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Abstract

Heliogyros with blade length-to-width aspect ratios of 1000 can achieve ambitious science
mission goals, but such designs have not been analyzed with rigor. Archived heliogyro
analyses indicate that aspect ratios of 1000 are feasible, but the calculations supporting this
claim are based on the simplifying assumptions of decoupled twist, vertical deflection, and
in-plane deflection of the blades. In making such simplifications, the equations become more
tractable, but crucial behavioral characteristics are possibly lost. Without a more rigorous
analytical investigation, the reliability and robustness of the heliogyro remains in doubt.
However, with verified control models and an appropriate operations strategy, performance
of aggressive heliogyro designs can be presumed. This thesis asserts that heliogyro blades
with aspect ratios of 1000:1 can sufficiently operate in space. The crux of this investigation is
a high-fidelity model that accurately represents a heliogyro blade. Pitch controls command
the thrust vector of the large sail structure. Although the validation model mimics a real
solar sail, the controller is driven toward the most simplified configuration. The results of
this research validate that a model-based controller that neglects blade twist, coning, and

wrinkling can sufficiently control the thrust vector of a suitably designed heliogyro.
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Chapter 1

Introduction

1.1 Motivation

Dwelling at artificial LaGrange points, investigating the poles of the Sun, and interstellar
travel promise to unlock secrets of the universe, such as the origin of the solar system,
connections between the Earth and the Sun, requirements for life, and the possibility of
other intelligent life in space. Each is enabled by as yet unproven solar sail technology.

Solar sailing makes possible exotic missions once thought impractical due to large pro-
pellant requirements. The advantage of solar sailing in space lies in the continuous propul-
sion derived from natural solar pressure. Although the pressure from the Sun is less than
the pressure felt from a piece of paper on an open hand, its persistent push imparts an
accumulated thrust greater than rocket propulsion can provide.

Solar sail concepts have existed for decades, but their implementation has been elusive;
to date, no true solar sail craft have flown in space. Because the photon pressure is so
low, sails with enormous area-to-mass ratios are required to develop sufficient propulsive
power. As the area-to-mass ratio increases, sailcraft flexibility and operational complexity
also increase. Shifting centers of dynamic pressure from structural vibrations, sail billow,
and imperfections in the sail structure make the solar sail thrust vector hard to predict.
The problems may be reduced by adding structure to the sail to make it more flat, stiff, and
strong; however, this brings the unwelcome effect of driving sail weight up and performance
down.

Spacecraft miniaturization over time has dramatically reduced spacecraft payload mass,

shrinking sail size requirements and overall spacecraft mass. The size and weight reduction



now makes solar sail designs eminently more practical and flyable; yet, sail control capability
is still lacking.

As a consequence of their flexibility, solar sails, like other gossamer spacecraft, demand
surface activation and persistent control attention. Validated solar sail models for this pur-
pose do not exist, because the nonlinear behavior of sails is difficult to ascertain and the
gravitational and atmospheric effects on Earth make meaningful preflight deployment and
operations tests difficult to conduct. Even with a proper sail model, continuous ground
control of gossamer structures during a years-long mission is impractical. These factors
combine to create the need for high-fidelity analytical models and onboard solar sail guid-
ance, navigation, and control.

The choice of solar sail has a dramatic effect on the ability to solve the control and
deployment issues. Of the three main types of solar sails — the heliogyro, the three axis
stabilized square sail, and the spinning disk — the heliogyro has the most understood
control strategy and is the least risky to deploy. The heliogyro has the appearance of a
Dutch windmill and employs sail control akin to a helicopter. Its multiple solar reflecting
blades are attached to a central spacecraft bus and are pitched along their radial axis.
Each blade is constructed from ultrathin, highly reflecting film. Deployment consists of
spinning up the heliogyro core and unrolling each blade from its spool. During operation,
centripetal tension and chord-wise battens provide stiffness and embedded Kevlar rip-stops
resist tearing. The spinning sailcraft uses collective and cyclic pitch of these solar blades to

control attitude and thrust.

Square Sail (not to scale) Heliogyro (not to scale) Spinning Disk Sail
(not to scale)

Figure 1.1: Three types of solar sail.

The heliogyro, the concept of choice for this research, is inherently advantaged for near-



term space flight. Its ability to feather its blades enables highly efficient hovering around
an artificial LaGrange point and drag minimization during Sun-ward trajectories. It is also
favored for pole-sitting missions, where a position over a planetary pole is maintained.

Performance requirements for solar sail-enabled missions indicate that solar sailcraft
with total mass-to-area ratios ranging from 25 g/m? down to 2 g/m? are necessary to
adequately propel their payloads. For spacecraft with total accelerated mass in the range
of 250 to 450 kg, this translates to solar sail areas on the order of 10,000 to 100,000 m?.
As a reference, propulsion requirements and a typical description of Sun-Earth sub-L1,
solar polar, and interstellar heliosphere probe missions appear in Table 1.1. Applied to the
heliogyro concept, these missions can be accomplished with blade aspect ratios less than
1000:1. A list of possible heliogyro parameters for the three missions appears in Table 1.2.

In comparison to square sails, heliogyros require less sail subsystem mass, and therefore
result in a lower overall spacecraft mass, due to the lack of structure needed to suspend the
sail material. Centripetal stiffness resists bending of the blades; chord-wise battens prevent
curling and provide some resistance to twist. Together, they help keep the blade sufficiently
straight and flat for thrust control.

The proposed heliogyro configurations in Table 1.2 are within the proposed limit of heli-
ogyro capability. Archived heliogyro analyses indicate that a heliogyro with 6 to 24 blades,
blade thickness of 1 micron, and a length-to-width aspect ratio of 10000 or more should
be controllable.[21][22] The calculations supporting this claim are based on the simplifying
assumptions of decoupled twist, vertical deflection, and in-plane deflection of the blades.
In making such simplifications, the equations become more tractable, but possibly crucial
behavioral characteristics are lost. Without a more rigorous analytical and empirical in-
vestigation, the reliability and robustness of heliogyro control remains unknown. However,
with verified control models and an appropriate operations strategy, aggressive heliogyro

designs can be proven.

1.2 Thesis Statement

Heliogyro blades with aspect ratios of 1000:1 can sufficiently operate in space. Blade behav-
ior is sufficiently benign to allow thrust vector control. The blade aspect ratio and surface

mass-to-area ratio provide thrust and precession performance sufficient to meet control



Table 1.1: Three solar sail-enabled missions.

Sun-Earth  Solar Interstellar
Sub-L1 Polar Heliosphere

Total S/C mass, kg 298 450 246
S/C mass, w/o sail, kg 251 300 150
Sail subsystem mass, kg 47 150 96
Sail area, m? 10000 25600 96000
Sail areal density, g/m? 4.7 5.9 1.0
S/C characteristic acceleration, mm/s? 0.245 0.415 2.85
Max cone angle, deg 45 50
Max precess/slew rate, deg /day 9 100
Closest distance to Sun, AU 0.97 0.4 0.25
Farthest distance from Sun, AU 1 1 5

Sun-Earth Sub-L1

Sensors indicate Coronal Mass FEjection events
(CME’s) at a location Sunward of the L1 Lagrange
point to provide greater warning time to facilities
on Earth harmed by a CME. The solar sail pro-
vides an offset to the solar gravitational pull, cre-
ating an artificial Lagrange point where all exter-

nal forces on the spacecraft balance.

Solar Polar

Spacecraft analyzes the poles of the Sun from a
75 ° inclined orbit. The solar sail causes the space-
craft to spiral to within 0.4 AU of the Sun, and

then cranks the spacecraft orbit to 75 °.

Interstellar Heliosphere Probe

An investigation of the heliosphere, the mission
entails a spacecraft passing to within 0.25 AU
of the Sun, then sprinting radially outward to

200 AU within 15 years.




missions.

