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Abstract

Humans routinely rely on the sense of touch to better perceive the world. In environments charac-
terized by poor lighting, occlusions, limited fields of view, or sparse visual features, contact feedback
often becomes a primary source of information for perceiving the environment and successfully com-
pleting manipulation tasks. Everyday examples include locating a light switch in the dark, retrieving
an item from a high shelf, or reaching for a valve at the back of a kitchen sink cabinet where visual
access is severely restricted. In such settings, humans actively reason about contacts to infer both
the poses of objects of interest and the environmental obstacles in the workspace. Enabling robots
to exhibit similar capabilities remains a fundamental challenge in autonomous manipulation. This
thesis investigates search-based planning techniques that allow robots to effectively leverage contact
feedback as a sensing modality, enabling robust manipulation under uncertainty.

This work focuses on two broad classes of manipulation problems in which contact plays a critical
role. The first class concerns object pose uncertainty, where precise estimation of target object pose
is required to complete high-precision manipulation tasks such as charger plug insertion, pipe assem-
bly, or other tight-tolerance manipulation problems. In these settings, even small pose errors on the
order of a few millimeters can lead to failure. This problem class studies how robots can actively use
contacts during execution to reduce object pose uncertainty to a level sufficient for successful task
completion. The second class of problems addresses manipulation under environmental uncertainty,
where the locations and geometries of environmental obstacles are unknown or only partially ob-
servable. For example, when reaching into a cluttered kitchen sink cabinet with unknown obstacles
and pipes, a robot must detect contacts, infer obstacle locations, and adapt its motion accordingly
in order to safely reach the target (valve). Together, these two problem classes capture a wide range
of real-world scenarios in which contact-driven reasoning is essential.

Planning under object pose uncertainty naturally falls within the framework of Partially Observ-
able Markov Decision Processes (POMDPs), which are computationally expensive to solve, particu-
larly in continuous and high-dimensional robotic domains. This thesis presents three complementary
frameworks to address this challenge. The first is an experience-based preprocessing approach de-
signed for semi-structured environments that require strong online performance. This framework
leverages solutions to previously solved, similar POMDPs to accelerate future planning queries while
maintaining theoretical guarantees on solution quality. An offline database of policies is constructed
and queried at execution time based on the current problem instance, enabling fast online decision-
making. The second framework targets less structured domains where preprocessing is impractical.
It introduces an online closed-loop planning and execution approach that employs a hierarchical rep-
resentation of uncertainty. By adaptively representing and reasoning about uncertainty, this method
significantly reduces planning time, making online planning and execution feasible in more complex
settings. The third contribution addresses a key computational bottleneck in these settings, namely
the high cost of belief space transition computations. To mitigate this issue, the thesis proposes lazy



heuristic search algorithms for POMDPs that defer expensive belief updates until they are neces-
sary, using approximate Q-value estimators to guide search. These lazy solvers substantially reduce
planning time while preserving solution quality.

For the problem class of manipulation under environmental uncertainty, this thesis develops an
iterative planning and execution framework that tightly couples contact sensing, environment pre-
diction, and motion planning. The system employs a torque-based contact detection and localization
module capable of detecting contacts occurring anywhere along the robot manipulator. The history
of detected contacts is used to construct a partial occupancy map of the workspace, which is then
extrapolated using learned occupancy estimators. A motion planning module reasons over this esti-
mated occupancy representation to compute actions that are likely to safely and efficiently move the
robot toward the goal. The framework is evaluated in simulation and on a real UR10e manipulator
across two challenging domestic tasks: manipulating a valve under a kitchen sink surrounded by
pipes and retrieving a target object from a cluttered shelf.

Overall, this thesis takes a step toward manipulation in the blind, where robots explicitly leverage
contact interactions as a primary sensing modality to plan and execute manipulation tasks under un-
certainty. Rather than treating contact as a failure mode to be avoided, we treat it as an informative
observation that can be actively exploited to reduce uncertainty and guide motion.
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1 Introduction

1.1 Motivation

Figure 1.1: Examples of humans utilizing contact feedback for tasks like object retrieval and light switch manipu-
lation.

For several years, the primary focus in robotics has been to enable robots to navigate environ-

ments e�ciently and safely, avoiding collisions or contact with environmental obstacles. Undoubt-

edly, this objective has addressed a substantial class of problems in both industrial and domestic

settings [1, 2]. From robot manipulators picking and placing objects on factory 
oors [3] to robotic

vacuums autonomously cleaning homes while avoiding unstructured obstacles [4, 5], the ability to

reliably operate in free space has resolved a wide array of problems. However, amidst this pursuit,

one crucial sensing modality often has been underutilized: contact feedback.
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Humans seamlessly employ contact feedback in everyday life to better perceive and reason about

their environment [6, 7]. This is especially true in situations where visual feedback is ine�ective or

inadequate, such as in the presence of occlusions, poor lighting, lack of visual features or contrast, or

simply when using vision is inconvenient. Through touch, we infer a wide range of properties about

our surroundings, including the presence or absence of obstacles, as well as object-speci�c properties

such as surface texture, rigidity, mass, and in some cases even dynamics. These capabilities manifest

in routine interactions, such as lifting an object to assess how full or heavy it is, opening a door by

sensing resistance, or evaluating the �rmness of food during cooking.

Two particularly important properties that humans frequently infer through contact are i) the

pose of objects of interest and, ii) workspace occupancy. For the former, consider fumbling

in the dark for a light switch, �nding your glasses in the morning, or reaching for an object on

a high shelf. In such situations, tactile feedback provides critical information about the position

and orientation of objects, allowing us to locate and manipulate them without visual input. As

for workspace occupancy, consider reaching into a kitchen sink cabinet to locate a valve at the

back of a shelf. In this case, one typically inserts a hand into a con�ned and visually occluded

space. As contacts occur, they are combined with prior knowledge about the types of obstacles

commonly found in such environments to infer which regions of the workspace are likely occupied.

By integrating contact observations with these priors, we iteratively re�ne our understanding of free

space and adjust our motion toward the target.

With the increasing lack of structure in the environments in which robots are being deployed

[8, 9], enabling robots to use contact feedback to better perceive and reason about their surroundings

is becoming increasingly important. In many such settings, robots must operate with limited,

unreliable, or entirely absent visual information. This thesis aims to take a step toward manipulation

in the blind, where robots explicitly leverage contact interactions as a primary sensing modality to

plan and execute manipulation tasks under uncertainty. Speci�cally, we introduce search-based

planning techniques that allow robots to explicitly reason about and utilize contact interactions

to guide decision-making under uncertainty. Rather than treating contact as a failure mode to be

avoided, we treat it as an informative observation that can be actively exploited to reduce uncertainty

and guide motion.

The contributions of this thesis can be divided into two parts. The �rst part focuses on lever-

aging contact interactions to reduce uncertainty about the pose of objects of interest. Here, we

study how robots can use contact information to actively localize objects in order to enable reliable

manipulation. A key challenge in this setting is deciding how the robot should move so that the

contact observations it acquires are maximally informative. In this part, we present three works

that address this problem across di�erent settings. The second part addresses the problem of robust

manipulation in uncertain environments. In scenarios where the robot lacks accurate knowledge of

the workspace obstacles, we investigate how contact feedback, together with prior knowledge about

the types of obstacles typically encountered in the environment, can be used to incrementally in-

fer environmental structure. We develop a framework that enables the robot to operate e�ciently

under uncertainty by leveraging contact interactions to detect and navigate around obstacles in the

workspace to reach a target object or goal con�guration.

3



Ch. 1 { Introduction

Figure 1.2: (left) Examples of plugin tasks (right) A human utilizing contact feedback for localizing a port to plug
in a charger.

1.2 Thesis Overview

Below, we provide a brief overview of the works included in this thesis, with a detailed exposition

of them included in the chapters to follow.

1.2.1 Target object pose uncertainty

Consider a task centered around a speci�c target object like autonomously plugging in a charger

plug into a designated port as shown in Fig. 1.2 and Fig. 1.3 (in which case the target object

would be the charger port). The task inherently establishes an acceptable tolerance level of pose

uncertainty. In this instance, if the position estimate deviates by more than even 2mm from the

ground truth position, an open-loop execution of a plugin maneuver would be unable to successfully

complete the task. Hence, before initiating the plugin maneuver, it is imperative that the robot is

con�dent about the port's position to within a 2mm threshold.

Given initial pose uncertainty, the goal of the planning algorithms discussed in this thesis is to

identify motion plans/policies for the robot, which when executed in the real world would make

contact observations that reduce the pose uncertainty to below the tolerance level of the task and

thereby enable the robot to complete the task. An illustration of this concept can be seen in Fig.

1.4. Here, the robot executes a sequence of maneuvers that allow it to contact the port at di�erent

locations, improving its understanding of the port pose and facilitating the successful completion of

the plugin procedure.

The problem of planning for active information gathering to complete a task can be formulated

4



Ch. 1 { Introduction

Figure 1.3: Experimental setups for plug insertion using a UR10e manipulator. Left) Port mounted on a movable
base. Right) Port mounted inside a shelf and out of view of the robot.

as a Partially Observable Markov Decision Process (POMDP) [10, 11, 12]. POMDPs are a general

framework for planning in partially observable environments. However, they are notoriously di�cult

to solve, and for most real-world problems due to the large state space and planning horizon, solving

a POMDP is computationally intractable [10, 13]. However, in our context, they provide a natural

mechanism to trade o� between information gathering and task accomplishing.

In this thesis, we investigate planning for contact-based active information gathering aimed at

localizing target objects in order to complete manipulation tasks. We develop planning frameworks

that exploit problem structure and task-speci�c constraints to enable e�ectively reasoning about

the underlying POMDP, allowing practical solutions that meet the performance requirements of

di�erent operational settings.

Experience-based preprocessing for semi-structured settings

In this work [14], we consider semi-structured industrial settings with stringent online perfor-

mance requirements, where planners are expected to produce high-quality solutions under very tight

planning time constraints. A vision system provides an initial coarse estimate of the target object

pose in the form of a set of hypotheses, after which contact feedback is used to resolve the remaining

uncertainty. As a result, the uncertainty addressed in this setting is relatively small, with positional

errors typically on the order of a few centimeters. Due to the structured nature of the setting, the

set of planning problems that may be encountered online is �nite and known in advance.

Following prior work on semi-structured deterministic planning [15, 16], we propose preprocessing
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Figure 1.4: An illustration of a robot policy that contacts the port at di�erent locations to reduce pose uncertainty
su�cient to complete the plugin procedure.

a database of solution policies covering all possible problem instances. At runtime, the appropriate

policy is retrieved and executed based on the current instance. Constructing such a database for

POMDPs, however, is computationally challenging. To address this, we introduce a planning frame-

work that incrementally builds the database by reusing solutions from previously solved instances.

Central to this framework is Experience-based RTDP-Bel (E-RTDP-Bel), a general experience-based

POMDP solver that leverages solutions from similar problems to accelerate planning while preserving

strong bounds on solution quality, enabling e�cient o�ine construction of the policy database.

Multi-modal representation for scaling up uncertainties

In [17], we address planning in signi�cantly less structured settings where the set of possible

planning problems is neither �nite nor known in advance, making policy preprocessing infeasible

and requiring online planning. Unlike the semi-structured case, no visual perception system is

available to generate pose hypotheses. Instead, the robot relies solely on prior knowledge, resulting

in substantially larger uncertainty, with positional errors on the order of hundreds of centimeters

and angular uncertainty approaching 2�. An example of this setting is shown in Fig. 1.3, where the

target port is fully occluded from view.

Planning under such uncertainty introduces two primary challenges. First, the scale of uncer-

tainty renders naive particle-based belief representations (adopted in the previous setting) compu-

tationally impractical. To address this, we adopt a hierarchical belief representation that initially

models uncertainty using a coarse 3D volumetric representation and transitions to a particle-based

representation as uncertainty is reduced through execution. Second, computing near-optimal policies

in this setting can require hours of computation, making full policy generation infeasible online. We

therefore employ a greedy closed-loop planning and execution framework that repeatedly computes

and executes partial policies using a heuristic-search-based anytime solver under a strict time budget.

To maximize performance under limited computation, the planner focuses on likely belief outcomes

and combines admissible and inadmissible heuristics to balance exploration and exploitation.

Lazy heuristic search for planning with expensive belief transitions

The planning frameworks described above rely on search-based POMDP solvers to reason about

contact interactions and belief evolution. While powerful, these solvers inherently assume that

belief transitions are readily available. In practice, computing belief transitions requires Bayesian

updates that combine transition and observation models. In contact-rich manipulation tasks such
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Figure 1.5: A robot reaching a shuto� valve at the back of a cluttered cabinet. As visual sensing is occluded by the
shelf door (left), the robot relies on contact feedback to navigate around the obstacles (right).

as those considered in this thesis, this involves expensive geometric operations, including mesh-to-

mesh collision checking. Because belief states represent distributions over system states, these costly

computations must be performed for every state in the support of the belief, quickly becoming

computationally prohibitive. Similar challenges arise in other robotics domains, such as outdoor

navigation requiring high-�delity physics simulation and indoor navigation involving expensive ray

casting to predict sensor observations.

To address this bottleneck, we develop lazy heuristic search solvers, namely Lazy RTDP-Bel and

Lazy LAO* [18], that defer the computation of expensive belief state transitions. These methods

leverage Q-value estimation to identify promising actions and selectively evaluate belief transitions

only when necessary, signi�cantly reducing computational overhead. We present simple and e�ective

techniques for constructing Q-value estimators tailored to our contact-based planning task, as well as

other robotics domains with expensive belief updates. We further show that these Q-value estimates

are equivalent to heuristic functions and are often readily available in practice. When the estimators

are chosen to be conservative, the proposed lazy planners retain the same optimality guarantees as

their non-lazy counterparts.

1.2.2 Workspace Occupancy Uncertainty

Beyond target object pose uncertainty, this thesis also addresses the problem of enabling robots

to leverage contacts to operate e�ectively in unknown or partially known environments. Consider

the task of reaching a valve located at the back of a visually occluded kitchen sink cabinet like the

one highlighted in Fig. 1.5. While the robot may know that the valve is located at the rear of the

cabinet, visual occlusions prevent it from observing the pipes, brackets, and other obstacles that

occupy the space. Much like humans, the robot must instead rely on contact feedback to maneuver

through the environment and reach the target. As it moves through the cavity, it inevitably makes

contact with surrounding structures. By reasoning about where these contacts occur and combining

this information with prior knowledge about typical obstacle con�gurations, such as pipes that often

span the width of the cabinet, the robot can incrementally re�ne its understanding of free space and
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adapt its trajectory toward the goal.

This example illustrates a broader class of manipulation problems that require contact-based

reasoning in unknown environments, including retrieving objects from the back of cluttered shelves,

locating switches hidden behind obstacles, or reaching through sca�olding in construction settings.

In such domains, strong structural priors often exist, but the exact geometry and placement of

obstacles in any given scene remain uncertain.

To address this problem, we develop a theoretically complete and empirically e�cient framework

for manipulation in the blind that integrates contact feedback with structural priors to enable robust

operation in unknown environments [19]. The framework consists of three tightly coupled compo-

nents: (i) a contact detection and localization module that uses joint torque sensing and a contact

particle �lter to detect and localize contacts, (ii) an occupancy estimation module that aggregates

contact observations to construct a partial occupancy map and extrapolates it into unexplored re-

gions using learned predictors, and (iii) a planning module that explicitly accounts for uncertainty

in contact localization and occupancy predictions, computing collision-aware paths that e�ciently

complete tasks without prematurely ruling out feasible solutions. The proposed system is demon-

strated both in simulation and on a real UR10e manipulator across two domestic manipulation tasks:

(i) reaching a valve in a kitchen sink cabinet �lled with pipes and (ii) retrieving a target object from

a cluttered shelf.

1.3 Related Work

In this section, we brie
y present the literature most relevant to this thesis. More detailed

discussions of the related work are provided in the chapters that follow.

Task Domains: The tasks investigated in this thesis, such as high-precision insertion [20, 21, 22]

and manipulation and object retrieval in cluttered environments [23, 24, 25, 26, 27], have been

extensively studied in robotics. Most prior approaches that address these problems rely heavily

on vision-based perception. These e�orts have led to major advances in industrial automation and

structured manipulation [28, 29, 30]. In this thesis, we study these same classes of manipulation

problems from a fundamentally di�erent perspective. Rather than assuming vision-based settings,

we focus on partially observable and unobservable settings and investigate how contact feedback

can serve as the primary sensing modality. Our goal is to enable robots to complete complex

manipulation tasks in situations where vision is inadequate, by explicitly reasoning about contact

interactions and the information they provide. This capability, which humans naturally employ

through touch, is especially critical in unstructured and visually constrained environments.

Much of the prior work on high-precision manipulation under object pose uncertainty considers

relatively small amounts of uncertainty, typically limited to narrow pose error bounds in structured

environments [31, 32, 33, 34, 35]. In contrast, this thesis pushes the boundaries of uncertainty to

scales that are more representative of real-world domestic settings, where visual occlusions are com-

mon and positional uncertainty can be quite high. Furthermore, the problem of manipulating in the

blind in unknown workspaces, where the robot must actively reason about workspace occupancy, has
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received only limited attention [36, 37, 38, 39]. Existing approaches in this space typically do not

explicitly model workspace structure or exploit environmental priors, which often leads to repeated

contacts with obstacles in cluttered scenes. Building on the ideas from these works, this thesis

introduces a principled and scalable reasoning framework that integrates contact-driven planning

with learned workspace occupancy modeling [19]. The proposed framework is evaluated in sub-

stantially more challenging settings than those previously explored, characterized by dense clutter

and severe perceptual uncertainty, and demonstrates strong empirical performance. Together, these

contributions advance the state of the art in manipulation in the blind and broaden the scope of

contact-driven manipulation across both domains.

Tactile Sensing: Recent years have also seen signi�cant progress in the development of rich tactile

sensing technologies, including vision-based tactile sensors and high-resolution resistive sensor arrays

[40, 41, 42]. While such sensors provide detailed contact information, this thesis demonstrates that

complex manipulation tasks do not necessarily require sophisticated tactile hardware. Instead, we

show that even high-precision manipulation can be achieved using simple and ubiquitously available

contact signals. In the �rst part of the thesis, we rely primarily on binary collision observations,

obtained reliably using wrist-mounted force torque sensors [43]. In scenarios where contact can occur

anywhere along the manipulator, as in Chapter 6, we use joint current measurements to detect and

localize contacts along the arm [44, 45].

Tactile Perception: A substantial body of prior work on tactile manipulation has focused on

the modeling aspect of the problem. Given a history of tactile observations, these approaches

seek to infer unknown parameters of the world, such as object pose, shape, or physical properties

[38, 46, 47, 48, 49, 50]. In contrast, the focus of this thesis is complementary. Rather than asking only

what can be inferred from tactile data, we ask how a robot should move so that it can complete its

task as e�ciently as possible, given that contact feedback is the primary or sole source of information.

This shift places the emphasis on planning and decision-making under uncertainty, rather than on

state estimation alone.

