.

Run Lap time
(in s)

No of lane boundary vio-
lations

Without delay compensation 38.04 2
With delay compensation 36.51 0

Table 3.2: Comparison in lap times and safety: w/ and w/o delay compensation

Overtaking at turn in racing scenario

Finally, to validate the controller plan A, we design a scenario where the vehicle has to
overtake at a turn, forcing it to leave the optimal racing line at the turn. As the vehicle
deviates from the optimal racing line to overtake and avoid collision, the vehicle has to
apply braking to avoid moving outside the track. However, without the delay compensation
(see Fig. 3.14b), the vehicle applies braking late, leading to the vehicle CBF constraint
being unable to retain the vehicle within the lane boundaries. With delay compensation
considered, the vehicle makes more effective control decisions taking the delay into account
and thus is able to perform the overtaking maneuver safely at the turn (see Fig. 3.14a).
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(a) With delay compensation. (b) Without delay compensation.

Figure 3.14: Comparison in Experiment 3.4. The ego vehicle crashes at point A without any
delay compensation.

Hardware experiments in an RC car

We have tested the control plan A on a real 1/10-scale RC car (see Fig. 3.15a) that is
equipped with a Lidar, a depth dual camera, an IMU and wheel encoders. The onboard
computation platform is an NVIDIA Jetson TX2 with 8GB of RAM and 256 core NVIDIA
Pascal GPU.

(a) Hardware (b) Track

Figure 3.15: RC car setup

Experiment setup

We perform the experiment on a track as shown in Fig. 3.15b. The lane width is about 0.8
m. We use hector SLAM [Saa+19] for pre-mapping and Monte Carlo localization (MCL) for
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localization [Del+99]. The uncertainty estimate obtained from MCL is used in our framework
assuming Gaussian distribution of the state estimate from MCL.

Results

Due to the inherent non-determinism caused by various factors such as slight unavoidable
changes in starting position, the uncertainty of Lidar sensor observations, etc., we conduct
5 runs with and without using our dynamic delay compensation. The trajectory results
are shown in Fig. 3.16. As can be observed, without considering delay compensation, the
vehicle moves out of the lane at point A most times while with the compensation included,
the vehicle is able to stay safely within the lane limits. The delay-estimates for one of the
runs are plotted in Fig 3.17. The video recording of the runs made with the RC car is also
included in the video demonstration.

Figure 3.16: Performance comparison for 5 runs each: red lines (without delay compensation)
show that the vehicle ran outside the road boundary while the vehicle controlled with delay
compensation (blue lines) always stays inside the boundary. The vehicle moves from bottom
to top.

3.5 Conclusion

We propose a delay-aware robust controller design for safe autonomous driving and racing.
We also compensate for delays of an LE controller and employ it in the closed-loop system as
a primary controller. The simulation results in high-fidelity simulators and on a real racing
car show the efficacy of our designs. However, one limitation of this work is the need to know
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Figure 3.17: Experiment 3.4, predicted computation time (blue): predicted value using
INFLUENCE without adding variance; computation time taken (green): predicted value
using INFLUENCE with variance; actual computation time (orange): ground truth delay.

vehicle parameters. It may not be feasible to always be able to calculate these parameters
accurately plus in case if they change during the run in real-time, it may not be possible to
handle large model discrepancy from the actual model. Hence, we need a way to also adapt
the parameters based on the feedback during the run In the next chapter, we will extend
this work to also include model adaptation in real-time based on online collected data.
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C h a p t e r 4

ONLINE MODEL-BASED ADAPTIVE LEARNING CONTROLLER FOR
AUTONOMOUS RACING

We saw in the previous chapter how we can formally guarantee a bound on vehicle’s safety
if we have a nearly correct vehicle model with bounded error wrt the nominal model. But if
the nominal model if very inaccurate, the provable bound becomes infeasible. Autonomous
racing is a challenging problem, as the vehicle needs to operate at the friction or handling
limits in order to achieve minimum lap times. Autonomous race cars require highly accurate
perception, state estimation, planning, and control. Adding to this complexity is the need
to accurately identify vehicle model parameters governing lateral tire slip effects, which
can evolve over time due to factors such as tire wear and tear. Current approaches to
this problem typically either propose offline model identification methods or rely on initial
parameters within a narrow range (typically within 15-20% of the actual values). However,
these approaches fall short in accounting for significant changes in tire models that can
occur during actual races, particularly when pushing the vehicle to its handling limits. We
present a unified framework in this chapter that not only learns the tire model in real
time from collected data but also adapts the model to environmental changes, even when
the model parameters exhibit substantial deviations. The friction estimation, obtained as a
byproduct from the learning results, facilitates the selection of the optimal racing line from a
library for adaptive speed planning. We validate our approach through testing in simulators,
encompassing a 1:43 scale race car and a full-size car, and also through experiments with a
physical F1/10 autonomous race car.

4.1 Introduction

The estimation of tire conditions is critical for the minimal lap times and safety of car racing
[WL20]. Race drivers adapt their driving strategies during each lap [BTI23], adjusting
speeds at the turns based on their estimations of how well the tire traction will support
them. Estimating the vehicle’s handling capacity is particularly challenging for autonomous
racing, owing to the multitude of variables present in an actual race, including temperature,
weather conditions, and more.

We provide a summary of our comparison with other approaches in Table 4.1. Traditional
model-based planning and control frameworks for autonomous racing [LDM15; KIR+19],
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e.g., model predictive control (MPC), heavily rely on accurate vehicle dynamic models.
However, achieving precise dynamics estimation, particularly concerning lateral tire forces,
necessitates intensive system identification and verification processes involving interaction
with the road material.

Numerous studies have focused on estimating the tire lateral friction given the slip angles
[Pac05; SG03; Sve07; GRG08; Xu+20; MPP08; Sri+20; Spi+19]. Some of these research
efforts involve conducting system identification to determine parameters of the Pacejka tire
model [Pac05] and the Fiala brush model [Fia54]. [Dje+23] characterizes tire models using
Neural Ordinary Differential Equations (NODEs). Additionally, certain studies employ more
sophisticated neural networks to fit the tire curve [AK18; GRG08; Xu+20; MPP08], as
well as the entire vehicle dynamics [Sri+20; Spi+19]. However, it’s essential to note that
the computational time required for these approaches can become a limiting factor when
attempting to apply them in real-time for high-speed racing control.

[Jai+20] proposes an iterative procedure that uses data from previous laps to correct the
vehicle model. [HLZ17] proposes using Gaussian process (GP) and linear MPC to enable
learning vehicle parameters offline. [RB19; RB16] proposes adjusting linear vehicle model
online from collected data. But it assumes the availability of nearly-accurate tire parameters
to start with and also all the methods assume the tire parameters to be constant throughout
the run and not adapt to any changes. [Jai+20] proposes using an extended kinematic
model and applies GP to learn the difference between the high-fidelity dynamic model and
the extended kinematic model from collected data offline. However, using GP in optimization
is computationally expensive (0.25s-0.3s according to [Jai+20]), which makes it practically
infeasible to update online for an actual car. It is noteworthy that all of these works do not
test on an online adaptive setting where the tire-surface interaction can change over time.

Methods Tolerant to
model errors

Adaptive
planning to

varied friction
Learning Ref.

Traditional ✗ ✗ - [LDM15]
[KIR+19]

Learning based ✓ ✗
Offline

[Jai+20]
[RB16]
[HLZ17]

Online [RB19]
Ours ✓ ✓ Online -

Table 4.1: Our motivation and comparison with others

An overview of our framework is illustrated in Fig. 4.1. The process begins with an offline
optimization step to generate a library including minimum-curvature optimal racing lines for
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different surface frictions (see the blue block). Within our learning component (highlighted
in red), we adopt a relatively simple kinematic nominal model described in Section 2.2.
The discrepancy between the nominal model and the more complex dynamic model, which
takes into account tire dynamics, aerodynamic forces, and longitudinal friction, is captured
by an extreme learning machine (ELM). The significance of our learning is two-fold: 1)
It facilitates model error compensation for the model-based controller (shown in the green
block) utilizing the nominal model; 2) Our framework allows the retrieval of friction estimates
from the learning results, thereby enabling the selection of the corresponding optimal racing
line from the library for adaptive speed planning. This stands in contrast to existing methods
that assume time-invariant friction.

Figure 4.1: Overview of our approach. Our approach consists of an online learning compo-
nent marked in red with fits the residual between actual model and the nominal e-kinematic
model and estimates the friction coefficient. The estimated friction coefficient is used to
select the raceline that is used by the controller with the updated vehicle model to track.

We first demonstrate our results by using a 1:43-scale open-source numerical simulator,
allowing for a comparison with a state-of-the-art approach [LDM15].We then demonstrate in
the high-fidelity Carla simulator, incorporating measurement noise and a sloped racetrack.
Finally, we test our approach on a real F1/10 RC car.

The contributions of our work are summarized as follows:
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• We propose a novel unified optimization framework for online model error compen-
sation and online adaptation for autonomous racing. Our approach outperforms the
state-of-the-art GP controller [Jai+20] in terms of lap time, safety, and computation
efficiency.

• Unlike existing approaches that presume time-invariant friction, our ELM model esti-
mates time-varying friction online to empower adaptive speed planning along the race
line for safe racing.

The rest of the chapter is organized as follows: Section 4.2 briefly goes through some prelimi-
naries. Section 4.3 elaborates on our proposed method. Section 4.4 reports the experimental
results. In Section 4.5, we make concluding remarks and discuss future directions.

4.2 Preliminaries

Extreme Learning Machine

For modeling tire friction curves, we use extreme learning machines (ELMs). An architecture
of a single-layer ELM is shown in Fig. 4.2. Let the number of input nodes be nI , the number
of hidden nodes nL, and the number of output nodes nO. The mapping from input and
output is:

y = H(x)β = g(wTx)β (4.1)

where H = [H1, H2, · · · , Hj, · · · , HnL
] is a nonlinear transformation, w = [w1, · · · , wnI

] are
input weights, and β = [β1, · · · , βnL

] are output weights. Furthermore, g(·) corresponds to
a kernel function that fulfills the condition for universal approximation [HCS+06].

Figure 4.2: Architecture of a single layer ELM.

For training, let us consider the dataset to be of size N with each element of the form (xn, tn),
where ti ∈ RnO is the true label corresponding to the i-th datapoint. ELM has a fixed input
weight denoted as ŵ, unlike a traditional feedforward single-layer neural network. The first
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reason for using ELM instead of a single-layer neural network is that the training of ELM
is more efficient [HZS06]: if we initialize input weight w with random values drawn from a
distribution and keep them fixed, it can theoretically get the same results even if it is not
optimized. The objective of ELM is to obtain the optimal β∗ which satisfies the following
objective:

β∗ = argmin
β

L (y(β), t) = argmin
β

∥H(x)β − t∥2 (4.2)

In our case, we use separate ELMs for rear and front tire slip-curve estimation. Here the
inputs are the slip angle αf |r and unity 1 to allow adding bias on the first linear layer output,
thus nI = 2 and the output is the lateral force, F[f |r]y, thus no = 1. nh is a hyperparameter
which we choose as 40 for the experiments. We will discuss further in Sec. 4.3 how we pass
the gradient signal across both front and rear tire ELMs.

4.3 Methodology

We start our pipeline with an E-kinematic model as the nominal model fe-kin. Later, through
the collected data, we get the residual error ferr, i.e., fcorr = fe-kin + ferr. The learnable
parameters here are the ELM tire slip models, longitudinal friction Clf , and aerodynamic
force constant Cd.

Learning based control

Data collection

The collected data can be represented as a pair of states from consecutive time steps, i.e., as
{xk,uk,xk+1}. Hence, the error between the actual state xk+1 and the one estimated from
the discretized E-kinematic model (using 6th-order Runge-Kutta) can be represented as:

e(xk,uk) = xk+1 − fe-kin(xk,uk) (4.3)

We collect the data online, hence the dataset at the n-th time step is: Dn = {e(xk,uk)|k ∈
{1, 2, .., n− 1}}.
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Training and online adaptation

Our goal is to learn the model discrepancy, e(xk,uk). The predicted value epred(xk,uk) is
obtained by computing the difference between (2.3) and (2.4):ev̇xev̇y

eω̇


pred

=


1
m
(−Clf − Cdv

2
x − Ff,y sin(δ) +mvyω)

1
m
(Fr,y + Ff,y cos(δ)−mvxω)
1
Iz
(Ff,ylf cos(δ)− Fr,ylr)



−


m sin(p)

−m sin(r) +
lf

lf+lr
(δ̇vx + v̇xδ)

1
lf+lr

(∆δ
∆t
vx + v̇xδ)


(4.4)

where Ff,y = ELMf (αf ), Fr,y = ELMr(αr).

The loss to be minimized is defined as:

L =
∑

k∈{i,..,j}

(
(ev̇x(xk,uk)− ev̇x,pred(xk,uk))

2

+ (ev̇y(xk,uk)− ev̇y ,pred(xk,uk))
2

+ (eω̇(xk,uk)− eω̇,pred(xk,uk))
2

) (4.5)

We minimize L iteratively using stochastic gradient descent with momentum. We use a mini-
batch with size Kbatch for a robust update. The training cycle can be briefly visualized as
in Fig. 4.3. Letting the update rate be γlr and the momentum be γp, the model parameters
are updated as:

p =
[
Clf Cd βT

elm,f βT
elm,r

]T
v(k + 1) = γpv(k) + (1− γp)

∂L

∂p

p(k + 1) = p(k)− γlrv(k)

(4.6)

Adaptive speed planning

In addition to updating the vehicle model, it is crucial to adjust the reference speeds along the
race line. For instance, if the friction coefficient decreases, the vehicle’s ability to navigate
turns successfully is compromised, necessitating a reduction in the reference speeds. To
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Figure 4.3: Training cycle. In the forward pass, given Clf , Cd, and two ELMs, we calculate
forces, then a residual error can be obtained to further update the model in the backward
pass.

achieve this, we first create a speed profiles library for varied frictions, as elaborated in
Section 2.1. We then employ the estimated friction for adaptive speed planning, dynamically
assigning reference speeds in real time based on the varying friction conditions. We use the
traction circle assumption as described in [SS21] for raceline calculation, where the friction
coefficient dictates the maximum ratio of the force exerted to the normal force. We obtain
the predicted friction coefficient as the ratio of the maximum force exerted to the available
normal force N = mg. As we predict the tire slip vs. force curve, we can obtain maximum
force as the maximum magnitude of predicted values from the ELM with slip angle inputs
ranging from the observed slip angle values. This is inline with what we use for raceline
calculation, as described in [SS21] (cf. CH. 3.1.3).

