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Abstract

We have introduced a methodology for the kinematic mod-
eling of wheeled mobile robots’~2, In this paper, we apply
our methodology to Uranus®, an omnidirectional wheeled mo-
bile robot which is being developed in the Robotics Institute of
Carnegic Mellon University. We assign coordinate systems to
specify the transformation matrices and write the kincmatic
equations-of-motion. We illustrate the actuated inverse and
sensed forward solutions; i.e., the calculation: of actuator veloci-
ties from robot velocities and robot veloeities from sensed wheel
velocities. We apply the actuated inverse and sensed forward
solutions to the kinematic control of Uranus by: calculating in
real-time the robot position from shaft encoder readings (i.e.,
dead reckoning); formulating an algorithm to detect wheel slip-
page; and developing an algorithm for feedback control.

1. Introduction

We have formulated a methodology for the kinematic
modeling! % of wheeled mobile robots (WMRs). In this pa-
per, we apply our methodology to the kinematic modeling and
control of Uranus®, a WMR which is being constructed in the
Robotics Institute of Carnegie Mellon University for research
and development in control, computer vision, path planning
and sonar sensing. Uranus provides owmmnidirectional mobility
(i.e., independent and simultaneous X and Y translations and
% rotation) with a stable, rectangular wheelbase. Wheelchairs®
which utilize this kinematic structure have already shown ad-
vantages over conventional designs. For example, the sideways
X translational degree-of-freedom allows more maneuverability
between closely spaced obstacles than turning the wheelchair in
the direction of travel before translating.

In Section 2, we describe the kinematic structure of Uranus,
omnidirectional wheels, and our control system hardware,
Then, in Section 3, we develop the kinematic equations-of-
motion by assigning coordinate systems, writing the transfor-
mation matrices and formulating the wheel Jacobian matrices.
The Jacobian matrix of each of the four wheels resolves the
robot body velocities as linear combinations of the wheel veloc-
ities. The four wheel equations-of-motion are then combined
to form the composite robot equation-of-motion. We solve the
composite robot equation-of-motion in Section 4. The actuated
inverse solution (in Section 4.1) calculates the velocities of the
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actuators (i.c., wheel drive motors) from robot body velocities.
The sensed forward solution (in Scction 4.2) caleulates the rohot
body velocities from the sensed wheel velocities (ie., wheel shaft
encoder measurements). In Section 5, we turn to kinematic con-
trol of Uranus. Dead-reckoning {discussed in Section 5.1), which
is the real-time calculation of the robot position from the wheel
shaft encoder measurements, plays the role of feedback in our
kinematic control algorithm. If undesired wheel slip oceurs, the
dead reckoned robot position is erroncous. We then formulate
in Scction §.2 an algorithm to detect wheel slippage, In Section
5.3,
for real-time implementation on Uranus. Finally, in Section 6,
we highlight our kinematic controlier design.

we design a kinematies-hased feedback control algorithin

2. Uranus

Uranus® (pictured in Figure 1) has the kinematic struc-

ture of the Wheelon wheelchair: four omnidirectional wheels
mounted at the coruers of a ructeulguldr frame. For kinematic
modeling, we sketch the wheelbase in Figure 2. Fach omnidi-
rectional wheel® (shown in Figure 3) consists of a wheel hub
about which 12 rollers arce mounted at the angle n = 45° to
the wheel orientation. Tach ommnidirectional wheel has three
degrees-of-freedom (DOFs). One DOT is in the direction of the
wheel orientation; the second DOT is in the direction of the
roller rvotation; aud the third DOT is the rotation about the
point-of-contact between the wheel and the Hoor. In Figures 2
and 3, the rollers on the nnderside of the wheel (i.c., the rollers
touching the floor), rather than the rollers which are actually
visible from a top view, are shown to facilitate kinematic anal-
yais.