Decision-making: The central reasoning and decision-making challenge is to determine how the

manipulator should move so that it can reduce uncertainty about the world through physical inter-

actions and ultimately complete the task at hand. Much of the prior work in this area has relied on

greedy decision-making strategies [47, 51, 52]. In problems involving object pose uncertainty or sur-

face geometry uncertainty, a common approach is to select, at each step, the action that maximizes

an information-theoretic objective such as entropy reduction or mutual information [51, 53, 54].

These methods are simple and often e�ective, but their myopic nature often leads to suboptimal

behavior when successful task execution requires coordinated, long-horizon information gathering

(as supported by the results presented in subsequent chapters).

From a principled standpoint, this problem is naturally a Partially Observable Markov Decision

Process. POMDPs provide a rigorous framework for reasoning under uncertainty and o�er a sys-

tematic way to trade o� information gathering and task completion. In practice, however, POMDP
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formulations are frequently avoided in robotics because general-purpose solvers are computationally

expensive and often fail to meet the real-time performance constraints of manipulation systems [10].

In this thesis, we demonstrate that POMDP-based formulations of contact-driven active perception

can be made practical by exploiting task structure and by developing scalable planning algorithms.

Across multiple problem settings, we show that it is possible to move beyond greedy probing strate-

gies and enable long-horizon reasoning about how contact interactions reduce uncertainty, while still

achieving the e�ciency required for real-world robotic deployment [14, 17, 18]. The achieved results

highlight that principled decision-making under uncertainty is not only theoretically appealing but

also practically viable for contact-rich manipulation tasks.

Recent years have also seen signi�cant progress in learning-based methods for manipulation

[55, 56], particularly for insertion and assembly tasks under uncertainty [57, 58, 59]. Reinforcement

learning [60] and imitation learning [61] have been used to learn policies that map sensory inputs

directly to control actions, often achieving impressive empirical performance in narrow task domains.

Despite these successes, learned approaches typically o�er limited guarantees on solution quality,

robustness, and generalization. Performance can degrade substantially when tasks fall outside the

training distribution, and large amounts of task-speci�c data are often required to achieve reliable

behavior [62, 63]. In contrast, the planning-based frameworks developed in this thesis provide

explicit guarantees on solution quality in the form of bounded suboptimality and completeness. By

formulating contact-driven manipulation as a POMDP, we retain tight control over the decision-

making process and ensure that the resulting policies systematically trade o� information gathering

and task execution.

At the same time, our frameworks also provide a principled backbone into which learned com-

ponents can be integrated. Learned perception modules [64, 65], skill policies [66, 67, 68], and

predictive models [69, 70] can be incorporated as parts of the observation and transition models

or as skills/macro actions within the planning framework. In this way, the methods developed

here complement learning-based approaches and provide a mechanism for combining data-driven

components with strong algorithmic guarantees.

1.4 Outline

This thesis is organized into four parts.

ˆ Part I: Introduction

{ Chapter 1 motivates manipulation in the blind by framing contact as a central sensing

modality for manipulation under uncertainty, and outlines the key problem settings and

contributions explored throughout the thesis.

ˆ Part II: Target Object Pose Uncertainty

{ Chapter 2 provides background on goal-POMDPs and belief-space planning, and de-

scribes the heuristic search-based POMDP solvers that form the foundation for the meth-

ods developed in later chapters.
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{ Chapter 3 addresses the problem of high-precision manipulation under object pose un-

certainty in semi-structured industrial settings by formulating contact-based active lo-

calization as a POMDP and introducing a preprocessing-based planning framework that

enables fast and reliable online execution.

{ Chapter 4 extends this line of work to less structured domestic environments with sub-

stantially larger uncertainty by introducing a hierarchical representation of uncertainty

and a closed-loop, anytime planning and execution framework for online solution synthe-

sis.

{ Chapter 5 addresses a key computational bottleneck in these settings by introducing

lazy heuristic search methods for POMDP planning with expensive belief transitions,

which defer belief transition computation using fast-to-query Q-value estimators.

ˆ Part III: Workspace Occupancy Uncertainty

{ Chapter 6 studies manipulation in unknown or partially known workspaces, where un-

certainty lies in the structure of the environment itself. It presents a closed-loop contact-

driven framework for such settings that integrates torque-based contact detection and

localization, learned occupancy predictions, and uncertainty-aware planning.

ˆ Part IV: Conclusion

{ Chapter 7 summarizes the contributions of the thesis, discusses limitations, and outlines

promising directions for future research.
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2 Background

Since we formulate the problem of planning under object pose uncertainty using contact feed-

back as a POMDP, in this chapter, we �rst provide a brief background on goal-POMDPs, a com-

mon formalization for minimum-cost path planning problems under stochasticity. We also describe

RTDP-Bel [71] and LAO* [72], two widely used heuristic search-based POMDP solvers that form

the basis for the methods developed in subsequent chapters.

2.1 Partially Observable Markov Decision Processes

POMDPs are used to model sequential decision-making problems in non-deterministic settings

where the state of the system is not directly observable. Instead, indirect observations are used to

infer the system state. A discrete-time goal-POMDP can be characterized by the problem tuple

P = <S; A; Z; T ; O; C; G>.

At every timestep, the system is at an unknown state s 2 S and executes an action a 2 A. This

transitions the system to a new state s0 dictated by the stochastic transition model T .

T (s; a; s0) = P (s 0js; a); 8 s; s0 2 S; a 2 A (2.1)

After every transition, a noisy observation z 2 Z is made, represented by the observation model O.

O(s; a; z) = P (zjs; a); 8z 2 Z; s 2 S; a 2 A (2.2)

As the state of the system is not directly observable, the transition and observation models are

used to maintain a belief of the system state at every timestep. The belief state is a probability

distribution over the possible system states and is a Markovian state signal that succinctly repre-

sents the history of actions taken and observations made. After executing action a and receiving

observation z at timestep t + 1, the belief state can be updated as follows:

bt+1 (s0) = b z
a(s0) =

X

s2S

bt (s)T (s; a; s0)O(s; a; z) (2.3)

Given a belief state and an action, the probability of transitioning to successor beliefs can be
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computed by combining the transition and observation probabilities. This essentially makes the

problem a completely observable MDP in the belief space. C(b; a) is the cost incurred for executing

action a from belief state b. The shortest path problem for POMDPs can then be stated as computing

a policy � in the belief space (mapping from belief states to actions), that takes the system from a

start belief bstart to any belief state in the goal set G while minimizing the expected cost incurred.

The optimal action to take and the optimal expected cost to reach a goal state from a belief state

b denoted by � � (b) and V � (b) respectively, are the solutions to the Bellman optimality equation for

the belief MDP.
� � (b) = argmin

a2A
f C(b; a) +

X

z2Z

P(zjb; a)V � (bz
a) g

V � (b) = min
a2A

f C(b; a) +
X

z2Z

P(zjb; a)V � (bz
a) g

(2.4)

2.2 Value Iteration

Value iteration [73] is a foundational algorithm in dynamic programming, extensively utilized

to solve Markov Decision Processes (MDPs) and Partially Observable Markov Decision Processes

(POMDPs). Value iteration identi�es an optimal policy for a POMDP problem by incrementally

re�ning a value function, until it converges to the optimal one. For goal-POMDPs value function

de�ned over the belief states is an estimate of the expected cost to reach the goal. V (b) represents

the value estimate for belief state b. The optimal value function V� (b) represents the minimum cost

required cost to reach the goal from b.

The value iteration algorithm for POMDPs operates by iteratively updating the value function

for all possible belief states until convergence. The process begins with an initial value function

V0(b), which can be initialized to zero for all b or based on a heuristic. In each iteration, known as

the backup operation, the value function for each belief state b is updated using the Bellman backup

operator [73] :

V (b) := min
a2A

C(b; a) +
X

z2Z

P(zjb; a)V (bz
a) (2.5)

This operation is repeated until the change in the value function is below a prede�ned threshold,

indicating convergence to the optimal value function. Upon convergence, picking the action that

minimizes the value from any belief state constitutes the optimal policy � � (Eqn. 2.4).

While value iteration can be employed to compute the optimal solution, it is computationally

intensive and can not scale to problems larger than a few states. The continuous nature of the

belief space makes it impractical to update the value function for every possible belief state. Ad-

ditionally, the belief state represents a probability distribution over the state space, resulting in a

high-dimensional space that is challenging to explore. To mitigate these challenges, various approx-

imation techniques and heuristics have been developed. Point-Based Value Iteration (PBVI) [74]

approximates the value function by focusing on a �nite set of representative belief points rather

than the entire belief space. Heuristic search methods like RTDP-Bel [71] and HSVI2 [75] [76] use

heuristic-guided searches to e�ciently explore the belief space, improving computational feasibility.
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Algorithm 1 RTDP-Bel

1: while Not Converged do
2: b = bstart

3: Sample state s with probability b(s)
4: while b =2 G do
5: Evaluate the value of executing each action a 2 A from belief state b as:

Q(b; a) = C(b; a) +
X

z2Z

P (zjb; a)V (bz
a )

. Use V(b z
a ) = heur(b z

a ) if not initialized

6: Select action a best that minimizes Q(b; a)
7: Update value of belief state V (b) = Q(b; a best )
8: Sample next state s 0 with probability T (s; a best ; s0)
9: Sample observation z with probability O(s; a best ; z)

10: Compute b z
a and set b := bz

a and s := s 0

11: end while
12: end while

2.3 RTDP-Bel

RTDP-Bel [71] is a direct adaptation of Real-Time Dynamic Programming (RTDP) [77] to par-

tially observable domains. It is a heuristic search-based POMDP solver that performs asynchronous

value iteration over the belief space, focusing computation on belief states that are reachable and

relevant to the task. Rather than attempting to exhaustively compute a value function over the

entire belief space, RTDP-Bel incrementally improves value estimates along simulated execution

trajectories, making it well suited for large-scale problems with long horizons.

As outlined in Alg. 1, RTDP-Bel operates by performing a series of greedy rollouts. Each rollout

begins from the initial belief state bstart (Line 2) and terminates when a belief state in the goal set

G is reached (Line 4). At each step of a rollout, a state is sampled from the current belief, the

expected outcome of executing each action is evaluated, the best action is selected, and the value

estimate is updated accordingly (Lines 5{7). The next state and observation are then sampled, and

the belief is updated using the observation model (Lines 8{10). Repeating this rollout procedure is

guaranteed to converge to the optimal policy provided that the heuristic function used to initialize

the value estimates is an admissible underestimate of the optimal value function.

The heuristic function heur used to initialize the value estimates (Line 5) plays a critical role in

the performance of the algorithm. An informative heuristic can signi�cantly accelerate convergence

by guiding the search toward relevant regions of the belief space. As shown in [78], if the heuristic is

an admissible underestimate of the optimal value function, in
ating the heuristic values by a factor "

biases the search more strongly toward heuristic guidance, enabling convergence to an "-suboptimal

solution much more rapidly.
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Algorithm 2 LAO*

1: G�  fb 0g
2: while G � has non-terminal tip states do
3: Identify a non-terminal tip state b in G �

4: Evaluate each action a 2 A from b
5: Compute value of each action as:

Q(b; a) = c(b; a) +
X

z2Z

P(zjb; a)V (bz
a)

. V (bz
a) = heur(b z

a) if uninitialized

6: Select action a best that minimizes Q(b; a)
7: Update value V (b) = Q(b; a best )
8: Create set Z with b and ancestors of b in G�

9: ImproveValues(Z) . Value iteration
10: Update G � to current best solution
11: end while
12: ImproveValues(G � ) . Value iteration
13: if G � 6= current best solution then
14: Update G � to current best solution
15: Goto Line 2
16: end if
17: return G �

2.4 LAO*

LAO* [72], outlined in Alg. 2, is another widely used heuristic search-based solver for POMDPs

that, like RTDP-Bel, focuses computation on belief states that are relevant to the task. Rather

than performing rollouts, LAO* explicitly constructs and re�nes a partial solution graph over the

belief space. This allows the algorithm to interleave forward expansion with dynamic programming

backups while ensuring that belief states unreachable from the start belief b0 under the current best

policy are never explored.

LAO* maintains a partial solution graph G � consisting of all belief states reachable from b0
under the current policy. The algorithm iteratively expands and updates G� until no non-terminal

tip states remain. A belief state b is classi�ed as a non-terminal tip state if it is neither a goal belief

nor has been expanded, meaning that its successor beliefs bz
a have not yet been generated.

When such a state is encountered, all possible actions from b are evaluated and their correspond-

ing successor beliefs are computed. The optimal action is selected based on the current Q-value

estimates, and the value of b is updated accordingly (Lines 4{7). Next, a set Z is constructed

containing b and its ancestor beliefs in G� , and value iteration is performed over Z to update both

value estimates and optimal actions (Line 9). The solution graph G� is then updated to re
ect these

changes (Line 10). This process repeats until no non-terminal tip states remain in G� .

Once all reachable belief states have been expanded, value iteration is performed over the entire

solution graph. If these updates alter the current best policy, G� is revised, and the algorithm returns

to the expansion phase1. If the value function converges, the algorithm terminates and returns the

1This description simpli�es the original presentation of LAO for clarity, while preserving its fundamental properties.
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�nal solution policy represented by G� (Lines 12{17). As with RTDP-Bel, the heuristic function

plays a central role in guiding the search toward promising regions of the belief space. When the

heuristic is admissible, LAO* converges to the optimal solution, and when the heuristic is in
ated,

bounded suboptimality guarantees apply.
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3 Experience-based
preprocessing for

semi-structured settings

3.1 Introduction

Manipulation tasks like plug insertion (Fig. 3.1) or assembly have low tolerance to pose estimation

errors. Errors as low as 2mm can cause task failure1. However, it is infeasible for perception to

always perfectly localize the object of interest (which for plug insertion is the port for the plug). This

is especially the case for semi-structured environments where the variations in working conditions

like lighting changes, occlusions, and changes in the relative pose between the camera and the object,

make perception challenging.

A common strategy to counteract this problem is to use visual servoing [79, 80]. Visual servoing

is a technique where a robot is controlled using visual feedback from a sensor (typically) mounted

on the robot's end e�ector. A control loop determines the movement of the robot's end e�ector

such that an error function based on the visual input is minimized. However, these approaches are

subject to challenges all perception systems are a�ected by, including varying lighting conditions

and occlusions (created by the object in-hand or by obstacles in the environment) [81]. In this work,

we explore an alternate avenue by allowing the robot to use its contact/touch modality to accurately

localize the object of interest and complete the high-precision insertion tasks, thereby circumventing

the above-mentioned challenges.

Instead of requiring a single perfect pose estimate, we relax the perception system to estimate

a set of hypothesis poses within which the object of interest lies. The manipulator then utilizes

the occurrence of contacts (or the lack thereof) during execution as observations to exactly localize

the object and thereby complete the task. We demonstrate that this binary contact observation is

extremely powerful and can reliably localize the object at a resolution �ne enough to complete high-

precision insertion tasks. Conceptually, we frame this as a planning problem under pose uncertainty

where the robot observes contacts during execution.

In this work, we focus on insertion tasks in semi-structured industrial settings where the set of

initial pose distributions is �nite (which in turn implies a �nite set of possible planning problems).

Prior works which have looked into semi-structured domains with �nite problems have proposed enu-

1Tolerance numbers obtained from experimental data
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Figure 3.1: Experimental setup for plug insertion using a UR10e manipulator.

merating the set of possible problems that can be encountered online and preprocessing a database

of solutions [15, 16]. However, prior works solve deterministic problems, which only require the

database to contain solution paths. Due to pose uncertainty, our database needs to contain solutions

for Partially Observable Markov Decision Processes (POMDPs) i.e. policies. Naively constructing

a database of such solutions is computationally infeasible due to the curses of dimensionality and

history associated with solving POMDPs. Hence, it is imperative that intelligent choices are adopted

to make the process of database creation scalable.

We exploit the fact that the problems in the database are similar to each other and propose a

planning framework that iteratively constructs the database by using the solution of one problem as

experience for solving the next. We propose a general experience-based POMDP solver, Experience-

based RTDP-Bel (E-RTDP-Bel), that e�ectively utilizes prior experiences (solutions from similar

planning problems) to speed up planning queries while maintaining strong bounds on solution quality

and use it in our framework to e�ciently construct the database of solution policies.

The performance of the overall framework is demonstrated in the real world on the task of insert-

ing a plug into a port using a UR10e manipulator. We utilize an ICP-based registration framework

[82] to identify a discrete distribution of port poses. The results from the experiments highlight the

robustness of the framework, succeeding 95% of the runs. We also demonstrate the generality of the

framework by using it on the task of pipe assembly in simulation. Performance analyses presented

in Section 3.5 show that the proposed E-RTDP-Bel algorithm improves planning times by over a

factor of 100 while maintaining strong solution quality, making the database construction process

feasible.

Succinctly, our contributions are:

1. Developing a preprocessing-based planning framework that solves high-precision insertion tasks

under pose uncertainty for semi-structured settings.

2. Developing a general experience-based RTDP-Bel algorithm that uses experience from simi-

lar problems to signi�cantly speed up planning queries while maintaining strong bounds on

solution quality.

3. Demonstrating the e�ectiveness of using binary contact information for accurate object local-

ization.
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3.2 Related work

We �rst discuss di�erent frameworks used for solving high-precision insertion tasks. Then, we

delve into works that are closely related to our algorithmic contributions.

3.2.1 Framework

Visual servoing is a popular class of approaches used for solving high-precision insertion. Classical

approaches in this �eld have explored three major ideas i) Image-based visual servoing which

de�nes error metrics in the image space and computes end e�ector controls that minimizes the error

[83], ii) Position-based visual servoing which continually estimates the pose of the object (using

its model) and moves the end-e�ector towards a target pose [20], and iii) Hybrid approaches which

intelligently combine the two ideas [84]. Recent works have also trained deep neural network policies

that map images to motor controls [85]. In this work, we instead explore the use of an alternate

sensing modality, tactile sensing, to close the feedback loop.

Many prior works which incorporate tactile feedback focus on developing Particle Filter and

Bayesian estimation methods to compute object poses that best explain the sequence of tactile

observations made [38, 46, 47]. However, our work focuses more on active localization using tactile

feedback, i.e. reasoning about the sequence of actions to take to quickly localize the object of interest.

A popular idea here is to utilize a myopic framework that interleaves planning and execution [47, 51].

In each planning cycle, actions are sampled and the action that maximizes an information gain

metric is executed by the robot. This planning and execution cycle is repeated until the uncertainty

is reduced su�ciently. As a consequence of being myopic and only reasoning about the next best

action to take (as opposed to the sequence of actions to complete the task), these algorithms sacri�ce

solution quality which is critical in industrial settings. On the other hand, by formulating and solving

the planning problem as a POMDP, we are able to achieve signi�cantly better solution quality. This

is evident from the performance comparisons with [51] presented in Section 3.5.

Recently, reinforcement learning-based approaches for peg insertion have gained popularity [86].

[87] uses a long short-term memory model (LSTM) to estimate the Q value function to achieve

peg-in-hole assembly. [88] proposes a model-driven DDPG algorithm to learn the general assembly

policy for multiple peg-in-hole problems. We di�erentiate ourselves from prior literature in this �eld

by posing the problem as an active localization task and explicitly reason about using contacts to

localize the port/hole.