The predicted friction coefficient is calculated as:

µpred =
1

mg

(
max

αf∈Iαf

|ELMf (αf )|+ max
αr∈Iαr

|ELMr(αr)|
)

(4.7)

where Iαf
= [αf,min, αf,max], Iαr = [αr,min, αr,max], α(f/r),min and α(f/r),max are the min and

max values of the slip angles observed at any of the tires.
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The optimization for control is formulated as follows:

min
u0,...un−1

N∑
k=1

∥∥∥∥∥xk,x − xref,k
xk,y − yref,k

∥∥∥∥∥
Q

+
N−1∑
k=1

∥∥∥∥∥dk − dk−1

∆δk

∥∥∥∥∥
R

+ ∥ϵk∥S

s.t. xk+1 = fcorr(xk,uk)

x0 = x(t)

Ak

[
xk+1,x

xk+1,y

]
≤ bk + ϵk

dmin ≤ dk ≤ dmax

δmin ≤ δk ≤ δmax

∆δmin ≤ ∆δk ≤ ∆δmax

(4.8)

where Ak and bk are the tangent line coefficient matrices for the left and the right track
boundaries at the nearest point from the vehicle’s position. The reference trajectory is
obtained by sampling points along the target racing line at distances according to reference
velocities at those points, similar to [Jai+20]. The positive semi-definite matrices Q, R,
and S characterize the tracking, actuation, and slack penalties, respectively. Slack variable
ϵk is introduced to prevent infeasibility for the safety constraint, i.e., linearizing the track
boundary at the nearest point. fcorr = fe-kin + epred is the corrected model, which outputs
the next state. fcorr = fe-kin for t ≤ N when data are limited. Beyond N , we will adopt an
online update for the model. dmin, dmax, δmin, δmax are the actuation limits and ∆δmin,∆δmax

are the steering rate limits.

4.4 Experimental Results

We perform experiments on the 1:43 numeric simulator, the Carla high-fidelity vehicle simu-
lator [Dos+17a], and a real 1/10-scale RC car. Additional results are presented on a webpage1

due to limited space.

Numeric simulator

We use the 1:43 autonomous open-source race car simulation [LDM15] to validate our algo-
rithm. We demonstrate our results on the ETHZ track [LDM15] and the ETHZMobil track
[Jai+20].

1https://dvij542.github.io/apacrace/
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Constant friction decay

We compare path-following performance without and with the use of adaptive model com-
pensation in Fig. 4.4a and Fig. 4.4c. We modify the actual µ, i.e., change parameters Df

and Dr, as shown in Fig. 4.4d, and the predicted values as well. As can be seen, using
our approach with adaptive model compensation clearly yields better performance. Using
adaptive speed planning also allows the vehicle to stay within track boundaries. If speed
references are not changed (see Fig. 4.4b), the vehicle is still able to complete its maneu-
vers, but leaves the track several times. This is because even with a compensated model,
unadjusted reference speeds push the vehicle beyond its limits at turns. Not updating the
vehicle model leads to the vehicle’s completely failing and losing control at a region on the
3rd lap. Finally, we also compare with an oracle (Fig. 4.5b), where we use the ground truth
Pacejka friction parameters. As can be observed, the trajectory followed with our method
(Fig. 4.4c) and the lap times (shown in Table 4.2) are almost the same as those of the oracle
(Fig. 4.5b).

Moreover, we also compare against the use of adaptive Gaussian processes [Jai+20], where
we adjust the speeds according to the ground truth value of µ (see Fig. 4.4d), and this yields
slightly worse (very close) results than ours but with much higher computation times. Also,
as can be observed from Fig. 4.4c and Fig. 4.5a, the trajectory followed when using GP goes
further away from the reference with decreasing µ while with our method, the trajectory
remains nearly the same similar to the oracle (see Fig. 4.5b). It should also be noted that
using GP requires a separate µ prediction process to replace and obtain an estimate close to
the ground truth value, while in our method we inherently obtain the predicted value of µ
according to (4.7).

We summarize run statistics in Table 4.2. As can be seen: 1) our lap time is slightly worse
than the oracle but the safety (i.e., the violation time) has been significantly improved; 2) the
mean deviation from the racing line is least when our method is used with adjusted speeds
(close to the oracle); 3) our approach outperforms the state-of-the-art GP-based controller
[Jai+20] in terms of every criterion as well as the computation efficiency. The computation
times for our method are within 0.05s± 0.02s and for GP is 0.30s± 0.05s when used online
on our machine (AMD Ryzen 7 5000 series CPU, 16 GB RAM).

Sudden friction change

We test our approach in a situation where the friction coefficient suddenly changes. This is
possible, for example, when a sudden heavy rain changes the road’s friction coefficient. For
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(a) W/o model compen-
sation

(b) W/ compensation,
w/o adaptive speed (c) Ours

(d) Max force predic-
tions

Figure 4.4: Comparison for w/o and w/ learning on numeric sim

(a) Using GP[Jai+20]
(b) Using ground truth
dynamics

Figure 4.5: Comparison with other approaches on numeric sim

Method Lap 0
time

Lap 1
time

Lap 2
time

Lap 3
time

Mean dev.
from rac-
ing line

Violation
time

Avg. cycle
comput-
ation time

Without
adaptation 8.44s 8.34s 8.72s - 0.141m 4.32s 0.02s

With
adaptation
(Constant
speeds)

8.26s 7.26s 7.56s 8.14s 0.1104m 2.84s 0.05s

With
adaptation
(Var speeds,

ours)

8.26s 7.42s 7.76s 8.46s 0.0832m 0.16s 0.05s

GP 8.28s 7.44s 7.84s 8.56s 0.0989m 0.62s 0.32s
Oracle 7.92s 7.40s 7.72s 8.40s 0.0511m 0s 0.03s

Table 4.2: Track 1 (ETHZ track [LDM15])/Track 2 (ETHZMobil track [Jai+20]). Com-
parison in statistics for numeric simulator. Violation time is the total time the vehicle was
outside the track limits.
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this case, we demonstrate the path followed by our approach (See Fig. 4.6b) and compare
it to when the model compensation is not considered (See Fig. 4.6a). As observed, with
model compensation, the vehicle is able to estimate the change in friction coefficient quite
well and rapidly. It does cross the outer boundary at the beginning but is able to adjust the
speeds to stay safe within the lane limits later, whereas if compensation is not considered,
the vehicle completely loses control at several points after µ changes.

(a) W/o model compen-
sation (b) Ours

(c) Max friction force
predictions for w/ adap-
tation

(d) Speeds w/ adapta-
tion

Figure 4.6: Online run comparison with model compensation & adaptive speed planning vs.
if none are used (sudden friction change experiment)

Carla

We perform experiments in Carla [Dos+17a] with time-varying tire friction parameters to
test our online adaptation algorithm. The online run with friction decay is shown in Fig.
4.7c. Both tires have the same tire model. For comparison, we show the results with and
without adaptive model compensation (See Fig. 4.7b and Fig. 4.7a). Without adaptive
model compensation, the vehicle moves out of bounds after about 60s once the friction
coefficient starts reducing and collides with an obstacle. Due to limited space, more results
are provided on the webpage.

(a) Speeds w/o compen-
sation (b) Speeds, ours (c) µ predictions

Figure 4.7: Online run with model compensation in Carla
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Hardware experiments in an RC car

We test on a real F1/10 RC car (see Fig. 3.15) using Vicon [Mer+17] for localization.

Experiment setup

We perform the experiment on a track with a lane width of 0.5 m. The reference line is taken
to be the centerline with limiting speeds rendered according to [Hei+20]. We conduct the
experiment with an initial friction coefficient 1.5 and incrementally increase target speeds
from 50% to 100% of the reference speeds from t = 10s to t = 35s. This is to ensure physical
safety and also allow sufficient time and data for the adaptation algorithm.

Results

The final trajectories for a rounded rectangle reference are shown in Fig. 4.8a and Fig. 4.8b
for the comparison between w/o model and reference speed adaptation vs. ours. As can be
clearly observed, without model adaptation, the vehicle goes outside the track and the car
physically hits the wall, while with adaptation, the algorithm is able to correctly estimate
the friction coefficient of the surface online (see Fig. 4.8c) and adjust the vehicle model
and speeds accordingly. In the beginning, the car does exceed the track boundaries, but is
able to effectively use this experience to recover quite well from its subsequent laps. For the
experiment with model adaptation, we stop the car at t = 70s and change the surface along
the track from a rough original surface to a smoother surface obtained by placing wooden
slabs on it. Then, we restart the same experiment but now on this new surface starting
with the previous trained model for testing the adaptation and transition. The adaptation
algorithm is able to reasonably adapt to the new friction parameters and estimate the friction
coefficient to be around 15% less than the earlier predicted value of the original surface (see
Fig. 4.9b). The trajectory for the new surface is shown in Fig. 4.9a. The statistical results
are tabulated in Table 4.3. The website displays the results of another, diamond-shaped
track with consistent conclusions, as space limits the presentation.

Avg. lap time
(Last 3 laps)

Mean deviation
from reference

Violation
time

Without adaptation 5.4s 0.52m 35.6s
With adaptation 5.05s 0.28m 2.1s
With adaptation
(new surface) 5.08s 0.29m 7.0s

Table 4.3: Statistics for w/ and w/o model adaptation



42

(a) W/o model com-
pensation, w/o adap-
tive speed (b) Ours (c) µ estimates (d) Trained tire curves

Figure 4.8: RC car experiment on rounded rectangle trajectory

(a) Ours (b) µ estimates

Figure 4.9: Adaptation to new surface

4.5 Conclusion

In this chapter, we introduce a novel learning-based control algorithm that not only sig-
nificantly reduces the effort required for system identification but also enables real-time
adaptation. Our approach commences with a simple geometric model and collects training
data, which the algorithm utilizes iteratively to compensate discrepancy between the nom-
inal and actual vehicle models. It adapts dynamically to any changes in the system. This
capability empowers racing algorithms to craft aggressive strategies without the need for
constant concern about vehicle model parameters and tire conditions. We showcase the al-
gorithm’s robust performance in scenarios featuring model uncertainty and simulated friction
variations, leveraging both simulators and a physical testbed. One limitation of this work
is that it is very specific to autonomous racing for a specific form of dynamics as described
in this work. The same design may not work for completely different type of vehicles like
if the rear axle is coupled to both rear tyres in which case both of them are constrained
resulting into an opposing torque that needs to be added. Also f the car is front-driven or
all-wheel driven, the same model structure will not hold that cannot be inherently learned
by just learning tire curves and aerodynamic parameters but need to re-design the structure
for them. Also if the car is moving in uneven terrains which cannot be directly physically
modelled, or if the car is towing an object, is on a muddy terrain which has considerable
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longitudinal slip as well, it requires good amount of engineering to propose a stable learnable
model. To address this limitation, in chapter 7, we will show how we can use meta-learning
to initialize a fully end-to-end model that makes no assumptions, takes as input history of
states and actions and outputs the next state. The initialized model would be such that it
can quickly adapt to any type of car with very few data but is generic enough to work on
any car or any robotic system in general.

However, in the next 2 chapters (Chapter 5 and Chapter 6) we will see how we can use the
model-based learning as we discussed in this chapter as a filter on reinforcement learning
and imitation learning based task learning model-free controllers respectively.
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C h a p t e r 5

SAFE REINFORCEMENT LEARNING

In the earlier 2 chapters, we designed classical and semi-learning approaches to handle au-
tonomous racing control scenarios. We do need a task specification in form of the cost
function and a planned trajectory to achieve the task. Our performance was tied to how
good we are able to track the planned trajectory but we assume that planned trajectory will
guarantee us optimal performance. This constraints the possibility of being able to go be-
yond the planned trajectory to directly achieve the task. Reinforcement learning is a popular
approach to achieve direct task learning instead of learning the model first given a simulator
where it can learn a direct optimal policy with continuous trial and error. Reinforcement
learning (RL) agents need to explore their environment in order to learn optimal behaviors
to achieve maximum reward. But exploration may be fundamentally risky in some situations
when deploying RL on real systems, for example, in autonomous driving. Some recent ap-
proaches have leveraged safety filters like Control Barrier Functions (CBFs) to filter actions
from RL during training. However, the strong safety guarantee of CBF relies on a precise
dynamic model. In practice, there always exist uncertainties, including internal disturbance
from the dynamic model as well as external disturbances like wind or measurement noise for
the system state. Several works attempt to quantify these uncertainties to make the CBF
more robust. However, this interferes with the RL policy and prevents exploration, thereby
leading to a conservative policy.

In this chapter, we combine online residual model learning as we discussed in previous chapter
and disturbance observers (DOBs) in our CBF formulation to compensate for these model
errors and external disturbances during learning while not compromising on optimality. We
demonstrate our results on the Safety-gym benchmark for Point and Car robots on all tasks
where we can outperform state-of-the-art approaches that use only residual model learning
or DOB. We later also demonstrate our results on realistic scenarios like head-to-head racing
and uneven terrain navigation. Later, we also demonstrate our results on a real RC car.

5.1 Introduction

Recently, reinforcement learning has been successful in solving various challenging control
tasks on real systems, such as legged locomotion [Kum+21], manipulation [Mor+21], and
autonomous driving [Kir+20]. Most of these approaches use some kind of sim-to-real transfer
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to deploy the policies trained on simulators with varying model parameters to mimic the
uncertainty in the real world and deploy the same policy on the real robot with the hope
of being robust to real-world disturbances. Some very recent works have moved towards
performing RL training on real systems directly [Wu+22]. Such systems should be able to
remain safe while training [Pad+21], since obstacle collisions to inform the policy gradient
to enforce safety are very expensive. To tackle this fundamentally, safe RL algorithms that
respect safety while learning have been developed in recent years. There may be different
definitions of safety, for example, in [GF15; Bru+21], but we focus on satisfying hard safety
constraints like avoiding certain states as safety specifications.

Among different safe RL paradigms, the most common approach is to use safety filters
on the actions generated by RL agents and modify them whenever necessary to satisfy the
constraints. An advantage of such a design is that the safety filter can be used as a plug-in to
any RL algorithm without much modification. These safety filters require precise dynamic
models for a strong safety guarantee. System identification is difficult for most robots.
Hence, some approaches have employed online model learning from environment interactions
to learn the uncertain dynamics. The basic idea is to start with an initial nominal model
and incrementally learn the discrepancy between the nominal and the true model. This
is referred to as residual model learning in this thesis. However, when the learned model
is poor, e.g., the machine learning has not converged or suffers from sampling inefficiency,
the safety filter based on the sum of the nominal model and the learned discrepancy still
fails to provide a safety guarantee. Some robust control methods that consider worst-case
error bound often make the safety filters overly conservative. This in turn leads to high
interference with RL, restricting it from learning an agile policy.

In [CZH22], the authors claim to use a simple nominal model for efficient RL training without
learning the high-fidelity model. Instead, they employ a Disturbance Observer (DOB) to
compensate for disturbances, including model errors. As a result, the RL approach is almost
model-free, eliminating the need for continuous learning of the dynamic model, as the model
discrepancy is addressed by the DOB, which provides stronger guarantees for uncertainty
quantification. The limitation is that when the nominal model has large discrepancy from the
true model and we also have some external disturbance, the DOB is required to compensate
for all of them, which leads to slow estimation convergence.

