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Abstract

Matching the swimming efficiency and agility of fish has remained an
elusive goal in underwater robotics. Such locomotion capabilities require
complex vortex interactions between the robot’s body and the surrounding
fluid. Despite significant advances in biomimetic hardware, realizing
successful robot policies faces several additional challenges, which include:
the need for accurate and efficient simulation of fluid-robot multiphysics;
utilizing the simulators effectively for downstream policy design; and
successfully transferring policies from simulation to real hardware.

This thesis addresses these challenges by developing a differentiable
fluid—robot interaction simulator and applying it to achieve bioinspired
aquatic locomotion. We first present a novel multiphysics framework that
solves the strongly coupled fluid-robot dynamics as a single, differentiable
optimization problem. We then exploit the simulator’s differentiability to
optimize control trajectories for a robotic eel, achieving various swimming
behaviors, including steady undulatory locomotion and a highly dynamic
C-start escape maneuver. To validate the simulation results, we design and
fabricate an accessible, from-scratch hardware platform. This culminates
in successful bioinspired robotic swimming in the real world.

Together, these contributions advance the state of the art in simulation of
underwater robots while providing a new sim-to-real platform for future
research in bioinspired aquatic locomotion.
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Chapter 1

Introduction

Over decades, nature has inspired researchers with displays of dexterity and locomotion
beyond man-made robots. Biological swimmers have especially demonstrated e ciency
and maneuverability beyond those of our own underwater vehicles while perplexing
zoologists [Gray, 1936]. While researchers have successfully attributed their impressive
swimming capabilities to intricate ow interactions via vortex shedding [Triantafyllou
and Triantafyllou, 1995], we have yet to see it be successfully translated to autonomous
robots.

Meanwhile, both hardware and control advances in the robotics community have led
to impressive demonstrations across multiple bioinspired modalities, including legged
locomotion and dexterous manipulation. Behind these demonstrations is a diverse
set of policies from model-predictive control (MPC) to data-driven reinforcement
learning (RL), as well as the multipurpose simulation infrastructure that supports
them [Genesis Authors, 2024, Macklin, 2022, Todorov et al., 2012]. However, there has
been comparatively little work applied to bioinspired swimming, despite the e ciency
and agility gains that can be realized by our autonomous underwater vehicles.

This thesis addresses three key challenges in the development of autonomous robotic
swimmers capable of harnessing uid-structure interaction (FSI) for highly dynamic
locomotion: (1) accurate physics-based uid-robot simulation; (2) accessible hardware
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for biomimetic swimming; (3) gait optimization for controlled bioinspired swimming.
First, we develop accurate simulation of the uid-robot multiphysics in a manner that
preserves stability and di erentiability. We subsequently use the uni ed dynamics
to design gaits for various bioinspired propulsion modalities, including an oscillating
foil and multi-link eel robot. We then develop a physical hardware realization of
the eel, which is designed to be low cost and easy to fabricate for the broader
robotics community. Finally, we demonstrate successful swim-to-real transfer of
various bioinspired swimming gaits. This marks a step towards developing robots
that can leverage the surrounding uid ow much like their biological counterparts.

1.1 Key Contributions

In this thesis we present several key contributions that address the challenges
associated with achieving bioinspired swimming via FSI:

" Di erentiable Fluid-Structure Interaction (FSI) Simulation In Chapter 2,

we explore how to extend an FSI solver to be stable and fully di erentiable for
downstream robotics tasks, such as design and gait optimization. Speci cally, we
leverage the optimization-like structure of the Navier-Stokes equations to couple
it with robot kinematics. This optimization-based formulation is then exploited
using the implicit-function theorem to compute derivatives. We demonstrate the
solver's ability to accurately simulate coupled uid-robot physics with numerous
examples, including a cylinder in free stream and a soft robotic sh tail with
hardware validation. Chapter 3 further expands on the optimization-based
formulation by drawing connections to variational mechanics and the Principle
of Least Action. The result is a uni ed, theoretically rigorous framework for
properly posing uid and robot dynamics together in a single optimization
problem. This provides robust, stable simulation of a free- oating robotic
swimmer strongly coupled to the full uid dynamics. Using the simulator, we
realize undulating swimming gaits of a bioinspired eel robot, which is validated
on physical hardware. The current FSI implementations are implemented for
2D environments, with future work planned to extend these simulations to 3D.
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"~ Accessible bioinspired Swimming Hardware In Chapter 4, we detail the
design of the physical eel-robot hardware. With accessible hardware becoming
prevalent in areas like manipulation and legged locomotion, we develop a
platform for bioinspired robotic swimming research. Speci cally, we highlight
the hardware's low-cost and ease of fabrication, with an emphasis on the use of
commercial o -the-shelf components. We design the robot's geometry to re ect
that of the simulator's implementation in Chapter 3. Together, this provides
a fully-integrated sim-to-real platform for accessible bioinspired swimming
research for the broader robotics community.

Optimization of bioinspired Swimming In Chapter 5, we leverage the

FSI simulators of Chapter 2 and Chapter 3 to optimize various bioinspired
propulsion modalities. Speci cally, we exploit the di erentiability of the FSI

to provide derivatives to the gradient-based L-BFGS optimizer. For example,
we maximize the thrust of an oscillating foil by optimizing over the shape and
oscillating-gait parameters. In addition, we optimize a highly dynamic C-start
escape maneuver for the bioinspired eel robot to maximize its swimming velocity
in a 90-degree desired direction from rest. Utilizing the hardware detailed in
Chapter 4, we additionally demonstrate successful sim-to-real transfer of the
optimized gait.

High-Dimensional Data-Driven Control In uid problems, we are often

subject to both highly nonlinear and high-dimensional systems. Utilizing
data-driven techniques, we aim to tackle these same challenges in the broader
robotics setting. In Chapter 7, we present a nonlinear-dynamics-model-learning
framework that leverages Jacobian information from physics-based dynamics.
Inspired by the dynamic-mode decomposition originating from the CFD literature,
a lifted bilinear Koopman model is learned from data while being regularized
by Jacobians from a nominal simulator. In addition to improved data e ency,
we observe improved robustness and generalizability of a model-predictive
controller that utilizes the Jacobian-regularized learned model. We demonstrate
this in multiple environments, such as a cartpole swing up, trajectory-tracking
of a drone, and perching of an airplane. In Chapter 8, we aim to tackle the
challenge of high-dimensional control in a visual servoing task. Speci cally,
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we demonstrate that direct pixels-to-torques control is possible with a purely
linear policy by training a Luenberger Observer (i.e., linear state estimator) in

a teacher-student learning framework. We demonstrate our data-driven linear
policy on successful, real-time stabilization of a real-world cartpole via a single
camera, all while being robust to disturbances and camera occlusions. In future
work, these data-driven techniques may be applied to the bioinspired-swimming
setting, where nonlinear, partial observations (e.g., pressure sensors) must be
used to sense the surrounding uid to achieve autonomous closed-loop control.
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Chapter 2

Aquarium: A Di erentiable
Fluid-Structure Interaction Solver
for Robot Kinematics