3.2.2 Algorithm

On an algorithmic level, we are inspired by [89] which introduces the notion of Experience Graphs

for deterministic settings. Their approach uses solutions from similar episodes to construct a graph

that represents the underlying connectivity of the space required to complete the task. Given a new

planning query, the algorithm attempts to reuse this graph as much as possible by constructing a

heuristic function that makes the search prioritize exploring regions around prior experiences. In

this work, we extend the idea of Experience Graphs to POMDPs. A variety of algorithms have
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been proposed to solve POMDPs. RTDP-Bel [71] is a popular heuristic-search-based algorithm that

exhibits great sample e�ciency and provides strong solution guarantees. We augment RTDP-Bel

to reuse prior experiences to signi�cantly speed up planning while continuing to maintain solution

guarantees.

The idea of preprocessing a database of solutions to eliminate or speed up planning online has

existed in di�erent forms over the years [15, 90, 91]. Due to the computational complexity of solving

POMDPs and the need for strong online performance, our approach utilizes a similar idea.

3.3 Problem Formulation

In this section, we formulate the active localization using contacts problem as a POMDP. Given a

robot manipulator, let R represent its state space and A the discrete action space. The observation

space Z comprises

1. The robot's state (encoder readings), and

2. A binary 
ag indicating the occurrence of contacts/collisions (F/T sensor readings or joint

torques)

Let H start represent the discrete distribution of hypothesis poses of the object of interest identi�ed by

a perception system. For ease of explanation and discussion, we assume this distribution is uniform

(our approach can be extended to non-uniform distributions with minor modi�cations). This allows

us to represent Hstart as a discrete set of hypothesis poses Hstart = fh 1; h2; ::: hn : hi 2 SE(3)g.

Unlike typical robotics problems, in our case, the stochasticity in transitions and observations

arises as a result of uncertainty in the model of the environment i.e. the object pose. We assume

the dynamics and the observations to be perfect given an object pose hi . Meaning, P (r0jr; a; h i ) and

P(zjr; a; h i ) are all either zero or one. The prevalence of high-quality manipulators in industries and

the very simple and reliable observation space (contacts) make the perfect dynamics and observations

assumption practical. Our real-world results detailed in Section 3.5 are a testament to this. We also

assume that the environment is static, i.e., robot actions do not change the state of the object being

localized.

Hence, the state of the system s for our problem contains both the robot state and the environ-

ment state, i.e. the object pose. This is represented by the tuple (r; h). If s = (r; h) and s0 = (r 0; h0),

the transition and observation models for our system state can be de�ned as follows.

T (s; a; s0) = P (s 0js; a) =

8
<

:

1 h0 = h; P (r 0jr; a; h) = 1

0 Otherwise

O(s; a; z) = P (zjs; a) =

8
<

:

1 P (zjr; a; h) = 1

0 Otherwise

(3.1)

Essentially the transition model describes that executing an action a from a fully observed state

s = (r; h) will deterministically transition the robot to a new state r 0 while leaving the environment
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Figure 3.2: Belief tree for the active localization using contacts problem. The robot uses the occurrence of contacts
(or the lack thereof) to reduce uncertainty, i.e., the hypothesis pose set.

state (i.e. the object pose) unchanged.

The belief state is a probability distribution over the state space. Under the uniform initial pose

distribution and perfect observation assumptions, the belief state can be represented by a tuple

(r; H), where r is the robot state and H = fh 1; h2::g is the discrete set of hypothesis poses. As the

task is to localize the object, the set of goal beliefs G is given by belief states that contain exactly

one hypothesis pose.

Fig. 3.2 represents a portion of the belief tree. Executing an action from a belief state that

results in di�erent observations under di�erent hypotheses leads to successor beliefs with reduced

uncertainty. As can be seen in the �gure, executing action a1 from belief state b2 which contains two

hypothesis poses fh1; h2g, results in a collision observation under h2 and uninterrupted execution

under h1. Executing this action allows us to disambiguate between the hypotheses h1 and h2 thereby

localizing the object.

The planning problem representing the active localization task can therefore be stated as given

a robot start state rstart and the set of initial hypothesis poses Hstart , compute a belief space policy

that reduces the hypothesis set to a single element while minimizing the expected distance traveled.

The assumptions we make about the above-formulated active localization problem can be con-

cisely listed as follows:

A1 Realizable setting, i.e., the groundtruth object pose is contained in the hypothesis set Hstart .

A2 Deterministic transitions and perfect observations given the environment state, i.e., object

pose.

A3 Known geometric model of the object of interest (used to compute expected observations).

A4 Static environment, i.e., the object of interest remains static upon interaction.
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Figure 3.3: left) b start , BE , and G are highlighted in yellow, maroon, and green respectively. The instantaneous
transitions/jumps relevant for computing heur E for bstart are indicated with dashed arrows. Under a su�ciently high
", the experience heuristic prefers the policy highlighted in red, encouraging the search to move towards B E , and the
value of this policy is used as heur E (bstart ). middle and right) Contrast the region of the belief space B explored by
RTDP-Bel to converge to a solution (highlighted in blue) when using heur E (under high ") vs heur, respectively.

It should be emphasized that our approach can be extended to incorporate noisy transition and

observation models with minor adjustments. However, in such cases, we can anticipate a decrease

in planning speed due to the expanded search space. The assumption of a realizable setting ensures

that the observations obtained from real-world interactions align with at least one of the hypotheses

proposed in Hstart . If none of the hypotheses can explain the observations, all of them will be

eliminated, indicating that the task is unachievable.

3.4 Approach

We are interested in semi-structured domains where the set of localization planning problems

that can be encountered is �nite and known ahead of time. This is de�ned by a �xed robot start

state rstart and the �nite set of initial distributions that can be encountered H = fH 1
start ; H 2

start :::g.

As the set of problems is known, we propose to preprocess solutions to the problems ahead of time

and construct a database of policies � = f� 1; � 2:::g that localize the object of interest for each

possible distribution H i
start . Online, based on the problem at hand, the solution policy from the

database is retrieved and executed.

Constructing this database naively by solving each problem independently is computationally

expensive. Based on the key observation that the problems in the database are similar to each

other, we propose to iteratively construct the database by using the solution of one problem as

experience for solving the next. To this end, we develop a general experience-based POMDP solver,

E-RTDP-Bel, that uses solutions of similar problems to speed up planning queries and use it in our

problem domain.

We start o� by describing RTDP-Bel [71], the POMDP solver that forms the basis of our planning

framework. Followed by which we describe E-RTDP-Bel and move on to describing how it is used

in the context of our domain.
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3.4.1 E-RTDP-Bel: Experience-Based RTDP-Bel

Idea

The intuitive idea behind Experience-Based RTDP-Bel is that similar planning problems likely

have similar solutions. Hence, given a problem and the solution to a similar problem, exploring

regions of the belief space around the solution is likely to solve the current problem.

Di�erent from the original belief MDP of the planning problem B, the approach explicitly main-

tains an experience MDP BE which is a signi�cantly smaller subset of the original belief space,

i.e. BE � B. B E is constructed from solutions of previous planning problems and at its essence

represents the portion of the belief space relevant to the planning problems. A simple technique to

construct BE would be to take the union of all transitions in previous solution policies. The key idea

behind our approach then is to speed up planning queries by reusing portions of solution policies

from previous problems as much as possible, i.e., portions of BE . This reduces the need for searching

large areas of the original belief space B.

We achieve this by constructing an intelligent heuristic function, the experience heuristic (heurE ),

using the original heuristic de�ned for the problem domain (heur), the goal set for the problem G,

and the experience MDP BE . The experience heuristic biases the search iterations in RTDP-Bel

towards BE when following parts of BE is likely to get the search closer to the goal. We use heurE (b)

as shorthand for heurE (b; G) and is the heuristic estimate of the expected cost to reach the goal set

of the problem from the belief b,

heurE (b) = min

8
>><

>>:

"heur(b; b0) + heur E (b0) 8 b0 2 B

C(b; a) +
X

z2Z

P(zja; b) heurE (bz
a) 8 (b; a) 2 B E

(3.2)

Essentially, given a belief state b, the experience heuristic computes the value of the optimal

policy from b to G that is composed of two kinds of transitions, i) Instantaneous jumps that take

the system between any two belief states in the belief space B. The cost of these instantaneous

transitions is equal to the heuristic value in
ated by the penalty term ". ii) Transitions that are

part of the belief MDP B E which incur their true cost. By penalizing the (pseudo) transitions

that lie outside the experience MDP, the heuristic encourages the search to reuse as much of BE as

possible. As the penalty " increases, the search will go farther out of its way to reuse experiences.

We run RTDP-Bel with this newly de�ned experience heuristic to speed up planning. We refer to

this approach as Experience-based RTDP-Bel (E-RTDP-Bel). Fig. 3.3. provides a visual depiction

of the experience heuristic idea.

Implementation

Computing the experience heuristic as de�ned in Eqn. 3.2. is computationally intractable. Given

a belief state b, computing heurE involves reasoning over the instantaneous jumps from b to every

state in B. However, if the original heuristic follows the h-consistency property, i.e., heur(b1; b3) �

heur(b1; b2) + heur(b 2; b3); 8 b1; b2; b3 2 B, then "heur(b) � "heur(b; b 0) + "heur(b 0) 8 b0 =2 BE [ G.
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Algorithm 3 Experience Heuristic

1: procedure Precompute Values(B E ; G; heur)
2: for b 2 B E do
3: heurE (b) = "heur(b) . initialization
4: end for
5: while Not Converged do
6: for b 2 B E do
7: Compute heurE (b) as de�ned in Eqn. 3.3.
8: end for
9: end while

10: end procedure

Therefore, for all b 2 B, the instantaneous actions can be restricted to a signi�cantly smaller subset,

b0 2 B E [ G. Now, instead of reasoning over instantaneous transitions to every state in the belief

space, we only need to reason about jumps to the experience MDP BE or the goal set G.

heurE (b) = min

8
>><

>>:

"heur(b; b0) + heur E (b0) 8 b0 2 B E [ G

C(b; a) +
X

z2Z

P(zja; b) heurE (bz
a) 8 (b; a) 2 B E

(3.3)

Computing the experience heuristic for every state encountered in the search is still non-trivial.

However, computing heurE for any state b encountered in RTDP-Bel can be reduced to a simple

linear pass over the states in BE [ G if the experience heuristic for the states in BE is known.

heurE (b) = min
b02B E [G

"heur(b; b0) + heur E (b0) 8 b =2 BE [ G (3.4)

As the experience heuristic for states in BE is only dependent on G and BE itself, prior to running

RTDP-Bel we precompute heurE for all states in BE by performing a series of asynchronous Bellman

updates (outlined in Alg 2).

For any belief state b, heurE (b) is upper bounded by "heur(b) (as heurE (b0) = 0, if b 0 2 G).

Hence, if heur is admissible, i.e., underestimates the cost of transitions, the solution is guaranteed

to be "-suboptimal. This property directly follows from [78], which proved that a solution policy

found by RTDP-Bel using an "-in
ated admissible heuristic is guaranteed to be "-suboptimal.

3.4.2 Using E-RTDP-Bel For Database Preprocessing

In this subsection, we show how E-RTDP-Bel is used to speed up constructing the database of

policies � (Alg. 4).

Given the set of localization problems de�ned by the robot start state rstart and the set of initial

object pose distributions H = fH 1
start ; H 2

start :::g, we can maximize the bene�t of E-RTDP-Bel by

solving the problems in an intelligent order. The closer the experience MDP BE is to the solution

policy of the problem being solved, the more speed up we are likely to observe, as larger portions

of BE can be reused. Hence, we choose to solve the problems in increasing order of uncertainty as
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Figure 3.4: left) Getting from the start belief of a more complex problem p 0 (yellow) to the solution of a simpler
problem p, i.e., B E

naive (maroon) can be non-trivial. right) Rolling out the solution of the p from p 0
start makes the

experience directly accessible from p 0
start .

it will allow us to reuse solution policies from simpler problems to construct rich BE 's which more

closely resemble solutions to complex problems.

A subtle but important observation is that the start beliefs between the problems can be very

di�erent due to the initial uncertainty H i
start being di�erent. For example, let the start belief of a

simple problem p be pstart = (r start ; fh 1; h2; h3g) and the start belief of a more complex problem

p0 be p0
start = (r start ; fh 1; h2; h3; h4; h5g). In this case, directly using the solution policy of p as the

experience MDP for solving p0 might not be bene�cial as getting from the start state of p0 to the

experience is non-trivial in the belief space. We refer to the experience MDP which directly uses

the solution of a similar problem as BE
naive . Hence, in this case getting from p0start to BE

naive involves

eliminating at least 2 hypothesis poses (fh4; h5g), and identifying actions that can achieve this is

non-trivial. As a result, the impact of the experience is reduced.

To counter this issue, we transform BE
naive in the belief space so it is easily accessible from p0

start .

We achieve this by rolling out the policy of p from p0
start (as opposed to pstart itself) and using

the resulting MDP as the experience MDP BE . To roll out the solution policy computed for p

from p0
start , we represent the solution policy as a mapping from histories to actions (as opposed to

belief states to actions). Here, history corresponds to the sequence of actions taken and observations

made. For example, in Fig. 3.4, the belief state b2 can be abstracted out as the state reached

by executing action a1 and receiving observation z1. In the modi�ed representation of the policy,

history fa 1; z1g is mapped to action a2. Hence, action a2 is applied from the history fa 1; z1g in the

more complex problem as well (which corresponds to belief state~b2). Constructing B E through this

rollout procedure ensures that the experience can be reused directly, maximizing the speedup. This

is evident from the ablation studies presented in Section 3.5.
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Algorithm 4 Preprocessing Framework

1: procedure Preprocess(r start ; H)
2: � = ;
3: Order H in increasing order of uncertainty
4: for H i

start 2 H do
5: bstart = (r start ; H i

start )
6: Pick � j from � with most similar start state uncertainty
7: BE = Rollout � j from bstart

8: Use Alg. 3 to precompute heurE (b) 8 b 2 BE

9: Use Eqn. 3.4. to compute heurE (b) 8 b =2 BE [ G i

10: Compute solution policy � i from bstart to Gi using
RTDP-Bel with heur E . E-RTDP-Bel

11: �:Insert(� i )
12: end for
13: end procedure

3.5 Results

Figure 3.5: Schematic diagram of the overall system. The preprocessed policy database is constructed using E-
RTDP-Bel as outlined in Section 3.4.2.

We evaluate the performance of our framework on i) A real-world plug insertion task incorporat-

ing 3D positional uncertainty of the plug port, and ii) A simulated pipe assembly task incorporating

4D pose uncertainty of the pipes.

3.5.1 Plug Insertion Task

Setup

The task is to insert a plug into its port using a UR10e manipulator. The position of the port

is constrained to be within a bounded volume (2m x 2m x 2m) and is allowed to yaw within a
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Figure 3.6: A run of the proposed framework on the plug insertion task in the real world (top row) and the pipe
assembly task in simulation (bottom row). We observe the robot making contacts at di�erent locations to localize the
object of interest and completing the insertion task upon localization. In the pipe assembly case, the construction of
complex structures can be modeled as a sequence of insertions.

range of -15 to +15 degrees (roll, pitch are �xed). As 2mm errors in position estimation can cause

failures, the task is modeled under 3D positional uncertainty. The action set A is composed of

unit movements in the end e�ector space. Though a similar discrete set could be de�ned in the

joint space, movements in the end e�ector space were simpler and provided a more informative and

natural set that was better suited for the task at hand (gaining information quickly).

We use a simple perception module rooted in ICP (Iterative Closest Point) [82] to identify a

discrete distribution of hypotheses port poses Hi . Given a scene, we capture a point cloud from the

static camera (Microsoft Azure Kinect DK) and use ICP (with the model of the port) to estimate

the port pose. This pose estimate is converted into a discrete distribution using a simple rule-

based approach. We represent the 3D positional uncertainty as a cuboid centered around the pose

estimate. This is then discretized at a resolution of 2mm to create the hypotheses set Hi . The rules

for generating the cuboid of uncertainty given the pose estimate are constructed by comparing the

groundtruth poses with the ICP (noisy) estimates at di�erent regions in the workspace. Given this

rule-based uncertainty model and the workspace, we query the model at all (discretized) poses within

the workspace to create the set of possible initial distributions H = fH 1; H2: : : g. The set contains

initial uncertainties ranging from 4mm to 3cm along each axis, meaning that Hi contains up to 153

poses. The uncertainty model is not the focus of our framework, more sophisticated approaches can

be used with our planning framework. A schematic diagram of the entire system and the di�erent

modules involved can be found in Fig. 3.5.

Impact of Reusing Experiences

Table 3.1 presents results that demonstrates the impact of the developed E-RTDP-Bel algorithm

in constructing the database of policies �. Each algorithm is given a timeout of 500 seconds for
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Table 3.1: Statistics For Database Construction (Plug Insertion)

Metrics

Planning Algorithm

RTDP-Bel E-RTDP-Bel

" = 1 " = 2 " = 3 " = 5 " = 2 " = 3 " = 5

Success
Rate (%) 78.9 81.1 84.2 86.5 100 100 100

Relative
Speedup 1.0 1.22 1.56 2.32 113.24 283.13 551.97

Relative
Expected Cost 1.0 1.08 1.78 2.19 1.12 1.83 2.46

each planning problem. If the algorithm fails to solve the problem within the timeout, a failure is

recorded. The speedups and costs are presented relative to RTDP-Bel (run with a suboptimality

bound of " = 1). From the table, it is clear that E-RTDP-Bel dominates RTDP-Bel providing average

speedups of over a factor of 100 while maintaining similar costs. The table also presents the tradeo�

between solution quality and planning time dictated by the penalty ". As " increases, E-RTDP-Bel

encourages the search to go farther out of its way and reuse larger portions of previous solutions

thereby converging quicker at the expense of solution quality. The performance of RTDP-Bel under

di�erent suboptimality bounds highlights the relative impact of E-RTDP-Bel as the suboptimality

bound increases.

Performance of the Overall Framework

Table 3.2: Performance of the Framework on plugin and assembly tasks

Metrics
Task

Plug Insertion Pipe Assembly

(Real World) (Simulation)

Success Rate (%) 95 100

Execution Time (s) 22.3 16.9

Table 3.2 presents the performance of our framework averaged over 50 runs in the real world. In

each run, the port is moved to a random pose within its workspace. We observe a strong success

rate of 95%. The source of the 5 failures is incorrect perception, wherein, the groundtruth pose is

not contained within the hypothesis set identi�ed by perception.