Our work is motivated by the fact that, as we operate the system over time, we gain a
better understanding of the disturbances. Once we collect data from these disturbances and
attempt to model them, we can use this information as prior knowledge in the Disturbance
Observer (DOB). This reduces overall uncertainty, benefiting the DOB by enabling it to
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Figure 5.1: Proposed safe RL framework via using RES-DOB-CBF. At each time step t, the
RL agent action uRL

t is filtered by RES-DOB-CBF based safety to avoid any unsafe actions

estimate fewer disturbances and converge faster

The contribution of our work is that we propose a seamless integration of residual model
learning and DOB to leverage the advantages of both. This integration is expected to provide
stronger convergence guarantees than using residual model learning alone, as the imperfec-
tions of the model learning can be compensated for by the DOB, providing an additional
layer of assurance. Furthermore, the integration is expected to achieve faster disturbance
estimation convergence compared to using only the DOB, thanks to the prior information
on the disturbances captured by the machine learning model. We comprehensively validate
our approach on a modified safety-gym benchmark [Ope], in which we outperform vanilla
PPO_lagrangian, DOB+CBF [CZH22], and Residual Model+CBF approaches on all tasks.

5.2 Preliminaries

We consider a non-linear control affine system:

ẋ(t) = f(x(t)) + g(x(t))u(t) + d(t) (5.1)

where x(t) ∈ X ⊂ Rn is the state vector, u(t) ∈ U ⊂ Rm is the input vector, f : Rn → Rn and
g : Rn → Rn are the Lipschitz-continuous model functions, and d(t) ∈ D ⊂ Rn represents
nonlinear time-varying disturbance.

Disturbance Observer (DOB)

DOB has been widely used in control theory for uncertain systems [Che+16]. The idea is
to address all unknown uncertainties from internal disturbances (model errors) and external
disturbances as lumped disturbances. In this work, we use the same DOB formulation as used
in [CZH22]. DOB consists of two components: a state predictor and a piecewise-constant
(PC) estimation law. The state predictor is given by:
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˙̂x(t) = f(x) + g(x)u+ d̂(t)− ax̃ (5.2)

where x̃ = x̂ − x denotes the state prediction error, a > 0 is a constant, and d̂(t) is the
estimated disturbance. The disturbance estimation is updated according to

 d̂(t) = d̂(iT ), t ∈ [iT, (i+ 1)T ),

d̂(iT ) = − a

eaT − 1
x̃(iT ), i = 0, 1, . . . ,

(5.3)

where T is the estimation sampling time. Under reasonable assumptions, the estimation error
from DOB, ||d̂(t)− d(t)|| can be bounded by a pre-computed estimation bound [CZH22].

Model Residual learning

Moving back to (5.1), let’s say we do not have an accurate model for f and g but a nominal
model f̂ and ĝ. The difference between the actual models f, g and nominal models f̂ , ĝ maybe
due to many reasons like unknown or inaccurate model parameters, dynamically changing
environmental parameters like surface friction, weather, etc. It may also be because of
difficult-to-determine dynamic model parameters like tire friction, in which case the nominal
model can be chosen to be the kinematic model of the robot. Hence, we can modify (5.1) as
follows:

ẋ(t) = f̂(x(t)) + ĝ(x(t))u(t) + ∆f(x(t), θ) + ∆g(x(t), θ) + d(t) (5.4)

Where θ is represented by a feed-forward neural network which takes the state, x as input
and outputs (∆f̄ ,∆ḡ). We can estimate θ from online collected data by optimizing the
following loss function

θ∗ = argmin
θ∈Θ

L( ˆ̇S(x,u, θ), ḣ(x, u))

Ṡ(x,u, θ) = f̂(x(t)) + ĝ(x(t))u+∆f̄(x(t), θ)

+ ∆ḡ(x(t), θ)u(t) + d̂(t)

(5.5)

We can update θ iteratively with each new collected data element with the following update
rule: θk+1 = θk−β δLk

δθ
where β is the learning rate. This formulation is similar to [Mun+22].

For the DOB part in (5.2) and (5.3), we take f = f̂ +∆f and g = ĝ +∆g. We assume the
error in model prediction will be covered by disturbance d(t).
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5.3 Methodology

Residual model and DOB-based Control Barrier Function (RES-DOB-CBF)

The high-order CBF having ∆f̄ ,∆ḡ and d̂ is

ψm(x,u, t) ≜ Lm
f h(x) + LgL

m−1
f h(x)u+

[
Lm−1

f h(x)
]
x
d̂(t). (5.6)

where hx(x) ≜ ∂h(x)
∂x

, Lfh(x) ≜
∂h(x)
∂x

f(x) and Lgh(x) ≜
∂h(x)
∂x

g(x). For more details on the
derivation, readers are referred to [Mun+22] with the only difference being that we replace
f = f̂ +∆f̄ and g = ĝ +∆h̄.

Safe-RL policy training with RES-DOB-CBFs

To obtain a safe control, we solve the following quadratic programming (QP) problem based
on the Res-DOB-CBF (5.6):

usafe = argmin
u∈U

1

2
(u− uRL)

T P (u− uRL)

s.t. K(t, x, u) + βm (ϕm−1(x)) ≥ 0

(5.7)

where P is the positive-definite weighting matrix, uRL is the nominal control, usafe is the
final safe control. To have an efficient and safe RL controller, it is critical to obtain a safety
filter based on an accurate dynamic model.

5.4 Experimental Results

We perform experiments on the Safety-gym benchmark [AA19] on the Point and Car robots.
The environment selection includes Goal1, Goal2, Button1, Button2, Push1, and Push2. The
obstacles include hazards, pillars, vases, and gremlins. Safety-gym is a strong benchmark to
evaluate the performance of Safe-RL algorithms. We use the PPO_Lagrangian algorithm
[AA19] that regulates the negative reward received from violating constraints to achieve a
target cost. We set the target cost to 25 for all the experiments, the same as [AA19], which
means the agent is allowed to violate constraints for 25 time steps in an episode of length
2000. To validate our approach’s efficacy for uncertainties, we include internal disturbance
caused by model uncertainty, e.g., 50% model errors in the kinematic models. We also add
wind as an external disturbance of fixed magnitude (0.001 for point robot and 0.01 for Car
robot) and continually changing direction with a constant angular rate of 5 Hz.
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Point robot experiments

First, we present results on a Point robot. We model the point robot model with a kinematic
unicycle model:

(a) Rewards (b) Costs

Figure 5.2: Comparisons for Goal1 task on Point robot

(a) Rewards (b) Costs

Figure 5.3: Comparisons for Goal2 task on Point robot

(a) Rewards (b) Costs

Figure 5.4: Comparisons for Button1 task on Point robot
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(a) Rewards (b) Costs

Figure 5.5: Comparisons for Button2 task on Point robot

(a) Rewards (b) Costs

Figure 5.6: Comparisons for Push1 task on Point robot

(a) Rewards (b) Costs

Figure 5.7: Comparisons for Push2 task on Point robot
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Figure 5.8: Reference frame of the robot for obstacle avoidance. The blue circle is the robot,
and the orange circle is the moving obstacle.
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vp cos(θp)

vp sin(θp)

Kωcω

Kv2(Kv1cv − vx)
0

0


(5.8)

where the state x = [xp, yp, θp, vx, vy, ω]
T , the control u = [vt ω]

T , (xp, yp) is the center
position of the robot, θp is the yaw angle, vx, vy are the body frame longitudinal and lateral
velocities and ω is the angular velocity. cv, cω are the target velocity and angular velocity
commands. Note that we have lateral and angular velocities included as states but they are
not used in the kinematic model. This is just to enable the residual model learning algorithm
to learn the difference between the actual dynamic model and the approximated kinematic
model from the collected data online.

We formulate the safety specification of a robot to avoid any i-th circular region in space
that is moving with a constant velocity. For any moving obstacle, we assume it would
move with a constant velocity vxi and vyi with the frame of reference visualized in Fig.
5.8. Let the radius of the moving obstacle be ri and of the robot be rp. Without loss of
generality, we derive the CBF for a frame of reference with origin at the robot and the X
axis direction along the circular region to be avoided. Let the angle made with the X axis
(i.e., the direction towards the obstacle) be θ. Let the distance between the obstacle and
the robot be di. To avoid a collision, we need to have d− ri − rp ≥ 0. Therefore, we define
hi(X) = di − ri − rp =

√
(xp − xci)2 + (yp − yci)2.

The Point robot results in all environments are given in Figures 5.2-5.7 (due to space con-
straints, some results have been moved to the appendix). Without CBF and in the presence
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of external disturbance the RL algorithm is not able to learn anything useful towards the
task while remaining safe, as the reward is negative. Having CBF assistance helps the RL
agent to learn something better, but as it is not perfect due to external disturbances and
model error, it fails to learn an aggressive policy. Adding DOB and residual model learning
help in achieving better rewards, but using only one of them still lags in achieving an aggres-
sive policy. Using both residual model learning and DOB to compensate for model error and
external disturbances separately is able to achieve the maximum reward in all environments.

Car robot experiments

For a Car robot, the control commands are the left and right wheel angular velocities, cl and
cr respectively. For the nominal kinematic model, we simply change v̇x = Kv1(Kv2(cl+ cr)−
vx) and ω̇ = Kω(cr − cl). Kv1, Kv2 and Kω are approximated offline. Learning an optimal
policy for the Car robot is more challenging, as the left and right wheel commands need to
be coordinated. Also, there is more difference between the actual dynamic model and the
kinematic model for the Car robot than the Point robot, meaning there is more skidding for
the Car robot. The results are consistent with Figures 5.9-5.13.

(a) Rewards (b) Costs

Figure 5.9: Comparisons for Goal1 task on Car robot

(a) Rewards (b) Costs

Figure 5.10: Comparisons for Goal2 task on Car robot
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(a) Rewards (b) Costs

Figure 5.11: Comparisons for Button1 task on Car robot

(a) Rewards (b) Costs

Figure 5.12: Comparisons for Button2 task on Car robot

(a) Rewards (b) Costs

Figure 5.13: Comparisons for Push1 task on Car robot
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w/o CBF RES-CBF DOB-CBF RES-DOB-CBF
Avg. commute time 5.42s 3.42s 3.47s 3.37s

Table 5.1: Average commute times for RC car experiment

RC car results

At last we also deploy our solution on hardware. For this we design a simple task of going
back and forth between 2 goals similar to Goal1 task of safety-gym but with only 1 hazard
in the middle and also with the added constraint of staying within the square arena of
4.2mx4.2m. Hence, we have CBF constraints for the 4 walls and for the hazard at the center
of radius 0.8m with the same formulation as seen earlier in safety-gym experiments.

To save time with RL on the hardware, we first train a base model in Unity simulator (see
Figure 5.14) with the same dimensions as the physical arena but with the only objective to
reach the goal while not hitting the walls but not caring about the hazard. The pre-trained
model on the simulator is then deployed on the hardware with the added task of avoiding
the hazard and trying to minimize the commute time between the goals on the hardware
model i.e. sim-to-real policy transfer. We test the same baselines as in safety-gym on this
setup. We run all baselines for 10 minutes on the hardware. We set the violation goal of
0 for PPO_lagrangian. The trajectories followed for all baselines are given in Figure 5.15.
The average commute times for all approaches for last 5 mins are listed in Table 5.1. As
can be seen in Figure 5.15a, without CBF it struggles to learn a good policy and ends with
5.42s average commute time. With DOB−CBF , RES −CBF and RES −DOB−CBF ,
it achieves good performance while avoiding hazards with the best average time achieved by
RES −DOB − CBF . All videos are in LINK

Figure 5.14: Snapshot of twin RC car simulator in unity

5.5 Case study: Head-to-head autonomous racing

We aim to apply and test the CBF-guided safe RL training solution on head-to-head racing
problem. The environment is similar to [Tha+22], where 2 agents race against each other
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(a) Without CBF (b) With DOB-CBF

(c) With RES-CBF (d) With RES-DOB-CBF

Figure 5.15: Trajectories followed for different approaches for RC car experiment

with the objective to win or gain a time advantage over its opponent. We modify the vehicle
model f used in [Tha+22] from a simple kinematic model to a more challenging and realistic
dynamic bicycle model. The state of the car xt is a 6-d vector including global coordinates
px, py, and yaw rotation ϕ in the global frame; longitudinal velocity vx, lateral velocity vy,
and yaw angular velocity ω in the vehicle’s body frame. Throttle d and steering angle δ are
control actions. The dynamic model is defined in Eqn 2.3

We employ a hierarchical design with a high-level planner for discrete checkpoint planning
followed by a low-level tracking controller. Having a decoupled planning approach facili-
tates a real-time implementation and achieving long-term strategic plans, e.g., overtaking
[Tha+22].

High-level planner

The high-level tactical planner outputs a high-level discrete plan. This can be obtained
by first discretizing the state, defining the state transition model, and then solving the
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optimization problem, as discussed in the remainder of this subsection.

State discretization

We first transform a continuous state of the vehicle into a discrete state. We encode the
position of the vehicle into a pair of discrete variables, i.e., lane ID and last passed checkpoint
(or longitudinal segment). The longitudinal velocity is also represented using a discrete
interval. Fig. 5.16 exemplifies the state conversion from continuous to discrete.

Figure 5.16: Converting a continuous state to a discrete state

State transition model

As shown in Fig. 5.16, a vector of discrete state includes: lane ID, velocity interval, recent
lane changes, checkpoint index, and time state. A transition is feasible if all the continuous
states from the current discrete state are able to reach at least one discrete state in the next
step. If all the jump conditions are not satisfied, we rule out the transition. Our update
implementation is similar to [Tha+22] where for every state transition, we strictly increase
the checkpoint index (or longitudinal segment number) by 1. A transition to a given lane and
speed range happens only if it is admissible within the speeds supported by the longitudinal
acceleration and friction constraints. The number of lane changes counter is increased by
the absolute difference in the new and old lane IDs.