In this chapter, we present Aquarium, a di erentiable uid-structure interaction
solver for robotics that o ers stable simulation, accurately coupled uid-robot
physics in two dimensions, and full di erentiability with respect to uid and robot
states and parameters. Aquarium achieves stable simulation with accurate ow
physics by directly integrating over the incompressible Navier-Stokes equations using
a fully implicit Crank-Nicolson scheme with a second-order nite-volume spatial
discretization. The uid and robot kinematics are coupled using the immersed
boundary method by formulating the no-slip condition as an equality constraint
applied directly to the Navier-Stokes system. This choice of coupling allows the uid-
structure interaction to be posed and solved as a nonlinear optimization problem. This
optimization-based formulation is then exploited using the implicit-function theorem
to compute derivatives. Derivatives can then be passed to downstream gradient-
based optimization or learning algorithms. We demonstrate Aquarium's ability to
accurately simulate coupled uid-robot physics with numerous 2D examples, including
a cylinder under free stream and a soft robotic sh tail with hardware validation.
These experiments, along with the open-source implementation of Aquarium, are



2. Aquarium: A Di erentiable Fluid-Structure Interaction Solver for Robot
Kinematics

available at: https://github.com/RoboticExplorationLab/Aquarium.j|

The contents of this chapter have been previously been published in ICRA 2023 [Lee
et al., 2023].

2.1 Introduction

Over the years, there has been considerable interest in bioinspired locomotion for
underwater [Gao and Triantafyllou, 2018, Jiao et al., 2021, Katzschmann et al.,
2018, Maertens et al., 2017, Miles and Battista, 2019, Novati et al., 2017] and aerial
vehicles [Appius et al., 2022, Loquercio et al., 2019, Platzer et al., 2008, Shyy et al.,
2010] involving complex interactions with the uid environment. For example, the
energy e ciency and high maneuverability of sh-like propulsion are attributed to the
sensing and shedding of vortices [Triantafyllou and Triantafyllou, 1995, Triantafyllou
et al., 2000]. This complex uid interaction is also present in the ight of apping-wing
aerial vehicles [Shyy and Liu, 2007] and high-angle-of-attack perching maneuvers
of xed-wing airplanes [Manchester et al., 2017, Moore et al., 2014], and has led
to the development of various robotic hardware systems, including oscillating-foll
propulsion for marine vehicles [Anderson et al., 1998], various biomimetic underwater
systems [Anderson and Chhabra, 2002, Aubin et al., 2019, Christianson et al., 2020,
Katzschmann et al., 2018], and apping-wing, micro-aerial vehicles [Chen et al., 2017,
Farrell Helbling and Wood, 2018, Ja eris et al., 2019].

In contrast, there has been comparatively little work jointly optimizing both the
systems' design and control parameters [Ma et al., 2021, Zhang et al., 2021a] while
reasoning about the uid environment [Nava et al., 2022, van Rees et al., 2015]. Such
an optimization could provide insight into the well-known passive swimming dynamics
of a dead trout [Beal et al., 2006] and lead to robotic systems with similar capabilities.
We believe that a major reason for the lack of work in this direction is the absence of
an open-source, accurate, stable simulator with full di erentiability.

In recent years, various di erentiable simulators [Degrave et al., 2019, Du et al., 2021,
Freeman et al., 2021, Geilinger et al., 2020, Heiden et al., 2021, Howell et al., 2022,
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Hu et al., 2019, Tedrake and Team, 2019, Todorov et al., 2012, Werling et al., 2021]
have been deployed for a wide range of uses in robotics. These solvers are able to
provide gradients that can be passed directly to optimization-based frameworks such
as reinforcement learning and model-predictive control. Di erentiable simulators
can also be integrated into neural networks during backpropogation to achieve high
sample e ciency and accuracy [Amos and Kolter, 2017, de Avila Belbute-Peres et al.,
2018, Ma et al., 2021].

In the uids community, various computational uid dynamics (CFD) simulators
also exist [Battista et al., 2017, Bernier et al., 2019, Bezgin et al., 2022, Chen et al.,
2014, Du et al., 2020, Holl et al., 2020, Jasak, 2009, Liu et al., 2022, Manual, 2009,
Nava et al., 2022, Palacios et al., 2014, Siemens Digital Industries Software, 2021].
However, these solvers each possess at least one key de ciency that limits their
usability for robotics. These de ciencies include poor accuracy, generalizability, and
computational e ciency; instability over larger time steps due to explicit integration;
lack of full di erentiability for robotics tasks (e.g., control) in unsteady ow; and
inability to handle uid-structure interaction (FSI) to properly simulate the unsteady,
multi-physics coupling between the uid and robot dynamics.

We propose Aquarium, an open-source, physics-based, fully di erentiable solver for
simulating the two-dimensional (2D) coupled dynamics between robotic systems and
their surrounding uid environment. The single-phase uid dynamics are solved
by integrating over the governing Navier-Stokes equations directly with a fully
implicit Crank-Nicolson scheme to preserve stability over large time steps. The
uid discretization is handled using a second-order nite-volume method, while the
uid-robot coupling is achieved using the immersed boundary method [Peskin, 2002],
which separates the uid and robot meshes to avoid computationally expensive re-
meshing. Speci cally, we build upon the work of Taira and Colonius [2007] and Perot
[1993] to pose the FSI dynamics as an optimization problem, with the uid-robot
coupling acting as equality constraints to satisfy the no-slip boundary condition.
Analytical gradients are computed by applying the implicit function theorem directly
to the FSI problem. Aquarium is currently implemented in 2D for rigid bodies, but
the methodology is generalizable to 3D ow and soft bodies. In summary, Aquarium
o ers:
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" Simulations that solve the discretized 2D Navier-Stokes equations directly with
multi-physics coupling between rigid bodies and a uid environment.

" Fully implicit time integration using Crank-Nicholson to achieve stable simulation
at reasonable sample rates for control and optimization.

" Full di erentiability to calculate analytical gradients with respect to uid and
robot states and parameters for use in gradient-based optimization and learning
frameworks.

The remainder of the chapter is organized as follows: In Section 3.2, we provide some
background on existing CFD and FSI solvers, including their uses and limitations.
Section 3.4 then describes the proposed Aquarium solver. In Section 3.5, we provide
simulation results and hardware validation on a variety of examples, including a
cylinder under free stream and a apping, soft robotic sh tail in initially still water.

In Section 3.7 we provide nal concluding remarks and discuss future work to address
current limitations.

2.2 Related Works

2.2.1 Dierentiable Fluid Dynamics

Industry-standard CFD solvers such as OpenFOAM [Jasak, 2009], SU2 [Palacios
et al., 2014], ANSYS FLUENT [Manual, 2009], and STAR-CCM+ [Siemens Digital
Industries Software, 2021] provide accurate results for complex ows (e.g., multi-
phase, heat transfer, etc.) but at high computational costs with only OpenFOAM
and SU2 being open-source. Consequently, running parameter sweeps for gradient-
free optimization can quickly become prohibitively expensive for high-dimensional
problems. In addition, gradient-free approaches tend to be less stable and slow to
convergence when compared to their gradient-based counterparts [Du et al., 2021,
Zhang et al., 2021a].