We also evaluate a popular online approach, Touch Based Localization (TBL) [51], on our problem

domain. TBL interleaves planning and execution. In each iteration of planning, multiple actions are
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Figure 3.7: Performance of TBL on the task of plug insertion. left) Initial uncertainty (number of hypothesis poses)
vs planning time. right) Initial uncertainty (number of hypothesis poses) vs Cost (relative to RTDP-Bel).

sampled, and based on the current belief their expected information gain is computed. The action

that maximizes the information gain metric is chosen for execution. Upon execution, the observation

received is used to update the belief, and the process is repeated. This approach is ine�cient in

our domain for two reasons. The �rst is the computational expense associated with it, especially

under high uncertainties. Evaluating information gain of an action or even maintaining the belief

distribution, involves forward simulating the action under all hypothesis poses and computing the

expected observation. This process involves expensive 3D mesh collision checks. In our problem,

hypothesis sets can contain thousands of poses resulting in several thousand collision checks for each

action. Although TBL is faster than solving the problem as a POMDP, it is not fast enough to be

used online. The second reason is that TBL is myopic. It only reasons about the next best action

to execute and not the sequence of actions to execute to complete the task, thereby compromising

solution quality. This e�ect is exacerbated under high uncertainties. Fig. 3.7. presents how the

planning times and solution qualities scale with uncertainty. For our evaluation, we sampled 100

actions in the vicinity of the hypothesis poses in each planning iteration.

A simple Image-based visual servoing approach was also evaluated. A RealSense D435i camera

was mounted on the wrist of the manipulator and provided a continuous video stream of the region

of interest. SIFT [92] was used for registering the features between the current and the target image.

The positional errors between the features in the image space (from the current to the target image)

were used to compute the robot controls. The lack of clear contrast between the object of interest

and its background (black colored port mounted on a black background) combined with the fact

that the plug in hand occluded most of the port (especially in close proximity) led to poor feature

registration and as a result only 1 success out of 10 runs. To compare against the performance of

the approach under ideal conditions, a clearly visible red tape that could be reliably identi�ed in

the images (including those from close proximity) was attached to the port. Instead of using the

SIFT features, we used the corners of the tape (which could be reliably located using a simple color

mask) as features for the IBVS algorithm. The performance was signi�cantly better under such ideal

conditions succeeding in 9 out of 10 runs (with an average execution time of 11 seconds). These
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Table 3.3: Preprocessing Framework Ablation Study

Metrics
Planning Framework

Ours Naive Random

Success Rate (%) 100 100 95.5

Relative Speedup 1.0 0.23 0.11

Relative Expected Cost 1.0 0.95 0.98

results reiterate the challenges faced by vision-based algorithms and highlight the need for using

tactile feedback.

We highlight the impact of the choices we make in our preprocessing-based planning framework

through ablations presented in Table 3.3. Here, Naive uses BEnaive as the experience MDP instead

of the proposed rollout procedure to construct BE (Section 3.4.2). Random orders the problems

randomly to highlight the bene�t of ordering problems in increasing order of uncertainty. All variants

run E-RTDP-Bel with " = 2, and their performance in constructing the database of solutions is

presented relative to our framework. We observe that Naive and Random are 5 and 10 times slower

than our framework respectively, highlighting the impact of the quality of experience on planning

performance. By ordering the problems in terms of increasing uncertainty and by performing the

rollout procedure, we are able to construct Experience MDPs that are more relevant (larger portions

of the experience can be reused) and easily accessible, resulting in stronger performance.

Overall, our framework provides a strong combination of real-world robustness, planning times,

and solution quality.

3.5.2 Pipe Assembly Task

Table 3.4: Statistics For Database Construction (Pipe Assembly)

Metrics

Planning Algorithm

RTDP-Bel E-RTDP-Bel

" = 1 " = 2 " = 3 " = 5 " = 2 " = 3 " = 5

Success
Rate (%) 71.4 76.5 79.3 81.9 100 100 100

Relative
Speedup 1.0 1.4 1.76 2.06 84.44 198.10 335.50

Relative
Expected Cost 1.0 1.06 1.57 1.76 1.08 1.68 1.89
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To demonstrate the generality of the framework, the approach was also evaluated in simulation

on the task of pipe assembly. Pipe assembly can be modeled as a series of high-precision insertions

of pipes into elbows and vice versa (Fig. 3.6). For each insertion in this domain, we reason about the

uncertainty in pose along 4 axes (x, y, yaw, and pitch) in contrast to just the positional uncertainty

in plug insertion.

As the task is evaluated in simulation, the set of initial uncertainties is arti�cially created and

E-RTDP-Bel is used to create the database of policies. The set contains initial uncertainties ranging

up to 2cm in position (along each axis) and 0.25 radians in orientation (along each axis). We used

a resolution of 2mm for position and 0.05 radian for orientation for discretizing the distribution.

Therefore, H has hypotheses sets Hi that contain up to 3600 possible poses. During evaluation,

random noise is added to the pose of the pipe/elbow. An initial distribution is sampled from the set

H (such that the random noise is contained within the boundary of the discrete distribution), and

the corresponding policy is executed by the robot. An important observation is that the random

noise is sampled in the continuous space and is not exactly contained in the discrete distribution.

The approach was evaluated on 50 problems and we observed that the robot was able to successfully

localize the object of interest and complete the task in all of the runs (Table 3.2). Similar to the plug

insertion task, Table 3.4 presents the performance of E-RTDP-Bel in constructing the database of

policies �. E-RTDP-Bel continues to provide signi�cant speedups while maintaining good solution

quality. The ablation studies and performance comparisons with TBL follow similar trends as in the

plug insertion task and are omitted for brevity.

3.6 Conclusion

We formulate high-precision insertion tasks as planning under pose uncertainty and utilize con-

tacts to localize the object of interest and complete the task. We develop a preprocessing-based

planning framework for semi-structured insertion domains where the set of possible pose uncer-

tainties are �nite and known ahead of time. Due to the computational expense of preprocessing

a database of solutions, we propose a general experience-based POMDP solver, E-RTDP-Bel, that

e�ectively utilizes solutions of similar planning problems to speed up planning queries and use it to

speed up database construction by over a factor of 100. The framework demonstrates strong per-

formance in terms of robustness, planning times, and solution quality on the tasks of plug insertion

(real world) and pipe assembly (simulated).
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4 Multi-modal
representation for

scaling up uncertainties

4.1 Introduction

Chapter 3 addressed the problem of high-precision manipulation under object pose uncertainty

in semi-structured industrial settings. By formulating contact-driven localization as a POMDP and

exploiting a key source of structure, namely that the set of possible initial pose distributions was

�nite and known ahead of time, we were able to preprocess a database of solution policies o�ine.

Experience-based RTDP-Bel (E-RTDP-Bel) leveraged similarities across problem instances to make

this preprocessing tractable, enabling fast and reliable online execution.

As interest grows in deploying robotic assistants in domestic environments, ranging from early

automated vacuum cleaners to more general-purpose household robots [93, 94, 95, 96], robots in-

creasingly encounter settings where these assumptions no longer hold. In domestic environments,

relying solely on visual feedback is often inadequate or ine�cient. Occlusions, clutter, poor lighting,

and constrained viewpoints are common. For example, consider the scenario shown in Fig. 4.1,

where a robot must locate an object inside a shelf that is completely out of view. Similar challenges

arise when retrieving items from a densely packed refrigerator or during furniture assembly, where

one arm stabilizes large components while the other searches for small fasteners. In such situations,

humans naturally rely on contact to localize objects and reason about their surroundings. To en-

able robust object-centric manipulation in domestic settings, robots must be endowed with similar

contact-driven reasoning capabilities.

In contrast to the semi-structured industrial setting studied in Chapter 3, the lack of structure

in domestic environments manifests in two fundamental ways. First, solution policies must be

generated online, as the set of planning problems encountered is neither �nite nor known ahead of

time. Second, the magnitude of uncertainty that must be resolved is signi�cantly larger.

Domestic robots are required to handle a diverse range of tasks, each with di�erent environmental

constraints, object geometries, and task tolerances. Consequently, the sequence of actions required

to reduce pose uncertainty depends strongly on the speci�c problem instance. Enumerating all

possible planning problems and preprocessing a database of policies, as done in the semi-structured

setting, is therefore infeasible. Instead, the planning framework must synthesize solutions online.
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Figure 4.1: Experimental setup for plug insertion using a UR10e manipulator where the port is inside a shelf and
out of view of the robot.

However, the POMDPs that arise from contact-based active localization in these settings are highly

complex, and solving them exactly or even approximately in real time is computationally intractable

without additional structure.

The magnitude of uncertainty further exacerbates this challenge. Returning to the shelf example

in Fig. 4.1, since the robot cannot directly observe the object of interest, it must rely on a coarse prior,

such as the knowledge that the port is typically located somewhere on the right wall of the shelf.

This leads to positional uncertainties on the order of tens of centimeters and angular uncertainty

approaching 2�. Similar levels of uncertainty arise when a robot enters a dark room and attempts

to locate a light switch near a doorway, where positional uncertainty can approach a meter. These

uncertainty scales are orders of magnitude larger than those considered in semi-structured industrial

settings.

This increase in uncertainty impacts planning in two critical ways. First, it dramatically in-

creases the branching factor of the underlying POMDP, making search signi�cantly more challenging

[13, 97, 98]. Second, belief representation and belief transition computation become prohibitively

expensive. Representing belief naively as a particle set would require millions of particles. Eval-

uating the outcome of a single action would then involve simulating contact interactions for each

particle, and solving the POMDP would require rolling out many such action sequences. This makes

direct particle-based belief representations impractical in this regime and calls for a more e�cient

representation.

In this chapter, we address these challenges by developing a framework that incorporates two

key ideas:

1. A hierarchical representation of uncertainty: We initially represent uncertainty coarsely

in a 3D volumetric space that captures regions of the workspace that may be occupied by

the object of interest and regions that are guaranteed to be free. Contact and no-contact

observations are used to iteratively shrink the possibly occupied volume. Planning is �rst

performed in this volumetric space to reduce uncertainty e�ciently. Once uncertainty has been

reduced below a prede�ned threshold, the problem is translated back into a �ner particle-based

representation by enumerating poses consistent with the remaining volume. Reasoning in the

particle space is then tractable, enabling e�cient re�nement and task completion.
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2. A greedy closed-loop planning and execution framework: Computing a complete

optimal or near-optimal policy for these problems can require hours of computation. Instead,

we adopt a greedy closed-loop planning and execution framework with a limited time budget

per planning iteration. In each iteration, a heuristic-search-based anytime solver computes a

partial policy, which is then executed on the robot. This process is repeated until uncertainty

is su�ciently reduced and the task is completed. To maximize performance under tight time

constraints, the planner focuses on the most likely outcomes and combines admissible and

inadmissible heuristics to balance exploration and exploitation.

We evaluate the proposed framework both in simulation and on a real UR10e manipulator per-

forming plug insertion tasks under large pose uncertainties, including 3D, 4D, and 5D uncertainty.

In all cases, the port is positioned outside the robot's �eld of view, requiring resolution of positional

uncertainties on the order of hundreds of centimeters and angular uncertainties close to 2�. Exper-

imental results demonstrate robust performance, achieving a 93% success rate in real-world trials.

Performance analyses in Section 6.5 show that the hierarchical belief representation substantially

accelerates planning, making online solution synthesis feasible. The proposed planning framework

also improves solution quality by up to 30% compared to greedy baselines, with ablation studies

highlighting the contribution of each design choice.

4.2 Related work

As outlined in Chapter 3 over the years, various vision-based techniques have been developed for

high-precision manipulation tasks such as plug insertions [99, 100, 101]. Visual servoing is a widely

used approach for such tasks, utilizing real-time image data from an in-hand camera to compute

errors|either directly in image space or by estimating the pose of the insertion slot|and generating

control commands to minimize these errors [20, 83, 84, 85].

Many prior works that incorporate tactile feedback focus on developing particle �lters and

Bayesian estimation methods to compute object poses that best explain the sequence of tactile

observations made [38, 46, 47, 48]. However, our work focuses more on active localization using

tactile feedback, i.e., reasoning about the sequence of actions to take to quickly localize the object of

interest. Previous works tackling this question have utilized a set of particles to represent the object

pose uncertainty [14, 51]. Directly formalizing and solving the POMDP by utilizing this represen-

tation is infeasible in situations with large uncertainty, prevalent in unstructured environments, as

millions of particles may be needed. Other particle �ltering variants such as [102] require compute

heavy operations like manifold sampling, making them unsuitable for planning. In this work, we

address this challenge by proposing a hierarchical representation of uncertainty and de�ning the

POMDP using this representation.

Data-driven end-to-end active perception approaches leverage deep reinforcement learning and

neural networks to directly map raw sensory inputs to control actions without explicitly maintaining

beliefs [103, 104, 105]. While e�ective in some tasks, these methods require extensive training data

and often generalize poorly to new environments and tasks. Our proposed hierarchical POMDP-
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based framework o�ers a structured way to handle uncertainty while being 
exible enough to be

integrated with learning-based controllers.

The tasks of peg-in-hole insertion and assembly have been widely studied in robotics, with various

strategies explored to handle uncertainty. These approaches include force-based controllers and

impedance control strategies [106, 107], model-based methods [108, 109], and, more recently, model-

free learning-based techniques [110, 111]. While our framework is demonstrated on high-precision

plug insertion, its broader objective is to provide a general real-time POMDP-based planning solution

for active localization in uncertain environments. It is even possible to utilize these learned or

compliant strategies within our POMDP framework, which methodically reasons about the utility

of di�erent action sequences and identi�es the one that can most e�ciently complete the task.

Our hierarchical representation is independent of the speci�c planner used to solve the POMDP,

allowing for e�cient action sequence reasoning. Prior approaches have used greedy methods to

approximately solve the POMDP, often employing a myopic framework that interleaves planning

and execution [47, 51, 52]. In each iteration of touch-based localization (TBL) [51], actions are

sampled, and the robot executes the one that maximizes an information gain metric. This process

is repeated until uncertainty is su�ciently reduced. Similarly, frontier search [52] selects the nearest

information-gain action for execution. However, these myopic strategies, which focus only on the next

best action, often compromise solution quality. Performance comparisons against these baselines

presented in Section 5.4 highlight this issue.

The transition models for the proposed representation of uncertainty is closely tied to [36, 38, 39].

However, their objective is to utilize contact observations to model the unknown environment they

operate in and e�ciently move from one location to another. On the planning front, RTDP-Bel

[71] forms the basis of our framework. Further, [112, 113] discuss techniques to focus e�orts on the

most likely outcomes/beliefs when planning online under time constraints, an idea that we adapt

and utilize in our framework.

4.3 Problem Formulation

The problem is formulated similarly to the formulation presented in Chapter 3. Given a robot

manipulator, let Q denote its state space and A the discrete action space. The observation space Z

consists of:

1. The robot state, obtained from encoder readings, and

2. A binary indicator of contact or collision, detected through force{torque sensor measurements

or joint torque signals.

The objective is to compute a robot policy � that utilizes contact observations to reduce uncer-

tainty about the pose of a target object T , ensuring that the remaining uncertainty falls below a

task-dependent threshold �. Additionally, the policy should aim to minimize the expected distance

traveled while completing the task. The target object T is known to be within a prior volume V in

the 3D workspace, ensuring that T is always contained within the initial hypothesis space.

36



Ch. 4 { Multi-modal representation for scaling up uncertainties

Figure 4.2: Given the target object T (in red) and the space of volume within which the target object is guaranteed
to be (in solid grey), P O is a discretized representation of the possibly occupied volume.

The contact observation is a simple binary collision 
ag that detects if the robot is in contact

with an external object, playing a crucial role in re�ning the belief over T 's pose. For example, if

a planned motion that avoids the static environment results in a contact observation, it con�rms

the presence of T along that trajectory. Conversely, if no contact is detected, it eliminates the

portions of V that were traversed. Actions that result in contact with the static environment are

not informative for reducing uncertainty about T 's pose as they are guaranteed to result in a contact

observation. Details about the belief transitions and the hierarchical representation of uncertainty

are discussed in the section below.

Unlike typical robotics problems, in our domain, the stochasticity in transitions and observations

arises from uncertainty in the model of the environment, speci�cally, the object pose. We assume

perfect dynamics and observations, due to the high-quality manipulators and the simple but reliable

observation space (contacts)1. The environment is assumed to be static with robot actions not

altering the state of T . We also assume access to the geometric model of T , which we utilize to

compute the expected observations (there are no assumptions on the model of T ). It should be em-

phasized that our approach can be extended to incorporate noisy transition and observation models

with minor adjustments. However, in such cases, we anticipate a minor decrease in performance due

to the expanded search space.

4.4 Methodology

The planning framework is split into two phases (Fig. 4.3).

Phase 1 (Volumetric representation): We start by representing uncertainty in a 3D vol-

umetric space, which captures the potential volume occupied by the target object. As actions are

executed, observations (e.g., collisions) help re�ne this space. For example, if an action results in no

collision, we can infer that the target object does not occupy the swept volume, reducing the possi-

ble occupied space. This approach allows for e�cient reasoning under large uncertainties and helps

1We validated perfect contact observations by sampling 100 actions and con�rming that all collision readings
aligned with the expected observations.
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Figure 4.3: The �rst phase of the framework involves reasoning about pose uncertainty in the volumetric space,
using contact observations from actions to reduce the potentially occupied volume. Once uncertainty is reduced to
a manageable level, we transition to a �ner representation in the particle space by mapping the reduced volumetric
uncertainty to a smaller set of feasible poses. We then execute policies that will help reduce uncertainty in this space
su�cient enough to complete the task.

identify actions that minimize the potentially occupied volume. A customized heuristic search-based

POMDP solver is used to compute a policy that reduces the uncertainty in the volumetric space

below a prede�ned threshold.

Phase 2 (Particle representation): Once the uncertainty is reduced to a manageable level,

we transition to a �ner representation in the particle space. We map the reduced volumetric uncer-

tainty into a smaller set of feasible target poses (particles). A new POMDP is de�ned to represent

uncertainty transitions in this particle space, and the same heuristic solver is employed to compute

a policy that further reduces uncertainty and completes the task.

By hierarchically representing uncertainty, our approach reduces computational complexity, ef-

fectively shrinking the search space and allowing a manageable transition from volumetric to particle-

based reasoning. The following subsections detail the POMDP formulation in both phases and the

customized solver used.

4.4.1 Hierarchical Belief Representation

Volumetric representation

The volumetric representation of uncertainty is structured as a 3D binary occupancy grid, where

each voxel has a value of 0 or 1. A voxel with a value of 0 indicates that the object of interest is

guaranteed to not occupy any part of it, while a voxel with a value of 1 represents the possibility of

occupancy. We denote the set of possibly occupied voxels as PO, where jPOj represents the number

of such voxels.

We start by discretizing the initial volume V into a 3D grid, assigning 1 to all cells. As PO is not

directly observable, collision observations from executed actions help reduce jPOj. The goal of the
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Figure 4.4: If an action results in no contact, the target object is guaranteed to not occupy any part of the swept
volume.

planning problem at this phase is to �nd a robot policy that minimizes the expected travel distance

while reducing jPOj below a predetermined threshold �.

The system's state s comprises the robot's state, the environment state, and the set of previously

encountered collisions represented as s = (q; PO; C). Where C = f(q1; a1); (q2; a2):::g and each tuple

(qi ; ai ) 2 C corresponds to the robot having previously observed a collision at con�guration qi
while executing ai . The action space A consists of end-e�ector movements. The observation space

Z includes binary collision readings and the robot state f(no) collision; q 2 Qg. A robot action a

starting from q1 and ending at qn can be approximated by a discrete set of con�gurations fq1; q2:::qn g.