Figure 1: Uranus

The control system hardware consists of an onboard Mo-
torola 68000 coutrol processor, wotors, shaft encoders and inter-
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Figure 2: Coordinate System Assignments for Uranus
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Figure 3: Omnidirectional Wheel

face electronics. The inner hub of each omnidirectional wheel is
driven by a brushless DC motor and its position is scnsed by an
optical shaft encoder. The position and velocity of each wheel
are thus available to the control processor through the inter-
face electronics. The interface clectronics also handle clectronic
commutation and pulse-width modulation for the brushless DC
motors. Since the dynamic model of the motor velocity is linear
in the pulsc-width®, the control processor neced ouly calculate
the wheel motor velocities. The desired robot position trajec-
tory is communicated to the control processor from an indepen-
dent offboard processor. A stiff suspeusion mechanism is built
into each wheel assembly. The hardware construction of Uranus
is nearing completion.

Three practical assumptions make the kinematic modeling
of Uranus tractable. First, the motion of the suspension and
compliance of the rollers are negligible. The assumption per-
mits us to model the kinematics of the robot independently
of the dynamics of these flexible components. Second, Uranus
moves on a planar surface. We thus neglect irregularities in the
floor surface. Even though this assumption restricts the range
of practical applications, environments which do not satisfy this
assumption {e.g., rongh, bumpy or rocky surfaces) do not lend
themselves to energy-efficient wheeled-vehicle travel’. Third,
the rotational friction at the point-of-contact between a wheel
and the surface is small enough to permit rotational slip. We
make this assumption to treat the rotation about the point-of-
contact (i.e., rotational wheel slippage) as a wheel DOF. Auto-
mobiles illustrate the practicality of this assumption since the
wheels must rotate about their points-of-contact to navigate a
turn.

wheel axle
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3. Kinematic Modeling
3.1. Coordinate System Assignments

We apply the Sheth-Uicker convention® to assign coordi-
nate systems. The Sheth-Uicker convention differs from the
Denavit-Hartenburg® convention, which is applied to model sta-
tionary manipulators, because two coordinate systems are as-
signed at each joint (one in each link) instead of one. The
displacement between the pair of coordinate systems at a joint
is specified by the joint parameters. The Sheth-Uicker con-
vention thereby allows the modeling of the higher-pair, multi-
dimensional wheel motion and eliminates ambiguities in coor-
dinate transformation matrices of closed-link chains.

Coordinate system assignment is illustrated in Figure 2 for
Uranus. The stationary floor coordinate system F serves as
the absolute reference coordinate frame for robot motions. The
floor coordinate systemn is assigned with the z-axis orthogonal to
the surface of travel. The robot coordinate system R is assigned
to the robot body with the z-axis orthogonal to the surface of
travel. The motion of the robot coordinate system is interpreted
as the motion of the robot. We have assigned the robot coor-
dinate system at the center of the robot body (!, and I are
one-half of the robot width and length, respectively), and at a
height [, above the floor. We assign a contact point coordinate
system C; {for 1 = 1,2,3,4) at the point-of-contact between
each wheel and the floor with the y-axis parallel to the wheel
orientation, and the x-y plane tangent to the surface of travel,