Table 1.2: Possible heliogyro parameters for Sun-Earth sub-L1, solar-polar, and interstellar

Sun-Earth  Solar  Interstellar
Sub-L1 Polar  Heliosphere

Number of blades 12 12 24
Blade chord, m 2 2 2
Blade length, m 415 960 2000
Total sail area, m? 9,960 23,040 96, 000
Blade thickness, um 3.00 3.00 0.670
Blade density, kg/m? 1400 1400 1400
Rotational period, s 30 480 120
Sail subsystem mass, kg 45 101 96
Non-sail mass, kg 251 300 150
Total S/C mass, kg 296 401 246
Sail areal density, g/m? 4.5 4.38 1.00
S/C characteristic acceleration, mm /s> 0.246 0.419 2.85
Precess rate, deg/day 15.3 105.5 56.7




requirements specified in Table 1.2.
The crux of this investigation is a high-fidelity model that accurately represents a he-
liogyro blade. The research goal is to determine whether a model-based controller that

neglects blade twist, coning, and wrinkling can sufficiently control heliogyro blades.

1.3 History

In 1967, a white paper introduced the heliogyro concept with a design weighing 250 kg and
consisting of two blades 5700 meters long, 1.5 meters wide, and 6 microns thick [21]. Figure
1.2 contains a sketch of the original design. Neglecting structural dynamics, the paper
included uncoupled equations to characterize static blade deformation, control behavior,
deployment strategies and orbital maneuvers. Preliminary estimates indicated the time
required for planetary escape and round-trip Mars missions using the heliogyro. With
no limits on blade aspect ratio, the paper suggested that large, advanced configurations
weighing over 45,000 kg and spanning 74 km are possible.

Several years later, a structural dynamics analysis, written as a foundation for engineer-
ing development and a further indication of feasibility, utilized uncoupled beam equations
to characterize in-plane bending, vertical bending, and twist [22]. Modal analyses con-
firmed the enabling factor for the heliogyro: when pitched at the same frequency as the
heliogyro rotation rate, the blade tip tends to twist at the same frequency, amplitude, and
phase as the blade root. The presence of resonant frequencies in the range of operation
and the absence of inherent damping in the blades necessitated damper sizing for pitch, in-
plane bending, and vertical bending. A blade retention system incorporating the dampers
provided a conceptual design for damping hardware.

Mechanical coupling of modes, chordwise curl, and dynamic response to maneuvers
appeared at the end of the structural analysis, along with the results of an experimental
program. Within a spinning room, a sample blade 196 cm long, 5 cm wide, and 80 microns
thick successfully completed pitch maneuvers. Results of the spinning-blade actuation tests
compared favorably with the predicted dynamic response. The analysis concluded that the
heliogyro is technically feasible.

Heliogyro development progressed past paper studies. As a response to a solar sail-

enabled comet rendezvous possibility discovered in the mid 1970’s, a 12-blade heliogyro



Figure 1.2: Original heliogyro concept [21].



design was undertaken [11]. To sufficiently drive the 3800 kg non-sail mass, each blade was
7500 meters long and 8 meters wide. Two tiers of 6 blades at opposite ends of a cylindrical
structure counterrotated to eliminate gyroscopic stiffness, and thus allow the sail to more
rapidly precess its spin vector. This scheme also removed nutation and other disturbances
that rotate the spacecraft.

It is clear from the design that a framework to keep the blade taut and relatively flat
was considered essential. Quad-redundant edge stiffeners not only off-loaded the excessive
blade stress, but they also worked together with parabolic tendons, constant tension springs,
and battens to pull the blade material taut. The analysis at the time also indicated that
edge stiffeners improved uniform cyclic pitch of the blade. However, such a complex design
choice decreased the reliability of deployment and drove the weight up. A significantly
smaller payload could have led to a simpler design without the parabolic tendons and
tension springs. In the end, development halted due to perceived risk [11].

The heliogyro for the comet rendezvous showed the fundamental flaw with sail designs
at the time. The payloads were so heavy that the sails to drive them were impractical. A
decade later, a different design tack emerged, focusing on relatively tiny heliogyros for low-
risk demonstration missions. Driven by a call from the Columbus Quincentenary Jubilee
Commission to commemorate the 500th anniversary of Columbus discovering America, a
heliogyro with 8 blades, each 100 m long and 1.5 m wide, answered the call for participation
in a race to Mars [35]. The novel contributions from this design included a solid-state blade
actuation system consisting of two strips of piezoelectric material, one attached from the
spacecraft core to the leading edge of the blade root and the other from the spacecraft to
the trailing edge of the blade root. When voltage is applied, one piezo strip bends up and
the other bends down. Since the pitch force was on the order of 0.1 mN-m, such a flimsy
actuator was deemed viable.

With blades 100 m long, no extra support such as edge stiffeners appeared in the de-
sign. Analysis showed that deployment of the blades is a straightforward process of slowly

unrolling the material, as long as tensile stress along the trailing edge is maintained [3].



1.4 Technical Approach and Methodology

By combining high fidelity off-line modeling and on-line autonomy, layered controls can
precisely point the thrust vector of large heliogyros. Such systems can be guided by an
outer loop of autonomous mission control which combines high level mission goals with other
factors, such as dynamic solar pressure and spacecraft/Earth geometry, to enable robust
operations. The foundation for their success, however, is accurate blade pitch models and
sufficient blade pitch controls.

The chosen approach to show blade viability is to model heliogyro behavior and use the
model to investigate mechanical and control issues. The resulting pitch controller is shown
to operate the thrust vector of heliogyro models.

Three analytical models are created: one for the control law, one for blade behavior
investigation, and one for control verification. The three models provide different levels of
fidelity that work to cross-check each other.

The control law model assumes no blade coning, no blade twist, and no chordwise blade
curling. The solar pressure impinging on a heliogyro blade will cause the blade to deform
out of plane of the sailcraft, away from the Sun; spinning the heliogyro fast enough to
limit coning to approximately 1 degree while maintaining a noncritical blade stress allows
for the no-coning assumption. Holding the blade root at a constant collective pitch angle
theoretically generates a twist along the blade. With the blade constantly pitching, however,
its effect is ameliorated. A remaining issue is to sufficiently dampen harmonic excitations.
Incorporated into the blade design are chordwise battens intermittently spaced along the
length. Along with providing some resistance to blade twist when the blade is tensioned,
they also keep the blade sufficiently flat to allow curling to be ignored.

A finite-difference model consisting of a mesh of particles attached by nonlinear springs
is the framework for blade behavior investigation. Based on continuum mechanics, this
model allows for large deflections and inherently couples axial, twist, and bending effects.
The model is stable where finite element models of microns-thick membranes are not. It
provides information regarding blade twist, tip-to-root pitch uniformity, and blade curl.

The verification model is a reasonable representation of a spaceworthy heliogyro. The
model arises from the combination of an assumed modes method and Kane’s equations. The

coupled axial deflection, twist, and deflection provide adequate fidelity to verify heliogyro



control. This model includes the core structure, blade actuators and flexible blades, within
a solar environment

Using the validated mesh model, blade twist is numerically computed and compared
with analytical results. The degree to which the blade tip follows the blade root in pitch
is shown. The response to a step increase in blade pitch provides system information.
Inspection of blade shape illustrates the extent that blade curl is an issue. The result is
compared to a blade with chordwise battens.

In control system development, the pitch mechanism is designed to provide control of
four heliogyro maneuvers: cyclic pitch, collective-cyclic pitch, collective pitch, and half-p
pitch. Each maneuver has a small number of parameters and results in a net force and/or
torque being applied to the spacecraft. Using these maneuvers, a controller accepts desired
force and torque values and finds the appropriate parameter settings to achieve them.

Incorporated into the control model is a model-based pitch controller that dampens low
pitch frequency modes and drives the blade root holder to follow the specified sinusoidal
pitching trajectory. Consisting of dual actuators and a spiral watch spring, the controller
is at once sensitive and robust.

The culmination of the work is a demonstration that blades with large length-to-width
aspect ratios are controllable. The pitch controller guides the heliogyro on a trajectory in

space.