The game is played with both players starting at an initial checkpoint and progressively
updating each player’s choices with the smallest time state at each point. A lower time state
value implies that the player in question reached the particular checkpoint before the other
player and hence gets to choose the next action. This gives the other player a chance to make
a resultant strategic action, like whether and how to overtake, etc. A collision avoidance
rule is incorporated in the high-level planner by restricting actions that result in the same
checkpoint and the same lateral lane with time difference less than mT .
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High-level optimization

The high-level problem of minimizing racing time against the opponent is solved using Monte
Carlo tree search (MCTS). The optimal performance is defined as follows:

CXa,Xa+1,..,Xb−1
=

i=b−1∑
i=a

(oi −Xi,lane)
2 − ktimeXb−1,t (5.9)

where oi is the optimal lane and Xi is the high-level state at the i-th checkpoint. The
optimal lane is determined by finding the (segment, lane) pair at which the optimal racing
line passes. The optimal racing line is computed by solving a minimum-time trajectory
optimization [JM20]. The solution of MCTS is a sequence of discrete states of the player
and the adversarial opponent. Note that we assume that the ego vehicle and opponent
vehicle try to optimize based on the same objective function. Our formulation based on
MCTS is different from [Tha+22], since our optimal solution is obtained by prioritizing
staying closer to the racing line rather than minimizing time. We set a very low value of
ktime to first prioritize choosing a trajectory close to the racing line and then for that same
trajectory choose the one with least time. We believe this leads to a better optimal solution,
as explained in Section 4.4.

Low-level controller

Reward design

The reward for the low-level controller is defined as follows:

• Positive reward for passing through a checkpoint and additional reward for reaching
the target lane and the target speed: ktargete

−max(dtc− L
2nl

,0)
+ ktarget,ve

−max(|v−vtc|− vw
2
,0),

where dtc is the distance from the target checkpoint center, L is the track width, nl

is the number of lateral lanes, v is the speed when passing the checkpoint, vtc is the
mean of the target speed ranges and vw is the target window size.

• Negative reward for taking too long to pass two consecutive checkpoints: −ktime∆t,
where ∆t is the passing time of two consecutive checkpoints.

• Negative reward for swerving too frequently on straight lanes: −kswerve1(x,y)∈S∧lk−1 ̸=lk ,
where S is the set of straight section checkpoints, k is the current checkpoint number,
lk is the lane at the kth checkpoint. 1 is an indicator function used for checking if the
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current passed lane is not the same as the last passed checkpoint lane and if the car is
on a straightaway.

• Negative reward for colliding with the wall. We use an indicator function 1Ij≤h∧Ijwall-hit

that determines if the jth Lidar reading is less than h and if Lidar bounced off the wall:
−
∑nlidar

j=1 kwall-hit 1Ij≤h∧Ijwall-hit where nlidar is the number of rays from the Lidar.

• Negative reward for collision with other players. We use the indicator function 1Ij≤h∧Ij opponent

to check if the jth Lidar’s ray touches the opponent and we have a set ϕ containing all
Lidar rays that point to the front of the car for which we impose an additional penalty:

−
∑nlidar

j=1 kopp,11Ij≤h∧Ij opponent + kopp,21Ij≤h∧Ij opponent∧j∈ϕ

• Negative reward for braking unnecessarily, i.e., when speed is lower than the target
window, high lateral slips:

kbrake1v≤vtarget∧d≤0 + kslip(α
2
f + α2

r)

Network architecture

The PPO RL algorithm is used to obtain the optimal policy. The neural network used for
estimating the value function and the policy is a simple feedforward neural network with 8

hidden layers and 128 neurons in each layer. There is a Tanh layer at the end to reshape the
output steering and throttle into their legitimate ranges. The input consists of the following
values: 1) The vehicle’s body frame state (vx, vy, w); 2) The relative state w.r.t. the racing
line reference, i.e., signed lateral distance from the racing line e1, relative angle w.r.t. the
closest point on the racing line e2; 3) Relative position of the opponent vehicle; 4) Discrete
high-level target state. All the values within the range are passed by the average of the lower
and upper limits; 5) Raw Lidar data consisting of distances of 32 rays cast from the extreme
left of the car to the right.

Training environment

Training was conducted on 16 parallel tracks, 8 clock-wise and 8 counter-clockwise with
different turn radii so that the agent does not overfit its policy to a specific track shape but
can generalize across different track shapes. This setup is similar in design to [Tha+22].

Vehicle model transition

With the problem formulation and the hierarchical control design in place, we now define
the proposed curriculum-based learning framework to teach the RL agent an optimal policy
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progressively. Let us define a parameter ts denoting the time scale. We vary ts from 0 to
1, where ts = 0 means the easiest initial environment setup and ts = 1 is when the original
complex environment is used for training. We will elaborate later in this section on how we
use ts to modify the environment. We transition ts linearly from 0 and 1 (i.e., tstart training
steps to tend training steps) so that after tend training steps, the environment is the same as
the original. Mathematically, we vary ts as:

ts = max

(
0,min

(
1,

t− tstart

tend − tstart

))
(5.10)

The highly non-linear dynamics (defined in (2.3)) pose a significant challenge for the RL
agent to learn an effective policy directly. This is primarily because it is difficult to learn
how to move at optimal speeds while respecting the friction limits and skidding caused due
to high lateral slips at higher speeds. Hence, we define a transition from a relatively simpler
dynamic model (close to a kinematic model with fewer slips at the same speeds and much
higher friction limits) to the complex model with the actual parameters. The parameters of
the Pacejka tire model change with the time scale (given in (5.10)) as:

Dfts = 21−tsDf0

Cfts = C2ts−1

f0

Bfts = 21−ts
Df0Cf0Bf0

DftsBfts

(5.11)
Figure 5.17: Tire curve variation for curriculum learning

The tire curves obtained at these Pacejka tire parameters are plotted in Fig. 5.17. Steeper
slopes at ts = 0 mean smaller slip angles to achieve the same force and hence less drifting.
Also, the larger the maximum of the curve, the higher speed the vehicle can attain without
skidding at the same curvature. Hence, it is easier to control at higher speeds when the
tire curve is steeper with a larger maximum. As can be seen from Fig. 5.17, we transition
from steeper slopes with higher force limits to the original tire curve to transition from an
easier-to-control vehicle model to the original one.

Safety CBF

We use a control barrier function [Ame+19] (CBF) as a shield to guide the agent to learn a
safe policy [Bru+21]. We observe that the RL agent struggles at the beginning, hitting the
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walls, which debars the agent from learning meaningful behavior later in the episode. To get
rid of this, we define a CBF for the wall boundary as a set of safety constraints. We define
the safety function h and derive a 2nd-order CBF as follows:

hright(x) = −ecenter + w

ḣright(x) = −vx sin(θ − θcenter)− vy cos(θ − θcenter)

ḧright(x, u) = −v̇x sin(θ − θcenter)− v̇y cos(θ − θcenter)− ω.(vx cos(θ − θcenter)− vy sin(θ − θcenter))

(5.12)

hleft(x) = ecenter + w

ḣleft(x) = vx sin(θ − θcenter) + vy cos(θ − θcenter)

ḧleft(x, u) = v̇x sin(θ − θcenter) + v̇y cos(θ − θcenter) + ω.(vx cos(θ − θcenter)− vy sin(θ − θcenter))

Cright(x, u) = −min(0, λ1λ2ḧright + (λ1 + λ2)ḣright + hright)

Cleft(x, u) = −min(0, λ1λ2ḧleft + (λ1 + λ2)ḣleft + hleft)

(5.13)

where Cleft(x, u) and Cright(x, u) are two certificates for the right and left boundary, respec-
tively. θcenter is the angle at the closest point on the centerline of the track and ecenter is the
lateral error.

The safe control is obtained via the following optimization program, where Kviol is set to a
high value and uref is the nominal control obtained from policy that is potentially unsafe:

min
u

Kviol(C
2
right + C2

left) + ∥u− uref∥2

s.t. umin ≤ u ≤ umax

(5.14)

This new safe action is fed to the environment for controlling the agent. With this, the
RL agent would be able to stay safe while learning, as the CBF shield defined in (5.14)
will modify the unsafe controls from the nominal uref to their corresponding nearest safe
commands u if admissible within control limits umin and umax. To inform the policy update
to generate safe action on its own and thus not be overridden by CBF, we also add a negative
reward for constraint violation proportional to the change in command caused by the CBF
shield as follows: Rconstraint = kconstraint∥u− uref∥2
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Figure 5.18: A snapshot of the racing simulator on the left where two racecars compete
against each other to win the race. The blue vehicle is controlled by our algorithm, while the
red vehicle’s controller is based on combining Monte Carlo tree search and linear quadratic
regulator. The green line is the racing line, moving along which guarantees best lap times.
The right image shows the top-down view of the track map on which the races are conducted.

Simulation Results

We upload some videos of the runs on this anonymous webpage 1. Our racng simulator is
implemented in the Unity Game Engine [Haa14], with an example image shown in Fig. 5.18.

Training results

We train our controllers on the oval tracks of different sizes as described in Section 5.5. We
conduct test races on the track shown in Figure 5.18. We race with two agents with different
controllers for comparison. The races are conducted with the initial position set randomly
either on the left or the right at the starting line with an equal chance, since one position may
be at an advantage if it is closer to the racing line. We first give training rewards obtained
by curriculum learning to show the advantage of using curriculum learning in Fig. 5.19b. As
can be observed, using curriculum learning with only model changes clearly outperforms the
controller trained without using it in terms of the rewards obtained during training. tstart

and tend are chosen to be 500000 and 1500000. It is unfair to compare till 1500000 steps,
as the controller trained with model-based curriculum runs on a different RL environment
with a superior vehicle model. But after 1500000 steps both environments have the same
configuration and our controller clearly outperforms the non-curriculum-based RL controller
in reward. Adding RES-DOB-CBF filter further helps in getting even better rewards, as
can be seen in Figure 5.2a. Please note that with the RES-DOB-CBF filter added, due to
negative reward for each CBF constraint violation, the reward is less at the beginning but
it eventually improves at the end, achieving an even larger reward. Now, for validation, we
conduct 4 races each between the 3 pairs of agents (so effectively 12 races) every 250000

steps on the complex track shown in Figure 5.19b. It clearly shows our controller with both
1https://sites.google.com/view/rlc-submission

https://sites.google.com/view/rlc-submission
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model and CBF curricula used during training wins most races at all times. Also, it is better
than only using model-based curriculum learning in terms of the number of races won during
validation. It can be observed that the curriculum-based approach is able to completely beat
the non-curriculum approach at the beginning, since it learns quickly at the beginning on a
simpler environment. Later, with more training, the without-curriculum approach does start
winning some races, as it starts learning a competitive policy which wins in some situations
where it has an advantageous starting position. But the curriculum-based approach is still
better in being able to win most races.

(a) (b)

Figure 5.19: (a) Training rewards (b) No of wins across training steps. Ours : With using
both model curricula and RES-DOB-CBF filter during learning

Comparison with baselines

Finally, we conduct races among other baselines for comparison. All races consist of 3 laps,
with the car which crosses the finish line first after 3 laps winning the race. In total 20
races are conducted with each pair for comparison, hence 200 races in total for 10 pairs. We
compare against the following baselines:

1. Ours: This is with CBF and model-curriculum.

2. Ours w/o CBF: This is with model-curriculum but without RES-DOB-CBF.

3. [Tha+22]: This is without using any curriculum during training. Also, the raceline
information is omitted in the input to the policy and value estimation networks.

4. MCTS + LQR: This is to compare with a classical rule-based controller. We design an
LQR controller to track the high-level checkpoints planned by the MCTS algorithm.
We use the same LQR design as in [Raj12].
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5. End-to-end: This is without using any hierarchical controller. The high-level state
observations are omitted as input to the policy and value estimation networks described
in Section 5.5. Also, the target lane-specific reward term described in Section 5.5 is
changed to just a constant reward for passing any checkpoint irrespective of the lane
it passes through. Also, no curriculum learning is used for this.

We compare the runs against the following metrics: 1) Number of wins; 2) Average lap time;
3) Average lateral distance from the race line; 4) Number of collisions with walls; 5) Number
of collisions with opponents from behind.

Avg. lap
time

Avg. lat.
dist. from

No of collisions
Wall Opp.

(in s) raceline
Ours 28.8 1.03 250 85
Ours w/o CBF 29.2 1.05 360 92
Ours w/o raceline, w/o
curriculum learning
[Tha+22]

29.5 1.80 589 78

MCTS + LQR 29.6 0.53 212 64
End-to-end 30.3 1.67 670 56

Figure 5.20: The race win statistics. For example, the first bar is for the comparison between
ours with other approaches. We won all 20 races (see the value from 49 to 68 in the purple
block) against the end-to-end approach.

Fig.5.20 contains the win statistics for all methods. As can be observed, our approach
outperforms all other methods in most races. Especially with races against [Tha+22], we
observe that using racing lines in the optimization and curriculum learning is beneficial as
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compared to training without them. Fig. 5.20 contains all the other statistics. As can
be seen, we achieve better lap times as compared to other methods. Also, we stay much
closer to the raceline as compared to [Tha+22] after adding explicit raceline state as input.
However, using classical control like LQR is able to achieve better raceline tracking but may
not be able to achieve optimal speeds as the RL controller does. Also, clearly, using the
hierarchical controller yields better results than the end-to-end approach. In terms of the
number of collisions, it suggests that using RES-DOB-CBF filter helps the agent in learning
a more robust safe policy, as it has fewer collisions as compared to not using it. Using the
classical LQR controller tracks the reference path well with fewer collisions, but is not agile
enough. Using an RL-based controller helps in learning an agile controller aimed at winning
the race, but leads to slightly more tracking error.

5.6 Case study: Offroad driving

Next, we show how our approach is pretty effective and useful for another scenario which
is smooth offroad traversal on a trail avoiding obstacles. We first test on a custom-built
simulator in Unity game engine. Off-road navigation is a challenging problem both at the
planning level to get a smooth trajectory and at the control level to avoid flipping over,
hitting obstacles, or getting stuck at a rough patch. There have been several recent works
using classical approaches involving depth map prediction followed by smooth trajectory
planning and using a controller to track it. We design an end-to-end reinforcement learning
(RL) system for an autonomous vehicle in off-road environments using a custom-designed
simulator in the Unity game engine. We warm-start the agent by imitating a rule-based
controller and utilize Proximal Policy Optimization (PPO) to improve the policy based on
a reward that incorporates Control Barrier Functions (CBF), facilitating the agent’s ability
to generalize effectively to real-world scenarios. The training involves agents concurrently
undergoing domain-randomized trials in various environments. Videos and additional results:
https://sites.google.com/view/wroom-utd/home.

We first delve into the different components of this proposed environment. This encompasses
the design of the expert controller for executing imitation learning, and the training process
for our PPO-based agent, alongside detailed descriptions of the reward functions and CBF
constraints that we implement. Additionally, we touch upon the approach employed for
distillation, facilitating the agent’s ability to generalize effectively to real-world scenarios.