The class of di erentiable simulators addresses this shortcoming. Though many
di erentiable solvers were developed for robotics [Degrave et al., 2019, Du et al., 2021,

9
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Freeman et al., 2021, Geilinger et al., 2020, Heiden et al., 2021, Howell et al., 2022,
Hu et al., 2019, Tedrake and Team, 2019, Todorov et al., 2012, Werling et al., 2021],
there are also several works aimed towards the uids community. PhiFlow [Holl
et al., 2020] was developed as a di erentiable PDE solver for deep-learning, written
in frameworks that allow for automatic di erentiation, such as JAX [Bradbury

et al., 2018], PyTorch [Paszke et al., 2019], and TensorFlow [Martn Abadi et al.,
2015]. However, this method is mainly directed at controlling uids directly by
solving the governing Navier-Stokes equations and does not support FSI. Similarly,
JAX-FLUIDS [Bezgin et al., 2022] developed a level-set method for di erentiable,
compressible, two-phase uid simulations in JAX. The work implements various
boundary conditions, including immersed boundaries for rigid bodies, but only
supports explicit integration and, similar to PhiFlow, focuses on deep learning of
uid dynamics and does not currently support FSI.

2.2.2 Design Optimization using Adjoint Methods

While not usually called \di erentiable simulators,” several conventional CFD frameworks
[Jasak, 2009, Manual, 2009, Palacios et al., 2014, Siemens Digital Industries Software,
2021] implement adjoint methods [Jameson, 1988, Kenway et al., 2019] to e ciently
provide gradients for large-scale shape optimization problems in steady-state ow
conditions. SUZ2 additionally o ers shape optimization capabilities in unsteady
environments. Rather than solving for the uid-model derivatives explicitly, these
frameworks calculate Jacobian-vector products to e ciently calculate gradients of the
optimization problem. This is equivalent to reverse-mode automatic di erentiation
that is widely used in machine learning [Bradbury et al., 2018, Martn Abadi et al.,
2015, Paszke et al., 2019]. However, the extension of adjoint methods to other
applications that are critical for robotics (e.g., control in unsteady ow) are relatively
unexplored and not available as open-source platforms [An et al., 2021, Bazilevs et al.,
2013, Rumpfkeil and Zingg, 2010].

10
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2.2.3 Fluid-Structure Interaction for Optimization

As previously mentioned, conventional CFD simulators [Jasak, 2009, Manual, 2009,
Palacios et al., 2014, Siemens Digital Industries Software, 2021] are currently limited to
gradient-based shape optimization via adjoint methods. Using FSI for gradient-based,
non-shape (e.g., gait) optimization in unsteady ow is still challenging, with previous
work simplifying the uid model to potential ow [Jiao et al., 2021] or Stokes ow [Du

et al., 2020, Grover and Vedova, 2019, Grover et al., 2018] for low-Reynolds-number
regimes. Recently, Nava et al. proposed a physics-informed, neural-network model of
FSI for the optimization of soft robotic swimmers [Nava et al., 2022]. However, no
guarantees can be given when generalizing to new shapes and ow conditions.

Finally, Liu et al. [2022] have implemented an FSI extension based in the OpenAl
Gym environment. While not di erentiable, their uid solver implementation, a
GPU-optimized lattice-Boltzmann method, is highly e cient and can be integrated
with reinforcement-learning pipelines. The FSI is achieved with an immersed
boundary method and various swimming bodies are modeled as articulated rigid
bodies. The advantages of coupling robot dynamics with full uid solvers, as opposed
to approximated uid models [Manchester et al., 2017, Min et al., 2019, Tu and
Terzopoulos, 1994] are shown in several applications, such as leveraging Karman
vortices for faster propulsion in swimming [Maertens et al., 2017, van Rees et al.,
2015] and greater lift in ight of apping-wing microrobots [Chen et al., 2014].

2.3 Dierentiable Fluid-Structure Interaction

Computationally modeling uid dynamics and uid-structure interaction using the
Navier-Stokes equations has been extensively studied [Kim and Moin, 1985, Lai and
Peskin, 2000, Patankar and Spalding, 1983, Perot, 1993, Peskin, 2002, Taira and
Colonius, 2007]. Rather than describing the methods in detail, we highlight the key
concepts and refer the reader to existing literature on CFD and FSI for more details.
Speci cally, our work is most closely related to that of Taira and Colonius [2007] and
Perot [1993].

11



2. Aquarium: A Di erentiable Fluid-Structure Interaction Solver for Robot
Kinematics

2.3.1 Implicit Fluid Model

We begin with the non-dimensionalized, incompressible Navier-Stokes equations,
which express conservation of momentum and mass for Newtonian uids:
@u 1
—+U nu=rp+ —TI “U+ aext; 2.1
or U U= oo (2.2)
r u=o; (2.2)

whereu, p, asx, and Re are the uid velocities, pressure, acceleration due to external
forces (i.e., gravity, etc.), and non-dimensional Reynolds number, respectively. The
Reynolds number is further de ned as

Re = uLlfef; (2.3)

where is the uid density, is the dynamic viscosity of the uid, ue IS a reference
velocity (e.g., free-stream velocity), and, is a reference length (e.g., width of the
robot).

Using a second-order nite-volume method, we express the continuous, partial
derivatives of (2.1) and (2.2) as discrete operations over a spatial uid grid:

(u Nu) N(u); r2u)Lu+bec ;
rp) Gp; r u)Du+bc p;

where N (u) 2 R" is the nonlinear convective term,G 2 R" " » is the gradient
operator, L 2 R"" v is the Laplacian operator,D 2 R™" v is the divergence
operator, bg 2 R"v is the boundary condition term corresponding to the Laplacian,
and bg 2 R" is the boundary condition term corresponding to the divergence. Then,
using implicit Crank-Nicolson integration over a time step, we have the discrete,

12
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incompressible Navier-Stokes equations,
1

R(Uk+1 3 Uk; Prer ) = Al g + EN(U ke1) (U k) +Gpya =0; (2.4)

C]_(Uk+1) =Du 41 +bcp =0; (25)

where U+ = [Uy; uy]I+1 2R"™ pw1 2R", and A and r are de ned as follows:

1 1
h'y 1 1 1

Interestingly, it has been noted that G T = D [Taira and Colonius, 2007]. Therefore,
Pk+1 can be interpreted as a Lagrange multiplier enforcing the conservation-of-mass
constraint imposed by (2.5).