1.5 Notation

Throughout the dissertation the text uses the following notation. The 3 x 3 matrix, ‘Rz,
represents the rotation matrix from the B reference frame to the A reference frame. Each
reference frame is capitalized and may have a subscript, ¢, indicating to which heliogyro
blade the reference frame is attached. A deviation from this rotation matrix notation is the
case in which a rotation matrix is represented by R;(#), where j = z, y, or z refers to a
rotation of 6 radians solely about the z, y, or z axis.

The position vector, AﬁBC, is the vector from point B to point C in the A reference
frame. An uppercase B or C refers to the origin of a reference frame, and a lowercase b
or c refers to a particular point other than a reference frame origin. Velocity vectors and

acceleration vectors have the same form, with or included, as in “Ppc and “Ppc. Angular

10



velocity and angular acceleration follow the same form as the position vector notation, with
w and « respectively replacing P.
The transpose of a matrix or vector appears as a superscript to the right of the matrix

. T T ST
or vector, as in “Rp" , R, (6), and APpo .
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Chapter 2

Numerical Models

The uniform motion of each heliogyro blade is due to the fundamental pitch frequency of
a rotating beam exactly matching its rate of rotation. This phenomenon is illuminated by
the following example. In Figure 2.1, consider a thin rigid blade driven at a constant rate
about a rotational axis and unconstrained in longitudinal pitch. The rotational axis and
the pitch axis are perpendicular to one another. The blade coning angle, (3, is zero and the
initial pitch angle is €. As the system rotates with angular velocity €2, the blade pitches

sinusoidally. The equation of motion for this system is:

.1
(2.1) 9+§csin20:0
where I, I, and I, are the mass moments of inertia of the blade and

(IZ B Iy) QQ.

(2.2) c= A

For certain shapes such as the thin rigid blade, I, — I, = I,. Assuming 6 is small and

sin 26 ~ 26, the equation becomes

(2.3) 6+0Q% =0.

From the result, the natural pitch frequency of the rigid blade for small values of 6
is Q, the rotational frequency. For larger displacements, numerical analysis indicates the

natural frequency of blade pitch decreases as 6 increases, with the ratio of pitch frequency

12



Figure 2.1: Rigid blade rotating about a longitudinal axis.

to rotational frequency about 0.85 for an initial pitch of 45 degrees. A plot of pitch angle
vs. rotational angle for initial displacements ranging from 10 to 45deg is depicted in Figure
2.2.

A stiff blade pitches uniformly and tends to match the rotation frequency, as desired
for heliogyro control. In reality, the blade is a membrane with centripetal force its main
stiffening agent. Control requires taking into account coupling between axial deformation,
vertical and in-plane deflection and twist. Blade coning must be limited. Damping must
be incorporated to maintain controlled motion. Curling effects must be ameliorated. These
efforts begin with proper numerical models.

Within this chapter, the original analytical model for blade behavior is derived. A
discretized blade model based on continuum mechanics and a model using Kane’s equations
and an assumed modes approach follow. The numerical models, taken together, provide a

solid basis for analyzing blade behavior, incorporating controls and simulating the results.
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Figure 2.2: Pitch response for varying initial stiff blade pitch angles.

2.1 MacNeal’s Equations

The uncoupled equations originally used to describe the behavior of the heliogyro blades
are derived as follows. Consider a heliogyro blade modeled as a string with density p(x),
as shown in Figure 2.3. One end of the string is attached to a vertical axis rotating at a
constant angular velocity; the other end is unsupported. Thickness, h, and chord, c, are
small compared to the length; rotatory inertia and shear effects are therefore negligible.
The string is axially loaded by centripetal force, o(z)ch, and laterally by solar pressure,
P, (z,t). Centripetal stiffness is sufficient to keep transverse deflections small.

Following the blade discretization illustrated in Figure 2.3, the equation for transverse

motion, w, is

o(x w(x 2w(z w(x
(2.4) [U($> + 9o )dm] {6 gx’t) + 0 8;2’75) ch — U(:L‘)chaé()x’t) + P, (z,t)cdx

0?w(z, )
= p(x)ch B-ToR dx

Ignoring second order terms in dz gives

14



Figure 2.3: Free-body diagram of a differential element under centripetal stress
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0o (x) Ow(zx,t)
ox ox

0?w(x,t)
0z

0%w(z,t)

92 dx

(2.5) chdzx + P,(z,t)cdx = p(x)ch

chdz + o(x)

Dividing by chdz and writing compactly results in the uncoupled equation for vertical

deflection:

(2.6) ’ vertical deflection

0 ow(x,t) P, (z,t) 0?w(x,t)
= |o() w2 ()
ox ox h ot

To derive the equations for in-plane transverse deflection and twist, the blade is consid-
ered a tensioned membrane, with centripetal stress in both the longitudinal and transverse

directions. Equation 2.6 becomes

0 ow(zx, 0 ow(y, Py(xz,t 0%w(z,
(2.7) &v[a(x)a(xt)]+ay["(y) (gz t)}+ (z,t) _ (“T)a(ﬂt)

Figure 2.4 represents the centripetal force density on a two-dimensional differential el-
ement. Integrating along the length of the blade and then along the chord gives the radial

and transverse components of centripetal force at that element [21]:
2
pPQy
A |
2
_+_ |:| [——— pQ X
C——= )

Y

L

Figure 2.4: Centripetal force on a two dimensional differential element. [21]
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L
(2.8) o(x) = / QP dr = %p92(L2 —2?)

(2.9) oly) = /yQ pQy dy = %pﬁz ((;)2 - y2>

The equation for in-plane transverse deflection now arises from the following steps: replacing
w with « in equation 2.7 to represent in-plane transverse deflection; calculating the second
term of equation 2.7 using the stress relation in equation 2.9; multiplying the total equation

by ch; and inserting a bending stiffness term. The result is

(2.10)
~ 552 [EI(%:Q] + . {cha(x)ax} — pchQ“u+ Pyc = p(m)ch@

’ in-plane deflection ‘

An important difference between Equation 2.10 and the original equation [21],[22] is the
sign of the third term. If the sign for this term is changed to match the original, an improper
negative restoring force is present, and the beam destabilizes as the spin rate increases. A
more accurate derivation is accomplished when linearization is held until the correct point
to avoid improper spin softening. The sign used in the original documents appears in the
remainder of this section, to reflect the analysis of the time.

To obtain the uncoupled twist equation, w is set equal to 0y in equation 2.7, indicating

that vertical deflection is purely due to twist. This gives

) 0 Py(z,1)

(2.11) E [U(x)yax] — p(z)Q%y0 + P p(z) 12

The final form of the equation comes after multiplying equation 2.11 through by yt and

integrating over the chord:

0 90 (3 2 :
(2.12) E [U(x)a:p 20 y2hdy] — pa:QQH/QC y2hdy+/2 Py dy
3 3 -

Ly

nlo o

o
>
QU

<

o

or
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0

0 ) B 820 ,
219 5= 1o 52| - 0210+ v = a1 5

In Equation 2.13, I is the area moment of inertia with respect to a vertical axis and My is
the applied moment with respect to the mid-chord line.

Together, Equations 2.6, 2.10, and 2.13 constitute the uncoupled equations of motion
for a heliogyro blade. These give rise to fundamental expressions for heliogyro behavior.
Among other things, Equation 2.13 provides steady-state blade twist, torque required to
pitch a blade, and natural twist frequencies; Equation 2.6 describes blade coning angle,
vertical deflection, and vertical deflection natural frequencies; and Equation 2.10 gives in-

plane natural frequencies. The following paragraphs present equations for these behaviors.