Simulator design

We use the Unity Game engine [Haa14] to design a novel off-road driving simulator, which
we call Off-road Terrain Simulator (OffTerSim). The open-source code for the environment

https://sites.google.com/view/wroom-utd/home
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Figure 5.21: Overview of the proposed approach, WROOM: The end-to-end RL agent
collects depth camera and IMU measurements from the environment and outputs steering,
throttle, and braking commands. The reward function evaluates not only the agent’s progress
in the environment but also the smoothness and safety of its maneuvers, as reported by the
control barrier function (CBF). Imitation learning is utilized to kick-start the agent, followed
by Proximal Policy Optimization (PPO) to refine its policy, and finally, policy distillation is
employed for real-world deployment.

can be found here:
https://github.com/dvij542/OffTerSim We procedurally generate an environment for
our simulator aiming to mimic a forest trail environment where the agent can be spawned at
the start position and tasked to traverse it while taking a smooth path free of any obstacles.
A random terrain is designed to mimic a forest trail. We define the centerline of the trail by
a 4th-order equation. Without loss of generality, let us assume our origin to be the starting
point of the trail where the agent will be spawned for each episode. We define our trail shape
by:

y = f(x) =M/2 + bx+ cx2 + dx3 (5.15)

where (x, y) is a point on the trail, and a, b, c, d ∼ U(−1, 1) are randomly chosen coefficients
that vary for each episode. The expression w sinU(Wmin,Wmax) is the width of the trail, also
randomly chosen. We choose incline angles in the x and y directions as αx ∼ U(αmin, αmax)

https://github.com/dvij542/OffTerSim
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Figure 5.22: Scandots (in purple) as privileged
information to the expert controller.

Figure 5.23: Real-world de-
ployment using an RC car.

and αy ∼ U(αmin, αmax) to incline the terrain in x and y directions. We also bound the
non-trail region on the left and right of the trail with a steepness defined by βleft and βright ∼
U(−βmax, βmax). Based on the value of β, we can end up with hills on both sides, one side
or no side to simulate all forms of trails. We also add smooth random noise to simulate
unevenness on the terrain which is defined by augmenting each point on the terrain with a
height value. The height map is defined by a smooth continuous 2d function as follows:

d(x, y) = Σi=1..M,j=1..Mγij sin(
2πx

i
+

2πy

j
) (5.16)

where γij are Fourier coefficients chosen randomly from U(0, γmax), and M×M is the terrain
image size with resolution d. On top of these, we also add Gaussian noise with variance
σtrail for in-trail points and σnon-trail for out-of-trail points. σnon-trail > σtrail to make the trail
region smoother than the non-trail region. The vehicle model is defined as follows:

Frx = Kthrottlect +Kbrakecb

Fry = Dr sin(Cr arctan(Brαr))

Ffy = Df sin(Cf arctan(Bfαf ))

αf = cδ − arctan(
vy + ωlf

vx
)

αr = arctan(
ωlr − vy
vx

)

(5.17)

where Kthrottle and Kbrake are constants that dictate the longitudinal force Frx. lf and lr

are the forward and rear lengths of the vehicle from the COM. Bf , Cf , Df , Br, Cr, Dr are the
Pacejka friction coefficients of front and rear tires. αf , αr are the front and rear slip angles. ωz

is the angular velocity in the body frame’s z axis. vx, vy are the body frame’s longitudinal and
lateral velocities. Fry, Ffy are the lateral forces from the front and rear tires perpendicular
to the tires. All these parameters are also varied for each episode. Unity’s physics engine
dictates the motion of a rigid body under the effect of all these forces. Randomly sampled
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obstacles of various sizes and shapes are also placed in the terrain uniformly with trees only
in non-trail regions. Domain randomization includes randomly sampling all these parameters
as discussed to make the agent robust to surface and trail shape unevenness. Some stills
from the simulator are depicted in Figure 5.24.

Figure 5.24: Stills from the proposed simulation environment, OffTerSim.

Reinforcement Learning (RL)

We employ RL to train a policy that receives environmental inputs and generates actions to
guide the agent along a seamless trajectory, avoiding obstacles and adhering to designated
trails. This section delves into the specifics of our observation and action spaces, as well as
the two different RL algorithms used for agent training.

Observation Space. Our policy model integrates various input variables, including inertial
state data from the IMU sensor (acceleration, angular velocity, roll, and pitch), Frenet state
[Wer+10] (See Figure 6.2) to track lateral displacement from the center line of the trail,
depth images from vehicle-mounted sensors for obstacle and path detection, and scandots
[Aga+22] for privileged information on depth values. These inputs facilitate the agent’s
inference of critical information such as visible region height, Frenet frame state, lateral
displacement, and heading angle from the center line.

Action Space. We test two action space variations for the agent. The first is continuous,
offering unrestricted movement in all directions with a continuous throttle. The second vari-
ant limits heading directions to n discrete values from −1 to 1 with a continuous throttle
control as before. The latter proves simpler for learning, as optimization becomes less chal-
lenging. Allowing continuous control in the first variant leads to the agent getting stuck due
to the symmetric nature of the local obstacle avoidance problem. This results in the need to
learn a discontinuous policy. In contrast, the second variant allows for easier optimization
and yields qualitatively cleaner behavior.
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Policy Model Architecture. To determine the action for the agent based on the depth
image, we employ a policy model featuring a ResNet architecture [He+15] for encoding the
image input, which is then followed by several fully connected layers combining information
from the depth image with inputs from the scandots and the IMU sensor values.

Safety CBF

We use the CBF as a shield to guide the agent to learn a safe policy similar to [Ema+22].
We observe that the RL agent struggles at the beginning, going off-trail, which debars the
agent from learning meaningful behavior later in the episode. To get rid of this, we use the
CBF to refine commands from the policy to obey the safety constraints. We use the same
track boundary constraints as described in Section 5.5 and use RES-DOB-CBF based filter
design as specified in Section 5.3.

This new safe filtered action is fed to the environment for controlling the agent. With this,
the RL agent would be able to stay safe while learning, as the CBF shield defined in (5.14)
will modify the unsafe controls from the nominal uref to their corresponding nearest safe
commands u if admissible within control limits umin and umax. To inform the policy update
to generate safe action altogether and thus not get this override from CBF, we also add a
negative reward for constraint violation proportional to the change in command caused by
the CBF shield as follows: Rconstraint = kconstraint∥u− uref∥2.

Reward Design

Our reinforcement learning agent is trained using a reward function comprised of five key
terms. These terms are designed to incentivize the agent’s movement along trails, encour-
age progress, avoid obstacles, and ensure a safe traversal toward the goal. The specific
components of the reward function are as follows:

• Progress Reward: This term promotes the advancement of the agent along the trail
by providing positive rewards for progress made.

• Smoothness Reward: We also emphasize the smoothness of the agent’s trajectory
by penalizing the magnitudes of pitch and roll of the vehicle.

• Boundary Reward: To maintain the agent within the trail boundaries, we penalize
movement outside the designated path.

• Collision Reward: Heavy penalties are imposed to ensure that the agent actively
avoids collisions with obstacles along its path.
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Privi- Discrete CBF Pretrain # col Collision Progress Cum. un- # CBF
leged Actions -lisions time (s) evenness Violations

✗ ✓ ✓ - 91.8 53.7 336.8 3095.14 13.0
✓ ✓ ✗ - 23.9 8.77 514.17 2369.3 -
✓ ✓ ✓ - 12.4 5.61 588.4 2300.5 3.6
✓ ✗ ✗ - 26.7 8.81 489.21 2311.6 -
✓ ✗ ✓ - 19.5 6.97 585.12 2240.6 2.3
✗ ✓ ✓ DAgger 13.5 5.88 569.2 2282.1 4.3
✗ ✓ ✗ GAIL 22.7 6.33 531.14 2123.7 -
✗ ✓ ✓ GAIL 15.2 4.68 595.14 1702.2 0

Table 5.2: Quantitative ablation of individual components of WROOM using various met-
rics.

• CBF Reward: Any violations of the CBF conditions are penalized to encourage
adherence to safety constraints.

Policy distillation

We observe that when directly trying to train an agent end-to-end, it takes a very long
time to learn a meaningful policy on the high-dimensional depth image as observation. To
address the given challenge, we implement a distillation step. Initially, we train an agent with
privileged information, specifically the scandots, following previous works [Aga+22]. We first
train an expert controller that would have privileged information for driving through rough
terrain. Subsequently, we employ this expert policy trained with privileged information as
the teacher and train a student policy network. The student network uses the teacher’s
outputs as ground truth observations. It takes depth images from the environment as input
and learns to navigate relying solely on IMU values and depth images. This approach
facilitates the student network in generalizing to real-world scenarios that it has not been
explicitly trained on.

Results

In this section, we highlight the efficacy of the proposed approach, WROOM, on both the
simulation environment, OffTerSim, as well as on the real-world deployment of a real RC
car using a set of five quantitative metrics and the training average reward.

Metrics. (1) # collisions are the average number of collisions with the obstacles over 10
runs. (2) Collision time (in seconds) is the total time the car was in a collided state with the
obstacle during an episode. (3) Progress is the total longitudinal distance traversed along
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Figure 5.25: Real-world deployment of our proposed approach, WROOM.

the trail direction. (4) Cumulative unevenness (measure of rough drive) is the sum of squares
of roll and pitch over all time steps in an episode. (5) # CBF Violations is the number of
times the CBF constraints were violated in an episode.

Quantitative Results. We experimented with various approaches to train the agent, ex-
ploring different observations, network architectures, and output spaces. Comparative anal-
yses of training rewards were conducted across different settings. Initially, we sought to
train a policy directly using the privileged scandots information from the simulator (see Fig-
ure 5.22). We employ a continuous action space for steering and throttle commands. The
training involved 32 agents concurrently undergoing domain-randomized trials in various
environments.

However, we encountered challenges in learning obstacle avoidance when using a continu-
ous action space, primarily due to symmetry issues (plot 4 in Fig 5.26). Subsequently, we
transitioned to a discrete action space for steering, incorporating only n = 7 action com-
mands: from left to right. This adjustment resulted in significantly improved rewards, as
illustrated by plot 2 in Fig 5.26. The success of this approach can be attributed to the neural
network’s struggle with learning a discontinuous observation-to-action mapping when faced
with obstacles directly ahead of the agent, as detailed in [AKR23].

The agent’s direct training using depth-based raw observations proves ineffective due to
the high dimensionality of the input. In line with the methodology outlined in [Aga+22],
we explored an alternative approach to distill the policy learned from privileged scandots
information. Specifically, we employed DAgger-based imitation learning, as described in
[RGB10], and improved metrics like # collisions by 85.2% and smoothness in drive-by≈ 27%.
Additionally, we experimented with GAIL [HE16], where the expert experience was collected
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for each episode, and the expert controller was utilized to label the data. The collected data
were then used to train a generator-discriminator model, imposing penalties on RL actions
for substantial deviations from expert actions. The loss term scale was gradually reduced
as the agent enhanced its alignment with the expert’s actions. Subsequently, other RL
reward terms were employed to further refine the agent’s performance. This strategy closely
resembles the policy distillation process depicted in [Aga+22]. This led to a CBF-abiding
policy with no CBF violations and 82.21% improvement in traversing along the set trail.

Figure 5.26: Training reward plots highlighting the significance of each component of the
proposed approach, WROOM.

5.7 Conclusion

In this chapter, we saw how we can formulate a CBF barrier with residual model learning
and DOB-based rejection to guard the RL training to enforce safety constraints while not
compromising on the optimality of the solution learned. In the next chapter, we will see how
a similar framework can be extended to automated imitation learning which we will discuss
in the next chapter.
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C h a p t e r 6

DECOUPLED SAFETY AND OPTIMALITY FOR END-TO-END
AUTONOMOUS RACING WITH AUTOMATED-IMITATION LEARNING

Autonomous car racing is a challenging task, as it requires precise applications of control
while the vehicle is operating at cornering speeds. Traditional autonomous pipelines require
accurate pre-mapping, localization, and planning, which make the task computationally
expensive and environment-dependent. Recent works propose use of imitation and reinforce-
ment learning to train end-to-end deep neural networks and have shown promising results
for high-speed racing. However, the end-to-end models may be dangerous to be deployed
on real systems, as the neural networks are treated as black-box models devoid of any prov-
able safety guarantees. In this chapter we propose a decoupled approach where an optimal
end-to-end controller and a state prediction end-to-end model are learned together, and the
predicted state of the vehicle is used to formulate a control barrier function for safeguarding
the vehicle to stay within lane boundaries. We validate our algorithm both on a high-fidelity
Carla driving simulator and a 1/10-scale RC car on a real track. The evaluation results sug-
gest that using an explicit safety controller helps to learn the task safely with fewer iterations
and makes it possible to safely navigate the vehicle on the track along the more challenging
racing line.

6.1 Introduction

As we saw in previous chapters, high-speed autonomous racing presents unique challenges
that have gained recent attention after significant progress in urban autonomous driving. The
following items make autonomous racing more challenging than traditional urban driving:
1) The vehicle operates near its handling limits in a highly non-linear regime [LDM17]. 2)
It has to avoid collisions in a rapidly changing environment [KVR19; KLD22]. 3) It needs
to have very low response time given its high-speed nature. The classical pipeline splits
the task into various traditional components, i.e., pre-mapping, localization, planning, and
control [KVR19; JMS21]. However, such a pipeline requires significant onboard computation
resources. Also, these methods are prone to environment changes and require pre-mapping
of the race track to operate safely and efficiently [JMS21]. In the last chapter, we saw how
we can leverage reinforcement learning for learning how to get around the track as fast as
possible on the simulator and how we can use CBF safety wrapper around the RL output
to safeguard it during training and how it also helps in maximizing it’s performance. In this
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chapter, we will see how we can decouple end-to-end racing networks that take as input the
image and inertial state to output commands and a safety end-to-end network that outputs
a CBF state that can be used to safeguard the controller commands.

Recent advances in deep learning have brought new approaches to handing autonomous driv-
ing/racing based on an end-to-end solution. Based on the powerful representation abilities
of deep neural networks, end-to-end methods directly take as input only the raw high-
dimensional sensory data (e.g., RGB images and/or Lidar pointclouds) and output low-level
control commands (i.e., steering and throttle). Most of these DNNs representing end-to-end
control policies are trained with imitation learning (IL), which can efficiently use expert
driver demonstrations (i.e., observation-action data pairs) to train efficient models, but suf-
fers from the distribution mismatch problem (a.k.a. covariate shift). Specifically, IL assumes
the dataset is independent and identically distributed (i.i.d.) and trains networks to pre-
dict actions offline that do not affect future states. However, driving a car is inherently a
sequential task, and the actions predicted by the network indeed affect the future. This phe-
nomenon breaks the i.i.d. assumption and can lead to a distribution shift between training
and testing. Thus, the policy network may make mistakes on unfamiliar state distributions
after deployment. To address this issue, recent approaches use DAgger [RGB11] or online
supervision [Pan+17], but they bring further problems of using human demonstrations for
accurately labeling the data. To alleviate this, some approaches use supervised control,
which takes the complete accurate state of the vehicle as input to output control commands
to train the end-to-end model, which then learns to autonomously navigate the track.