Such an action can produce n+1 possible observations: collisions at any intermediate con�guration,

zi = fcollision; q i g or no collision upon reaching qn , denoted zn+1 = fno collision; q n g.

If a collision was observed at qi when executing a, let S(qi ; a) represent the set of active voxels

on the robot's surface that are potentially in contact with the target object T (Fig. 4.5). This means

that at least one voxel in S(qi ; a) is occupied by T . Additionally, let D max represent the maximum

possible distance between any two points on T and N represent the number of voxels occupied by

T .

The successor state s0 from executing action a from state s = fq; PO; Cg, and receiving observa-

tion z can be de�ned as follows:

1. If zn+1 is observed (no collision), s0 = fq n ; POn+1 ; Cn+1 g, where:

POn+1 = PO n V(q1; qn ); Cn+1 = C (4.1)

V(q1; qn ) represents the set of voxels contained in the volume swept by the robot moving from

q1 to qn (Fig. 4.4).
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Figure 4.5: If an action a results in contact at con�guration q collision , the target object is guaranteed to not be
farther than D max from S(q collision ; a).

2. If zi is observed (collision at qi ), s0 = fq i ; POi ; Ci g, where:

POi = PO n
�

V(q1; qi )
[

U(qi ; a)
�

; Ci = C [ (q i ; a) (4.2)

U(qi ; a) represents all cells farther than Dmax from S(qi ; a) and are guaranteed to be unoccu-

pied (Fig. 4.5).

The above equations formally establish the notion that if an action observes no collision, then

T is guaranteed not to occupy any part of the volume swept by the robot during that motion.

Conversely, if a collision is observed at qi , T is constrained to regions within a bounded distance

from qi , determined by the dimensions of T . Hence, given a state s, action a, and an observation

zi , the corresponding successor state s0 can be determined. The probability of observing zi de�nes

the probability of transitioning to s 0, denoted as T (s0; s; a). Hence, to de�ne the transition function

in the volumetric belief space, the likelihood of each observation zi , denoted by �(z i ja; s), has to be

computed.

Assuming independence amongst the observations, we de�ne the likelihood of collision at con�g-

uration qi as,

�
�

fcollision; q i g
�
�
�PO; a; C

�
/ �

�
fcollision; q i g

�
�
�PO; a

� Y

(q j ;a j )2C

�
�

fcollision; q i g
�
�
�(qj ; aj ); a

�
(4.3)

The likelihood of not colliding at q i can be similarly de�ned. Essentially, the likelihood of

observing a collision at qi while executing ai is composed of two modules.

First, the likelihood of collision given PO represented by the term, �(fcollision; q i gjPO; a). The

likelihood of collision depends on the number of occupied voxels in S(qi ; a). If the active surface of

the robot, S(qi ; a), signi�cantly overlaps with PO, the likelihood of collision is high.
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�(fcollision; q i gjPO; a) = min(1;
jS(qi ; a) \ POj

jPOj � N
)

�(fno collision; q i gjPO; a) = 1 � �(fcollision; q i gjPO; a) (4.4)

Second, the likelihood of collision given the history of observed contacts, C = f(q1; a1):::(qn ; an )g.

Given a previously observed collision at (q1; a1), the likelihood of observing a collision at (qi ; a) is

represented by �(fcollision; q i gj(q1; a1); a). This likelihood is high if S(q i ; ai ) intersects with a large

portion of S(q1; a1). If S(q1; a1) � S(q i ; a), then it guarantees that a collision must be observed at qi
as at least one active surface voxel is guaranteed to be occupied by T . Conversely, the likelihood of

a collision decreases as the distance between S(qi ; a) and S(q1; a1) increases. If this distance exceeds

Dmax , which is the maximum possible separation between two points on T , the likelihood drops to

0.

�
�

fcollision; q i g j (q1; a1); a
�

=
�

jS(qi ; a) \ S(q 1; a1)j + �
jS(q1; a1)j + �

�
0

@1 �
max

�
0; dist

�
S(qi ; a); S(q1; a1)

��

Dmax

1

A

�
�

fno collision; qi g j (q1; a1); a
�

= 1 � �
�

fcollision; q i g j (q1; a1); a
�

(4.5)

Finally, these can be combined to compute the likelihood of the di�erent observations zi . Since the

observations are sequential, if zi is observed, no collision must have occurred at earlier con�gurations

fq1; q2:::qi�1 g. Thus:

�
�

zi j a; s = fq; POg
�

= �
�

fcollision; q i g j PO; a
� i�1Y

k=1

�
�

fno collision; qk g j PO; a
�

(4.6)

The likelihood of zn+1 can also be similarly computed. These likelihoods provide the observa-

tion model P (zjs; a), which, together with the state transitions de�ned by Eqn. 4.1 and Eqn. 4.2,

completes the transition model T (s0js; a). This formalizes the problem in volumetric space, allowing

a belief MDP solver to compute a policy that minimizes the expected distance while reducing jPOj

below �.

Particle Representation

After reducing the set of potentially occupied voxels PO, we switch the uncertainty representation

to particle space. This involves discretizing the space of possible poses2 and evaluating each pose to

determine if the object at that pose occupies any portion of the workspace outside the potentially

occupied voxels set. The object is guaranteed to be completely contained within PO by virtue of

construction. Thus, any pose for which the object intersects voxels outside PO is deemed infeasible

as it contradicts prior contact observations. Hence, we evaluate all discretized poses and only

2The resolution of discretization is dependent on the tolerance of the task.
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include the ones that are completely contained within PO into our set of valid hypotheses poses

H start = fh 1; h2; :::hn g.

Now that the set of hypothesis poses has been created, we de�ne the POMDP in the particle

space similar to [14]. The state of the system in this case contains the robot state and the set of

particles s = fq; Hg. An action a 2 A approximated by a sequence of n discrete con�gurations

fq1; q2:::qn g as previously discussed can result in n + 1 observations. Hence, if an observation zi is

made (which corresponds to a collision at qi ), the system transitions to a new state s0 = fq i ; Ĥg,

where Ĥ corresponds to all particles (i.e, object poses) in H for which executing action a from

q would result in a collision at qi . The expected contact observation for a given particle hi is

determined by performing collision checks between the discretized approximation of the action and

the target object positioned at hi . Now, given a state s, action a, and observation zi , it is possible

to compute the successor state s0. If the probability of each particle in the set is uniform, then the

probability of observing zi is given by j Ĥj
jHj which de�nes the transition probability T (s 0; s; a).

This completes the de�nition of the POMDP in the particle space (more details can be found

in [14]). Now, a belief MDP solver can be used to compute a policy from the start state sstart =

fq start ; H start g to a state sgoal = fq goal ; Hgoal g where sgoal satis�es the goal criteria for all the

particles in Hgoal . In the case of the plugin problem, this corresponds to a robot pose sgoal such

that the charger has been successfully plugged into the port for all poses in Hgoal .

4.4.2 Planning Framework

Here, we detail the planning framework employed for solving the POMDPs formulated in the

previous subsection. We note the overall framework discussed earlier is agnostic to the speci�c

planner used. Our empirical analysis indicate that the planner described below yielded the best

results.

Computing complete (bounded sub-)optimal policies for the problems discussed in this manuscript

can take extensive compute time (of the order of hours). Since the planner must solve these prob-

lems online, we use a closed-loop planning and execution framework with a 1-second time budget

for each iteration. In each iteration, we use a modi�ed version of RTDP-Bel (Alg. 5), a heuristic

search-based anytime solver to reason over a limited time horizon and compute a partial policy,

which is then executed in the real world. If the system reaches a belief state without a precomputed

action, the planner is invoked again. This process repeats until the task is completed. To maximize

performance, we modify RTDP-Bel in two ways.

Compute actions only for the most probable outcomes

Inspired by existing strategies in literature [112, 113], we optimize the use of limited resources

by focusing computational e�orts on the most likely scenarios. Speci�cally, we modify the planner

to only compute actions for the most probable beliefs. In each iteration within an episode in RTDP-

Bel, the best action from a belief state is computed based on the current value estimates of the

successor beliefs from the state. While we consider all possible outcomes when determining the best
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Algorithm 5 Modified RTDP-Bel

1: while Not Converged do
2: b = bstart ; depth = 0
3: while b =2 G and depth < horizon do
4: for type 2 fadmissible; inadmissibleg do
5: Evaluate the value of executing each action a 2 A from belief state b as:

Qtype (b; a) = C(b; a) +
X

z2Z

P (z j b; a) Vtype (bz
a )

. Use Vtype (bz
a ) = heur type (bz

a ) if not initialized

6: Update value of belief state V type (b) = min a2A Qtype (b; a)
7: end for
8: if time elapsed < � � time budget then . � 2 [0; 1]
9: Select action a best that minimizes Q ad (b; a)

10: else
11: Select action a best that minimizes Q inad (b; a)
12: end if
13: Pick most likely b 0, i.e., argmaxb02B P (b0jb; abest )
14: Set b := b 0 and depth := depth + 1
15: end while
16: end while

action, the subsequent belief state that we explore is restricted to the most probable successor. In

the subsequent iteration the best action for the most probable successor belief is computed (Line

13). If, during the execution of the partial policy, a less likely successor belief is reached, execution is

halted, and the planner is invoked again. This approach ensures the planner's limited time is spent

reasoning about the most likely situations, enhancing overall e�ectiveness.

Combining admissible and inadmissible heuristics

The e�ectiveness of search-based planners relies heavily on the heuristics employed. Heuristics

guide the search to explore relevant portions of the belief space, ideally reducing computational

costs. An admissible heuristic, which underestimates the optimal cost (h(b) � v� (b)), guarantees

convergence to an optimal or bounded suboptimal solution. However, constructing e�ective admissi-

ble heuristics is often challenging. An admissible heuristic requires the search to explore all relevant

portions of the belief space to guarantee that the optimal solution is not overlooked. This results in

large convergence times. On the contrary, inadmissible heuristics tend to be greedy. They encourage

the search to quickly converge to a suboptimal solution by exploring a narrow region of the belief

space.

In our setting, using only an admissible heuristic resulted in the search extensively exploring

and not converging to reasonable partial policies within the limited time budget. Conversely, using

an inadmissible heuristic alone led to a very suboptimal solution quickly due to extremely limited

exploration. To balance the exploratory and exploitative nature of these heuristics, we use a com-

bination of both admissible and inadmissible heuristics. We maintain both values for a given belief

state. When broader exploration is needed, we choose the best action based on the admissible value.

For �ner optimization, we use the inadmissible heuristic.
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Figure 4.6: Experimental setups. Left) Movable base setup. Right) Shelf setup

We experimented with di�erent schedules for utilizing these heuristics and found that using the

admissible heuristic in the initial part of the time budget and leaning on the inadmissible heuristic

later proved ideal (Lines 4 - 12). The admissible heuristic promotes exploring di�erent homotopies

of the cost manifold, aiming for a global optimum. The inadmissible heuristic, in turn, helps �nd

a local minimum within a homotopy. By exploring various homotopies initially and �ne-tuning the

solution with the greedy heuristic later, we achieve a balanced and e�ective search strategy.

4.5 Results

The performance of the overall framework is demonstrated both in real world and in simulation on

the task of inserting a plug into a port using a UR10e manipulator under di�erent magnitudes of pose

uncertainties. The evaluation includes three di�erent planners: the proposed modi�ed RTDP-Bel

and two greedy baselines, TBL [51] and Frontier [52]. TBL is a popular online planning framework

that interleaves planning and execution. In each iteration of planning, TBL samples multiple actions

and executes the one that maximizes an information gain metric. Based on the observation, the

belief of the system state is updated and the process is repeated. On the other hand, Frontier search

identi�es the nearest action that provides information gain and executes it in the real world. For

each iteration of planning, a time budget of 1 second was provided for all of the planners.
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Table 4.1: Real-world performance comparisons of the di�erent planners on the plug-in task.

Metric Ours TBL Frontier

Plug Insertion (Shelf)

Success Rate 28/30 27/30 28/30
Total Time to complete task (s) 33.58 59.96 49.41
Execution time (s) 25.78 54.65 44.59
Planning time (s) 7.80 5.31 4.82

Plug Insertion (Movable Base)

Success Rate 27/30 28/30 28/30
Total Time to complete task (s) 44.05 83.37 70.26
Execution time (s) 33.60 76.61 63.84
Planning time (s) 10.45 6.76 6.42

4.5.1 Real World Robustness

The planner's performance was evaluated in the real world under two di�erent setups. In the �rst

setup, the robot is tasked with localizing a plug on the wall of a shelf, with its exact pose unknown

due to obstruction (Fig. 4.6). This involves in-plane localization (SE(2)), where the robot must

resolve 3-dimensional pose uncertainty (y; z; roll), with positional uncertainty of 50 cm and angular

uncertainty of 2�. In the second, the port was mounted on a movable base, requiring the robot to

resolve 4-dimensional pose uncertainty (x; y; z; yaw), with positional uncertainties of 40 cm and yaw

uncertainties of 50 degrees. The framework was evaluated on 30 real-world runs for each setup, with

the port placed in random poses within its workspace. The robot's start state was de�ned such that

the end e�ector was positioned at a distance of 10 cm along the x-axis from the initial hypothesis

volume V 3.

The results presented in Table 4.1 show that the planners succeed in 28 of the 30 runs on average

highlighting the robustness of the framework for a high-precision task like plug insertion that has very

low tolerance to pose estimation errors (errors larger than 3mm in position can cause task failure).

We observed that our proposed planning framework was able to complete the task signi�cantly

faster in comparison to the baseline planning approaches. Table 4.1 also details the division of

time between planning and execution. While our planner requires slightly more planning time, it

identi�es signi�cantly better policies, leading to substantial overall savings in the total time required

to complete the task. The reduced planning times of the baselines are due to their use of only a

portion of the time budget. Frontier search exits as soon as it identi�es the nearest information gain

frontier, incurring the least planning time. TBL evaluates a �xed number of actions in each planning

cycle, and as uncertainty reduces, the time required to evaluate actions decreases, which lowers the

average planning time. We also evaluated a variant of TBL that evaluates actions until the time

3Since reasoning about contacts and lack of contacts only happens within the hypothesis volume, the start state
did not have any major impact on performance and was set at a �xed distance from V .
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Table 4.2: Simulation performance comparisons of the di�erent planners on the plug-in task (all times are presented
in seconds).

Planner
Total Execution Planning Num Plan Time
time time time iters per iter

Overall Performance

Ours 52.56 40.27 12.29 16.70 0.73

TBL 94.22 85.37 8.85 27.71 0.32

Frontier 79.98 72.88 7.11 38.60 0.18

Volumetric Space Performance

Ours 40.74 31.81 8.93 12.53 0.71

TBL 68.03 61.91 6.12 21.06 0.29

Frontier 62.15 56.66 5.49 32.14 0.17

Particle Space Performance

Ours 11.81 8.46 3.35 4.17 0.80

TBL 26.18 23.46 2.72 6.65 0.41

Frontier 17.83 16.22 1.61 6.46 0.25

budget expires. However, this variant resulted in similar execution times but higher planning times.

The few observed failures occurred when our method eliminated all possible particles. This

happened because our initial hypothesis set, Hstart , was generated by sampling at a discretized

resolution, and the true pose was not su�ciently close to any sampled particle. Given the task's low

tolerance, we used a resolution of 3 mm in position and 5 degrees in angle. Increasing the sampling

resolution to 1 mm and 2 degrees resolved the issue, raising the success rate to 100%. However,

this also increased execution and planning times by roughly 30% and 35%, respectively, across all

planning algorithms. Hence, denser sampling can be employed when the current system fails, albeit

at the expense of longer task completion times.

4.5.2 Simulation Comparisons

We observe that the time required to evaluate 10 actions increases (roughly) linearly with the

number of particles, reaching 7 seconds for 5000 particles and over 60 seconds for 40000. This

demonstrates the necessity of the hierarchical representation of uncertainty, as evaluating even 10

actions becomes impractically slow when the number of particles exceeds 5000. Given the large

number of particles typically involved (in the millions) and the need to evaluate thousands of actions

per planning cycle, direct particle space reasoning is infeasible. It also must be reiterated that the

proposed hierarchical representation is independent of the planner employed and makes planning

under large magnitudes of pose uncertainty feasible.
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Table 4.3: Evaluating the impact of combining admissible and inadmissible heuristics (all times are presented in
seconds).

Planner Total Execution Planning Num Plan Time
Time Time Time Iters per Iter

Ours 56.69 42.38 14.31 18.2 0.79

RTDP-Inad 73.13 60.53 12.59 20.93 0.60

Table 4.2 presents the framework's performance in simulation for the plug insertion task under

5D pose uncertainty (x; y; z; roll; yaw). The positional uncertainty is approximately 30 cm, while

the angular uncertainty is around 30 degrees. The total time represents the sum of execution

and planning time required to complete the task. The baseline planners exhibit 1-step greediness,

leading to higher execution times, which our proposed planner reduces by more than 50%. Frontier

search has the shortest per-iteration planning time as expected. Although our planner requires

slightly more planning time, it signi�cantly reduces execution time, completing the task much faster

than the baselines. We also analyze the planners' performance in both the particle space and the

volumetric space. Our framework consistently outperforms the baselines in execution time, achieving

reductions of up to 2.8 times in the particle space and 1.9 times in the volumetric space. Since a

substantial portion of the problem is addressed in the volumetric space, our framework achieves

an overall execution time improvement of up to 2.12 times. Additionally, we report the number of

iterations each planner takes and the average planning time per iteration.

Table 4.3 illustrates the impact of combining admissible and inadmissible heuristics. Using only

an inadmissible heuristic causes the search to quickly converge to suboptimal solutions. This is

re
ected in the higher execution times and shorter planning times. In contrast, combining it with

an admissible heuristic improves solution quality by up to 40% by enabling exploration of a larger

portion of the space. Solely using an admissible heuristic results in excessive exploration of the belief

space, failing to identify e�ective policies within the time budget and completing the task. Due to

its very low success rate, its results are not included in the table.

4.6 Conclusion

In this work, we presented an online planning framework for unstructured settings, enabling

robots to use binary contact signals to reduce large pose uncertainties and complete manipulation

tasks. To manage the computational complexity, we employ a hierarchical approach. Initially, we

reason in a coarse 3D volumetric space; once uncertainty is su�ciently reduced, we transition to

particle space for �ner adjustments. This method signi�cantly reduces planning complexity, enabling

real-time problem solving under large uncertainties. Our closed-loop framework uses a heuristic

search-based anytime solver to compute partial policies within a limited time budget. Our approach

achieved a 93% real-world success rate and improved solution quality by over 50% compared to

greedy baselines on a high-precision task.
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5
Lazy heuristic search

for planning with
expensive belief

transitions

5.1 Introduction

Chapters 3 and 4 demonstrated that contact-driven planning under pose uncertainty can be e�ec-

tively formulated and solved as POMDPs using heuristic search in belief space. In semi-structured

settings, this formulation enabled o�ine preprocessing of solution policies by exploiting a �nite and

known set of uncertainty distributions. In contrast, in domestic settings with signi�cantly less struc-

ture and larger uncertainty, the same formulation supported online planning through hierarchical

belief representations and greedy closed-loop planning and execution.