2.1.1 Twist Behaviors

To solve Equation 2.13 for the twist along the length of the blade when the root is pitched
at the constant angle 6, equation 2.8 is first substituted into equation 2.13 and the result

is expanded:

9 o2 1ooe )90 %
(2.14) Iax(pr)—i—I(QpQ (L? —a?) 2~ PO+ My = pl o

If My, the applied moment, is 0, then by cancelling 1pQ? throughout and rearranging

terms, equation 2.14 becomes

020 00 1 9%

2.1 Z )= 7
(2.15) 022 “ox 02 012

Lo 2
Nondimensionalizing equation 2.15 aids in the solution process. If a = z/L, 7 = Qt,
T

and 6 is assumed to be in the form of ¢*“7, equation 2.15 can be written

(2.16) %% ((1—a2) 22> +(@-1)0=0

with @ representing the dimensionless angular velocity 6 /€.
For the steady-state case, # = f(z), and 2.16 becomes the homogeneous differential

equation

18



(2.17) % (1-a?

2
% - a% —-0=0
which is an equivalent form of the Legendre equation [22].
A power series about the point o = 0 provides the basis for an analytical solution. With
the series 8 = Ag+ Aja+ Asa® + Asa®+. .. and its first and second derivatives substituted

into equation 2.17, coefficients of terms of the same power are set equal to 0. The solution

leads to the recurrence formula for the coefficients Ao, A3, Ay, .. .:

i(i—1)+2i+2

(2.18) A2 = = o1

The twist equation is then

2 11 11 37
2.1 =Ap(1+a*+ o'+ —a’+ —a®+ —a'"+ ...
(2.19) 0 0<+a+3a+15a+14a+45a—|— +
2 7 16 29 46
A e BTN ST D ST ST P S BT
1<O‘+3O‘ T T Ty Ty
The coefficients Ag and A; come from the initial conditions 0|,_, = 6y and %h«: . =0.

Including the first 3000 terms of equation 2.19 and its derivative and setting them equal
to their initial conditions results in Ag = 0y and A; =~ —1.216y5. Dividing by 6y, the

nondimensional steady-state twist equation becomes

0 , 2, 11 4 11 ¢ 37 4
2.20 — =1 — — — — -
(2.20) e <+a +3oi e’ et pat 4

2 7 16 . 29 o 46
1.21 23 Lot et a0 Dall .
<a+3o‘ T T Ty Tyt

A plot of the nondimensional, steady-state twist curve appears in Figure 2.5.
From the twist curve, Equation 2.20, comes the torque required to pitch a blade. The

expression for torque at the blade root is

00
2.91 Ty = Iog - —
(2.21) 0o=1oo- o »

where Io(, the product of the cross-sectional moment of inertia and the blade root stress,
is included instead of JG, the product of polar inertia and shear modulus. Equation 2.20

gives the derivative of twist at the root as
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Figure 2.5: Nondimensional, steady-state twist curve.

00 fo

2.22 — =1.21—

(2.22) oz |, L
which makes Equation 2.21

bo

(2.23) Ty =12110¢ - T

Comparing Equation 2.16 to the typical form of Legendre’s equation,

d dx
2.24 — (1 —y?) = Dz =0
( ) y <( y)dy)+n(n+ )z
the twist natural frequency is
n(n+1)

(2.25) o= +1

2

where 0 and the odd values of n take the role of eigenvalues [22]. The first twist natural
frequency predicts that the blade will naturally pitch at the rate of rotation. The next twist

natural frequency is 1.4 times the spin rate.
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At pitch rates other than once per rotation, the blade tip twist amplitude is found by
numerically integrating Equation 2.16 [22] or by the power series method described above.
Using the power series method, the recurrence formula similar to Equation 2.18 for the case

when w # 0 is

i(i-1)+2+2 5 1
(+2G+D) it

(2.26) Aiyo =

The relationship between 0yp,.... /0root,... and relative pitch rate via Equation 2.26 is illus-

trated in Figure 2.6.

00 01 02 03 04 05 06 07 08 09 10 1.1 12
Pitch Frequency / Rotation Frequency

Figure 2.6: Twist vs. Relative Pitch Frequency.

2.1.2 Vertical Deflection Behaviors

Coning angle, (3, is equal to dw/0z. Assuming static blade deflection and zero collective

pitch, integration of Equation 2.6 gives the expression for local coning angle:

2P,
(2.27) B=a = / dv = hp2 (R+7) (R+7)
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with P,, equal to the solar radiation pressure minus the inertial reaction of the spacecraft,

or

non-sail mass
2.28 Ph=—
( ) " total mass

Equation 2.27 shows that the tip coning angle is half the root coning angle. Integrating

once again generates an expression for vertical deflection:

2P, r
(2.29) = gl (1+ E)

To limit precession due to coning, coupling between in-plane deflection and twist, and

loss of thrust, the heliogyro spins at a rate that limits the root coning angle to around 1 °.
In this case, the coning angle can be assumed to be almost constant. If the coning angle is

assumed constant along the blade, the resultant straight blade deflection is instead

(2.30) w = fex

where (. is the constant coning angle. Two choices for 3. are readily available. The first is
Bo, the coning angle at the root. The second is 3,,, the mean coning angle, defined by the
value, when multiplied by the length of the blade, that equals the tip deflection given by
Equation 2.29. Hence,

(2.31) Bm = Boln (2)

Figure 2.7 compares vertical deflection given by Equations 2.29 and 2.30. The two
straight lines correspond to using the root coning angle and the mean coning angle as the
constant coning angle. The curved line correspond to the values calculated via Equation
2.29. All values are nondimensionalized, with the deflection values divided by GyL.

The maximum deviation of deflection obtained using the mean coning angle from that
obtained from Equation 2.29 occurs at 44.27% of the blade span. At that point, the actual

coning angle equals the mean coning angle. The max deviation is given by

(2.32) § = 0.05975, L
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Figure 2.7: Nondimensional vertical deflection curves.

which is 16.3% of the value obtained at x = .4427 L by Equation 2.29. If the root coning
angle is around 1°, the max deviation is 0.1% of L.

The homogeneous, nondimensional equivalent of Equation 2.6, the vertical deflection
equation, derives the same way as the twist case. With a = z/L, 7 = Qt, and motion

assumed to be in the form of €7, the nondimensional equation for vertical deflection is

10 9\ OW o
(2.33) 390 ((1—a )aa>+w w=0

(2.34) @ =

2.1.3 Inplane Deflection Behaviors

The homogeneous nondimensional version of the inplane deflection equation 2.10 is obtained

as before. With the sign change incorporated as noted after Equation 2.10, The result is
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(2.35) Lo [Kéﬂa] +%i [(1—0?) 82] +(@+1)u=0

with

EI

2.36 K=-—7—
(2:36) $O2ch L
Typically, K is negligible for heliogyros. Hence, the first term of Equation 2.35 disappears.

The resulting natural inplane frequencies are

(2.37) o ”(”2“) .

2.1.4 Calculated Behavior of a Sample Heliogyro

Table 2.1 lists the first four natural frequencies starting at n = 1 for twist, vertical deflection,
and in-plane deflection. Table 2.2 lists the characteristics and behaviors of a representative
spacecraft with blades 1000 m long, 1 m wide and 3 g thick, spinning at 2 rpm. The
numbers arise from the equations in this section, and are based on the original heliogyro

calculations appearing in the literature.

Table 2.1: First four natural frequencies for twist, vertical deflection, and in-plane deflection.

Twist (Eq. 2.22) Vertical (Eq. 2.30) In-Plane (Eq. 2.33)

1.414 1.000 0.000
2.646 2.449 2.236
4.000 3.873 3.742
5.385 5.292 5.196

2.2 Stiff Blade Heliogyro

The stiff-blade heliogyro model consists of ny flat, rigid blades symmetrically spaced around

a rigid-body central core. As seen in Figure 2.8, each blade attaches to the core through

24



Table 2.2: Sample heliogyro.