For stationary serial link manipulators, all joints are one-
dimensional lower-pairs: prismatic joints allow translational Z
motion and revolute joints allow rotational ¢ motion. The ve-
locity of a manipulator joint can be specified independently of
its absolute position by referencing the velocity of the coordi-
nate system in the link on one side of the joint to the coordinate
system in the adjacent link on the other side of the joint. In
contrast, WMRs have three-dimensional higher-pair wheel-to-
floor and robot-to-floor joints allowing simultancous X, ¥ and
¢ motions. Such multi-dimensional joints require the assign-
ment of an instanteneously coincident coordinate system~2 to
specify the velocity of the joint independently of its position.
An instantaneously coincident coordinate system A for the co-
ordinate system A is defined to be at the same position and
oricntation in space as the A coordinate system, but station-
ary relative to the absolute F coordinate system. For example,
an tngtantaneously coincident robot coordinate system R is de-
fined at the same position and orientation in space as the robot
coordinate system R, but stationary relative to the F coordi-
nate system. We may thus specify the velocities of the robot
coordinate system R independently of the robot position by ref-
erencing the velocities of the R coordinate system to the R co-
ordinate system (as in Section 3.3). When the robot coordinate
system moves relative to the floor coordinate system, we assign
a different instantaneously coincident robot coordinate system
at each time instant. Similarly, the instantaneously coincident
contact point coordinate system C; (for ¢ = 1,2,3,4) coincides
with the contact point coordinate system C; and is stationary
relative to the floor coordinate system. We require the instan-
taneously coincident contact point coordinate system to specify
the wheel velocities independently of the wheel positions.

3.2. Transformation Matrices

Homogeneous (4 x 4) transformation matrices express the
relative positions and orientations of coordinate systems?0, The
homogeneous transformation matrix 4TI transforms the coor-



dinates of the point Br in the coordinate frame B to its corre-
sponding coordinates “r in the coordinate frame A:

Ar = AHB BI‘ . (1)

We adopt the following notation. Scalar quantities are de-
noted by lower case letters {e.g., w). Vectors are denoted by
lower case boldface letters {e.g., r). Matrices are denoted by
upper case boldface letters (e.g., II). Pre-superscripts denote
reference coordinate systems. For example, “r is the vector r
in the A coordinate frame. Post-subscripts denote coordinate
systems or components of a vector or matrix. For cxawmple,
the transformation matrix 4T1g defines the position and orien-
tation of coordinate system B relative to coordinate frame A;
and r, is the x-component of the vector r.

Our nomenclature for scalar rotational and translational
displacements and velocities is:
40p : The rotational displacement about the z-axis of the
A coordinate system between the x-axis of the A
coordinate system and the x-axis of the B coordi-
nate system {counterclockwise by convention); and
AGB = A(.-JB .

: The rotational displacement of wheel ¢ {for i =
1,2,3,4) about an axis centered in the wheel and par-
allel to the x-axis of Cy; and 0,0’.2 = Wyze

0., : The rotational displacement of the roller of wheel ¢

{for ¢ = 1,2,3,4) which is in contact with the floor
about an axis aligned with the axle of the roller; and

Oz

ow‘r = Waugre

: The rotational displacement of wheel ¢ (for ¢ =
1,2,3,4) about an axis centered in the wheel and par-
allel to the z-axis of C;; and 0'th = Wepze

Adp; ¢ The translational displacement along the j-axis (for

7 € {z,y,2]} of the A coordinate system betwcen

the origins of the A and B coordinate systems; and

A(l[;j = A’()Bj.

Since any two coordinate systems A and B in our WMR
model are located at non-zero %, y and z-coordinates relative to
each other, cach transformation matrix must contain the trans-
lations 4d ., 4dp, and “dp,. We have assigned all coordinate
systems with the z-axes perpendicular to the surface of travel
so that all rotations between coordinate systems arc about the
z-axis. The transformation matrix “TIz thus embodies a ro-
tation “4dp about the z-axis of coordinate system A, and the
translations 4d ., *dp, and *dp, along the respective coordi-
nate axes:

cos A()B — 8in AoB 0 Ade
A A A
A _ sin“0p cos“0p 0 dBy
To=1 " 0 1 Adp, @)
0 0 0 1

The pertinent coordinate transformation matrices arewrit-
ten for Uranus directly from Figure 2:

100 I, 10 0 =g
Ry 10 1 0 & Ry _ 10 1 0 b
Hoo=1g 0 1 -1} Hes =19 o 1 -1,
000 1 00 0 1

3[1)0~;a 100 I
RBIl, = 0 -k R - 01 0 -4
fo3 6 01 -, |° e, = { o 01 -,

00 0 1 000 1

Only one coordinate transformation matrix is written for each
wheel of Uranus. More generally, wheels with steering links
require the assignment of multiple coordinate systems?~2. The
sparse transformation matrices result from assigning the robot
coordinate system parallel to the wheel coordinate systems. Our
robot coordinate system assignment thus facilitates kinematic
wodeling and control.