2.3.2 Fluid-Structure Interaction Model

To model the FSI, we extend the idea of treating the Navier-Stokes equations as
an optimization problem. First, the FSI is modeled as an additional constraint in
the form of no-slip boundary conditions, where the velocity of the uid must equal
the velocity of the robot at the boundary. To do so, we use the immersed boundary
method [Peskin, 2002], which separates the uidi) and robot (x°) meshes into a xed
Eulerian grid and a oating Lagrangian-boundary mesh, respectively, as illustrated
in Fig. 2.1. The coupling between the meshes is formulated as a convolution matrix,
E 2 R™" v that maps the uid cell velocities to the boundary node locations, allowing
us to formulate the no-slip constraint,

E()U ki1 = URe (2.8)

whereu?,; 2 R™ contains the velocities of the boundary nodes an®2 R " represents
parameters of the robot, such as shape parameters and the statg,; . We then
apply (2.8) to our Navier-Stokes formulation as an additional constraint, providing
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Figure 2.1: The immersed boundary method, where the uid domain is represented
by a xed Eulerian grid (black), and the boundary of the rigid body (i.e., robot)

is represented by a moving Lagrangian mesh (blue). The meshes are coupled by a
convolution matrix E that maps uid-cell velocities (red) to those of the boundary
nodes ( ).

us with the full FSI problem:

1
_Auk+1 + EN(Uk+1) ru )

R Ukt U Peeri Ty = (2.9)
+Gpi +E() TRy =0;

Cl(Uk+1) =G TUk+1 bc p =0; (210)

Uk )=E()U 1 U By =0 (2.11)

We solve (2.9){(2.11) using a Gauss-Newton method, in which the equations are
locally linearized to compute an update step,

2A+ %@@zﬂ G ET32u k+13 2R 3
2 G’ 0 0%9 p k+1g = QC 1% (2.12)
E 0 0 f-.IE)+1 C -

where ff,;, 2 R™ acts as the dual variable for(2.8). Equation (2.12) has the
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structure of a Karush-Kuhn-Tucker (KKT) system, which are common in constrained
optimization [Nocedal and Wright, 2006]. Upon inspectionf?®,, e ectively acts

as a non-dimensional acceleration that uid particles experience at the boundary.
Therefore, forces acting on each boundary node (i.e., pressure) can be calculated
directly as

hyh
foa = =T (2.13)

wheref?,, 2 R™ are the pressure forces acting along the boundary,is the uid
density, hy and hy are the spatial step sizes of the uid grid discretization, and is
the step size of the boundary discretizationf 2., can then be integrated along the
surface of the robot body to obtain net forces.

2.3.3 Simulation Gradients

We exploit the structure of the KKT system de ned by (2.12) to calculate analytical
Jacobians of our FSI model [Barratt, 2018]. For clarity, we rst start by looking at
our system at time & and group (2.9){(2.11) to simplify the model:

z= (2Uk+1 U P 5 Flen ) . (2.14)
R(Uks1 ; Uk Pre s Fien 5 )
a(z; )= 2 C1(Uk+1) g =0: (2.15)
Co(Uks1 ;)

By de nition, g(z ; ) =0 is an implicit function, where z represents the converged
solution at each time-step. Using the implicit function theorem [Dini, 1907], we then

compute the derivative 27

@ @g _, _ @z_
o7 e °? ©°

@g "’ @g
2 .

o: © (2.16)
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Expanding (2.16), we arrive at

2 3
2., L an g o3 o 2 08

2@y @y
8 6 o o%ﬁ@%ézﬁ 0 £QV, @9 (2.17)

o @ @

E 0 0 Zu

| {z }
D§

where Dg is the same KKT system that appears in(2.12) and % has already
been computed at the previous time step; . Therefore, we can re-use the matrix
factorization computed during the simulation step to calculate derivatives for very
little additional computational cost. These Jacobians can then be passed to gradient-
based solvers to optimize shapes, gaits, controls, or trajectories. This method also
generalizes to gradient computations with respect to uid states and parameters (e.qg.,
uid density).

2.4 Experimental Results

This section presents the results of several simulation experiments to evaluate the FSI
physics of Aquarium with comparisons to both other numerical works and hardware
experiments. This includes the classic cylinder-in-free-stream benchmark and a real-
to-sim demonstration of a real-world soft robotic sh tail. We also demonstrate the
full di erentiability of Aquarium with a gradient-based optimization example that
involves maximizing the thrust of an oscillating diamond foil.

2.4.1 Cylinder under Free Stream

We simulate the classic benchmark example of a cylinder under free-stream conditions
as shown in Fig. 2.2. To do so, we de ne the simulation environment to have in ow
and out ow boundary conditions on the left and right boundaries, respectively. The
in ow boundary condition is de ned to be the free-stream velocity,u; , while the
out ow boundary condition allows vortices to exit freely. We de ne the top and
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bottom uid boundaries to have far- eld conditions (i.e., the same velocity as in ow)
to also simulate free-stream conditions when su ciently distanced from the cylinder.

To study Aquarium's generalizability to varying Reynolds numbers, we evaluate the
resulting steady-state behaviors under various free-stream velocities. As seen in
Fig. 2.3, Aquarium is able to capture both the steady-state vortex pairs at lower
Reynolds numbers Re = 40) and the Karman vortex street at higher Reynolds
numbers (Re = 100).

To study the ow-induced forces on the cylinder, we also evaluate the resulting steady-
state drag and lift coe cients. As seen in Tables 2.1 and 2.2, there is good agreement
between Aquarium and previous numerical and empirical studies. This is also true for
the non-dimensional Strouhal number, which characterizes periodic vortex shedding
in the wake and is critical for studying bioinspired swimming [Triantafyllou et al.,
2000].

Figure 2.2: Cylinder-in-free-stream simulation setup with in ow and out ow boundary
conditions de ned for left and right boundaries, respectively. Far- eld boundary
conditions are de ned for the top and bottom boundaries.
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(@) Re =40 (b) Re =100

Figure 2.3: Vorticity contours of ow around a cylinder under steady-state, free-stream
conditions at varying Reynolds numbers. Being Navier-Stokes based, Aquarium is
able to properly simulate the vortex-shedding that occurs at higher Reynolds numbers.

Table 2.1: Steady-state results at Re = 40

Drag Coe.
Tritton [1959] (empirical) 1.65
Taira and Colonius [2007] 1.55
Ren et al. [2012] 1.57
Aquarium 1.75

Table 2.2: Steady-state results at Re = 100

Drag Coe. Lift Coe. Strouhal #

Braza et al. [1986] 1:325 0:008 0:280 0:164
Ren et al. [2012] 1:335 0:011 0:356 0:164
Aquarium 1:481 0:010 0:362 0:167

2.4.2 Soft Robotic Fish Tail

To demonstrate Aquarium's ability to generalize beyond simple geometry in steady-
state ow, we also simulate the periodic apping of a soft robotic sh tail in initially

still water, and validate it against a hardware experiment as shown in Fig. 2.4a. The
soft robotic sh tail is fabricated as described in Zhang et al. [2021a] and Zhang
and Katzschmann [2022], and has a left and right chamber that are pneumatically
actuated with 500mbar at 3Hz. The hardware experiment involves xing the tail to

a force sensor, which collects a time history of the net thrust force while the tail is
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(a) Aquarium simulation with corresponding (b) Time history of normalized thrust force
hardware experiment. The tracked markersgenerated by soft robotic tail from both
on hardware, modeled as joints of the multi-simulation (black) and empirical (red) results.
link, simulated representation, are boxed in

red with corresponding center-line links and
joints in simulation shown in black.

Figure 2.4: Unsteady uid-structure interaction of a xed-base soft robotic sh tail
with matching hardware demonstration. The robotic sh tail starts at rest in initially
still water before being actuated at 3Hz. Aquarium is able to properly simulate
the transient ow and resulting forcing e ects that are also observed empirically,
especially the phase and frequency.

actuated. We use previously collected video and force measurement data from Zhang
et al. [2021a].