Both frameworks rely fundamentally on search-based POMDP solvers such as RTDP-Bel [71] and

LAO* [72], which use heuristics to focus computational e�ort on promising regions of the belief space

and converge to optimal or bounded suboptimal solutions. While powerful and e�ective, a critical

assumption underlying the computational e�ciency of these algorithms is that belief transitions are

readily available, meaning that they can be computed cheaply whenever required during search.

In a POMDP, the true system state is not directly observable, and uncertainty is represented as

a probability distribution over states, referred to as a belief. Planning is therefore performed in the

belief space by formulating the problem as a Markov Decision Process over beliefs. Solving POMDPs

is known to be challenging due to the exponential growth of the belief space with both the number

of state variables and the planning horizon, commonly referred to as the curse of dimensionality

and the curse of history [10]. While these challenges have been studied extensively, a comparatively

underexplored issue with signi�cant computational consequences in robotics is the cost of computing

belief transitions.

Computing a belief transition requires determining the successor beliefs and their probabili-

ties given a belief and an action, which involves Bayesian updates combining the transition and

observation models of the underlying POMDP. In many robotics domains, including contact-rich

manipulation, these models are expensive to evaluate. In the context of manipulation under ob-

ject pose uncertainty using contacts, computing belief transitions requires performing mesh-to-mesh

collision checks to model expected contact interactions. Similarly, outdoor navigation may require
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high-�delity physics simulation to predict action outcomes, while indoor navigation often relies on

expensive ray casting operations to simulate onboard sensors. These operations are costly even for

a single system state. Since a belief represents a distribution over many states, computing a single

belief transition requires evaluating these expensive operations for every state in the belief support.

When heuristic search explores thousands of belief states and evaluates multiple actions at each

belief, the cumulative cost of belief transition computation quickly becomes prohibitive, severely

limiting the practical applicability of POMDP-based planning in such domains.

In this chapter, we address this bottleneck by introducing lazy heuristic search methods for

POMDPs that defer expensive belief transition computations until they are necessary. Speci�cally,

we propose two algorithms, Lazy RTDP-Bel and Lazy LAO*, which leverage Q-value estimation

to identify promising actions from a belief state and selectively compute belief transitions only for

those actions. Belief transitions for less promising actions are postponed until the search determines

that they may improve the current solution. By avoiding unnecessary belief transition evaluations,

the proposed methods signi�cantly reduce computational overhead. We show that the Q-value

estimates used by our lazy planners are equivalent to heuristic functions, are readily available for

our contact-based planning problem as well as other common robotics domains, and that when these

estimates are conservative, the lazy planners retain the same optimality guarantees as their non-lazy

counterparts.

We demonstrate that the proposed lazy planners speed up planning for contact-based object

pose localization by up to 2� compared to standard heuristic search solvers. To highlight the gen-

erality of the approach, we also evaluate the algorithms on additional robotics problems, including

indoor navigation with a 1D LiDAR sensor and outdoor rough-terrain navigation. In each of these

domains, belief transition computation is expensive due to the need for collision checking, ray cast-

ing, or physics-based simulation. Results presented in Section 5.4 show that lazy heuristic search

signi�cantly improves planning e�ciency while maintaining solution quality across all evaluated

tasks.

5.2 Related Work

Beyond heuristic search, two widely studied approaches for scalably solving POMDPs are point-

based methods and Monte Carlo methods. Point-based POMDP solvers are a class of approxi-

mate algorithms designed to e�ciently solve large POMDPs by selectively maintaining and up-

dating a representative set of belief points. Solvers such as PBVI [74], HSVI [75], and SARSOP

[114], leverage value iteration on a subset of beliefs to compute near-optimal policies while signi�-

cantly reducing computational complexity. However, Point-based backups|a core operation of these

solvers|assume the transition and observation models are readily accessible and require querying

them at every state in the state space. While feasible for simpler problems, where one can pre-

compute a tabulated transition and observation matrix, our domains involve large state spaces with

expensive models, making such enumerations impractical. Extensive discussions on the many point-

based solvers can be found in [115]. On the other hand, Monte Carlo methods, particularly suited

for online planning, approximate the value of belief states by simulating action sequences and prop-
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agating rewards. Works like [116, 117, 118] sample state trajectories and update action values based

on rollouts. DESPOT [119], a popular approach in this realm, improves e�ciency by maintaining a

�xed number of sampled scenarios, generating a sparsely sampled belief tree that performs well in

problems with large observation spaces.

In deterministic search, the concept of laziness has been widely explored to defer checking the

validity of edges, which is often the computational bottleneck, especially in robotics applications

where collision checking is expensive. Lazy Weighted A* (LWA*) [120] postpones edge evaluations

until expansion, meaning only edges leading to expanded nodes are evaluated. On the other hand,

LazySP [121] initially assumes all edges are valid and �nds a path to the goal; if an edge is found

to be invalid, it is removed from the graph, and the search is rerun, minimizing the number of

evaluations. Variants presented in [122, 123, 124] further leverage laziness to accelerate planning.

While prior work has focused on deferring edge evaluations in deterministic settings, we extend this

concept to stochastic domains by postponing expensive belief transition computations.

5.3 Methodology

Many heuristic search methods for POMDPs are on-policy, exploring only belief states in the

current best solution policy [71, 72, 125]. They maintain Q-values for actions available from each

encountered belief state. At a given belief b, the best action abest , minimizing the Q-values is

selected, and the search explores only its successor beliefs. The Q-value of abest is then updated

based on the outcome of this exploration. If this update changes the minimizing action at b, abest is

updated, and the search proceeds with the new best action and its corresponding successor beliefs.

The key observation here is that, since only the successor beliefs of the current best action abest

are relevant and explored, belief transitions for all other actions remain unused. Consequently,

computing these unused transitions introduces unnecessary computational overhead. Hence, we

propose to only evaluate the best action abest from any explored belief state. By generating belief

transitions only for abest , we defer computing the belief transitions for all other actions until the

search deems these actions to be promising, i.e., has potential to be part of the solution policy. This

ensures that belief transition evaluations are performed only when necessary, signi�cantly reducing

computational complexity. Actions that are never considered promising at any point during the

search remain unevaluated. This key principle of postponing action evaluations until they are deemed

useful forms the essence of lazy search.

However, existing methods typically initialize Q-values using a one-step lookahead (Alg. 1 Line 5;

Alg. 2 Line 5), which involves evaluating each action by computing belief transitions and using

successor belief values (initialized with a heuristic) to determine the actions' Q-values. This process

incurs expensive belief transition computations for all actions, which the lazy search aims to defer.

Hence, we propose replacing the one-step lookahead with a fast-to-query estimator that does not

require belief transition computations. We denote this estimator asQ̂init , as it is used solely for

initializing Q-values. Under this approach, only the belief transitions for abest are computed.

The Q-estimators our lazy planners leverage are similar to heuristic functions and can be easily

constructed for common problems. Just as search algorithms like RTDP-Bel and LAO* converge
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Algorithm 6 Lazy RTDP-Bel

1: procedure Lazy RTDP-Bel
2: while Not Converged do
3: b = b0

4: Sample state s with probability b(s)
5: while b is not a goal belief do
6: if Q-values not initialized for b then
7: Set Q(b; a) = Q̂init (b; a) 8a 2 A
8: end if
9: do . Do while loop (e.g., to Line 13)

10: Select a best that minimizes Q(b; a)
11: Evaluate a best from b if unevaluated
12: Update Q-values(b)
13: while a best 6= argmina2A Q(b; a)
14: Update value V (b) = Q(b; a best )
15: Sample s 0 with probability T (s; a best ; s0)
16: Sample z with probability O(s 0; abest ; z)
17: Compute b z

abest
; set b := bz

abest
and s := s0

18: end while
19: end while
20: end procedure

21: procedure Update Q-values(b)
22: for a 2 A do
23: if a evaluated from b then
24: Q(b; a) = C(b; a) +

P
z2Z P(zjb; a)V (bz

a)

25: . V (bz
a) = heur(b z

a) if uninitialized
26: end if
27: end for
28: end procedure

optimally with an admissible heuristic, heur(b) � V � (b), their lazy counterparts guarantee optimality

if Q̂init is admissible, i.e.,Q̂init (b; a) � Q � (b; a).

We �rst introduce the lazy adaptations of RTDP-Bel and LAO*, followed by a brief discussion

of simple techniques for constructing e�ective estimators.

5.3.1 Lazy RTDP-Bel

The lazy adaptation of RTDP-Bel is outlined in Algorithm 6 and is fairly straightforward with key

di�erences being from Lines 7-13. When a belief state is encountered for the �rst time, the Q-values of

all available actions are initialized using the fast-to-compute estimator,Q̂init (Line 7). The algorithm

then identi�es the best action, i.e., the action that minimizes the Q-values. Unlike standard RTDP-

Bel, only this best action is evaluated, meaning that the belief transitions corresponding to the

selected action are computed. The Q-value of the evaluated action is then updated accordingly

through routine Update Q-values. If this update results in a change in the best action, a best is

updated, and the process is repeated until the best action remains unchanged following an update
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Algorithm 7 Lazy LAO*

1: procedure Lazy LAO*
2: G�  fb 0g
3: while G � has non-terminal tip states do
4: Identify a non-terminal tip state b in G �

5: if Q-values not initialized for b then
6: Set Q(b; a) = Q̂init (b; a) 8a 2 A
7: end if
8: do . Do while loop (e.g., to Line 12)
9: Select action a best that minimizes Q(b; a)

10: Evaluate a best from b if unevaluated
11: Update Q-values(b)
12: while a best 6= argmina2A Q(b; a)
13: Update value V (b) = Q(b; a best )
14: Create set Z with b and ancestors of b in G�

15: ImproveValues(Z)
16: Update G � to current best solution
17: end while
18: ImproveValues(G � )
19: if G � 6= current best solution then
20: Update G � to current best solution
21: Goto Line 3
22: end if
23: return G �

24: end procedure

25: procedure ImproveValues(B)
26: while Error bound greater than � do
27: for b 2 B do
28: Update Q-values(b)
29: Select action a best that minimizes Q(b; a)
30: if a best not evaluated from b then
31: return
32: end if
33: Update value V (b) = Q(b; abest )
34: end for
35: end while
36: end procedure

(Lines 9{13). This approach ensures that the algorithm evaluates only the actions that minimize

the Q-value for any belief state encountered. By deferring the evaluation of actions until they are

deemed promising and potentially part of the (bounded sub-)optimal solution, the method e�ciently

reduces unnecessary computations.
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5.3.2 Lazy LAO*

The lazy adaptation of LAO* outlined in Alg 7 follows the same fundamental structure as vanilla

LAO*. Like its standard counterpart, the algorithm maintains the current best partial solution

graph, G� , and iteratively identi�es non-terminal tip states for expansion. However, we slightly

modify the de�nition of a non-terminal tip state. In vanilla LAO*, a non-terminal tip state is a

non-goal belief whose actions have not been evaluated. In our adaptation, a non-terminal tip state

is de�ned as either (i) a non-goal belief with no evaluated actions or (ii) a non-goal belief whose best

action|the action with the lowest Q-value|has not yet been evaluated.

Using this modi�ed de�nition, we identify a non-terminal tip state in G � (Line 4). If the belief

state has not been encountered before, its Q-values are initialized using the quick-to-compute es-

timator Q̂init (Line 6). As in Lazy RTDP-Bel, the algorithm identi�es the action minimizing the

Q-values and evaluates only this action. The evaluated action's value is then updated accurately. If

this update changes the best action, the newly identi�ed best action is evaluated, and the process

repeats (Lines 8-12). This ensures only promising actions from a state are evaluated. After this

step, the algorithm proceeds like LAO*, using the Q-value of the best action to update b. The set

Z, consisting of b and its ancestors within G� , is then constructed, and value improvements are

performed. This continues until no non-terminal tip states remain in G� . At this point, the values

of all states in G� are further re�ned until either G � is modi�ed or the values converge (Lines 13-23).

A key di�erence from vanilla LAO* lies in how values are improved in the ImproveValues

routine. In standard LAO*, this routine is simple value iteration, assuming all actions from a belief

state are either evaluated or can be cheaply evaluated. In contrast, our adaptation accounts for lazy

evaluations. If, during backup, the best action of a state changes to an unevaluated one, backups

terminate (Line 30). If the best action for any state in either set Z or G � changes, it implies that

the current best partial solution has been modi�ed, necessitating an update to G� (Lines 16, 20),

followed by which the algorithm returns to Line 3 (Lines 17, 21). Notably, actions are evaluated

only in Line 10; at no other point are they explicitly evaluated. These modi�cations ensure that

action evaluations are deferred as much as possible, providing sizeable computational savings.

Theorem 5.3.1. If the estimator Q̂init is an underestimate, i.e., Q̂init (b; a) � Q � (b; a) 8 b 2 B; a 2

A, where Q� (b; a) corresponds to the optimal Q-value, then both Lazy RTDP-Bel and Lazy LAO*

will converge to the optimal policy.

Proof. The idea is similar to the optimality proof for vanilla RTDP-Bel and LAO*. Since Q init is

an underestimate, Bellman backups ensure Q(b; a) � Q� (b; a) for all belief-action pairs encountered

throughout the search. Each backup progressively increases the value of the current best action

(the action that minimizes Q-values) at belief states along the current policy, bringing it closer to

the optimal value. If a suboptimal action initially minimizes the Q-value at a belief state, updates

eventually raise its value above that of the optimal action, ensuring the correct action is selected

and the search converges to the optimal policy.
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Full horizon laziness

While the bottleneck in computing belief transitions is typically expensive transition or obser-

vation models, in some planning problems (as shown in Section 5.4), the bottleneck is verifying an

action's validity from a belief state. Here, successor beliefs can be e�ciently computed, but deter-

mining action feasibility is computationally expensive. For example, in navigation tasks, an action

may be deemed invalid from a belief b if executing it from any state s with b(s) > 0 could cause a

collision. Verifying feasibility requires expensive collision checks, while computing successor beliefs

assuming the action is valid is relatively cheap (as motion-primitives are known). In such cases,

we can adopt what we call full-horizon lazy planning. Here, the policy is initially computed (using

your favorite solver) assuming all actions are valid. Only actions in the computed policy undergo

the expensive validation process. Invalid actions are marked infeasible, and the planner is queried

again. This repeats until the policy consists entirely of valid actions. Similar to LazySP in deter-

ministic settings, this approach defers the bottleneck operation until a complete policy is computed,

minimizing the number of expensive queries. However, it is only applicable when successor beliefs

can be computed e�ciently and the primary computational cost lies in verifying action feasibility.

5.3.3 Q-value estimators for lazy planning

Since the estimator Q̂init is only used to initialize the Q-values, it can be interpreted as an

approximation of the initial Q-values, Q init (b; a), de�ned as

Qinit (b; a) = C(b; a) +
X

z2Z

P(zjb; a) � heur(bz
a): (5.1)

A strong correlation between Q̂init and Qinit enhances the e�ectiveness of lazy planners. To

guarantee optimality, Q̂init should underestimate Qinit (assuming the heuristic is admissible). How-

ever, a close approximation su�ces for strong performance. Prior work in deterministic planning has

explored using learned models to predict heuristic values [126, 127]. We see potential in extending

these ideas to stochastic settings. Domain-speci�c knowledge can also be leveraged to construct

useful estimators.

Our focus is not on designing sophisticated estimators but on demonstrating the utility of lazy

planners when paired with an estimator. In addition to the approaches mentioned, we present a

simple domain-independent subsampling method that proved e�ective in our empirical analysis.

The key computational bottleneck in computing Qinit (b; a) (Eq. 5.1) is determining successor

beliefs bza . This requires evaluating action a on belief b, which is expensive as b is a distribution

over the state space S. The action must be evaluated for every state s where b(s) 6= 0.1 Given the

number of belief states typically encountered during search, the computational cost is signi�cant.

To address this, we estimate Qinit (b; a) using subsampling. We construct a discrete approxima-

tion b̂ of b by sampling states s � b until supp(b̂) reaches a prede�ned threshold �. The frequency of

occurrence of each sampled state determines its probability in̂b. Since Qinit (b̂; a) can be computed

1 In many robotics problems, the state space is large. While the support of a typical belief state during search is
substantial, it still represents only a fraction of the total state space.
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e�ciently due to the reduced support and approximates Q init (b; a) well, we de�ne the subsampled

estimator as Q̂init (b; a) = Q init (b̂; a).

The subsampling estimator in its vanilla form is e�ective when the heuristic satis�es heur(b) =

Es�b heur(s), a property common in robotics planning, especially in goal-directed tasks (e.g., an

autonomous vehicle reaching a goal). However, if the heuristic does not satisfy this property||such

as when it measures belief entropy (e.g., in active localization, where the cost of reducing uncertainty

correlates well with the current uncertainty level [128])|correction terms can be introduced to

mitigate bias. Although e�ective, the subsampled estimates are not guaranteed to be conservative.

A detailed discussion of the subsampling estimators for our problem and the other evaluated domains

are presented in Section 8.

Additionally, in problem domains where belief transition costs stem primarily from the obser-

vation model, while querying the transition model is inexpensive, we propose an estimator inspired

by QMDP heuristics [129]. Commonly used as admissible estimates in POMDP planning, QMDP

heuristics assume the state becomes fully observable after a single action. We de�ne this estimator

as:

Q̂MDP
init (b; a) =

X

s2S

b(s)

 

c(s; a) +
X

s0

T (s; a; s0)heur(s0)

!

The estimator Q̂MDP
init is conservative if heur(s0) underestimates the cost of reaching the goal set

G from s0 in the underlying MDP de�ned by the transition model T .

5.3.4 Discussion

The idea of lazily evaluating belief transitions by deferring their computation until necessary

extends well beyond the two speci�c instantiations discussed above. It naturally applies to vari-

ants such as ILAO* [72], IBLAO* [130], and AO* [131]. POMHDP [78], which augments RTDP-

Bel with multiple heuristics, can also incorporate laziness by using separate Q-estimators for each

heuristic. Beyond these, the concept extends to other heuristic search methods like AEMS2 [125],

BI-POMDP [132], and [112]. With a few modi�cations, we also see potential in extending it to

o�-policy algorithms like AEMS [125], which expand belief nodes outside the current best policy.

Overall, lazy heuristic search for POMDP planning forms a broad class of algorithms. Finally, the

core idea of deferring transition computations via Q-value estimation can be applied to MDPs as

well.

5.4 Results

We evaluate the performance of the proposed lazy planners on the problem of manipulation

for object pose estimation using contacts. To demonstrate the generality of the approach beyond

contact-rich manipulation, we additionally evaluate the algorithms on two other robotics domains:

indoor navigation with a 1D LiDAR sensor and outdoor rough-terrain navigation. Across all do-
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Figure 5.1: Planning times as a function of object pose uncertainty on the manipulation for pose estimation problem.

mains, beliefs are represented as discrete particle sets, and observations are assumed to be perfect.2

For all experiments, the fast-to-compute Q-value initializer is implemented using a subsampling

estimator of the form

Q̂init (b; a) = Q init (b̂; a);

where b̂ is a subsampled belief constructed by randomly selecting a �xed fraction of the particles

in b. Unless stated otherwise,̂b contains 15% of the particles in the full belief, corresponding to

� = 0:15.