3.3. Wheel Jacobian Matrices

The_ Jacobian matrix J; for wheel ¢ resolves the robot ve-
locities ®pp as lincar combinations of the wheel velocities qs:

Rf)R = J;4; fori=12384 . (3)

The robot velocity vector Ef)R congists of three components:

the translational robot velocities vy, and EvRy, and the rota-

tional robot velocity Fwg,. The three DOFs of omnidirectional
wheel ¢, wheel hub rotation, roller rotation, and rotation about
the point-of-contact, correspond respectively to the three com-
DODents Wy, 5y Wayp, AN Wy, 5, of the wheel velocity vector &.
The omnidirectional wheel Jacobian matrix J; is constructed
from the transformation matrix *Il¢,, the wheel and roller radii
R; and r;, and the roller angle n; 172:

~Risin oo, rysin (Bog, + ;) Rdgyy
g = R;cos ®0p,  ~—r;cos (Rlg, +nm:) ~Rdg, | . 4)
0 0 1

Since the determinant of J; is (—v; [ sinn;), the omnidirec-
tional wheel Jacobian matrix in (4) is non-singular when n; #
0 or 180°; i.e., when the rollers arc not aligned with the wheel
orientation. Since the roller angles on Uranus are +45°, the
rank of cach wheel Jacobian matrix is three, indicating that
cach wheel has three DOTFs (as stated in Section 2).

To simplify fabrication, all wheels are identical. Con-
scquently, the radii of all wheels and rollers are equal (ie.,
Ry =-R2:R3:R4=R,and‘r1:r2=1'3=r4=r).
The magnitude of the roller angles on all four wheels are also
cqual; however, wheels 1 and 3 are mounted so that their roller
angles are reversed from the roller angles of wheels 2 and 4
ie, 11 = ng = —45° and 52 = ny = 45°). From the Ja-
cobian matrix for omnidirectional wheels in (4), we write the
cquation-of-motion for each wheel:

Wheel 1: Bpp=Ji4 (5)
Pope 0 —rv3/2 b\ [wus
]j_URU = R *-7‘\/—2-/2 ——l,_,, Wy r
R o 0 1) \ s
Wheel 2: Ef)n = Jadq (6)
E'um 0 r/2/2 I Wapya
Ii'URy ={R -r/2/2 I, Gy r
RwR 0 0 1 Wy, »
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Wheel 3: Bpp=Jsds (1)
Rors 0 —-rv2/2 -l Wz
RvRy = R —"I‘\/‘Z‘/Z lu Waysr
E(’JR 0 0 1 Wayg z

Wheel 4: Tpp =T (8)
?z:vﬂm 0 T\/EZZ '—lb Wapym
oy | = { B —-rv2/2 —l, Wap,r
R 0 0 1 W

3.4, Composite Robot Equation

The motion of Uranus results from the simultaneous mo-
tions of the wheels. To model the motion, we combine the
equations-of-motion of the four wheels in (5)-(8) to form the
composite robot equation-of-motion:

Jg 0 ... O

I . a
Il ®. 0 J IR ¢
1 RpR = R . 2 ?2 (g)
. . Ja 0 "13
1 Q4
0 ... 0 I
or Aoﬁi)a =B,q {10)

in which I is a (3 x 8) identity matrix, Ag is a (12 x 3) matrix,
By is a (12 x 12) block diagonal matrix, and q is the composite
wheel velocity vector. The 12 wheel equations in (10) must be
solved simultaneously to characterize the WMR motion.