In simulation, we approximate the soft robotic sh tail as a ten-link, serial-chain,
rigid-body model with the joints located at corresponding marker positions along the
center line of the robot, as shown in Fig. 2.4a. The body pro les of each link are
approximated by a linear interpolation between the respective joint widths, and the
n is represented as a 1D link. The simulated motion is prescribed using a forward-
kinematics model, where the joint angles are determined using CSRT [Lukezic
et al., 2017] marker tracking from a pre-recorded video of the hardware experiment.
The uid environment is also modeled to recreate the hardware experiment. a
0:6m 0:6 m cavity with wall-like boundary conditions (u; = 0) lled with initially

still water. Simulated boundary pressure forced,?, are integrated over the boundary
and compared to the empirical force-sensor measurements. To best match our 2D
simulation to the 3D hardware experiment, we normalize both datasets’ maximum
thrust values to one.
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As seen in Fig. 2.4b, there is good agreement between the phase and frequency of
the normalized thrust forces with respect to time, demonstrating the simulation's
ability to capture transient- ow e ects on a moving boundary. Potential sources of
error include Aquarium's inability to capture the full 3D e ects (i.e., ow over the

3D contour of the sh tail) present in the experiment. This is a limitation of a 2D
simulation, and future work is planned to extend Aquarium to 3D. Other potential
sources of error include hardware fabrication error as well as the geometric and
kinematic approximations of the multi-link representation.

2.5 Conclusion

We have presented Aquarium, a fully di erentiable uid-structure interaction simulator
that provides full, analytical gradients while accurately simulating coupled uid and
rigid-body dynamics in 2D. Aquarium improves on existing uid simulators by o ering
three key features: 1) full di erentiability with analytical gradients, which enables
optimization in unsteady ow; 2) accurate and stable modeling of uid dynamics
by applying fully implicit integration to the full Navier-Stokes equations; and 3)
explicitly formulated uid-structure interaction that couples uid physics with rigid-
body dynamics. Aquarium enables a variety of optimization tasks | including gait
optimization, reinforcement learning, and hardware-controller co-design | suited to
robotics applications, where e cient locomotion may need to consider detailed ow
physics both steady and unsteady.

In future work, we plan to address the current limitations of Aquarium, which
include the lack of 3D simulation and soft bodies. Doing so will improve sim-to-real
transfer over a wide-range of robotic systems while o ering optimization over 3D
geometries and gaits. We also plan to improve Aquarium's computational e ciency
by implementing the adjoint method and a specialized sparse linear solver, making
Aquarium more suitable for 3D simulation and high-dimensional optimization tasks
such as the training of deep-learning models.
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Chapter 3

A Uni ed Framework for
Simulating Strongly-Coupled
Fluid-Robot Multiphysics

While Aquarium simulates uid dynamics in uenced by robot kinematics, the
challenge of fully coupling the governing Navier-Stokes equations with robot dynamics
remains. In this chapter, we present a di erentiable framework for simulating strongly
coupled uid-robot multiphysics as a uni ed optimization problem. Speci cally, the
coupled manipulator and incompressible Navier-Stokes equations are derived together
from a single Lagrangian using the principle of least action. We employ discrete
variational mechanics to derive a stable, well-conditioned, and physically accurate
scheme for jointly simulating articulated bodies and the surrounding uid. Extending
the classical immersed boundary method, we derive a new integral formulation of the
no-slip constraint that is numerically well-conditioned and physically accurate for
multibody systems commonly found in robotics. We leverage the implicit function
theorem to compute derivatives of the fully coupled dynamics. In the simulator,
we realize undulating swimming gaits of an eel robot before validating the gaits on
physical hardware and against a particle-based baseline.
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Figure 3.1: An overview of the multiphysics problem we address, in which a controlled,
rigid-body robotic system must interact with the surrounding incompressible
Newtonian uid (e.g., water) to swim. We denote the uid domain as and its
boundary @ . and @ correspond to the robot geometry and its boundary.

3.1 Introduction

In recent years, there has been considerable interest in designing robot control policies
in multiphysics settings such as deformable-object manipulation [Shi et al., 2023a,
Xing et al., 2024, Xu et al., 2022, Yoo et al., 2024], uid transport [Ichnowski et al.,
2022, LaGrassa et al., 2024], and locomotion [Costa et al., 2020, O'Connell et al., 2022,
Yang et al., 2019]. However, real-world data collection and training in such complex
environments is challenging. As a result, multiphysics simulation platforms [Genesis
Authors, 2024, Macklin, 2022] have seen growing interest and ongoing development,
with many robotics applications still lacking viable physics engines.

bioinspired locomotion for underwater vehicles [Gao and Triantafyllou, 2018, Katzschmann
et al., 2018, Lin et al., 2025, Maertens et al., 2017, Miles and Battista, 2019, Novati

et al., 2017] has garnered signi cant interest as a means to improve e ciency and
maneuverability via intricate shedding of vortices [Beal et al., 2006, Triantafyllou

and Triantafyllou, 1995, Triantafyllou et al., 2000]. Although various bioinspired
hardware designs have been introduced [Anderson and Chhabra, 2002, Christianson
et al., 2020, Katzschmann et al., 2018, Wang et al., 2023], relatively little work has
been done to make these vehicles operate autonomously with the same performance
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as their biological counterparts [Anderson and Chhabra, 2002, White et al., 2021].
We attribute this to the di culty of modeling and simulating such systems, where
both whole-body robot dynamics and complex uid-structure interaction (FSI) are
critical (Fig. 8.1).

We propose a uni ed framework for jointly deriving and simulating di erentiable
uid-robot multiphysics to realize robotic swimming. Speci cally, we formulate the
combined Lagrangian using the principle of least action to model the multiphysics
as a single continuous-time optimization problem, from which we derive the coupled
incompressible Navier-Stokes and manipulator equations (Fig. 3.2). We show that
the multiphysics coupling stems from a constraint that enforces the no-slip boundary
condition at the uid-robot interface. We then employ discrete variational mechanics
[Marsden and West, 2001] to discretize the uni ed action directly, which results
in an implicit time-integration scheme. We also extend the immersed boundary
method from the computational uid dynamics (CFD) literature [Peskin, 2002,
Taira and Colonius, 2007] to derive an integral \weak-form" version of the no-slip
constraint that is amenable to multibody robotic systems. The implicit function
theorem is then used to compute simulation derivatives for downstream learning and
optimization tasks. Using our uni ed multiphysics, we realize bioinspired undulatory
swimming on an eel robot, which we validate in real-world hardware experiments.
We also benchmark against a smoothed-particle hydrodynamics (SPH) environment
implemented in Genesis [Genesis Authors, 2024, Xian et al., 2023], a state-of-the-art
robotics multiphysics simulator. In summary, our contributions are:

"~ A uni ed derivation of strongly coupled uid-robot multiphysics via the principle
of least action.

" A new weak formulation of the no-slip boundary constraint at the uid-robot
interface.

" A di erentiable uid-robot multiphysics simulator.