However, these approaches have the following limitations: 1) They treat the end-to-end
trained model as a black box, the performance is not robust to environmental changes, and
they do not provide any safety guarantees. 2) DNNs require a lot of training data whose
collection may be inconvenient and practically difficult on a real race track. 3) The end-
to-end network does not explicitly take vehicle dynamics into account for its training or for
ensuring safety. Hence, we require a data-efficient approach which can safeguard the
end-to-end controller to run on a wide range of environments. To this end, we
propose the use of two different deep neural networks which are learned to output optimal
control and the state of the vehicle respectively coupled with use of an IMU sensor and
wheel encoder sensors to get the dynamic state of the vehicle. This predicted dynamic state
is used to formulate a probabilistic control barrier function (CBF) which makes use of the
vehicle dynamics to guarantee safety of the vehicle. The epistemic uncertainty in the DNN
predictions is estimated using a dropout-based approach [GG16] to account for uncertainty
in unknown observations. Another common drawback in previous works is that most of
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them [Wad+21; Pan+17; Cai+21] aim to train the end-to-end controller on the center line,
which we believe makes the task relatively easy, as there is ample scope for the vehicle to
recover from moving toward the lane boundaries. We, however, aim to teach the end-to-
end controller to run on the racing line at operating limits, which turns out to be more
challenging, as the racing line is mostly located near the lane boundaries, leaving less scope
for the end-to-end controller to make mistakes. Hence, we decouple the optimal end-to-end
controller, which aims to track the racing line in order to achieve minimum lap time, and
the safety controller, which tries to ensure vehicle safety.

Finally, we demonstrate our framework running on a 1/10-sized RC car with limited com-
putation power and sensors. To summarize, we make the following contributions:

1) We propose an uncertainty-aware framework which decouples the safety aspect of the
controller and the optimality of the controller. Probabilistic CBFs are used to explicitly
impose probabilistic safety constraints on the end-to-end controller.

2) We run the racing car on the racing line at near-cornering speeds instead of the center
line with constant speed, unlike most recent works.

3) We propose use of other dynamic model inputs like lateral velocity and angular velocity
of the vehicle as input to the end-to-end DNN architecture.

4) We validate the proposed method both in a realistic driving simulation (Carla) and on a
real-world 1/10-scale RC car for autonomous racing, showing that it outperforms previous
traditional implicit end-to-end learning approaches.

To the best of our knowledge, this is the first work proposing use of CBFs on predicted state
from a learned model to safeguard end-to-end models. The rest of the chapter is organized
as follows: Sec. 6.2 discusses the proposed imitation learning framework we use. Sec. 6.3
describes the safety controller design we use to safeguard the end-to-end optimal controller.
Sec. 6.4 describes the overall training cycle and finally Sec. 4.5 concludes the chapter.

6.2 Imitation learning for autonomous racing

Problem definition

We first mathematically formulate the autonomous racing task. Let us consider a discrete-
time continuous-valued optimal control problem. Let S, A, and O denote the state, action
and observation spaces respectively. In our setting, we assume that the observations of the
system are the RGB camera image from the front camera and the longitudinal, lateral, and
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angular velocities from the wheel encoders and the IMU sensor. The action space consists
of the continuous-valued steering and throttle commands.

The goal is to find a policy π : O− > A which minimizes the cumulative cost over a finite
horizon of length T denoting the whole episode as follows:

min
π

Σi=0..T−1Ci (6.1)

in which st ∈ S, at ∈ A and ρπ is the distribution of the trajectory (s0, o0, a0, ..., aT−1) under
policy π. For the racing scenario, we usually choose function C to encourage that the car
stays within the track and completes the lap in minimum time or makes maximum progress
along the track safely. Our goal is to learn optimal policy π such that taking at = π(ot)

sequentially leads to minimizing the cumulative cost J(π).

DAgger

Directly optimizing Eq. 6.1 is challenging for high-speed autonomous racing. Also, model-
free RL techniques are not very effective in our case, which involves a physical robot, as they
are quite sample-inefficient and thus would be quite inconvenient. Using model-based RL
may require fewer samples, but it can lead to unstable results, as it is difficult to learn from
the RGB image and speed inputs as the state space due to its high dimension.

Considering these limitations, we propose to use Imitation Learning. Given an expert policy
π∗, we would like to match our policy π as closely to π∗ as possible. For training the policy
π, we use an expert controller to get the policy π∗. We assume access to additional sensors
like Lidar, GPS, etc. and computation for deriving the expert controller, i.e., the expert may
be a computationally intensive optimal controller that relies on GPS and Lidar for accurate
state estimation. Our goal is to learn the policy π which performs similarly to π∗, but only
takes low-cost camera sensors and IMU sensors as input with limited computation power
for it to run during test time. Put formally, the state s∗ used by the expert consists of the
computed accurate position, orientation of the vehicle on the track using GPS and Lidar,
speed inputs from IMU, and wheel encoders; while the state s used by policy π consists of
just the camera RGB image(s) and speed inputs. Here, we assume that the localized position
and heading angle should map one-to-one to the camera observation, which means that we
have a unique image observation for a given state of the vehicle, i.e., there should exist a
function F that performs a one-to-one mapping s∗− > s. This would be reasonably possible
for a camera attached on the car in a fixed frame of reference w.r.t. the car’s body.
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Figure 6.1: Control prediction model architecture

To train the policy π, we use the DAgger algorithm [RGB11]. We start with an empty
dataset, D = ϕ, then we run the vehicle with an optimal controller following policy π∗

described later. The optimal policy makes use of ample computation resources and extensive
sensors for its training. Also, a camera is attached to the vehicle whose observations are used
for creating the dataset for training the policy π. πi is the trained policy obtained after the
ith iteration. The collected data are used to train the policy πi learned by a DNN described
later in Section 6.2. The trained policy πi is used to run the race car on the track and the
collected data are added to the dataset D for re-training for the next iteration.

Network architecture

For the policy π, we use a DNN with network architecture similar to [Pan+17], as shown in
Fig. 6.1. It consists of a modified ResNet18 architecture with removal of the last classification
layer being fed by the camera RGB image as input to get a one-dimensional feature vector.
The lateral and longitudinal speeds and angular velocity from the IMU sensor, and the
wheel encoder are appended to this feature vector, and the resultant feature vector is passed
through a fully connected layer to get the steering angle and target speed as outputs. The
target speed is achieved though a simple PID longitudinal controller that outputs the required
throttle.

Expert controller

The expert controller using MPC [KVR19] basically minimizes the cost C formally defined
as:
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min
U

N−1∑
k=0

(x̄k − xref,k)
TQk(x̄k − xref,k) + ūT

kRkūk

+ (x̄N − xref,N)
TQN(x̄N − xref,N)

s.t. x̄k+1 = Ax̄k +Būk

x0 = xstart

xk+1 = Akxk +Bkuk + Ck

(6.2)

where, Ak, Bk, ck are the state, control matrices respectively obtained by linearizing the
vehicle dynamics at the current state. xref,k are the reference states obtained to follow the
racing line reference described in Section 2.1 and F is the vehicle model.

6.3 Safety controller

In this section, we describe the design of the safety controller using CBF with predicted state
as input.

Control Barrier Functions (CBFs)

CBFs ensure safety by rendering a forward-invariant safe set. We define a continuous and
differentiable safety function h(x) : X −→ R. The superlevel set C ∈ Rn can be named as a
safe set. Let the set C obey

C = {x ∈ X : h(x) ≥ 0} (6.3)

∂C = {x ∈ X : h(x) = 0} (6.4)

Int(C) = {x ∈ X : h(x) > 0}. (6.5)

A control affine system has the form ẋ = f(x) + g(x)u, such that

∃u s.t. ḣ(x) ≥ −κh(h(x)) (6.6)

where κh ∈ K is particularly chosen as κh(a) = γa for a constant γ > 0. The time derivative
of h is expressed as

ḣ(x) = Lfh(x) + Lgh(x)u. (6.7)



78

where Lfh(x) and Lgh(x) represent the Lie derivatives of the system denoted as ∇h(x)f(x)
and ∇h(x)g(x), respectively. The safety constraint for a CBF is that there exist a γ > 0

such that

inf
u∈U

(Lfh(x) + Lgh(x)u) ≥ −γ(h(x)) (6.8)

for all x ∈ X . The solution u assures that the set C is a forward invariant, i.e., x(t −→∞) ∈ C.
In a practical collision avoidance task, the safety function can be designed as the relative
distance between the ego system and a dynamic obstacle.

Let us consider the state of the system as X. For our case, we define the state X as the
vehicle’s state relative to the Frenet frame as [x θ ω v vperp c], where x is the closest signed
distance from the center line with positive sign if on the right of the center line and negative
otherwise. v is the longitudinal velocity, vperp is the lateral velocity, θ is the relative angle wrt
the center line’s nearest-point tangent, and ω is the angular velocity of the vehicle. R = 1

c
is

the curvature of the center line at the nearest point. The full state representation is shown in
Fig. 6.2. The dynamics of the vehicle are defined as follows, where Cf and Cr are the lateral
stiffness coefficients of the front and the rear tires respectively, lf and lr are the distances
of front and rear tires from the COM of the vehicle, m is the mass and Iz is the moment of
inertia about the COM of the vehicle.


ẋ

θ̇

ω̇

v̇

v̇perp

 =



v sin θ + vperp cos θ

ω − vc
−2(l2fCf+l2rCr)

Izv
ω + 2

lfCf

Iz
δ

ax
−2(Cf+Cr)

mv
vperp − 2

lfC
2
f+lrC2

r

Izv
+ 2

lfCf δ

Iz


(6.9)

We consider lane violation constraints for both left and right lane boundaries (see Eq. 5.13).
We assume constant lane widths L throughout the track. We consider using 2nd-order CBF,
as we have a system with a relative degree of 2. For Higher-Order CBF (HOCBF) expression
derivations, readers are referred to [XB19]. We also constrain the relative angle with respect
to the Frenet frame, θ between −θmax and θmax. This helps to stabilize the vehicle at
high speeds. To impose this constraint, we use 2nd-order CBF (see Eq. 6.11). We take
α1 = α2 = α3 = λ as per notations in [XB19].
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hleft(X,U) =
L

2
− x, hright(X,U) =

L

2
+ x

ẋ = vperp cos(θ) + v sin(θ)

v̇perp =
−2(Cf + Cr)

mv
vperp − 2

lfC
2
f + lrC

2
r

Izv
+ 2

lfCfδ

Iz

θ̇ = ω − vc

ẍ = v̇perp cos(θ) + ax sin(θ) + (ω − vc)(−vperp sin(θ) + v cos(θ))

ω̇ =
−2(l2fCf + l2rCr)

Izv
ω +

(
2
lfCf

Iz

)
δ

2-order CBF constraint for left boundary is:

ḧleft(X,U) + 2λḣleft(X) + λ2hleft(X) ≥ 0

− ẍ− 2λẋ− λ2
(
L

2
− x

)
≥ 0

2-order CBF constraint for right boundary is:

ḧright(X,U) + 2λḣright(X) + λ2hright(X) ≥ 0

ẍ+ 2λẋ+ λ2
(
L

2
+ x

)
≥ 0

(6.10)

hθ,right = θ + θmax, hθ,left = −θ + θmax

2-order CBF constraints for relative angle restriction are:

ḧθ,right(X,U) + 2λḣθ,right(X) + λ2hθ,right(X) ≥ 0

Or ω̇ − axc+ 2λ(ω − vc) + λ2(θ + θmax) ≥ 0

And ḧθ,left(X,U) + 2λḣθ,left(X) + λ2hθ,left(X) ≥ 0

Or − ω̇ + axc− 2λ(ω − vc) + λ2(−θ + θmax) ≥ 0

(6.11)

Probabilistic Control Barrier Functions

If the state X is uncertain, we can use probabilistic control barrier functions which ensure
the satisfaction of the constraints by a confidence margin η [LLD21]

Pr(ḧleft(X,U) + 2λḣleft(X) + λ2hleft(X) ≥ 0) ≥ η

Pr(ḧright(X,U) + 2λḣright(X) + λ2hright(X) ≥ 0) ≥ η

Pr(ḧθ,left(X,U) + 2λḣθ,left(X) + λ2hθ,left(X) ≥ 0) ≥ η

Pr(ḧθ,right(X,U) + 2λḣθ,right(X) + λ2hθ,right(X) ≥ 0) ≥ η

(6.12)
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Figure 6.2: Vehicle state representation

If we represent the equation in the form:

aTU ≤ b where a ∼ N(ā, σa)

Pr(aT c ≤ b) = ϕ

(
b− āT c√
cTΣc

)
Pr(aT c ≤ b) <=> b− āTu ≥ ϕ−1(η)||σ1/2

a c||2

(6.13)

In order to derive hard constraints on the control u we conduct n rollouts on the function
a(x) with different values of x chosen at random and obtain the mean ā and variance Σ. We
fit a gaussian distribution to these, with the values ā and σa obtained as: ā =

Σi=0,1..n−1a(Xi)

n

and σa =
√

Σi=0,1..n−1(a(Xi)−ā)

n
, where Xi is the state obtained from the ith rollout of the state

obtained from the trained network and sensor inputs.

Accounting for uncertainty in DNN predictions

As we use a neural network to predict a subset of the state X, i.e., [x θ c]T , there are 2 types
of uncertainties associated with the prediction from the trained network on a given dataset
D [HW21]: aleatoric and epistemic. Aleatoric uncertainty is caused when the dataset is not
accurate, i.e., for a single input, there is a distribution of outputs in the dataset and not
a deterministic output. In other words, there are data elements with the same input but
different outputs. In our case, this uncertainty would exist for the control prediction model
if the expert driver strategy is stochastic. Epistemic uncertainty is the uncertainty caused
due to the test input being outside the training distribution, i.e., the model is uncertain of
the prediction if the input is unseen. In our case, the more prominent uncertainty is the
epistemic one, as we use the MPC for expert feedback which is deterministic w.r.t. the given
state and expect more uncertainty in the prediction if the input test image is outside the
training data distribution. We use a common scheme used in the literature to estimate this
epistemic uncertainty [GG16], which uses dropout layers in the network and then takes the
mean Xµ and variance Xσ (assuming all state variables to be independent) of the predictions
from n different rollouts of the model.
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Figure 6.3: Training and testing in Carla. Mcom: end-to-end control network; Mst: end-to-
end state network

Xµ =
Σi=0...n−1Fi(Xim)

n

Xσ =

√
Σi=0...n−1(Fi(Xim)−Xµ)2

n

(6.14)

6.4 Training cycle

Putting both the imitation learning framework and the safety controller together, the process
and training and testing are illustrated in Fig. 6.3. 1) An MPC and full access to sensors
are leveraged to control the vehicle in the first lap (iter 0) to collect data. 2) The data are
used to train the end-to-end control neural network Mcom (mapping from image to control
action) and the end-to-end state neural network Mst (mapping from image to state). 3) In
the following training, a safe controller using a quadratic programming-CBF (QP-CBF) is
used to control the vehicle. The state for the QP-CBF is from the output of Mst. The MPC
does not control the vehicle but provides control actions as labels for continuously training
Mcom. Meanwhile, Mst is trained using the ground truth states from the sensors. 4) In the
testing part, we directly use the two neural networks to obtain the QP-CBF formulation to
control the vehicle.