Spacecraft Characteristic Value
S/C non-sail mass, kg 251
S/C total mass, kg 296
Ratio, non-sail mass/total mass 0.85
Heliogyro Period, s 30
Spin rate, rad/s 0.2094
Blade Characteristic Value
Blade length, m 1000
Blade chord, m 1
Blade thickness, p 3
Blade material density, kg/m? 1400

Cross-sectional moment of inertia, m*  2.25 x 1078

Blade Behavior Value Equation Number
Blade root stress, M Pa 30.7 Eq. 2.5
Torque for collective pitch, Nm /rad 8.36 x 1014 Eq. 2.20
Twist at tip with root pitched pi/6 rad 0.181 Eq. 2.17
Root coning angle, rad 8.28 x 107% Eq. 2.23
Mean coning angle, rad 5.74 x 107% Eq. 2.27
Max vertical deflection, m 0.0574 Eq. 2.25
Max deviation from a straight line, m 0.0049 Eq. 2.28

25



an arm and a blade pitching mechanism. Blade spacing around the core is given by the
rotation angle ~;, taken counterclockwise about the z axis of Frame @, from the z axis of
@ to the respective arm. Figure 2.8 illustrates the measurement of 9, as an example. The
mass center of blade ¢ lies at the origin of Frame A; in the zy plane of Frame @, a distance
arm from the core. Each blade root holder pitches independently about the line connecting

the origins of Frame @@ and Frame A;, based on a control strategy.

z Frame N

Figure 2.8: Heliogyro with reference frames.

Appropriate generalized coordinates for the governing equations of motion come from
the position vector of the core, the core orientation, and the pitch angle of each blade.
Coordinates ¢; through g3 represent the x, y, and z components of the position vector from

an inertial reference frame N to the reference frame () located at the center of the heliogyro

core, or
q1

(2.38) @ | =" Png
q3

Coordinates g4 through g7 constitute the Euler quaternion p, which represents the orien-
tation of the core with respect to V. The heliogyro model uses the Euler quaternion to

avoid the singularity issues inherent with certain orientation methods such as Euler angles
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or roll-pitch-yaw axes. The quaternion is expressed as

0
(2.39) G =cosy
a5 ;
(2.40) ¢ | = Esin 5
qr7

where k represents the vector of rotation and 6 the angle of rotation from the @ reference
frame to the inertial reference frame, N. Of special note is the rotation matrix conversion

from the Euler quaternion [16]

1—2¢2 —2¢2 2q5q6 — 29497 29597 + 2q4gs

N
(2.41) R = | 2g5q6 +2q1qr 1 —2¢2 —2¢% 2q6q7 — 2q4q5
20547 — 2q4q6  2q6q7 + 2qaq5 1 — 262 — 2¢2

Pitch angles 6;,7 = 1...np represent the remaining generalized coordinates gg . .. ¢g4n, -

The corresponding generalized speeds are

Us1 ' qQ
(2.42) u | =9Png=%Ry | ¢
Us3 qs
Usq
(2.43) uss | = “wno = 2Lp
Us6

(2.44) Users =05, i=1,...m

[31] where Q(DNQ is the angular velocity of ) with respect to N, 6; is the pitch angle of
blade i, and

—q5 44 g7 —dgs
(2.45) L=\ —¢ —-¢ @ ¢

—q7 46 —45 Q4

The quantity LLT equals the 3 x 3 identity matrix, and 75 — 1 = 0. Hence, the time

derivative of the Euler quaternion can be given as
R o
(2.46) p=73 LT -G
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The rotation matrix QRA“ defining the orientation of each blade with respect to the

core, is a composite rotation of v; and 6;:

[a—

cos(y;) —sin(vy;) 0 0 0
(247)  “Ra, =R.(w)Ru(0:) = | sin(y;) cos(y;) O | | 0 cos(6;) —sin(6;)
0 0 1 0 sin(#;) cos(6;)
cos(y;) —sin(y;)cos(f;)  sin(y;)sin(6;)
(2.48) = | sin(y;) cos(vi)cos(6;)  — cos(v;)sin(6;)
0 sin(6;) cos(6;)

Kane’s equations call for the determination of generalized inertia forces (F) for each
body and generalized active forces (F,) for every active force location. Dynamic equations

arise from setting the sum F;; 4+ F,, equal to zero. The expressions for F; and F;, are given

below.
2 0 o 0
0 . .
+ 5= (YN a;) -AZTmAi
T
(250) F, = 0 (Q;N )-Qéc ;0 (Yga,) - MToa
. u au; Q ore Ou; QA; QA;
0 = = =
T

Inertial forces and torques for the rigid body core and blades in Equation 2.49 are:

2.51 Wiy = —mq - Py

[\)
(@)

2 QT; :—Q&NQ'IQ—QJNQX(IQ'QQNQ)

AiB
Fna, = —ma, - "'Pna,

[\)
ot

A A~

# — i Ai= Ais

)
)
3) Aif
54)

(
(
(
(
In Equations 2.51 through 2.54, mg and my4, are the mass of the core and blade i, respec-
tively, while IQ and -I, are inertia matrices for the core and blade .

The derivation requires the determination of the velocities, accelerations, angular veloc-

ities, and angular accelerations of each body and active force location, as well as the applied
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forces and torques on the blades. For the core, Equations 2.42 and 2.43 give the velocities;

their derivatives are

—

(2.55) Prng = | w1

(2.56) QO_ZNQ = 1155

'L'Lsﬁ

For each blade root holder, the velocities Aigy 4, and Aip NA, are

0;
(2.57) ABna, = MRo%WNo + | 0

0
(2.58) APya, = AiRQQf’NQ + A a, x YiPoa,
where

arm;
(2.59) AiﬁQAi = 0
0

Taking the derivative of the core and blade root holder velocities gives

(2.60) AP g, = AP + Mang x APy, + Mg (%NQ x AP, Ai)
+Ydga, x MPa, +24GNg X <AWQA¢ x AP, QAi>
+ AUJQ A; X (AZLDQ A; X AiﬁQ Ai)
0;
(2.61) Aidna; = a0 x MRQUNng + MRg%Nng + | 0
0

With the velocities determined, the partial velocities can be found. Table 2.3 lists the
partial velocities with respect to the generalized speeds. In the table, the entries are 3 x 3
matrices. The first row of each entry is the transpose of the partial derivative of the velocity

vector listed in its column heading with respect to the first generalized speed listed in the
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row heading. The second and third rows follow the pattern. The symbol [0] is the 323
matrix consisting of 0 entries and I is the 3x3 identity matrix. As a shorthand, sv;, s6;, cy;

and cf; represent sin-y;, sin 6;, cosy; and cos 6;.

Table 2.3: Partial velocities for the stiff-blade model.

aii (Qﬁ NQ) aﬁi (QLUNQ) a%i (Aiﬁ NAi) a?” (AwNAi)
Usl
Us2 1 [0] QRaA, 0]
Us3
Usy K 57 80;  cbisy 1
Uss [0] 1 arm- | 0 —cvys6; cvict; QRA,
Us6 | 0 cb; —s0; |
Us6-+i [000} [000} [000} [100}

For the full-up simulation, the heliogyro will move in a 4-body system: the Sun, the
Earth, the moon, and the heliogyro. Gravitational forces for the core and blade root holder
in this case are:

(2.62)

. 3 — 3 = 3
= GmSuanQPS’unQ GmEartthQPEarthQ GmmooanQPmoonQ

QGcm"e - = = =
HQPSunQH HQPEarthQ” HQPmoonQH

. 3 ., 3 .
GmSunmAi QPSunAi GmEarthmAi QPEarthAi GmmoonmAi QPmoonAi
HQPSU”Ai H ||QPEarthA¢ H ”QPmoonAi H

3

(2.63) 4G4, =

Solar forces on a blade are written

, L SA [(ro\? -
. Sun — I'R A=4— | — r COS
(2 64) F Fr+ F 2 p f ON +

Ts

A 2 .
ST (m) (1 — fr)cos@Sun

Ts
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where

Fr = force due to photon reflection
F4 = force due to photon absorption
S = Solar flux ,~ 1367 W/m? at 1 AU
rg = distance from the Earth to the center of the Sun
rs = distance from the heliogyro to the center of the Sun
fr = coefficient of reflectivity
f# = angle between the Sun vector and the blade surface normal
N = blade surface normal
Sun = Sun vector
A = blade surface area

¢ = speed of light.