Reported planning time and solution cost statistics are averaged over problem instances for which

at least one algorithm successfully solves the problem. To ensure fair and representative comparisons,

we exclude statistics for any algorithm that succeeds on fewer than 20% of the evaluated problem

instances within the allotted computational budget.

5.4.1 Manipulation for pose estimation using contacts

Planner Success Rate Planning Time Cost

RTDP-Bel 0.87 307.49 0.69

Lazy RTDP-Bel 1.0 183.18 0.71

LAO* 0.93 253.67 0.69

Lazy LAO* 1.0 136.73 0.70

Table 5.1: Performance comparison on the manipulation for pose estimation problem.

2This assumption is made for clarity and consistency with prior chapters and is not a limitation of the proposed
framework. The lazy planners directly extend to other belief representations and to noisy transition and observation
models.
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Figure 5.2: The robot utilizing contact observations from di�erent actions to reduce uncertainty about the pose of
the object of interest, i.e., the charger port, before completing the insertion task.

The problem formulation considered in this chapter is identical to that introduced in Chap-

ter 3. The objective is to localize a target object T (a charger plug) and subsequently complete a

high-precision insertion task. The pose of the plug is not directly observable. Instead, the robot ma-

nipulator infers the pose through binary contact observations obtained during execution (Fig. 6.7).

For example, if no contact is observed while the robot sweeps a region of space, the object is guar-

anteed to be absent from that region. Conversely, observing contact con�rms the presence of the

object within the swept volume.

Uncertainty over the object pose is represented using a discrete particle set H = fh1; h2; : : : g,

where each hi corresponds to a feasible hypothesis pose of the target object. The action space

consists of unit robot motions as well as compliant control actions that allow the robot to track

object surfaces upon contact. The observation space includes the robot con�guration q, obtained

from joint encoders, and a binary collision signal derived from force-torque sensor readings. The

belief state is therefore represented as b = fq; Hg.

The planning objective is to compute a policy that fully localizes the target object, that is,

reduces the hypothesis set to a single element (jHj = 1), while minimizing the robot's expected

travel distance. For a given object pose hi and action a, computing the expected observation

requires forward simulating the action with the object model placed at hi . This involves performing

expensive mesh-to-mesh collision checks to determine the sequence of contact events and robot

con�gurations encountered during execution. Consequently, computing successor beliefs from a

belief state b = fq; Hg requires simulating the same action for every hypothesis pose h 2 H, making

belief transition computation particularly expensive.

A detailed exposition of the problem formulation, including the belief update equations and

transition model, can be found in Chapter 3. Since this is an active information-gathering problem,

we de�ne the belief heuristic as a scaled function of the cardinality of the hypothesis set H, which

serves as a proxy for belief entropy. To initialize Q-values e�ciently, we employ the subsampling

estimator introduced earlier, with a minor modi�cation to ensure unbiased estimation. Details of

this modi�cation are provided in Section 8.

Results averaged over 100 runs are presented in Table 5.1. In each run, the planner resolves 3D

positional uncertainties in the pose of T , with uncertainty along each axis randomly chosen between

4mm and 80mm. This uncertainty is discretized at a 2mm resolution to form the hypothesis set H,

meaning a 30mm uncertainty per axis results in a start belief with 153 hypotheses. Each planner was

given a 500-second timeout. The results show lazy planners outperform their vanilla counterparts by

solving problems more e�ciently through fewer belief transition evaluations. Lazy planners incurred
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Figure 5.3: Visualization of the indoor (left) and outdoor navigation environments (right).

roughly 50-60% of the planning times of their vanilla counterparts, enabling them to tackle harder

problems and achieve higher success rates. Figure 5.1 shows planning times as a function of the

number of hypothesis poses (jHj) in the start belief, i.e., start state uncertainty. The computational

cost of computing transitions for a belief state is proportional to the number of hypotheses in it. As

the start state uncertainty increases, the number of belief states with a high number of hypothesis

poses encountered during the search also increases. As a result, the speedups o�ered by the lazy

planners grow with the start state uncertainty.

5.4.2 Indoor navigation

This is a 3D navigation domain, where the robot state is de�ned by the tuple (x; y; �). The

map is known but the state of the robot is not directly observable, instead, the robot relies on a 1D

LiDAR sensor mounted on it for perception. Computing expected observations from a given state

require expensive raycasting operations to simulate the sensor. The belief over the robot's state is

represented as a set of particles H = fh1; h2:::g, each corresponding to a hypothesis robot pose hi .

Consequently, computing expected observations from a belief state requires performing raycasting

from all hypothesis poses in the belief, making the belief transition computations expensive. The

discrete action set A consists of prede�ned motion primitives. We evaluate two variants of the

problem. For both variants we use 3 indoor environments similar to the one we see in Fig 5.3.

With stochastic transition dynamics

In this variant, uncertainty in the robot's state arises from stochastic transitions. Certain re-

gions in the map induce probabilistic motions, where the robot reaches the intended end state with

probability 0.5, while slipping left or right with equal likelihood. The robot's start state is known,

and the objective is to reach a goal region G. The belief state is represented as a set of weighted

particles, with the weight corresponding to the probability of each robot pose. Heuristic is the ex-

pected distance of the states in the belief from G, heur(b) = Es�b Dist(s; G). Dist is the minimum
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Planner Success Rate Plan Time Cost

RTDP-Bel 0.81 153.04 14.14

Lazy RTDP-Bel ( Q̂init ) 0.90 32.46 14.26

Lazy RTDP-Bel ( Q̂MDP
init ) 0.90 38.76 14.14

LAO* 0.71 185.37 14.14

Lazy LAO* ( Q̂init ) 0.77 33.54 14.24

Lazy LAO* ( Q̂MDP
init ) 0.77 40.43 14.14

Table 5.2: Performance comparison on the indoor navigation with stochastic transition dynamics problem.

distance of s from G on the MDP de�ned by the transition model T , making the heuristic admis-

sible. Alternatively, Dist can be the Euclidean distance between s and G, providing a quick but

inadmissible heuristic. We evaluate with the subsampled estimator, and since the computational

expense of the belief transitions stems from the observation model, we also evaluate with thêQMDP
init

estimator. Results presented in Table 5.2 are averaged over 200 runs, with random start states and

goal regions. The timeout was 300 seconds. We observed that the lazy planners were particularly ef-

fective in this problem, improving planning speeds by 5x while computing policies with a marginally

higher expected cost. TheQ̂MDP
init estimator resulted in slightly higher planning times in comparison

to the subsampling estimator, however, it is guaranteed to be a conservative estimate (while the

subsampled estimator is not), resulting in solution costs identical to that of the vanilla planners.

With start state uncertainty

Planner Success Rate Planning Time Cost

Goal Directed Navigation

RTDP-Bel 0.73 139.32 19.57

Lazy RTDP-Bel 0.89 84.91 19.61

LAO* 0.87 96.47 19.57

Lazy LAO* 0.99 53.42 19.60

Information Gathering

RTDP-Bel 1.0 39.17 14.39

Lazy RTDP-Bel 1.0 21.32 14.25

LAO* 1.0 32.21 14.42

Lazy LAO* 1.0 16.75 14.87

Table 5.3: Performance comparison on the indoor navigation with start state uncertainty problem.

In this variant, uncertainty in the robot's state arises from start state uncertainty, de�ned by

an initial set of equally likely hypothesis poses. The transition dynamics is deterministic, allowing

the belief to be represented as a set of unweighted particles. This problem has two versions: (1)

the robot must localize itself, and (2) the robot must reach a goal region G. For the information-
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gathering version, the goal belief, belief heuristic, and Q-estimator are de�ned identically to the

manipulation problem. In the goal-directed version, they follow the de�nitions used for stochastic

transition dynamics. Results for both versions, averaged over 200 runs, are presented in Table 5.3,

with each run using a random set of 100 to 250 start hypothesis poses. Similar to the manipulation

domain, the lazy planners on average took 60% of the planning time of their vanilla counterparts at

the expense of marginally higher costs.

5.4.3 Rough terrain navigation

Planner Success Rate Planning Time Cost

Goal Directed Navigation

RTDP-Bel 0.01 - -

Lazy RTDP-Bel 0.21 1297.33 12.66

FH Lazy RTDP-Bel 0.90 109.9 12.66

LAO* 0.09 - -

Lazy LAO* 0.33 886.64 12.66

FH Lazy LAO* 0.90 139.52 12.66

Information Gathering

RTDP-Bel 0.07 - -

Lazy RTDP-Bel 0.19 1015.51 14.58

FH Lazy RTDP-Bel 0.83 110.38 14.58

LAO* 0.09 - -

Lazy LAO* 0.26 642.78 14.58

FH Lazy LAO* 0.81 163.79 14.58

Table 5.4: Comparison on the outdoor navigation problem.

This is a 3D outdoor navigation problem with deterministic transitions and observations. Un-

certainty in the robot's state arises from start state uncertainty, with the belief represented as a set

of unweighted particles. Unlike indoor navigation, the robot lacks a 1D LiDAR sensor; instead, the

environment contains landmarks that the robot can observe if within a prede�ned distance, making

the observation model e�cient to query. Consequently, both the transition and observation models

are computationally cheap. However, in this domain, an action is feasible from a belief state only if

it can be accurately tracked from all hypothesis states in the belief. Due to rough terrain, certain

states may cause the robot to get stuck in pits, fail to climb inclines, or execute motions inaccurately.

Hence, validating an action requires expensive rollouts in a physics simulator, making action veri�ca-

tion the primary bottleneck. Since the expected trajectory that will be tracked from the hypothesis

states if the action were valid is known, and the observation model is e�cient, belief transitions can

be computed quickly. The bottleneck operation is simply the veri�cation of the validity of actions.

Similar to the indoor navigation case, we evaluate two versions of the problem. Table 5.4 presents

the performance averaged over 100 runs, with each run containing 30{50 randomly sampled start
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state hypothesis and a timeout of 2400 seconds. FH Lazy RTDP-Bel and FH Lazy LAO* correspond

to the full-horizon lazy variants discussed in Section 5.3.2. We observe that the full-horizon lazy

planners demonstrate strong performance boosting success rates by close to 90% in comparison to the

vanilla counterparts. By deferring action evaluations until after policy computation, the full-horizon

lazy planners achieve a 10x speed up over the 1-step lazy planners. The high computational expense

of the physics simulations make the impact of laziness pronounced in this domain, highlighting the

utility of lazy planners.

5.5 Conclusion

In this work, we introduced Lazy RTDP-Bel and Lazy LAO*, two speci�c instances of a broader

class of lazy heuristic search solvers for POMDPs with expensive-to-compute belief state transitions.

These algorithms leverage Q-value estimates to defer expensive belief transition evaluations until

they are truly necessary. By postponing these computations, our approach signi�cantly enhances

planning e�ciency while preserving solution quality. We validated our methods across three chal-

lenging robotics problems, achieving substantial speedups over conventional solvers in all of them.
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6
A framework for

manipulating in
uncertain environments

using contacts

6.1 Introduction

In the previous chapters, we developed planning frameworks that leverage contact feedback to

reason about the pose of objects of interest, with the goal of reducing pose uncertainty su�ciently

to complete object-centric manipulation tasks. In this chapter, we shift focus to a broader class

of manipulation problems in which robots must operate in cluttered, partially known environments

where visual sensing is unreliable or unavailable. Rather than reasoning solely about the pose of a

speci�c target object, the robot must now reason about the structure of the surrounding workspace

itself. Using contact feedback, the robot incrementally infers free space, obstacles, and feasible

motion paths while executing the task, enabling robust manipulation in environments that cannot

be reliably perceived through vision alone.

Robots frequently encounter such scenarios in real-world manipulation. Consider the scenario in

Fig. 6.1, where a robot is tasked with reaching a shuto� valve inside a cabinet under a kitchen sink.

Occlusions, inconvenient positioning, and lack of direct line-of-sight make it di�cult to visually

inspect the region around the valve. Much like humans, the robot must instead rely on contact

feedback to maneuver around obstacles and reach its target. As it moves through the cavity, it

inevitably collides with pipes or brackets. By reasoning about where these contacts occur and

combining this information with prior knowledge of typical obstacle structures encountered in the

environment|for example, pipes are commonly found in this space and they often span the entire

width of the cabinet|the robot can iteratively re�ne its understanding of free space and adjust its

trajectory to the goal (Fig. 6.2).

This example illustrates a broader class of manipulation problems where robots must leverage

contacts to operate in unknown environments: retrieving an item from the back of a cluttered shelf,

locating a switch hidden behind clutter, or reaching through sca�olding on a construction site. In

such domains, strong priors about typical obstacle structures exist, but the speci�c obstacles in any

given scene|and their precise placements|remain uncertain. To this end, we propose a theoretically

complete and empirically e�cient framework that integrates contact feedback with structural priors
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Figure 6.1: A robot reaching a shuto� valve at the back of a cluttered cabinet. As visual sensing is occluded by the
shelf door (left), the robot relies on contact feedback to navigate around the obstacles (right).

to enable robust manipulation in uncertain environments. While prior chapters exploited contact to

reduce uncertainty about a known object, the challenge here is fundamentally di�erent. The robot

must reason about an unknown workspace while simultaneously planning and executing motions

through it.

Unlike much of the prior work on contact-rich manipulation, which has focused on high-resolution

tactile sensing at the end-e�ector [133] [134], our approach addresses the fact that contacts in

cluttered settings can occur anywhere along the arm. Full-body tactile skins [135] that provide

such coverage remain costly and fragile, whereas joint positions and torques are widely available on

modern manipulators and o�er a noisy but accessible alternative. We therefore leverage torque-based

contact feedback as the primary sensing modality, augmented by learned predictors that extrapolate

the likely structure of the workspace from the sparse contact observations. The framework is carefully

designed to handle the fact that both contact localization from joint torques and workspace prediction

from sparse inputs are inherently noisy and prone to spurious hypotheses. At its core, the framework

is an iterative planning and execution loop composed of three tightly coupled components:

1. Contact Detection and Isolation Module: We employ a momentum-based observer [45]

to estimate external torques acting on the robot which allows robust detection of contact

events anywhere along the manipulator. Once a contact is detected, a contact particle �lter

[136] estimates its likely location on the robot's surface. While binary detection is reliable,

localization can be noisy, and our framework explicitly accounts for this uncertainty.

2. Occupancy Estimation Module: From the robot's interaction history, we construct a

partial estimate of the workspace: regions at estimated contact locations are marked occu-

pied, while regions swept without collision are marked free. Because this estimate only covers

explored areas, we introduce two learned predictors|a CNN and a di�usion model|that ex-

trapolate into unexplored regions by leveraging structural priors (e.g., pipes in a sink typically

span the full width). By fusing such priors with contact history, the module predicts likely oc-

cupied and free regions beyond explored space, enabling the robot to avoid potential obstacles

and reach the goal e�ciently.
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3. Planning Module: We integrate the workspace estimate with two existing frameworks: (i)

Collision Hypothesis Sets (CHS) [36] and (ii) CMAX [137]. This integration biases the search

toward paths most likely to succeed, while preserving robustness by ensuring that feasible

solutions are never discarded due to incorrect contact localization or occupancy prediction.

In summary, the contribution of this work is the complete framework that uni�es joint torque{based

contact detection and localization, occupancy prediction, and planning into a single iterative loop.

We evaluate the framework in both simulation and in the real world on a UR10e manipulator across

two practical domestic tasks: (i) manipulating a valve under a kitchen sink surrounded by pipes,

and (ii) retrieving a target object from a cluttered shelf. Results show that the framework reliably

solves these tasks, achieving up to a 2� reduction in task completion time compared to baselines,

with ablations con�rming the contribution of each module.

6.2 Related Work

Joint torque sensing has long been used for contact detection and localization by comparing

measured and model-predicted torques, with the residual representing external torques due to con-

tact [138]. Momentum observers remain the standard for computing these residuals, valued for

their robustness and low computational cost [45]. Contact localization is commonly performed with

particle �lters that maintain hypotheses over candidate surface points and update their likelihoods

based on the observed residuals [136, 139]. Our framework directly leverages these ideas for contact

detection and localization. However, localization from joint torques is inherently noisy: multiple

contact points can explain the same residuals, and estimates are sensitive to sensor noise and model

inaccuracies [140]. To address this, data-driven approaches have also been explored, such as treating

localization as classi�cation over discretized surface points [141] or inferring contacts directly from

joint kinematics without torque sensing [142]. Such methods could serve as drop-in replacements or

complements to our detection and localization module.

Unlike vision, which is information-rich, contact sensing provides extremely sparse and local

feedback, making occupancy extrapolation from structural priors essential for e�cient operation.

The vision community has demonstrated the power of learned priors for inferring plausible content

from incomplete observations|most notably in image inpainting [143, 144, 145, 146] and in 3D shape

completion from partial scans [147, 148, 149, 150]. At the scene level, voxel-based semantic scene

completion models [151, 152, 153] predict dense 3D occupancy from single-view input by learning

a prior over likely structure, while point-cloud{based semantic scene completion networks such as

S3CNet [154] and SCPNet [155] perform completion directly from sparse LiDAR point clouds. Our

occupancy prediction module can be viewed as extending these ideas to the contact-sensing realm.

To this end, we develop a CNN-based and a Di�usion-based predictor that is inspired from the

original U-Net-style architecture [156], the masked-resampling strategy of RePaint [143], and the

explicit mask conditioning idea used in the inpainting variants of Stable Di�usion [145, 157].

A number of planning frameworks for leveraging contacts in manipulation tasks have been stud-

ied. For example, [14, 17] formulate the problem of localizing objects of interest through contacts
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Figure 6.2: The overall reasoning system can be decomposed into three simple modules. As the manipulator
navigates an unknown environment, the sensing module detects contacts with the environment and, upon contact,
infers where along the arm the contact occurs. The history of contact observations is combined with prior knowledge
about the environment to construct a mental model of the workspace via an occupancy prediction or estimation
module. Using this evolving understanding of free and occupied space, the reaction module adjusts the robot's
trajectory toward the goal. This process is repeated in a closed-loop planning and execution cycle.

as a POMDP, enabling active information gathering and robust task execution under uncertainty.

[51] utilizes a greedy formulation for similar tasks. [158] proposes a hierarchical planning framework

for leveraging contact detections from a simulated tactile skin, while [159] present an MPC-based

framework for navigating through cluttered environments consisting of plants and tree trunks. Par-

ticularly relevant to our setting are (i) the Collision Hypothesis Set (CHS) representation [36, 37],

developed for planning with reliable binary contact signals, and (ii) CMAX [137], a framework for

planning under inaccurate models. While both are theoretically strong, they do not explicitly model

or reason about the workspace, limiting their ability to exploit structural priors and often leading to

repeated collisions in cluttered environments, as demonstrated by our results in Section 6.5. In this

work, we augment these frameworks with our workspace estimate, yielding a theoretically sound yet

empirically e�cient approach.