" Realization of accurate, dynamic robotic swimming on a bioinspired eel robot
with validation against real-world hardware.

The remainder of this chapter is organized as follows: In Section 3.2, we provide
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a literature review on bioinspired swimming, uid-robot interaction simulators,
and variational mechanics. In Section 3.3, we review background material on the
least-action principle, variational integrators, and the immersed boundary method.
Section 3.4 then describes our approach for posing and simulating strongly coupled
uid-robot multiphysics. In Section 3.5, we provide simulation and hardware
swimming results for an eel-like swimming robot. Finally, Section 3.7 summarizes
our conclusions and discusses limitations and directions for future work.

3.2 Related Works

3.2.1 Bioinspired Robotic Swimming

For decades, biological swimmers have captivated researchers with their remarkable
swimming e ciency [Fish and Lauder, 2006, Gray, 1936, Lighthill, 1971] and high
maneuverability [Domenici and Hale, 2019, Webb, 1978]. While early work focused
on biomechanics [Gray, 1936, Lighthill, 1971, Webb, 1978], later studies attributed
this performance to the detection and exploitation of vortices [Triantafyllou and
Triantafyllou, 1995, Triantafyllou et al., 2000]. This has driven considerable interest
in the robotics community toward developing bioinspired hardware for empirical
studies, which include robotic sh [Anderson and Chhabra, 2002, Katzschmann et al.,
2018, White et al., 2021], oscillating foils [Anderson et al., 1998], and lateral-line
pressure-sensor arrays [Venturelli et al., 2012, Yang et al., 2010]. However, relatively
little work has enabled these swimmers to operate with the robustness achieved by
legged robots [Kumar et al., 2021, Miki et al., 2022, Zhang et al., 2025]|a gap we
attribute to the lack of simulators capable of handling both complex uid physics
and rigid-body robot dynamics [Angelidis et al., 2025, Liu et al., 2022].

3.2.2 Fluid Simulation for Robotics

Multiphysics simulators for robotics [Genesis Authors, 2024, Macklin, 2022] have
garnered recent interest for simulating diverse scenes beyond classical rigid-body
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dynamics, such as rigid-soft-body interactions for deformable-object manipulation [Qiao
et al., 2021] and liquid pouring [Xian et al., 2023]. These simulators generally employ
methods originating from the graphics and particle-based CFD community [Hu et al.,
2018, Macklin et al., 2014], leveraging their parallelizability and visual-rendering
capabilities. However, due to their Lagrangian (i.e., particle-based) representations,
these simulators are tailored towards uid-transport tasks (e.g., liquid pouring)
encountered in robotic manipulation. Compared to their Eulerian (grid-based)
counterparts, these uid simulators are currently unable to simulate complex boundary
conditions (e.g., free stream) and become intractable when the uid must be modeled
as a continuum. In addition, SPH-based methods can struggle with maintaining
certain constraints such as incompressibility and conservation of volume, which are
better posed in Eulerian-based methods [Guermond et al., 2006, Nair and Tomar,
2015, Suchde et al., 2025].

3.2.3 Fluid-Structure Interaction (FSI)

Modeling uid-structure interaction has long been of interest in the CFD community [Lee
etal., 2023, Liu et al., 2022, Nava et al., 2022, Palacios et al., 2014], where methods are
typically tailored to single-body systems. Recently, Angelidis et al. [2025] proposed
an SPH-based platform for bioinspired, multibody robotic swimmers. However, the
authors note that smoothed-particle hydrodynamics introduces additional damping
and parameter sensitivity, causing unstable simulation and sim-to-real gap. Meanwhile,
Eulerian methods capable of handling articulated multibody systems commonly found
in robotics have yet to be fully realized [Todorov et al.,, 2012]. Previous works
have simpli ed the uid dynamics to potential [Jiao et al., 2021] or Stokes ow [Du

et al., 2020, Grover and Vedova, 2019, Grover et al., 2018] for low-Reynolds-number
regimes. Nava et al. proposed a physics-informed, neural-network model of FSI for
the optimization of soft robotic swimmers [Nava et al., 2022]; however, accuracy is
generally poor when generalizing to new shapes and ow conditions. As a result, we
proposed Aquarium in Chapter 2, a di erentiable incompressible-Navier-Stokes-based
simulator for robotics. However, Aquarium currently does not jointly solve the
uid and robot dynamics and relies on a separate solver to obtain robot states. It
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additionally relies on the classical immersed boundary method to represent robot
geometry, which is tailored toward single-body systems and su ers from singularities
when bodies move close together. Therefore, we develop a uni ed multiphysics
formulation to achieve tightly coupled, generalizable simulation of multibody robots
in higher-Reynolds-number uid environments.

3.2.4 Variational Mechanics for Simulation

Over the past two decades, variational integrators have been developed for accurate
simulations of various physical systems [Howell et al., 2022, Lew et al., 1970, Marsden
and West, 2001]. Speci cally, variational integrators discretize the least-action
principle from which the governing equations of motion are derived. The result is stable
simulation with good constraint satisfaction and momentum and energy-conservation
properties. Although originally for conservative systems, variational integrators have
been extended to damped systems and continuum mechanics [Lew et al., 1970],
with connections made to widely used implicit Runge-Kutta schemes [Marsden and
West, 2001]. Recent e orts have extended variational integrators to robotics in
the context of multibody simulation with contact [Howell et al., 2022]. However,
variational integrators remain an unconventional method for physics simulation, which
we partly attribute to their con guration-only representation. Therefore, we extend
the variational integrator to a uid-robot multiphysics setting with full robot-state
representations found in standard robotics simulators [Todorov et al., 2012].

In the context of uid dynamics, variational principles have long been studied [Arnold
and Khesin, 2009, Seliger and Whitham, 1968] to pose uid physics as continuous-
time optimization problems. This optimization-based treatment has inspired several
practices in CFD, including the treatment of boundary conditions as constraints
with associated dual variables [Allmaras, 2005, Papanastasiou et al., 1992, Taira and
Colonius, 2007]. We aim to extend these variational principles to the discrete setting
with robot dynamics in mind, resulting in naturally coupled multiphysics simulation.
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Figure 3.2: An overview of our multiphysics model, in which the uni ed Lagrangian
governing the coupled uid-robot dynamics is formulated using the principle of least
action. Rather than the individual di erential equations, the combined action is

discretized directly to achieve consistent strongly coupled simulation.

3.3 Background

This section provides a brief overview of variational calculus, variational integrators,
and the immersed boundary method for uid-structure interaction. We refer the
reader to the comprehensive, existing literature for more details [Arnold and Khesin,
2009, Marsden and West, 2001, Seliger and Whitham, 1968, Verzicco, 2023].