Combining and rearranging Equations 2.42, 2.43, and 2.49 through 2.61, along with the

entries in Table 2.3, results in the heliogyro stiff blade equations:

asl ny
(265) 6 = Qécore + QRAZ- (_Aiﬁblade + AiéAi) — Mecore * 'iLSQ - Z mbladeQRAiAiﬁNAi
=1
us3

(2.66)
ing = [T+ Wal Re] (—%ing x (%ng 1g)
—9RAT, (M0a,0 x MRQYWNg + Ydga;)) — “Ra, (MOna, x (MEna, - 1))
+@Poa, X (QFgunAi +9Ga, — mbladeAiP:; NA,L)

(267) 0= YL, + By, Gxa. (L, - 1) +*Tou,

2.3 Particle Blade

The 1-D equation for wave propagation along a straight string is

0%x

2.
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where k is the longitudinal stiffness, x the distance along the string, and p the mass density.
Finite discretization of this equation results in a series of masses connected by massless
springs, and a set of differential equations numerically solvable for x. For surfaces and

volumes, the governing equation is much the same. The equation for 2-D and 3-D cases is

8]

0’°F =

where f is a body force term. The surface interpretation of Equation 2.69 represents the
physical behavior of a heliogyro blade. Modeling solar sail material using the discretized
equation entails creating a uniform Cartesian mesh of nodes, with a mass lumped at each
node. The body and internodal forces act at the nodes. The system converges to the
continuum model as the mesh spacing approaches zero.

Discretizing Equation 2.69 for numerical analysis begins with Green’s nonlinear strain

tensor:

1 0sq 033
2. i == 0a T
( 70) ¢ J 2 < g 8&1' 86Lj J)

which is written using double index notation. In the equation above, § is the Kronecker
delta, s = (s1, 2, 83) is a point in the deformed state, and a = (a1, a2, as3) is a point in the
undeformed state. For the case of a 2-D manifold or surface, where u and v are the 1st and
2nd material coordinate directions of the undeformed state, Green’s strain tensor is written

in matrix form as

o) o) o) o)
(2.71) goL|Em) -1 aen
’ 2 0s O (2. 95y _q
ou Ov ov  Ov

Linearized discretization of Equation 2.69 for a surface undergoing large deformations re-
sults in simple yet sufficiently accurate equations if a local reference frame is used at each
discretized point. Without the use of a local reference frame inaccurate, numerically gen-
erated behavior arises when all or part of the object rotates, as the linearized tensor is no

longer reference frame invariant. [8]
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With the tangent of the deformed surface, (%, g—Z) as the local frame [13], the local rest

state r is given as

(2.72) r(a(u), b(v)) = 5(u, v) Wlth 9a H

o _|os
v ||Ov

In using a local rest state based on the tangent of the deformed manifold, the local

coordinates are usually not orthogonal. A discretizing grid that is as close to orthogonal in
the original undeformed state as is possible reduces inaccuracy due to nonorthogonality. In
the case of the rectangular heliogyro blades, the undeformed grid is orthogonal; hence, this
source of error is excluded.

The local rest state r and the deformed state s are related by a deformation term,
d = s — r. Utilizing d, linearization of the diagonal terms of Green’s strain tensor proceeds

as follows:

(2.73) s(u,v) = r(u,v) + d(u, v)

(2.74) G = (( > (8’" ‘9d) - 1)
_(or + od od
“\ou 8u ou Ou
or od od\?
= u au O (au>
(s _ory or o (0dY?
ou Ou ou ou
2
=l -1+e (5)
ou ou

The last equation of the derivation above is true because both % and g—; are in the

same direction. Similarly,

(2.75) G~ |

dd?
-1 -
+o<8v>

The off-diagonal shear terms of the Green’s strain tensor stay the same.

v

Due to the nonorthogonality of the local reference frame, linearization of the off-diagonal

terms with respect to the already sheared frame produces inaccurate results. These remain
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quadratic. There is no significant computational penalty for retaining them. [8] Hence, the

final form of the partially linearized Green’s strain tensor is

(2.76) € — H%ﬁ“l %(%ﬁ'%)
2 (g-a) NGl -1

Assuming a linear relationship between stress and Green’s strain tensor gives

(2.77) 0ij = Cijricrl
or
o11 Ciinn Crizz2 Criiz| |enn
(2.78) 022 = [Ca211 Cazaa Ca12| |€22
012 Cio11 Cr222 Ciai2]| |€12

In this application, the diagonal terms are defined as Cy111 = K1, C99 = Ko, and
Cio19 = %,u, with p being the shear modulus. As transverse contraction is a factor, the

off-diagonal stress terms Ci190 and Cao11 are also included. The normal stress terms are

therefore
(2.79) o011 = Kie11 + Crio2en
(2.80) 022 = Ka€aa + Car1€11

Proceeding with discretization, the surface governing equation first becomes

(2.81) T —— Ty + ——Tu+ ——Tu| = fij

Py 30117? do1a , 0o, Doz >
ou " ou ov ov

where 7, (: g—; ' ) and 7, (: % '
1,] 4,7

and the expression in brackets represents an approximation to the true divergence of the

> comprise the local 2-D material coordinate system

stress. Then, setting the nodal spacing equal to b, the discretized stress divergence is
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do11 Oen S Oear .
5y U= K, 5 Tu(ui, vj) + Crizz 5 7w (s, v5)
U U U ,v; u Ui, Vj
_ K <||f6i+1,j — Tigll = b (ipry — @) g — @il =0 (i — l“il,j))
b? @it — @il b? |@ij — i1l
R TE TP T
1 Clioo <” i+1,5+1 i+l 1” ! i—1,5+1 i—1,5 1H> ( i+1,5 v 1,3) +O(b)
(20) ziv1; — zie1ll

Ooao = . . .. . o uwds D . .
The term “5227, follows similarly. Discretizing 012 = 091 = %(’TZ - 5o results in

(2.83) 712 = é (@415 = Tim14) - (Tig1 = @ig-1) + O(b?)
and
(2.84) do12 7 = 0125501 — 012551 (Tit15 — Ti—1,5)

v 20 i1 = Ti-14
(2.85) %ﬁu _ Oy 02y (Bij1 =~ @)

ou

2b 23541 — i1l
An alternative to modeling shear and contraction separately is to combine them using

diagonal springs in the square mesh [17]. For a square undergoing pure shear, the shearing

angle is related to the change in the diagonal length (Figure 2.9):

(2.86) (d+ Ad)? = 27 (1 cos (g +0))

= d? (1 + sin ¢)

If ¢, and therefore Ad, are small, then

2.87 — =
(2.87) S~
Since € =% =24 {hesh ion 1 i
shear = 5 = -, the shear equation is written
E E A
(288) T = 2G€shear = meshea’l‘ = mg
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The force along the edge of the square is the shear times the cross-sectional area of the

material, or

EA Ad
(2.89) F~ 1+v d
Fshear
‘F/Zi - e ] dtan /N2 <—ﬂ
F/2 Fshear/‘ ' F2 /7 . 7
AN
/ \ d / / T - ¢ L
N N Ve
s / / >
N\ s
|/ /F/ \ s I
F/ ishea; - F2 j
Fi2 F2v Fshear L‘i b 44
a b

Figure 2.9: Shear force diagram for a square in a membrane mesh.

Distributing the shear force at the corners of a four-particle mesh as shown in Figure 2.9

gives

V2 EA
(290) Fshear — 7F — mAd

For a square mesh, with point z; at one end of a diagonal and point x5 at the other,
—V2b

(2.91) Ad = } P,, - P,

so that
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. EA q q P, - P
(2.92) By = —2 (‘ B, - B, \/Eb) ( o2 j“)
2()(1 =+ 1/) ng P .
EA 1 2 4 q
211w b—ﬁfﬁ (Poy — Pay)
v ‘ B, - P,
EA 1 1 q q
= (Pm - le)

va(ien) \Vab |5, - B,

As elongation occurs, the diagonal springs resist, pulling in both the elongated direction
and the direction perpendicular to elongation.