The QP-CBF is formulated as follows:
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min
U,ϵi,ϵ2,ϵ3,ϵ4

(U − Uref,µ)
TU−1

σ (U − Uref,µ) +
3∑

i=0

kerr(ϵ
2
i )

s.t. Pr(ḧleft(X,U) + 2ḧleft(X,U) + λ2hleft(X) ≥ −ϵ1) ≥ η

Pr(ḧright(X,U) + 2λḣright(X) + λ2hright(X) ≥ −ϵ2) ≥ η

Pr(ḧθ,left(X,U) + 2λḣθ,left(X,U)

+ λ2hθ,left(X,U) ≥ −ϵ3) ≥ η

Pr(ḧθ,right(X,U) + 2λḣθ,right(X,U)

+ λ2hθ,right(X,U) ≥ −ϵ4) ≥ η

(6.15)

where ϵ1, ϵ2 are added to impose soft constraints on the lane violation. Constant k dictates
how severely to penalize if the constraints are violated. Uref,µ and Uσ are the mean and
variance obtained from the control prediction obtained by n rollouts on Mcon. There are two
things to note here: 1) When Mcon is uncertain, the magnitude of Uσ is large, hence when
the vehicle is at the boundary, the violation of lane constraints is given more priority, which
drives the vehicle away from the boundary; 2) When Mcon is more certain and there is more
uncertainty of the state from Mst, more weight is given to following the reference state Uref,µ

obtained from Mcon.

6.5 Experimental results

We perform experiments on both the Carla simulator and an RC car. A video link to all the
experiment recordings is available online1.

Carla simulator

For the Carla simulator experiments, we use the position obtained from the simulator and
pre-labeled track boundaries to obtain the expert MPC controller.

Track

Our test track is shown in Fig. 6.4a We use only about 70% of the track for training and
the rest for testing. The optimal racing line is shown in Fig. 6.4a with velocity profile in
Fig. 6.4b.

1Please check the anonnymous video from supplementary
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(a) (b)

Figure 6.4: Racing line

Vehicle model and Hyperparameter settings

We use a dynamic vehicle model 2.3 for the expert controller and CBF constraint due to
high speed. We use λ = 2.5, θmax = π

4
, η = 0.95

Experiments

We demonstrate our results both on the center line and the racing line as reference. First,
we train an end-to-end policy to run on the center line of the track. The results with racing
line reference without CBF and with CBF are shown in Fig. 6.5a and Fig. 6.5b, respectively.
Plots for center line reference are omitted due to lack of space. As expected, as it is more
challenging to learn to run with the racing line as reference, without using the safety CBF,
the end-to-end policy learns to complete the track in about 11 iterations, whereas using
CBF, it completes the track in only 5 iterations and with improved lap times later. The lap
times are shown in Table 6.1. Hence, we can expect that using the safety CBF safely drives
the vehicle along the track with fewer iterations required for training.

RC car

Finally, we also perform the experiments on a real 1/10-scale RC car which is fitted with
Lidar, depth dual camera, IMU and wheel encoders. It has an NVIDIA Jetson TX2 attached
to it with 8GB of RAM and 256 core NVIDIA Pascal GPU for onboard computation. There is
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IterCBF?Ref : Center line (k=2) Ref : Racing line (k=4)

Lap
time
(in s)

Mean
devi-
ation
from
ref

Lap
time
(in s)

Mean
devi-
ation
from
ref

0 × 70.9∗ 0.05 59.4 0.1
1 × 10.1∗ 2.94∗ 5.7∗ 3.62∗

2 × 9.5∗ 0.96∗ 4.65∗ 4.63∗

3 × 37.0∗ 0.91∗ 11.55∗ 1.76∗
✓ 72.8 3.49 - -

4 × 54.4∗ 0.54∗ 14.1∗ 1.81
✓ 71.6 1.19 - -

5 × 68.9∗ 0.61∗ 42.0∗ 3.62∗
✓ 70.9 0.54 24.75∗ 1.49∗

6 × 43.4∗ 1.17∗ 19.65∗ 2.08∗
✓ 70.9 0.35 60.6 2.17

7 × 71.0 0.39 37.2∗ 0.65∗
✓ 70.8 0.26 59.85 1.386

8 × 70.9 0.35 18.45∗ 1.99∗
✓ 70.9 0.27 59.85 1.01

9 × - - 40.35∗ 0.40∗
✓ - - 59.7 1.22

10 × - - 60.55 1.41
✓ - - 59.7 0.741

11 × - - 59.8 1.16
✓ - - 59.7 0.437

Table 6.1: Statistics for all iterations (Carla simulator). ∗ : Didn’t complete the track

a twin ZED camera attached to the vehicle which also outputs depth information. However,
we only take the first 3 channels of the input excluding the depth information of the camera.
Also, as there are two camera image feeds obtained from the twin camera, we merge both the
images to obtain a 6-channel image and pass it as input to the state and control prediction
networks.

Track

We perform the experiment on the track shown in Fig. 6.7a. The lane width is about 0.8 m.
The racing line and the reference speeds are shown in Fig. 6.7a and Fig. 6.7b, respectively.
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(a) Without CBF (b) With CBF

Figure 6.5: Trajectories for all iterations (Carla, Racing line)

(a) Hardware (b) Track

Figure 6.6: RC car setup

Localization for training

We use hector SLAM [Saa+19] for pre-mapping and Monte Carlo localization (MCL) for
localization [Del+99].

Vehicle model

We use the kinematic vehicle model 2.2 for the expert controller and CBF due to the low-
speed capacity of the vehicle.
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(a) (b)

Figure 6.7: Racing line

IterCBF?Ref : Center line (k=3) Ref : Racing line (k=3)
Mean
devi-
ation
from
ref

Lap
time
(in s)

Mean
devi-
ation
from
ref

Lap
time
(in s)

0 × 0.02 30.98 0.024 20.73
1 × 0.328∗ 5.13∗ 0.341∗ 2.41∗

2 × 0.509∗ 5.78∗ 0.217∗ 3.24∗

3 × 0.210∗ 8.77∗ 0.223∗ 9.26∗

4 × 0.379∗ 16.56∗ 0.278∗ 11.85∗
✓ 0.175 33.63 0.334 24.91

5 × 0.340∗ 18.58∗ 0.260∗ 12.31∗
✓ 0.092 31.15 0.277 24.80

6 × 0.110 31.23 0.223∗ 12.9∗
✓ 0.048 31.03 0.201 24.91

7 × 0.048 30.96 0.141∗ 14.92∗
✓ 0.044 31.17 0.291 23.69

8 × - - 0.159∗ 15.62∗
✓ - - 0.223 23.47

9 × - - 0.291 23.68
✓ - - 0.113 23.28

Table 6.2: Statistics for all iterations (RC car). ∗: Didn’t complete the track
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Experiments

Finally, the results using the racing line as the reference are tabulated in Table 6.2 and
Figures 6.8a and 6.8b. We observe a similar trend to that of the simulator experiments. The
center line reference results are also included in Table 6.2.

(a) Without CBF (b) With CBF

Figure 6.8: Trajectories for all iterations (RC car, Racing line)

Visualizing feature maps

We also visualize what parts of the image maximally contribute to the steering and speed
predictions in the trained network of the RC car (See Fig. 6.9) using GradCAM [Sel+17].
GradCAM is a popular tool used in the literature to visualize which part of the image
contributes the maximum to the class label predicted by the model. In the case of a regression
model, we use the reduction function as the identity of the output value, as discussed in [WY].
This would mean finding the region of the image contributing the maximum to the regression
output, which is steering and speed in our case. As can be observed from the figures, most
of the contribution is made by the track boundary markings, which means that the model
learns to derive its control by looking at the lane markings relative to the RC car. In our
case, as we have two images stacked across channels as input to the network, we project the
activation maps on both the left and right camera images in Fig. 6.9.

6.6 Conclusion

This chapter presents a novel algorithm that uses end-to-end DNN for controlling a racing
vehicle and a safety controller to explicitly safeguard the commands predicted from the
end-to-end model. The epistemic uncertainty in the predictions of states from DNN is also
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(a) Left (b) Right (c) Left (d) Right

Figure 6.9: GradCAM projections on two example images

considered as part of the framework. In the last 2 chapters (Chapter 5 and Chapter 6),
we discussed how a robust and learnable model-based filter can be designed on top of task-
learning based controller In the next chapter, we will move back to model-learning framework
in continuation to Chapter 4 where we will see how learning the whole end-to-end vehicle
model can be used in conjunction with MPPI to track any trajectory for any car. The same
framework can be extended easily to any other system like drones etc as well.
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C h a p t e r 7

TOWARDS FOUNDATION MODEL FOR FULLY LEARNABLE
MODEL-BASED CONTROL FOR AUTONOMOUS RACING

In Chapter 4, we had discussed an efficient model parameter learning scheme assuming a
dynamic bicycle model structure. In this chapter, we finally move towards a meta-learning
approach for high speed dynamic control. We aim towards an approach that can be general-
ized to any vehicle parameters including system delay which can be controlled with throttle
and steering. We devise a meta learning approach where we train an end-to-end sequence
prediction model that can be quickly adapted to any new vehicle model with very few data.
The sequence prediction model takes history of states and actions as input and outputs
the state derivative which can be integrated to obtain the next state. We describe our ap-
proach in detail as follows:- Section 7.1 describes some previous works along this. Section
7.2 describes the methodology in detail for achieving this aforementioned objective of an
uncertainty-aware meta-learning approach to get an initial fully end-to-end model that can
be quickly adapted to a new vehicle with any model parameters and also to vehicles that
do not essentially follow conventional dynamics like towing an object, axle couple wheels,
vehicle on uneven terrain that cannot be modelled with a dynamic vehicle model in Eqn 2.3
etc. Section 7.3 describes some results on various simulators and real world RC-car. Section
7.4 concludes our discussion and lays ground for future works.

7.1 Previous works

There have been numerous works on model-learning based control across different domains
in recent times. Many of these works aim towards directly learning a policy that can perform
a certain task or execute a skill. Some of these works directly deploy the trained policy in
simulator with domain randomization to make the policy robust against model parameter
errors [Che+21]. Some works employ sim-to-real techniques which modifies the training
objective to be able to predict model parameters first from the history and then use the
parameters to condition the policy [Kum+21]. These approaches work well if the actual
parameters are within the training distribution in the simulator. If the parameters drift
significantly which is common in racing due to tire degradation, these approaches fail to
generalize to them. To address this challenge, there is a need to also adapt the parameters in
a closed loop based on feedback from environment. This is addressed in [Xia+23]. However,
these approaches are still trained to work on a specific task. To train on a different task,
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large scale training will need to be carried with the same procedure. There is other line of
works which aims towards learning model parameters and then use them to simulate the
learned model. The learned model is used to formulate optimal control using MPC [LDM15]
or MPPI [Wil+16]. Using MPPI has become more popular as it allows highly non-linear
models. Most works like [Kum+21] use end-to-end model with no specific model structure
while some have a specific structure like [CNB23] and also the previous described work in
chapter 5. Complete end-to-end model makes it flexible even if the model used to represent
the system dynamics is not accurate as it does not assume any structure. This model is
however prone to over-fitting to a specific scenario if trained directly online as online data
may not have enough diversity. Towards this end, we propose a meta learning approach to
initialize the weights such that it can easily adapt to any environment or task. The task in
MPPI can be defined by defining the cost function to achieve that task. We also propose
an uncertainty-aware approach to systematically learn to perform well on states it is less
confident on as well as be able to prefer assured safe actions rather than focus on states that
might offer better optimality but poor confidence hence avoid taking that action

7.2 Methodology

Meta learning

We first formulate our problem into a meta-learning problem. Let us define the state as X
and an action u as described in Section 2.2. Our trainable model denoted as f takes the
history of states and actions denotes as Hi = {(xi−n, ui−n), (xi−n+1, ui−n+1)..., (xi, ui)} and
output the next state, xi+1. The network outputs yi =

xi+1−xi

∆t
. For each new environment r,

the optimal weights representing the environment is denoted as fr. We use model agnostic
meta learning [FAL17] algorithm to learn weights which if initialized with can quickly adapt
from online data to a new scenario in K steps. For this we need second order derivatives
as shown in algorithm 2. For training, we generate a wide range of scenarios by varying
all model parameters including m, lf , lr, Iz, Df/r, Cf/r, Bf/r, Cm1andCm2, Kδ and also system
delay, data is generated with dynamic model in Section 2.2. A task r denoted by τr consists
of data sample pair (Xr, Yr) with size N where Xr = {H1, H2...HN} and Yr = {y1, y2...yN}

Model architecture

As the next state prediction task is sequential in nature, we use LSTM encoder to exploit the
sequential nature of the problem. Then we use a fully connected network to output v̇x, v̇y, ω̇.
These derivatives are assumed to be constant for ∆t. The model architecture is depicted in
Figure 7.1. We also append auxiliary information to the encoded history as shown in the
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Algorithm 2 Model-Agnostic Meta-Learning (MAML)
Initialize:

θ = initialize parameters
for each episode t do

τi ∼ T // Sample a task τi from batch T
θ1i = θ // Initialize inner loop parameters
for k = 1 to K do

ŷki = Model(θki , xi) // Evaluate model on task data
ℓki = Loss(ŷki , yi) // Calculate loss
θk+1
i = θki − α∇θki

ℓki // Update inner loop parameters
end for
L = 1

|T |
∑

τi∈T Loss(Model(θKi , Xi), Yi) // Calculate meta-loss
θ ← θ − β∇θL // Update model parameters

end for

Figure 7.1: Model architecture

figure which may include features like roll, pitch, longitudinal slip etc. that may be relevant
for prediction but not included in dynamic state. This is explained in detail in Section 7.3.

Uncertainty estimation

For a safety-critical problem especially with autonomous racing where safety is also closely
tied to the performance, it may also be necessary to quantify if the model is confident
about the prediction. The uncertainty can also be used to gauge if taking some particular
actions will lead the model to learn and gain more information about the actual model. We
use ensemble based epistemic uncertainty prediction where we randomly initialize weights
f (0), f (1)..., f (k−1) and train all of them along the same objective. Now when we make a
prediction, we take mean of all predictions as µy and variance σy.

µy =
1

k

∑
i

f (i)(x)σy =
1

k

∑
i

(f (i)(x)− µy)
2 (7.1)

As all the randomly initialized models are trained towards the same objective, if the input
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is within the training distribution, all of the models should output the same y but if input
is outside of training distribution, all models will output a different y resulting into larger
variance σy as they have not been trained on it. Hence we exploit this I.I.D. nature of
training to estimate if the input H is outside of training distribution.