4. Kinematic Solutions
4.1. Actuated Inverse Solution

We compute the actuated inverse solution by calculating
the actuated wheel velocities in (10} frowm the robot velocities.
Because of the closed-link chains in WMRs, we need not actuate
all of the wheel variables 0y, 2, Ou,r, @and O, -, for ¢ = 1,2,3,4.
To separate the actuated “a” and unactuated “u” wheel vari-
ables, we partition the wheel equation in (3) into two compo-
nents:

“br=Jialia + Jiudiu  fori=1,2,8,4.  (11)
We combine the four partitioned wheel equations in (11) to
rewrite the composite robot equation in (9) aud (10} as

(I 11 1) Tpp
Qia
Ja 0 ... 0 Jiu O ... 0 4z
0 Joo o 10 Jg . d4a

: Jsa O P T ;
0 ... 0 Jsu O ... 0 Ju Q2w

(12)

or Ao ®pr =By, (q“) . (13)

G
In the absence of wheel slippage, the wheel velocities are coupled
and hence the problem of calculating the wheel velocities from
the robot velocities is overdetermined*~2; i.e., there are more

independent equations than unknowns (wheel velocities). We
compute the least-squares solution

(&)= @5 8g 80T (10

to obtain the actuated wheel velocitiest —2:

[JTGA(JIu)Jla]miJfGA(Jlu)
[Jg‘ A(J2u)J2u]* J%‘ A(Jgu) o T

it . :Ja 1r
0T, A(T5)T5a) 3T A5 | OF pr (15)
IJZ;A(J&M)J‘ia) -]1 A(J4u)

in which we define the Delta matrix function A(e) as:

da::

-1 for U =null

A= UT -1

1 (16)

{ u(ut u) Otherwise

where the argnment U is a (¢ X d) matrix of rank d. In (15),
J, is the [number of actuators (four for Uranus) x 3] ectuated
wheel Jacobian matrix.

For Uranus, we identify the actuated wheel velocities as
Wz, Tor ¢ = 1,2,8,4, and the unactuated wheel velocities as
Wa;r aNd Wy, 2, for 1 = 1,2, 8,4, and apply the actuated inverse
solution in (15) to obtain:

Wz -1 1 (log+1)

R,
Wiygz = _l 1 1 —(la+lb) ﬁzzz . (17)
Wugs | TR\ -1 1 —(latb) | | 5
Wwyz 11 (La+0) wWR

Since all of the wheel Jacobian matrices for Uranus are non-
singular, we compute the actuated inverse solution in (17) by

solving wheel equations (5)-(8) independently for each of the
actuated wheel velocities. This alternate, straightforward ap-
proach reduces the computational requirements of our least-
squares solution in (11)-(17) by a factor of thirteen.

4.2, Sensed Forward Solution

The sensed forward solution computes the robot velocity
vector £pp from the sensed wheel positions and velocities q,
and 4,. Developent of the sensed forward solution parallcls
our development of the actuated inverse solution in Section 4.1,
The first step is to separate the sensed “s” and not-sensed *n”
wheel vclocities and rewrite the wheel equations-of-motion in
(3) as:

Bpp = Tiotio + Jintlin fori=1,2,34 . (18)

We combine the four wheel equations in (18) with the unknown
robot and wheel velocities on the left-hand side:

I -Jy, 0 0 Epp
I 0 —J3 : Qtn
. . G2n
I : ‘. ~J3n 0 Q3n
I 0 ... 0 -dn/ \ 4.
Jis 0 ... 0 N
. . ‘.lls
- 0 J2a ‘e : q2s (19)
E ) JSa 0 (..188
0 ... 0 I,/ ‘e
Re
or An ( ?R) = Ba“la . (20)
dn



Since there are more independent equations (three for each
wheel) than unknowns {two not-sensed wheel velocities for each
wheel plus three robot velocities), the problem of computing
the unknown wheel and robot velocities from the sensed wheel
velocities is overdetermined. We thus apply the least-squares
solution! =%

( P’f) = (ATA,) 'ATB.a,, (21)
qn
to calculate the rohot velocities! —2:

"pr=T'84, (22)

where ¥
matrix and

S = [A(J1n) T,

[A(J1n) +AT2n) + A(J30) + A(Jan)] is 2 (3% 3)

AJan)dzs A(Jsn)T3s  A(Jan)Tas] .