Proper physical representation requires a material dissipative force. Incorporating damp-
ing in the equations entails interaction between two particles, P;, and P,,, based on the

velocity difference along the lines connecting the two particles, as follows:

(2.93) HﬁdampH —C (ﬁm _ ﬁxl) B,

where C is a damping constant and ]3d is the unit vector from P,, to P,,. Damping exclu-
sively along the adjoining vector eliminates spurious forces that otherwise would dampen
legitimate rigid body motion. A damping force is placed between a discretized particle and
each of its immediate neighbors.

The body force ﬁj consists of gravity and solar pressure forces. Gravitational force is

given by Equation 2.94,

(294) Fgr(w = _72Pd
Py

and solar force is given by Equation 2.64.

To calculate the solar force, the blade mesh is divided into triangles, with the solar force
divided among the three nodes comprising each triangle. For a triangle with nodes 1, 2,
and 3, the vectors A= 132 - ]31 and B = 153 - ]31 are computed. The following calculations

then follow.
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(2.95) ey =2 (TO)Q

c \rs
S(A—f) (10>
2.96 Co=—[—
( ) 2 2c (rs
(2.97) D=AxB
D -
(2.98) cosf = —— - Sun
9]
. D
(2.99) N=—
‘D
(2.100) ﬁSOZGT =} cos0?D + Cycos Hﬁ” Sun

Incorporating all the various parts of the derivation, the finite difference discretization

of the equation of motion for a point on a surface in 3-D space is

.. 4 4 8
(2101) mij Pij = Z Fatreten + Z Fonear + Z Fdamp + Fgrcw + FSolar
1=1 =1 =1
or
(2.102)
E z“:EA 11 13+Z4: EA 1 L 13+28: cp,. L
mA, o= —_— e TH - Mal
L5 il St [ ] oS o gy
GMsunmij 5, GMparamij 3 G Mrnoonmij 5 3
%PSWL + _,EaiTThQZ]PEarth + %Pmoon + Fsotar
Psun HPEarthH HPmoon

Alterations to the expressions for stretch and shear accommodate battens and nonlinear
membrane behavior. Assume a batten, as shown in Figure 2.10, made of a square of blade
material 10 times the thickness of the rest of the blade. One end of the material is fused to
the blade and the other is temporarily held in place by an adhesive that rapidly sublimates
in a vacuum environment. Differential residual stress causes the material to tightly wind up
into a slender roll.The inclusion of battens along the length of each blade requires chord-
wise bending stiffness in the material mesh at each batten location. Figure 2.11 illustrates

a simple way to construct the battens by creating linear stiffness springs between each node
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along the batten, as well as between the nodes at both ends of the batten. Stiffness for each

batten spring is

(2103) Kbatten = EA:L‘S/w

where

Ae =10¢1
t = thickness of blade material
[ = length of batten roll

w = length of batten spring

Stowage Roll

Permanent Bond

Temporary Bond

Rolled-up Batten

Figure 2.10: Batten implementation in heliogyro blade [22]

Solar sail material acts like a membrane. It supports tension loads, but immediately
buckles or wrinkles under compressive loads. Approximating the behavior of the blade
material thus requires a nonlinear spring. The expression for nonlinear stiffness must be
continuous to allow smooth integration, but must also quickly rise to its full value under a

small amount of stretch and quickly go to zero under a small amount of compression. To
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Figure 2.11: Spring configuration for a batten, incorporated into the mesh of tension and

shear springs that comprise a section of blade. The linear batten springs appear as three

lines together.
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accomplish this, the nonlinear function in Equation 2.104 multiplies the stretch and shear

expressions in Equation 2.102 for all nodes except those representing battens:

ot

arctan [K [ H

S

|
(2.104) Frontin = +0.5

s

where w is the length of the spring.
The parameter K in Equation 2.104 is key to meeting the criteria for proper membrane

. . P
stiffness. Figure 2.12 plots froniin Vs. stretch, or ”w—d” —

1] , for a range of values of K. A
value of 2 gives almost a straight line, but a value of 20,000 adequately approximates the

sought-after behavior of nearly zero compresive stiffness but full tensile stiffness.

T T T T T T T T T
100 |- —— K = 20,000 - T ‘ ‘ ‘ ‘
095~ K=2000 e [
090 DTS e
(X1 S e
I e e s
L o e
0.70 [f--vrriremreeaemeeaees oo e S ,
L e e
0.60 } } }
L e e
0.50 ‘ : ‘ ‘
0.45
0.40
0.35
0.30
0.25
0.20
0.15
0.10
0.05
0.00

Nonlinear Stiffness / EA

-0.100 -0.075 -0.050 -0.025 0.000 0.025 0.050 0.075 0.100
Stretch

Figure 2.12: Nonlinear stiffness relation for various values of K.

The particle model equation is stiff — meaning that the natural frequencies of the lumped
mass motions is high. Each mass is on the order of 0.1 mg and the tensile stiffness is on the

order of 1 kN/m. Explicit methods require very small time steps to solve this equation, while
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first-order implicit methods, while typically fast and stable, can be inaccurate. Higher-order
implicit formulas are more accurate and enable large time steps, but take longer to compute.
The method chosen to solve the particle model equation, the second-order Backward finite
Difference Formula, or BDF2, is a balance between speed and accuracy. The BDF2 allows
time steps on the order of 0.01 seconds, 10,000 times faster than explicit Euler or Runge-
Kutta, but also is accurate and stable [14].

Due to the nonlinearity and large deformation possible in the blade, the Newton-
Raphson root finding method iteratively solves the BDF2 equation. With this in mind,
setup of the BDF2 equation proceeds as follows.

The Newton-Raphson formula for a function g is

dg

(2.105) 5 (Uipoy — Ui) = —9g
T

The function g arises from the second order backward finite difference formulation of New-

ton’s second law for the velocity, v and position & of a particle at time step ¢, or

dv;  3U; — AU 1 + Ui

(2.106) = = o = M~ (%, 7))
dz; 3% — 4%, + T
(2.107) di’ = 2 x;hl Th2
Equation 2.106 provides g:
L4 1 2 = Lo
(2108) Mv; — ngi—l + gMUi—Q — gth =g (aci,vi)

Since F; is a function of Z; and #j;,

OF (#;,7;) OFo#; OF 2 OF OF

2.109 = I
(2.109) a7, oz, 05, on, _3'0%, T ov,
Hence,
dg 4 ,0F 2 OF
9.110 oM 20t 2y
(2.110) a7, 0" o7~ 3"am

Inserting Equations 2.108 and 2.110 into Equation 2.105 results in the iterative equation
for the update for Av;, :
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4 ,0F 2 OF\ .. L

or

(2.112) AAT;, =b

Calculating the %—? and %—? terms is straightforward but requires careful bookkeeping.
Derivations of these Jacobian-like terms for spring forces, damping, gravity, and force due
to solar pressure appear in Appendix B.

The matrix A in Equation 2.112 is sparse and large. A 5 x 4001 mesh for a 1m x 1000m
blade has 20005 nodes, each with three degrees of freedom. The A matrix then has 60015 x
60015 = 3.6018 x 10° entries, but only 1,224,072 nonzero entries. The A matrix is only
0.034% filled.

The preconditioned biconjugate gradient algorithm, a preferred method for sparse ma-
trix equations, efficiently solves Equation 2.112. The algorithm reduces convergence time
by multiplying both sides of Equation 2.112 with a preconditioner matrix that roughly ap-
proximates A. In this case, the preconditioner is the inverse mass matrix. The choice of
a biconjugate method allows asymmetry, which is present in A due to damping terms. A
modified row-indexed sparse storage mode [32] compactly stores A.

Each time step begins with binomial extrapolation to estimate the new particle velocities
and positions. Determination of the preconditioned A matrix and b vector occur at each
Newton-Raphson iteration.