3.3.1 Physics as Optimization

Various di erential equations for modeling physics can be derived from the principle
of least action via variational calculus. Speci cally, the principle of least action
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represents the dynamics as a continuous-time optimization problem:

Z,

minimize T v(t U t) dt
q,v to ® a0 (3.2)

subjectto v = q;

whereq(t) 2 R" is the con guration of the system (e.g., uid-particle position and
robot pose) as a function of timeg; v(t) 2 R™ is the velocity; T(v) 2 R+ is the
kinetic energy of the system; andJ(g) 2 R+ is the potential energy; andv = ¢
represents the kinematic constraint. We denoté(q;Vv) = T(v) U (g) as the physics
Lagrangian, which we can use to derive an expression for the action,
Z,
S(@;v)=  L@v)+ (g v)dt (3.2)
to
where is the dual variable. The rst-order necessary (FON) conditions of the
optimization problem (3.5) form the Euler-Lagrange equation that governs the system
dynamics:

d@L @L
dt@g @q (3:3)
which is commonly rewritten as the manipulator equation in robotics:
M(q)a + C(q; 9)j + G(q) = O: (3.4)

We note that the least-action principle can be extended to non-conservative systems
via the Lagrange-D'Alambert principle of virtual work [Lew et al., 1970]; to more
complex kinematicsv = f (g; §Jas encountered e.g. with di erent parametrizations
of attitude [Jackson et al.,, 2021b]; and to include constraints such as joints in
manipulator arms [Bara , 1996]:

Z t
mirgqine/ize T(qg;v) U(Q)+F(@®) Tq(t)dt

to

subjectto v =1(qg; Q); (3:5)

c(q;v) =0;
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Figure 3.3: A midpoint variational integrator, where a quadrature rule is traditionally
used to discretize the time integral of Fig. 3.2 to simulate robot con gurations.
However, the uid is represented as a velocity eldy ¢ that is approximated at the
midpoint, causing a temporal mismatch. Therefore, a new variational integrator is
formulated for the uid-robot multiphysics.

where F(t) 2 R" represents external forces such as damping and motor torques.

3.3.2 \Variational Integrators

Robotics simulators commonly integrat€3.4) via a Runge-Kutta (RK) scheme [Todorov
et al., 2012]. However, most RK schemes are known to exhibit unstable behavior
or introduce arti cial damping. Meanwhile, variational integrators provide implicit
time-integration schemes that are known to conserve energy and momentum, making
them attractive for robotics simulators.

First, the continuous-time action integral is discretized via numerical quadrature. As
a particular example (Fig. 3.3), a midpoint quadrature rule results in the following
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optimization problem:

X2
mlnarplze . La(Ok; G ) + 2F (b + 2)T(0k + Oiet) (3.6)

subjectto c¢(g) =0;

whereq is the con guration at time t; h 2 R is the time step; andL4(0k; G+1) 2 R+
is the discrete Lagrangian, which is expressed as:

Ld(Qk; Ot ) = hL( %F9k1 : Gk+1 9k : (3.7)
' |-} | {2}
qk+1 Vok+1

whereqy+; andv.; are the con gurations and velocities de ned at the midpoint
between { and ti.s .

We then obtain the discrete Euler-Lagrange equation, which is the FON condition of
(3.6) w.r.t. gk:

DoLlg(Ok1 ;&) + D 1La(0k; G ) +h Fe +h ID{JZC(Q; =0; (3.8)
coEaintE:e
C(tk+1) = 0; (3.9)

where 2 R? is the dual variable. Upon inspection,  provides the impulse needed
to enforce the constraintc(g; ) = 0. Dy denotes partial di erentiation with respect
to a function's kth argument, and Fy represents the averaged external forde(t) at
the midpoints:

Fo= 3(F(te 5 +Fte+ ) (3.10)

By initializing g and g , (3.8)-(3.9) can be solved to computey., . However, this
integration method only integrates over con gurations, with a half-time-step delay
present betweeng, andv . This introduces a temporal inconsistency due to the
uid being modeled as a velocity eld,v ¢(c), while the robot's pose is de ned by
0. Marsden and West [2001] previously connected this variational integrator to the
implicit midpoint RK scheme over the full state,x =[q; V], via the discrete Legendre
transform. However, doing so with constraints can be dicult and unintuitive.
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Figure 3.4. The immersed boundary method, where the uid domain and robot
geometry are discretized separately into a grid and boundary-mesh. Originally,
the uid-robot interface is modeled by a convolution matrixE that maps uid-cell
velocities (blue) to those at the robot-boundary nodes ( ). This can lead to
uid-penetration and singularities at duplicate nodes (purple) that correspond to
multiple bodies. Therefore, we introduce an extension that integrates the immersed
boundary method across the boundary (green), improving both physical accuracy
and compatibility with multibody representations, which are common in robotics.

Therefore, we aim to provide a simpler approach for performing variational integration
over the full variational state, x =[q;v].

3.3.3 The Immersed Boundary Method

To account for the representation discrepancy between the Eulerian uid-velocity grid
and Lagrangian (free- oating) robot geometry, Peskin [2002] formulated the immersed
boundary method to model the no-slip boundary condition at the robot- uid interface
as shown in Fig. 3.4. Speci cally, the uid velocity is set equal to the robot velocity
at its boundary, which is expressed as the following integration over the uid-velocity
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eld: 7

Vf

" °q)d = WV 8 2@; (3.11)
where is the uid domain; @ is the robot geometry's boundary; v’ is the uid
velocity at position o ; o ; v' are the solid body (i.e., robot) con guration and velocity;
and ®V' is the velocity at a point °qf along @. () is the dirac delta function. In
addition, the corresponding forcing term acting on the uid is explicitly de ned as
an inverse mapping: 7

F'= F'@ ")d 8q'; (3.12)

In discrete form, the uid domain and robot geometry are discretized into a separate

grid and mesh respectively, allowing for decoupled movement of the robot. Meanwhile,
the dirac delta is approximated by a smoothed version. This results in the discretized

immersed boundary method:

c(v';V)=Ev] (") =0; (3.13)
Fi =ETFl; (3.14)

whereE is a convolution matrix that maps discrete uid velocities on the grid to those
of the robot-boundary nodes. However, upon inspection, this discretized constraint is
only satis ed at nite nodes of the boundary mesh, allowing uid to penetrate the
boundary if the nodes are far apart. On the other hand, overlapping points can cause
numerical ill-conditioning due to redundant no-slip constraints, which can occur in
multibody robots as shown in Fig. 3.4. Therefore, we extend the immersed boundary
method to derive an integral-form that will properly enforce no-slip in between nodes
while being una ected by overlapping ones.
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3.4 Methodology

3.4.1 Fluid-Robot Multiphysics as Optimization

As previously mentioned, existing simulators [Genesis Authors, 2024, Macklin, 2022]
typically integrate over the individual di erential equations before coupling the physics
via a force term such a¢3.12). We propose the least-action principle as an alternative,
uni ed perspective of multiphysics from which the di erential equations are derived.