Hence, solving the systemn of lincar algebraic equations in
(22) is not a computational burden.

For Uranus, we identify the senscd wheel velocities as w.y, 4,
for 1 = 1,2,3,4, and the not-sensed wheel velocities as wy,,,
and wy, ., for ¢ = 1,2,3,4, and apply the least-squarcs sensed
forward solution in (22) to obtain:

o) W
,IEIURz "lab lab ‘_lab lab OJW1 ®
ivRy = Z‘Z— lab lab lab lab w‘wzr 3 (23)
Ryp @\ 1 -1 -1 1 o
wym

where lq, = {5 + I;. The least-squares forward solution in (23)
need not produce a zero error because of sensor noise, wheel
slippage, and non-planar surfaces. In the presense of these er-
ror sources, we cannot calculate the robot velocity exactly. Our
least-squares solution provides an optimal solution by minimiz-
ing the sum of the squared errors of the velocity components.

5. Applications
5.1. Dead Reckoning

Dead reckoning!® is the real-time calculation of the WMR
position from wheel sensor measurcments. To determine the
robot position in real-time, we integrate the robot velocity over
cack sampling period. The integration begins when the robot is
at rest {L.e., “Pr(0) = 0). The initial robot position Fpg(0)
is cither specified or determined by computer vision or sonar
ranging. We assume that the robot motion is adequately mod-
cled hy piccewise constant accelerations since the robot is being
actuated by constant force/torque gencrators in each control
sampling period {the control sampling period matches the dead
reckoning sampling period). The robot velocity Zhp in the
sampling period from time ¢ = (n — 1)T to time ¢ = nT is

Rpn(t) Bprl(n — 1)T]

Rpr(nT) =% prl(n ~ 1)T) .
T

(24)
+

((n —1)TY),

where the robot velocity #pr(n?) at cach sampling instant
is calculated according to the sensed forward solution in (23).
We apply the orthogonal velocity transformation matrix ¥V to
transform the robot velocity to the floor coordinate system:

1776

Fpr = V "pp
cosT0p —sinfop 0 B (25)
= sinflg cosTlp O R}‘)R .
0 0 1

We calculate the robot position at the current sampling
instant ¢ = nT" by integrating the velocity over the sampling
period and adding the result to the robot position at the previ-
ous sampling instant ¢ = (n — 1)1

"l

Fpa(nT) = Fpalin - 1T] + / Fon(t)dt . (26)

(n-1)T

By subtituting (24) and (25) into (26), we express the current
robot position in terms of the position at the previous sam-
pling instant and the robot velocity at the current and previous
sampling instants:

Fpr(nT) = Tpx((n - 1T

T R e
+ 5 Vin = )T} {*paln - )T) + Ppr(nT) }.
(27)
Upon substituting the sensed forward solution in (23) into (27),
expanding, and simplifying, we obtain algorithms for the di-
rect calculation of the current orientation F0g(nT), and the

recurstve calculation of the current translations FdRz(nT) and
Fd gy (nT) of Uranus:

R

Fp(al) = ZTE%ET O(nT) + F0m(0) - i 000) (26)
where 9(0) = [owla:(O) - owg:c(‘) - 6")31(.) -+ 0w42(.)]>a’nd
Pdp(nT) _ {Fdgiln~1)T]
(FdRy("T)> - <Fd1ey[(" - 1)T])
+£8]E (;a Z _ba Z) [4,[(n ~ 1)T] + Q. (nT))
(29)
where a = [cosTOg(nT) + sinFO0(nT)] and b =

[cos FO5(nT)—sin FOp(nT)]. The direct calculation of the robot
orientation indicates that (28) is a holonomic constraint!®.
Since the robot translations caunot be calculated directly, (29)
are non-holonomic constraints. Frrors in the recursively cal-
culated robot translations due to fnite precision, sensor noise,
wheel slip, and non-planar surfaces will accumulate; whereas,
the direct calculation of the holonomic orientation constraint in
(28) will not accumulate these errors.