Model Predictive Path Integral (MPPI) Control

MPPI is a popular for control when the model is highly non-linear as in our case. Consider
our non-linear dynamical system where :-

xt+1 = f(xi, ui) (7.2)

where xk ∈ Rnx and uk ∈ Rnu is the control input. With the control horizon length k, we can
denote trajectory of states, ↶ = [xT0 , ..., x

T
K ]

T , the mean control sequence 𭟋 = [zT0 , ..., z
T
K ]

T

and the injected Gaussian noise ϵ = [ϵT0 , ..., ϵ
T
k−1]. The control sequence, u = v + ϵ. The

original MPPI problem aims to solve the following problem:-

min
v
J(v) = E

[
K−1∑
k=0

(
q (xk) +

λ

2
v⊤k Σ

−1
ϵ vk

)]
(7.3)

where x(t) is the measured current state at time t. Note that the state dependent cost q(xk)
can take any form which can be set accordingly based on the task. In our case, we will
mostly look at the task of tracking, hence q(xk) is defined as follows:-

q(xk) = (xk − xref,k)
2 (7.4)

where xref,k is the reference state at time t + k∆t which needs to be tracked as closely as
possible. The MPPI controller is derived by minimizing the KL-divergence between the
current controlled trajectory distribution and the optimal distribution as in [Wil+18] to
solve the problem. We sample a large no of simulation trajectories using our learned model
f . The cost of the mth sample trajectory, Sm is defined as follows:-

Sm =
K−1∑
k=0

q (xmk ) + γ (vmk )
⊤Σ−1

ϵ (vmk + ϵmk ) (3)

The MPPI algorithm calculates the optimal control v+ by taking weighted average of all
sample trajectories as follows:-
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v+ =
M∑

m=1

ωmu
m/

M∑
m=1

ωmωm = exp

(
−1

λ
(Sm − β)

)
(5)

where β = minm=1,...,M Sm is the smallest cost among m sampled trajectories and it is used
to avoid numerical overflow while keeping the same solution. For the next control cycle, the
mean control is set to the previous mean but shifted by 1 as suggested in [Yi+24] as we apply
the first control command in each iteration in receding horizon fashion. The mean of the
last step is set the same as the last command of v+ which is same as last second command
of mean v for next cycle.

Uncertainty-aware MPPI

We do not want to prioritize actions where the model is not confident on. There are multiple
approaches to tackle this, one of which is as given in [YZT22] where the worst-case cost
trajectory of a sample of trajectories sampled from each action sample with uncertainty is
chosen. But to practically implement this, we need to sample additional trajectories to get
the worst case sample for each sampled action sequence. We however adopt a cost-efficient
approach by adding uncertainty variance as calculated in Section 7.2 of each sample to
discourage choosing actions with high uncertainty. The net cost after adding this additional
cost is given as follows:-

q(xk) = γσk + (xk − xref,k)
2 (7.5)

Online adaptation

Once we have the control algorithm in place, what becomes necessary is to adapt the model
to new conditions. The pre-trained model that we got from Section 7.2 needs to be fine-tuned
on the on-policy data. For this we first need a good enough model to be used that gives
some meaningful predictions. For this, we use a simple controller at the beginning to adapt
the pre-trained model on the given environment with some few shot data. Then, we switch
to use the trained model for the task and continue adapting the model with on-policy data.
On a continuously evolving environment like in autonomous racing, fast adaptation is also
as necessary. We use simple gradient descent to fine-tune our model where we keep the last
b state-action pairs in buffer B = {(xt−b+1, ut−b+1), (xt−b+2, ut−b+2)..., (xt, ut)} and use them
to take the gradient descent step as follows:-
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L =
i=b∑
i=n

Loss(Model(θ,Xi), Yi)θ
+ = θ − λ∂L

∂θ
(7.6)

The training should be fast as it needs to be carried while the car is running in real-time,
hence we need to choose the buffer size B accordingly

7.3 Results

We evaluate our results on a wide range on environment on multiple platforms. We first
pre-train our model on numeric sim generated data as per vehicle model defined in Section
2.2. The pre-training data is generated as described in Section 7.2. All videos of results can
be viewed from Link.

Numeric sim

We first evaluate our approach on numeric sim. The dynamics for numeric sim are defined
as described in Section 2.2. We evaluate our results on an oval trajectory as shown in
Figure 7.2a. The oval trajectory is a good platform to test drifting in one direction for any
control algorithm. We present comparisons in results across various baselines and ablations
as follows:- 1. Using same controller used for data collection at the beginning throughout,
the one with incorrect parameters 2. Controller with correct model parameters but assuming
0 delay. This is to show how delay plays an important role in designing an accurate control
at limiting speeds which is not very trivial to estimate 3. Using proposed approach without
considering uncertainty 4. Using proposed controller with initializing randomly rather than
using pre-trained model 5. Using proposed approach with both meta-learning based pre-
training and proposed controller

The lateral error plots for all approaches are given in Figures 7.3 the trajectory followed
for an instance is given in Figures 7.2. As can be seen in Figure 7.3d where our proposed
approach is used without uncertainty estimation, the lateral error suddenly jumps at some
points. This is because at those points the model overfits because of only availability of on-
policy data with left turns. Due to this at some points, it mistakes right steers as potential
commands for high angular velocities and thus ends up making them leading to sudden
jumps in lateral errors. If pre-training is not used as seen in Figure 7.3c, it takes a large time
to settle for a well-trained model that can track the trajectory while with pre-training, it
very rapidly adapts to the new environment and brings down the lateral error immediately
as seen in Figure 7.3e. To understand how pre-training helps more clearly, we present a
predicted angular velocity plot in Figure 7.4. We compare the angular velocities achieved if

https://drive.google.com/drive/folders/147QG4Id6rfYlCy6wMYHf12cSw29p0AM7?usp=drive_link
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Avg. lateral
error (in m)

Avg. speed
(in m/s)

Mean No of
laps covered

Without adaptation 1.12 2.12 12.3
Without adaptation
correct params 0.94 2.24 14.2

With adaptation
random initialization 1.03 2.04 11.6

With adaptation
+ meta-learning
+ without uncertainty
estimation

0.43 2.18 21.1

With adaptation
+ meta-learning
+ with uncertainty
estimation

0.35 2.18 23.2

Table 7.1: Numerical results for numeric sim

the same steering thaw was applied at that time step is applied further for 10 more time steps
and if negative of that steering was applied for the next 10 time steps. This is to show that
if the steering is reversed, if the model has learned to successfully predict negative angular
velocity of what is achieved with current steering eventually after sufficient no of time steps
10. If it does, it means it has understood that the steering is symmetrical on both sides. As
can be seen in Figure 7.4a, it predicts opposite angular velocities for left and right steering
right from the beginning, it just adjust the rate magnitude to match with the observation.
While as seen in Figure 7.4b, with random initialization it struggles a lot to learn this detail.
This means that with pre-training it has learned that all cars mostly perform symmetrically
on left and right steers hence it replicates it’s learnings on the other side even if it has seen
only left steer on-policy data. It is important to note here that this does not mean it cannot
handle steering bias, it can learn to predict that as well from on-policy data as we will see
later in experiments.

The numerical results are presented in Table 7.1 where we compare our mean lateral error,
average speed and no of laps covered. As can be seen, in all metrics, our proposed approach
excels

Unity sim

Later, we test our approach on a custom built simulator in Unity game engine on a wide
range of scenarios as described below. All videos can be viewed on Link. The comparison in
results between our approach from chapter 4, without adaptation and the presented approach

https://drive.google.com/drive/folders/147QG4Id6rfYlCy6wMYHf12cSw29p0AM7?usp=drive_link
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(a) Reference oval trajectory
(b) With no adaptation using incorrect
model params

(c) With no adaptation using correct
params but assuming no delay

(d) With adaptation starting with ran-
dom initialization

(e) With adaptation with pre-training
initialization no uncertainty estimation

(f) With adaptation with pre-training
initialization with uncertainty estima-
tion

Figure 7.2: Trajectory followed for an instance
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(a) With no adaptation using
incorrect model params

(b) With no adaptation using
correct params but assuming
no delay

(c) With adaptation starting
with random initialization

(d) With adaptation with pre-
training initialization no un-
certainty estimation

(e) With adaptation with pre-
training initialization with
uncertainty estimation

Figure 7.3: Lateral errors

(a) with meta-learning initialization (b) with random initialization

Figure 7.4: Predicted ω
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(a) simulator shot (b) Trajectory

Figure 7.5: Circuit track

(a) simulator shot (b) Trajectory

Figure 7.6: Steer bias

in this paper are given in Table 7.2.

1. Circuit track: We test our approach against an autonomous racing scenario where it has
to track a trajectory at it’s limits on a circuit track which involves coordination between
longitudinal and lateral control to successfully execute a turn.

2. Steer bias: We add a left steer bias of 0.1 to the earlier scenario and see if the approach
can handle such a scenario.

3. Decaying friction: We decay the coefficient on friction from 1 to 0.7 to test if the model
can adapt to it’s change

4. Go-kart: We then change the car to go-kart where the rear wheels are coupled by an axle
constraining them to move at the same wheel speeds. This results into an opposing torque
which ultimately leads to a much different dynamics form than in Section 2.2.
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(a) simulator shot (b) Trajectory

Figure 7.7: Decaying friction

(a) simulator shot (b) Trajectory

Figure 7.8: Go-kart

5. Mud: We then test the approach for a car moving on mud. Mud has very low grip due to
which there is a considerable amount of longitudinal slip. This is ignored in Section 2.2. It
is very challenging to perform in this environment as it will need to learn to skid in control

6. Mars: We then test it on a different gravity field. It becomes particularly challenging as
it reduces traction. This is not equivalent to just reducing friction coefficient with earth’s
gravitational field as the moment of inertial to effective mass ratio changes on different
gravitational field leading to a different form of controlled skidding that needs to be executed

7. Grass: We then test on a bit uneven terrain to give it a grassy essence. This test would
ensure that the model training is robust model noises caused by uneven terrain which cannot
be modelled.

8. Banked-oval track: Then we finally test on a track with bank angle. Moving against an
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(a) simulator shot (b) Trajectory

Figure 7.9: Mud

(a) simulator shot (b) Trajectory

Figure 7.10: Mars

(a) simulator shot (b) Trajectory

Figure 7.11: Grass
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(a) simulator shot (b) Trajectory

Figure 7.12: Banked-oval track

Without
adaptation

With model parameter
adaptation (Work 2)

With full model
adaptation (ours)

Circuit 1.31/- 0.12/137.2 0.14/140.1
Circuit with go-kart 0.94/- 0.23/154.7 0.16/143.6
Circuit with steer bias 1.62/- 0.38/152.3 0.16/142.9
Circuit with tire degradation 1.99/- 0.13/148.9 0.15/150.2
Mud 1.43/183.8 0.89/75.4 0.42/44.7
Mars 1.36/- 0.32/66.5 0.38/70.1
Grass 1.29/166.5 0.29/42.3 0.36/45.3
Banked-oval 1.22/186.8 0.53/52.9 0.35/43.1
Front-driven 1.15/- 0.14/137.1 0.16/139.8

Table 7.2: [Lateral error (in m) / Lap time (in s)] Results table for Unity sim experiments

inclined track is particularly challenging to learn as the vehicle needs to move at an oblique
angle towards the slope in order to be able to move straight. Our approach is able to learn
that to be able to stay at the reference and move at an oblique angle

Hardware platform

We finally also test our approach on hardware RC car platform same as what we used under
Section 6.5. We test on an oval track similar in size to what we tested for numeric sim in
Section 4.4. We test on different configurations including towing an object, attaching tape
on the wheel to alter friction, increasing weight of the car by attaching lidar and changing
surface to mat. Trajectories followed for all of them are in Figure 7.13.



102

(a) On normal surface (b) Attaching tape to tires

(c) On mat surface (d) With increased weight

Figure 7.13: Trajectory followed by RC car with vicon

7.4 Conclusion

In this last chapter, we saw how using meta-learning can be used for end-to-end trainable
LSTM based vehicle model to allow fast adaptation to any new scenario and changes within
the scenario online. We saw how using epistemic uncertainty estimation and formulation
uncertainty -aware cost function for MPPPI further improves the tracking performance.
The same structure can be extended to other robots like quadrupeds, drones, manipulator
etc. as well
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C h a p t e r 8

CONCLUSION AND FUTURE WORK

We presented work along two directions. The first is task-free model learning. We first
formally guaranteed if the vehicle model is nearly known with some bounded model error
and system noise and extended robust-tube MPC to also compensate for system delays.
In Chapter 4 we learn the lateral friction model and aerodynamic parameters from online
data, which can be used to learn the model as well as quickly adapt it to changes in the
environment. In Chapter 7 we use meta-learning to pre-train an end-to-end LSTM-based
vehicle model making no assumptions about the model. This allows quick adaptation to any
unseen scenario, demonstrating similar performance to Chapter 4 in scenarios that Chapter 4
can handle and the ability to handle scenarios that Chapter 4 fundamentally cannot. There
are still some failure cases for Chapter 7: it can get stuck at a place where the model is
not confident about all actions at a state. Over those states it continues to take only one
action which it gets confident about and hence never takes other actions, as they incur more
cost due to more uncertainty, and there is no notion of exploration to avoid getting stuck in
those states. Potential future directions include using a ϵ−greedy solution where an action
with high variance is chosen with ϵ probability to avoid getting stuck. Also the framework
described in Chapter 7 only considers aleatoric uncertainty. Epistemic uncertainty arising
from sensor noises is not considered as it assumes perfect state. It turns out to be somewhat
robust to noises but does not explicitly reason about them. Interesting future direction
would be to predict a gaussian distribution of state derivatives and not just a deterministic
value and train on mean likelihood estimation loss as seen in [VS22]. Also, it maybe a good
idea to extend the idea to enforce hard safety constraints with a similar framework as seen
in Chapter 3. Also, it would be interesting to see how the method scales to higher degree of
freedom systems such as manipulator, quadruped etc.

The second line of work was along task-learning model-free controllers. We showed how
we can use model-based CBF to boost learning as well as reduce the number of constraint
violations while learning for reinforcement learning and automated imitation learning-based
controllers. Currently the safety filter ignores non-continuous state noises arising from sensor
errors which is completely random. Making the filter more robust based on the noise esti-
mates is an interesting future direction to explore. Also, currently in Chapter 5, we assumed
feasible control barrier functions but the feasibility of CBFs depend on the vehicle model.
There have been some recent works which iteratively update the CBF parameters based on
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the environment model to make it feasible [Che+24]. It would be interesting to incorporate
that into the framework to build a more robust adaptable filter. Also both works assume no
sensor noise. Inculcating them would also be an interesting future direction. Finally, testing
these works on more complex systems like quadruped, manipulators etc. for various safety
critical tasks would be an interesting extension to see if the method works for higher DOF
systems
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