We begin by proposing the least-action principle for the combined multiphysics
problem between a rigid multibody robot and an incompressible, Newtonian uid
(e.g., water):
z,
minimize L@ ;v +L (g ;v)+F (@) Tq dt
dog vVt
subjectto (v )=d v (g)=0 8qf2;
covi)=r v "=0 8q" 2;
(V) =v' vie=0 8q' 2@;
av)=d v'"'=0 8q";
cs(q’)=0 8q';
(v ;v)=vl Bf=0; 8q"2;

(3.15)

where ; representthe uid domain and robot geometry respectively with corresponding
boundaries, @ ;@ q ;d are the con gurations of the robot and uid particle
respectively andv'; vl are the corresponding velocitiesc, (v ) encodes the kinematics
constraint for the uid-velocity eld (i.e., an array of velocity sensors). c,(v' ) encodes
the conservation-of-mass constraint whiles(v’) enforces boundary conditions along
the uid-domain boundary (e.g., walls, free-stream velocity, etc.).c4(q") encodes
the kinematics constraint of the robot whilecs enforces other robot-con guration
constraints, such as joint constraints found in manipulator armscg(v'; v') encodes
the no-slip constraint, which couples the robot and uid physics.
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We rst de ne the uid and (single) rigid-body Lagrangians:

Z
L' ;v)= 2™V g Tqd dv; (3.16)

L'(q;v) = 3(v)TM'V' M "g'd; (3.17)

where is the uid density; M is the mass matrix of the robot body;dV denotes the
volume di erential; and g is gravity. In this problem, damping is introduced by the
uid viscosity: 7

F(t) = v fdv; (3.18)

where is the dynamic viscosity of the uid. In a manner similar to(3.2), we write
down the action for the combine problem:
Zy, X6
S(;d;viiv)= LT+L"+FTd +  jqdt (3.19)
to i=1
The FON conditions of (5.1) can be expressed by the variations w.r.tg";v' and
d ;v', which results in the coupled incompressible Navier-Stokes and manipulator
equations, respectively:

f @@T @@T

(VT v )= A og ot ° au (3.20)
rv'=0 (3.21)
G
z—} —{ T T
MV + g= gz 5 gs s (3.22)
g=v': (3.23)

wherep= — 2 R™ is the uidic pressure, which Lagrange [1853] originally realized
as the dual variable that enforces the conservation of mass. (3.20) also provides the
same constraint-based treatment of uid-boundary conditions of Allmaras [2005], in
which coupling forces arise from the no-slip constraint at the uid-robot interface.
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3.4.2 Coupled Discretization of the Fluid-Robot
Multiphysics

Using the uni ed least-action principle of (5.1), we develop a variational integrator
to simulate uid-robot multiphysics. However, we again note thatg’ and vi have a

half-time-step lag in traditional variational integrators. Therefore, we aim to derive a
new variational integrator that can integrate gc and v, while handling this temporal

inconsistency.

First, we discretize the uid domain spatially using a second-order nite-volume
method [Ferziger et al., 2019], which provides a discrete counterpart to the following
continuous operators:
Z Z
vidv )M v, rpdV ) Gp;
Z Z
v v fdv )Ny "), v idv )Ly f

Through a slight abuse of notation, we will use , v', and p to refer to their discrete
versions throughout the rest of this section. We may now express the spatially discrete
uid Lagrangian as:

L' ;v = 3v)T™™MTV' M Tg'd dv; (3.24)

To handle temporal lag, we will de ne the constraints corresponding tgc andv y at
their respective time steps, resulting in the following discretized action:

minimize L (O Geen ) + L 60K Gar ) + D (i + )T
O O k=1
subjectto G [)=G v} =0;

Cal/ () =BV | V pc=0;

cs(a) = 0;

ol Vi) =B RTE)=0;

(3.25)

where B/ | extracts uid velocities located at the uid-domain boundary, and
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cslvFv") is expressed using the discretized immersed boundary method posed in
(3.13). The external force is additionally modi ed to account for the convective term,
N(vh):

Flte+ 3) =W juq + N 4y ): (3.26)

Upon inspection, we note that the derivatives 0{3.8) can be expressed in terms of
g’ andv' using the chain rule:

D2l a(t1 5 a) = h( % é@ % |% ); (3.27)
P
@L @1 @L @4<+1 (328)

D1l a(0k; Ger1) = h( g "
G |?z“} Bl |?z“}
We can now substitute(3.27) (3.28) into (3.8). This results in the following FON
conditions for (3.25) corresponding to the robot dynamics:

Gt = Qi 1V jiq s (3.29)

T T
MVEg h G T sk h & ex=3MV hM Tg; (3.30)

as well as that corresponding to the uid dynamics:
IMT bl v, BNE L) +Gpi+B gk %E)T 6k

=1Mf+hL v+ INg,) M g (3.31)

Finally, the constraints of (3.25) form the rest of the FON conditions:

GV =0; (3.32)

B/ {1 V=0 (3.33)
Bl V'¢Lg)=0; (3.34)
Cs(0fr1 ) = O: (3.35)

The system of equations de ned by(3.29) (3.35) can be solved using Newton's
method. Specically, g, V. Vv fk+1 and the corresponding dual variables can be
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solved for givenqi;v{(;vfk. Derivatives can then be computed using the implicit

function theorem on the entire multiphysics problem [Lee et al., 2023]. Upon further
inspection, we also note that this integration scheme results in a 2nd-order implicit
leap-frog method [Hairer and Wanner, 1996].

3.4.3 An Integral-Form Immersed Boundary Method

As previously mentioned, the immersed boundary method can be both ill-posed and
ill-conditioned due to enforcing the no-slip constraint at a set of (possibly changing)

discrete node locations. Therefore, we propose a new formulation that integrates
the original immersed boundary method along the solid-body boundary as shown in
Fig. 3.4: | 7 |

vVi @' Pd(g))dvds = B(q;v')dS; (3.36)

where HdS denotes a surface integral. We discretiz3.36) with piecewise-linear
interpolation along the boundary. The discrete delta function can then be integrated
along each linear interpolant using numerical quadrature, resulting in another
convolution matrix for the following discretized immersed boundary method:

Evi B(v)=o0:; (3.37)

whereE is the integrated convolution matrix. Rather than explicitly formulating
a forcing term such as(3.12), we simply di erentiate through (3.37) as seen in
(3.30)-(3.31).

3.5 Experimental Results

This section presents the results of validation studies to evaluate our uid-robot
multiphysics approach. We rst evaluate our integral-form immersed boundary
method on a 1D bar under free-stream conditions before comparing the resulting uid
ow with that of the original method. We then look at the locomotion problem of an
eel robot steadily undulating to achieve forward swimming through an initially still
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(a) Fine delity

(b) Coarse delity

Figure 3.5: Comparison of the original and our proposed integral-form immersed
boundary method at di erent boundary-mesh delities of a 1D bar under free stream.
The uid ow is simulated to steady state at a Reynolds number of 100. For a
ne-mesh delity, both methods properly enforce the no-slip boundary condition as
seen by the recirculating wake vortices. However, the original immersed boundary
method struggles to prevent uid penetration with a coarse mesh. Meanwhile, our
proposed integral form is able to resolve the increased gap between the nodes to still
realize coherent vortices.

uid environment. We compare our simulated trajectories with that of an SPH-based
baseline implemented in Genesis [Genesis Authors, 2024, Xian et al., 2023] and
real-world hardware.

3.5.1 Bar Under Free Stream

We evaluate the physical accuracy of our proposed integral-form immersed boundary
method in the steady-state simulation of a 1D bar under free stream. Speci cally,
we increase the bar's mesh density w.r.t the uid's across 2 trials to evaluate the
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