5.2. Wheel Slip Detection

Since the sensed forward solution for Uranus in (23) is
overdetermined, the kinematic equations-of-motion are incon-
gistent in the presence of wheel slip. The error in the least-
squares forward solution is then non-zero. We thus detect wheel
slip by calculating the error in the least-squarcs forward solu-
tion. If the error in the forward solution exceeds a threshold, we
conclude that the forward solution, and hence the dead reckoned
robot position, are not sufficiently accurate for feedback control
calculations. In the improbable case that all four wheels slip gi-
multaneously in such a manner that the equations-of-motion
remain consistent, our approach will fail to detect wheel slip.

In practice, error sources such as finite precision, sensor
noise and non-planar surfaces also render the kinematic
equations-of-motion inconsistent. We expect that the least-
squares error induced by these sources will be small in compar-



ison with the error caused by wheel slippage. We thus compare
the least-squares crror with an error threshold. If the least-
squares error in the forward solution exceeds the threshold, we
conclude that wheel slip has occurred. When we detect that
wheel slip has occurred, we resort to absolute methods {e.g.,
computer vision, ultrasonic ranging sensors, and laser range
finders) to determine the robot position. Since current absolute
locating methods are computationally slow rclative to the robot
motion, the WMR should halt motion until the dead reckoning
algorithm is updated by an absolute locating method.

To calculate the error in the least-squares forward solution,
we relate the robot velocity vector (computed by the sensed for-
ward solution) to the sensed wheel velocities by eliminating the
not-sensed wheel velocities from the composite robot equation
n (10). We express the not-sensed wheel velocities as linear
combinations of the robot velocities by applying the actuated
inverse solution in (15) with the not-sensed (*n” subscripts)
and sensed (”s” subscripts) wheel velocities playing the roles of
the actuated (*a” subscripts) and unactuated (*u” subscripts)
wheel velocities, respectively:

3T A(T10)31n] JmA(Jn)

c | 9T, A(T20) 300 TN IT, AT | B,

= | wra (J:G)J:nJ A(Jﬁ,) Pr . (0
{‘1471 (Jén)‘]4n] A(J4n)

We partition the sensed and not-sensed wheel velocities in the
composite robot equation in (9) and substitute (30) for the not-
sensed wheel velocities to obtain the robot sensing equation:

I— 3107, A(J1:)T1n] 71T, A (T 1)
I- Jzﬂ[J{nA(JZS)J?nJ 1J2n (JZS) .R‘I.)R
I- JSn[JgnA( a)Jﬁn] Jl]n (T56)
I~ Jdn[ ZnA(J4n)J4n] 1J4n (J4")
Jis 0O ... 0
e - 0]
= ('] ?2 Qs (31)
. t. Js, 0
0 ... 0 J4
or Aaii)[ﬂ = Bs“la - (32)

Calculation of the sensed forward solution in (22) is the
first step in determining the least-squares error. We substitute
the computed robot velocity vector Fpp for the actual robot
velocity vector in (32). The least-squares error vector e is then
calculated by subtracting the right-hand side of (32) from the

left-hand side:

e = A, %pp - B, 4, . (33)
We compare the two-norm of the least-squares crror veZe with
the scalar threshold e;. If the norm exceeds the threshold, we
conclude that wheel slip has occurred. For Uranus, this algo-
rithm is:
R
If E‘(ww12+wWQz~ —'w'uua:) > e,

Wagz

wheel slip has occurred . (34)

5.3. Kinematic Feedback Control

The documented WMR control systems are kinematically
based!t~1%; je., they do not incorporate a dynamic model of
the robot motion. A reference robot trajectory is provided by
a trajectory planner and the task of the control system is to
produce signals for the wheel actuators so that the WMR tracks
the reference trajectory.