6.3 Problem Setup

Let Q denote the con�guration space of the manipulator, and W be a discrete binary voxel-grid

approximation of the workspace, where each voxel is either occupied by an environmental obstacle

or free. Let WO � W be the subset of occupied voxels. The mapping R : Q ! 2 W returns the set

of workspace voxels occupied by the robot at con�guration q 2 Q; a con�guration is in collision if

R(q) \ W O 6= ;.

Following lattice-based approaches [160], we cast planning as search on a graph G = (V; E),

where vertices V � Q are discretized con�gurations and edges E are motion primitives from a

discrete action set A. In our case, A consists of linearly interpolated unit motions along each joint

66



Ch. 6 { A framework for manipulating in uncertain environments using contacts

dimension, with transition cost c(q; q0) = kq 0 � qk. A path � = (q 0; : : : ; qT ) is a sequence of such

edges. Executing an edge (qi�1 ; qi ] either completes|certifying the swept volume S(q i�1 ; qi ) =
S

s2(0;1] R((1 � s)q i�1 + s q i ) as free|or detects �rst contact, in which case execution halts and

the robot retracts to qi�1 . We de�ne the execution operator M(q; �) = (q 0; c), which returns the

con�guration q 0 reached by attempting � from q and the cumulative execution cost incurred c.

At the start of execution, the occupancy grid W|and hence W O |is only partially known; let

the unobserved region be Wunknown � W. Proprioceptive observations (q; _q; � ) consisting of joint

positions, velocities, and torques yield a reliable binary contact detection and a noisy estimate of

the contact location. Contact-free traversals certify their swept volumes as free, whereas a contact

indicates that WO was intersected at some con�guration qcol while executing the edge (qi ; qi+1 ). The

robot maintains a probabilistic occupancy grid Ŵunknown : W ! [0; 1], where each voxel encodes

its probability of being occupied as an estimate of Wunknown . This estimate is re�ned online from

contact observations and extrapolated into unexplored regions using structural priors.

Given start and goal con�gurations qstart ; qgoal 2 V , the task is to reach qgoal from qstart de-

spite partial knowledge of WO . Since collisions with unknown obstacles are unavoidable, the robot

iteratively detects contacts, retracts, updates Ŵunknown , and replans. Within our iterative plan-

ning{execution framework, the problem can be stated as

min
f� k gN�1

k=0

N�1X

k=0

ck s.t. q0 = qstart ; qN = qgoal ;

(qk+1 ; ck ) = M(q k ; � k ):
(6.1)

Here, � k denotes the path computed at the k-th iteration of execution. The search problem is

thus de�ned on G, with edge outcomes revealed through execution. Completeness with respect to G

requires that if a collision-free path exists from qstart to qgoal , the planner eventually discovers it; if

none exists, infeasibility is reported in �nite time. Binary contact detections are treated as reliable,

while contact localizations and occupancy predictions can be noisy.

6.4 Methodology

As outlined earlier, our framework follows an iterative planning{execution loop that can be

decomposed into three modules. The contact detection and localization module uses proprioceptive

feedback to detect and localize contacts, while the occupancy estimation module aggregates the

history of such feedback into an evolving estimate of the workspacêWunknown and extrapolates into

unexplored regions using structural priors. The planning module then carefully reasons about the

reliable binary contact detections and the estimated workspaceŴunknown to generate paths that are

most likely to succeed while preserving completeness.

6.4.1 Contact Detection and Localization Module

We utilize the stream of joint con�gurations, velocities, and torques obtained during execution to

i) detect contacts and ii) localize the contact on the robot manipulator. For this purpose, we leverage
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Figure 6.3: An illustration of the overall closed-loop framework. The reasoning system contains a contact detection
and localization module that identi�es the contact location. The history of proprioceptive feedback is used to construct
a partial occupancy map of the workspace, which is then provided to the occupancy prediction module to infer a
complete occupancy map. This map is then used by the planning module to compute a new path that is likely to
succeed. The resulting plan is executed on the real robot until either a collision occurs or the goal is reached.

established techniques that combine external momentum observers with particle �lters [136].

External Momentum Observer for Detection

Following [45], the generalized momentum is de�ned as p(t) = H(q)v, where H(q) is the joint-

space inertia matrix and v the generalized velocity. From the manipulator dynamics, its time

derivative is given by _p = � + � ext + C(q; v) > v � g(q), with � the commanded joint torques, C(q; v)

the Coriolis and centrifugal terms, g(q) gravity, and � ext the external joint torques due to contact.

The momentum observer then de�nes a residual signal between the measured momentum and

the momentum predicted by the manipulator dynamics model:

r(t) = K O

�
p(t) �

Z t

0

�
� + C(q; v) > v � g(q) + r(s)

�
ds

�
;

where KO > 0 is a diagonal gain matrix. This residual evolves as _r(t) = KO (� ext � r(t)). So each

component of r acts as a low-pass �ltered estimate of the external torque, making the residual a

good approximation of �ext . In nominal free-motion, r remains near zero up to modeling errors

and sensor noise. When an unexpected contact occurs, the external torque contribution drives the

residual away from zero. A collision is declared when jr(t)j exceeds a tuned threshold. The external

momentum observer thus o�ers a lightweight, real-time method for reliable detection.
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Figure 6.4: Example run of the contact particle �lter. Top left: the robot makes contact with a pipe at the location
highlighted in red. The remaining images show successive iterations of the particle �lter. Particles transition across
iterations as the belief over the contact location is re�ned, with the �nal image showing convergence to the ground
truth contact point. Red particles denote the full particle set at the beginning of each iteration, while blue particles
indicate the high likelihood particles identi�ed during that iteration.

Contact Particle Filter for Localization

Once a contact has been detected, the next step is to localize its point of occurrence on the

manipulator. For a given con�guration q and candidate location xc with Jacobian Jx c (q), the joint

torque induced by a contact force Fc 2 R3 is Jx c (q)> Fc. The localization task can therefore be

posed as �nding the pair (xc; Fc) that best explains the observed residual r(t) � � ext . This joint

optimization is non-convex due to the coupling of location and force variables. Following [136], we

approximate the solution by sampling candidate contact locations on the robot surface and solving,

for each, a convex quadratic program (QP) in Fc, whose cost measures how well the hypothesized

location explains the observed external torques.

This idea is realized in the Contact Particle Filter (CPF) [136], which maintains a set of particles

X t = fx [1]
t ; : : : ; x [M]

t g representing hypotheses over possible contact locations. The particle set is

initialized from the set of candidate surface points S (i.e., X0 � S), and at each step is updated

through resampling, perturbation, and reweighting. The measurement model assigns a likelihood to

each particle based on the QP formulation. For a particle x[m]
t with Jacobian Jx [m]

t
(q), we solve

`(x [m]
t ) = min

F c 2F(x [m]
t )

k r(t) � J x [m]
t

(q)> Fc k2
� �1

meas
;

where kzk2A = z > Az, F(x [m]
t ) is the friction cone at x [m]

t , and � meas encodes measurement noise.

The optimal cost is then converted into a likelihood as p(r(t) j x [m]
t ) / exp(� 1

2 `(x [m]
t )). Particles

that yield smaller residual errors are assigned higher likelihoods, and resampling concentrates the
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Figure 6.5: An occupancy predictor takes a partial occupancy map of the workspace, constructed from the history
of proprioceptive observations, and uses it to predict the complete workspace occupancy map.

distribution around regions of the surface consistent with the observed torques. In order to prevent

particle impoverishment and stabilize the �lter, a simple motion model is applied between updates,

where each particle undergoes a Gaussian perturbation followed by projection back to the nearest

valid point on the robot surface. After t iterations, the centroid of the largest surviving cluster is

returned as the contact location estimate. An example run of the CPF can be seen in Fig. 6.4

Robustifying Contact Localization

As noted in prior work [140], multiple pairs of contact locations and forces can yield similar

torque residuals, making the CPF susceptible to spurious hypotheses. To improve robustness, we

incorporate a few additional re�nements. First, we restrict the set of candidate points S to those

whose motion is physically consistent with contact. Each x 2 S has an outward surface normal n(x)

and an induced Cartesian velocity _x(q; _q). A contact can only occur if the point is moving into the

environment rather than away from it, which requires hn(x); _x(q; _q)i > 0. The set of kinematically

admissible candidates is therefore Sactive (q; _q) = fx 2 S j hn(x); _x(q; _q)i > 0g: Second, we enforce

workspace consistency by requiring that possible contact points also lie within unexplored regions

of the workspace, i.e., Sactive \ Ŵunknown . Finally, we also incorporate a learned link estimator: a

lightweight MLP processes a temporal window of external torques �ext to predict the probability

of the contact having occurred at each link. These probabilities are used to lightly reweight the

particles, biasing the �lter toward hypotheses supported by both dynamics and the learned estimator.

6.4.2 Occupancy Prediction

The history of proprioceptive observations provides a direct but sparse estimate of the unknown

workspaceŴunknown . Whenever an action is executed without contact, all voxels swept by the ma-

nipulator are certi�ed as free. Conversely, voxels corresponding to estimated contact locations are

assigned high probability of occupancy. This produces a consistent map, but one that is highly in-
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complete: only regions the robot has explicitly interacted with are labeled. In cluttered settings such

as sink cabinets or shelves, this limitation can lead to repeated collisions and ine�cient exploration.

To mitigate this sparsity, we leverage structural priors about common obstacle geometries to

extrapolate occupancy into unobserved regions. We cast this as a prediction problem: given a par-

tially observed voxel grid, infer the occupancy probabilities of the unobserved voxels. The resulting

prediction serves as a richer estimate ofŴunknown and guides subsequent planning (Fig. 6.5).

We study two learned predictors for this task: a convolutional model and a generative di�usion

model. Both take as input a voxel grid x 2 f0; 0:5; 1gH�W �D , matching the dimensions ofŴunknown ,

where 0 denotes known free space, 1 denotes known occupied space, and 0:5 denotes unknown. Each

predictor outputs a grid of the same dimensions, assigning to every voxel (i; j; k) a continuous

occupancy probability ôijk 2 [0; 1].

CNN Predictor

Building on U-Net's demonstrated e�ectiveness in vision tasks, our �rst predictor is a 3D U-

Net [156] adapted to sparse contact observations. The network follows the standard encoder{decoder

design with skip connections: partial observations are processed through successive downsampling

and upsampling blocks, with features passed across stages to retain spatial detail. To better cap-

ture long-range structure from limited evidence, the encoder employs large kernels with aggressive

downsampling. After each encoder block, we insert a deformable sampling layer to further enrich

feature extraction.

The goal of this layer is to let the network adaptively sample data-dependent features beyond

the �xed voxel grid. In standard 3D deformable attention [161], the feature at each voxel g is fed

into prediction heads that output a set of sampling o�sets f�g pgn points
p=1 and corresponding scores

fs pgn points
p=1 , producing the aggregated output feature: y(g) =

P n points
p=1 softmaxp

�
sp

�
v

�
g + �g p

�
;

where v(�) denotes the feature map from which values are sampled. However, with extremely sparse

contact inputs, the softmax weights and scores can become unstable and amplify noise. To improve

robustness, we keep the learnable o�sets but replace the weighted sum with a max operation:

y(g) = max
p=1;:::;n points

v
�

g + �g p

�
; (6.2)

which preserves adaptive sampling behavior while avoiding noisy aggregation. The decoder

mirrors the encoder and outputs voxel-wise occupancy probabilities ô 2 [0; 1] through a �nal sigmoid

layer, which we interpret as Ŵunknown . Training uses standard binary cross-entropy loss augmented

with a per-voxel binary entropy regularizer to discourage over-con�dent predictions.

Di�usion Predictor

To capture the multi-modality inherent in extrapolating from sparse contacts, we also develop

a generative predictor based on di�usion models. We adapt the same U-Net backbone as above,

conditioning on the partial observation x obs and a binary mask m marking observed (m = 1) and

unobserved (m = 0) voxels. For inference, we apply DPM-Solver++ [162], a high-order ODE sampler
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that enables fast and stable generation.

A key challenge is generating occupancy grids consistent with the observed regions provided as

part of the input. Standard di�usion inpainting gradually denoises the entire grid, which can drift

even in known voxels. To prevent this, we adopt a known-region reinforcement strategy inspired by

RePaint [143]: after each denoising step, the sample xt is updated as xt  m � x obs
t + (1 � m) � x t ;

where xobs
t is the noisy version of the observed input. This reinsertion biases the predictions to be

consistent with the partial inputs.

To further improve controllability, we incorporate classi�er-free guidance [145]. Given a condi-

tional noise prediction � � (x t ; t; x obs; m) and its unconditional counterpart � � (x t ; t; ?), the update

is

�̂ � = � � (x t ; t; ?; m) + w
�

� � (x t ; t; x obs; m) � � � (x t ; t; ?; m)
�

;

where w > 1 controls the strength of conditioning. This balances two objectives: enforcing

consistency with observed voxels while still exploring diverse and plausible completions in unobserved

regions. Unlike the deterministic CNN predictor, the di�usion model represents the full conditional

distribution p(x j x obs). In practice, we generate a batch of samples and take their voxel-wise mean,

yielding an expected occupancy estimate that we interpret asŴunknown .

6.4.3 Planning Module

Given the observation history and the estimated occupancyŴunknown , the planning module

computes paths that maximize success probability|avoiding collisions while reaching the goal with

minimum execution cost. To guarantee completeness, it must avoid pruning feasible solutions due to

noisy predictions while preventing inde�nite execution of failing plans. To achieve this, we propose

two variants that combine the estimated occupancy map with two previously developed ideas: (i)

Collision Hypothesis Sets (CHS) [36], which encode reliable binary contact detections into a sparse

set-based representation; and (ii) CMAX [137], a framework for planning with inaccurate world

models.

Integration with CHS

A single CHS � i � W is the set of voxels that could explain a collision observed when executing an

edge e = (qi ; qi+1 ). If a collision is detected at con�guration qcol , then among the voxels intersecting

the active robot surface, at least one must be occupied (refer Fig. 6.6); this set of potentially occupied

voxels is recorded as �i . The CHS representation maintains the collection � = f� 1; � 2; : : :g of all

such hypotheses accumulated during execution.

Given a hypothesis � i , the probability that an edge e is in collision is de�ned in proportion to

the fraction of the hypothesis set swept by the edge:

P (v(e) = 0 j � i ) =
jS(e) \ � i j

j� i j
: (6.3)
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Figure 6.6: The collision hypothesis set � i (in green) corresponds to the voxels intersecting with the active surface
of the robot at the time of collision.

If S(e) fully contains � i , then P(v(e) = 0 j � i ) = 1, since by construction � i must include at least

one occupied voxel. Assuming independence across hypotheses, the probability that e is valid given

all CHSs is then given by:

P (v(e) = 1 j �) =
Y

i

�
1 � P (v(e) = 0 j � i )

�
: (6.4)

Edges that have already been attempted and invalidated receive zero validity probability, ensuring

they are never re-executed, while other edges are never prematurely ruled out.

While CHS is conservative and accurate, it does not explicitly construct the workspace, which

limits the ability to exploit structural priors, often resulting in many contacts and poor performance

in cluttered regions. We therefore augment it with Ŵunknown , biasing search toward safer trajectories.

Concretely, we perform a search on the graph G with a modi�ed edge cost function. Each edge cost is

augmented with penalties derived from both CHS and the occupancy map, re
ecting the likelihood

that the edge leads to a collision under each representation. Edges assigned in�nite cost are deemed

infeasible and never selected for execution. Formally, for each edge e, the cost is de�ned as

c(e) = cdist (e) + � c CHS (e) + � c Ŵ unknown
(e); (6.5)

where cdist (e) is the con�guration-space distance, cCHS (e) / 1
P (x(e)=1j�) penalizes edges with low

CHS validity, and cŴ unknown
(e) penalizes edges likely to collide according to the occupancy estimate.

In practice, � � � as CHS is sparse but highly reliable and can prune edges outright (edges with zero

validity probability according to Eqn. 6.4 incur in�nite cost), whereas occupancy-based penalties

are bounded and used only to bias the search.

Integration with CMAX

CMAX [137] addresses planning with inaccurate models by interleaving planning and execution

while preserving real-time operation and completeness. When execution reveals that a transition

di�ers from the nominal model, CMAX does not repair the model but instead biases the planner away
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from such transitions by in
ating their cost|typically by placing hyperspheres around discovered

discrepancies so that nearby state{action pairs incur additional penalty. As new discrepancies are

observed, the process repeats, ensuring the planner ultimately avoids all incorrect transitions and

still reaches the goal.

In our setting, the nominal model assumes the workspace is empty, so collisions reveal discrep-

ancies betweenf̂ and the true dynamics f . Let � � S � A denote the set of state{action pairs

producing such discrepancies. The CMAX penalty for a candidate (s; a) is de�ned as

cCMAX (s; a) / max
(s 0;a 0)2�; a 0=a

d(s;s 0)<�

1
d(s; s0)

; (6.6)

where d(�; �) is the Euclidean distance in con�guration space and � is a domain-dependent hy-

persphere radius. Transitions that repeat action a near a previously invalidated state s0 incur large

penalties, diverging as d(s; s0) ! 0, while those outside all �-neighborhoods remain unpenalized.

Although theoretically sound, this framework by itself can be less e�ective in our setting, since

penalization is applied in the state{action space. Consequently, the robot can execute di�erent

transitions that appear unrelated in state{action terms yet traverse overlapping workspace regions,

resulting in repeated collisions.

To mitigate this limitation, we augment the CMAX penalty with workspace-level costs derived

from our occupancy estimate, similar to the CHS case. Hence, similar to Eqn. 6.5, the cost of

an edge is de�ned as the linear sum of the baseline path length, the CMAX penalties, and the

occupancy-based penalties ĉW unknown
(e). As in the CHS case, CMAX can prune edges outright by

assigning in�nite cost to known-invalid transitions, whereas occupancy-based penalties are bounded

and serve only to bias the search. This coupling preserves the completeness guarantees of CMAX

while adding workspace-aware reasoning that reduces repeated collisions in cluttered settings.

c(e) = cdist (e) + � c CMAX (e) + � c Ŵ unknown
(e); (6.7)

Completeness Discussion Both the CHS representation and the CMAX framework are theoret-

ically sound and complete, guaranteeing recovery of a path in G (if one exists) when binary contact

signals are used to identify infeasible edges. They operate through distinct mechanisms: CHS con-

structs a hypothesis set �i containing at least one truly occupied voxel and permanently invalidates

edges whose swept volume fully covers �i , whereas CMAX records discrepancies and in
ates the

costs of nearby state{action pairs, assigning in�nite cost only to the invalidated transition itself.

In both cases, only edges that are provably infeasible are removed, while all other edges remain in

the search space; hence, a feasible edge is never falsely discarded. Since the estimated workspace is

used solely to bias costs and never to prune, all feasible edges in G remain admissible, as guaranteed

by the vanilla variants. Consequently, the search will eventually identify a feasible path if one ex-

ists|though it may �rst explore paths that appear promising under Ŵunknown and then backtrack

when they are invalidated| establishing completeness with respect to G.
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