A kinematics-based control system for Uranus is dia-
grammed in Figure 4. Directed arrows indicate the flow of
information. The number of scalar variables represented by
each arrow is indicated within the flow lines. At time nT', we
sample the wheel positions q,(»nT") and velocities ¢,(nT") from
the wheel shaft encoders and interface logic, and receive the de-
sired robot position vector ¥ py{nT) from an offboard trajectory
planning processor. We apply the dead reckoning algorithm in
(28)-(29) to compute the robot position Fpgr(nT). We com-
pare the desired robot position with the actual robot position
to calculate the robot position error:

Fep(nT) = Fpu(nT) — Fpr(nT).

The position error is multiplied by the (3 x 3) diagonal feedfor-
ward gain vector K and is then transformed to the Fobot coordi-
nate frame by applying the inverse motion matrix V~!(nT) =
VT(nT)in (25). Under the assumption that the robot tracking
R

(35)

error remains small, we treat the robot position error *ep as the
differential displacement ®6pp. We apply the actuated inverse
solution in (15) to transform this robot differential displacement
(as velocities are transformed) into actuator displacements 6q,:
R(SPR .

bq, =T, (36)

The resulting actuator velocities are then communicated to the
pulse-width modulators.
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Figure 4: Kinematics-Based WMR Control System
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The actuator velocities are calculated by matrix-vector
multiplication according to our kinematic feedback control al-
gorithm as:

Q{nT) = J, VI(nT) K Fep(nT) (37)
which, for Uranus, is:
Wy, z(nT) —ak; —bk, |k,
Woe(nT) | _ 1| bk, aky, —lk. }p
wunlnT) | = B | —ak, bk, —ik, | <2(T)- (8)
Wy, z(nT) bk, ak, 1k,

The elements k, k,, and k, of the diagonal fecdforward gain
matrix K are adjusted experimentally to provide a fast robot
tracking response without excessive overshoot or oscillations
about the reference trajectory.

6. Summary

We have illustrated our methodology for the kinematic
modeling of WMRs*~? through the omnidirectional WMR
Uranus. We have solved the kinematic equations-of-motion to
calculate the actuated inverse and sensed forward solutions. Fi-
nally, we applied our kinematic methodology to dead reckon-
ing, wheel slip detection and feedback control algorithm design.
These three applications are the fundamental components of
the kinematics-based feedback control algorithm (in Figure 4)
for Uranus which is executed every sampling period:

(1) Read the present desired robot position vector from the off-
board path-planning processor, and sample the positions
and velocities of the wheels,

(2) Evaluate (34) to determine whether wheel slip has occurred.
If wheel slippage is detected, halt the robot and request
the present position of the robot from a vision, sonar, or
laser-rangefinding processor.

(3) Execute the dead reckoning algorithm in (28)-(29) to com-
pute the present robot position.

(4) Calculate the robot position error in (35).

(5) Execute the control algorithm in (38) to compute the actu-
ator velocities.

(6) Communicate the resulting actuator velocities to the wheel
motors.

Over the past twenty years, manipulator control systems
have progressed from independent joint-space control*®, to
kinematics-based Cartesian-space control'® to dynamics-baged
Cartesian-space feedback control!”, to robust dynamics-based
feedback control'®~1? and adaptive control algorithms?0. Be-
cause we anticipate that future WMR control systems will
incorporate dynamic models, we are continuing our research
by formulating methodologies for the dynamic modeling and
dynamics-based feedback control of WMRs.
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