The motion of the root edge of the blade perfectly mimics the preimposed motion of
the blade root holder. They therefore require no velocity and position update. To properly
handle the constraint nodes, the A matrix is pre- and post-multiplied by a diagonal matrix
with ones on the diagonal except for zeros on the rows corresponding to equations for
the constraint particles. The b vector is also premultiplied by this matrix. In this way,
the system of discretized equations reduces in size and A# for the constraint modes is
not computed. To maintain a nonsingular A matrix, a diagonal matrix with zeros on the
diagonal except for ones on the constraint rows is added to A, thus formally setting Av for

the constraint nodes equal to zero. Equation 2.112 is then solved via the conjugate gradient
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algorithm. If the results from the solver do not converge, a sufficiently large increase in the
iterations for both the conjugate gradient solver and for the Newton Raphson equation will

cause the solution to converge.

2.4 Kane Blade Heliogyro

Like the stiff blade model, the Kane heliogyro model consists of a rigid-body central core
and evenly spaced rigid-body blade root holders. Instead of stiff blades, however, the Kane

model incorporates flexible polyimide blades.

z

Frame N

Figure 2.13: Heliogyro model corresponding to Kane derivation.

Blade deflection is represented using an assumed modes approach, and is derived from
Kane’s equation [19]. Each blade has v degrees of freedom, corresponding to the number of
assumed modes specified. Thus, the number of generalized speeds of the model are 6 for the
core and v for each blade. The motion of each blade root holder with respect to the core

is specified through a control strategy; the blade holders, therefore, have no accompanying
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generalized speed.

Generalized inertia forces (F)) for each body and generalized active forces (F,,) for every

active force location in the Kane model are given below.

(2.113)
0 = 0 0 N
* Q Q Q . A; A;
Fi, = us ( PNQ) ““Fing + ou; ( wNQ) TmQ + o, ( PNAi) . FmAi
A, L 8 A-L' A-:’
( ZWNA) Tina, — P p) ( ZPNc) : [ IPNC} dx
0 Uj lin lin
L
K Big [ Bi—
0 [ WNBi)}l' Al aNB]“” Ly, [ wNBi]lin x1p, al “’NBz'Lm) dx
m
(2.114)
E,, = 0 (Q;NQ) ' QéC’ore + 0 (AiC‘_))QAv) . AiTQA.
Ujg 8ul 8ul 7 i
0

+ 3 <AiﬁNAi> : <_AiﬁAiBlade + Ai@m) —
U;
L )
0 =
+/ [ <AZPN°’)]
0 8ul lin

LTo B~ BT
—i—/o 8ui( WNBi) o T, dx

lin

o) -
Ai A;
ou; (“@na,) - “Ta,Blade

. (A’F;Bi + AiéBi + AiSﬁnBi> dx

The remainder of the section involves the derivation of first, the terms in Fy and F,
directly related to the core; and then, the terms related to a blade. The governing dynamic
equations appear at the end. Since the motion of the blade root holders with respect to

the core is prescribed, the term 8%1- (Ai(f)Q MR AifQ A, in Equation 2.114 equals zero and is

dropped from this point on.

2.4.1 Core

Terms from F; and F, associated primarily with the core and the blade root holders are

.0 o ) 9 (az |
(2.115)  Fr A<QPNQ> UFing + 5.~ (NQ) - UTing + 5, (AzPNAi) AiFy,,
1

8uz 3
0 A
+ o, (“Dna,) - N T,
9 (os ; B .
(2116) F‘uZ : B (QPNQ> : QGCore + B (AlPNAl) ( AlFA Blade + 1GA1)
7 7
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Generalized coordinates and speeds of the core are [q1, g2, - - . g6, ¢7] and [us1, Us2, . . . Uss, Use],
respectively.

The terms in Equations 2.115 and 2.116 except for Aif? 'A; Blade and AifAi Blade are pre-
viously derived in Section 2.2 and are not repeated here. Development of the remaining

terms, Aip 'A,; Blade and AiTAi Blade, Occurs in the blade derivation section.

2.4.2 Blade

Using an assumed modes approach, the blade model incorporates extension, deflection,
bending and twist into a subset of coupled equations. Terms from F;; and F), associated

mainly with the blade are

(2.117)

L Z
Fas _/0 g [3(?% <AiPNC)Lm

Lro . . - L
_/ [8” (BZ‘”NBI')} ' ([BlaNBi]zm Lp, + [BZMNBi]lm xLp, - [BZwNBz‘Lm) dx
0 (3

(2.118)

L )
. 9 (ap
Fus /0 [3% ( PNC)Lm
LTo 5. B
+/0 [6% ( ZWNBi)} lin e

Figure 2.14 illustrates the frames used in the blade derivation. In the undeformed case, the

: (AiﬁBi + 4G p, + 4iSun B¢> da

blade is flat and straight. The base of the blade attaches to the blade root holder at Frame
A. Local reference frame B is located a distance x from the blade root at point E, the
elastic center of the differential element, dz. Frame B has the same initial orientation as
Frame A. The eccentricity vector [0 eo eg]T, represented in Frame B coordinates, connects
the centroid of the differential element, C', with the elastic center.

In the deformed case, the vector @ represents the displacement of the differential ele-
ment with respect to its initial position, and the vector [0; 62 93]T represents the twist and

bending about the x, y, and z axes of Frame A. The rotation matrix AiRBZ., is comprised

of [01 65 03]" through the following convention [19]:
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(2.119) AiRp, = R.(03) Ry(62) Ry (61)
C2C3  S152C3 — 83C1  C182C3 + 8351
(2.120) = |c283 8518283 + 31 C18283 — €351

—82 51C2 C1C2

Figure 2.14: Frames for Single Blade Derivation.

The position vector from the origin NV to the centroid, ¢, of the differential element along

the length of the blade is given as follows:

(2.121) NﬁNc = NﬁNQ + NRQQRAiAiﬁQAi + NRQQRAiAiﬁAiC

where
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0

(2.122) AiPy . =47+ 4G+ ARp, ey
€3
x
(2.123) Aig = |
0
Uy
(2.124) Aig = |y
us
(2.125)

The velocity vector from N to c is:

(2.126) NﬁNc = NﬁNQ + NQNQ X NRQQRAiAiﬁQAi + NRQ <Q<D'QA2. X QRAZ.AZP'QAZ,)
+ NQNQ X NRQQRAiAiﬁAiC + NRQ <QQQAi X QRAiAiﬁAiC)
0
+ YRR, | i + A5 a5, X MRp, | ey
€3

Since the velocity vector from N to A; is

(2127) NPy, = "Prg + Yong x YRoURa MPaa, + "R (%o, x *RaMPoa, )

NP . can be written

(2.128)
NPne="NPya, + Nong x NRQQRAiA"ﬁAic

+ NRQ (Q(I)'QAi X QRAiAiﬁAiC) + NRQQRAZ. Ay + AiﬁAiBi X AiRBi e

€3
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Multiplying Equation 2.128 by 4Ry and consolidating terms gives

0
(2.129) AiﬁNc = AiﬁNAi + Aicc_)'NAi X AiﬁAic + A + AiﬁAiBi X AiRBi €
€3

Following Kane’s rotation matrix convention for A’RBN the angular velocity of a beam

differential element with respect to the root is obtained:

0 0 1
(2.130) Aga g =03 0] +62R.(03) |1] + 61 R.(03) R, (62) |0
1 0 0

—3392 + 630291
= 0392 + 628391

93 — Sgél

All of the terms for Aillj Ne are then defined.

Kane’s equations also require the acceleration vector

(2.131)

0
Ap A Ai A
+ PA»L'C + WA;B; X wAiB-L' X RBZ N K]

€3

for which the terms 4iP Ajes Ap A,c are determined to be
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(2.132)  AiP4. =i+ 2G4, x Y“Rp, |ey

A

B =, - ; i i A;
(2.133) APy =Y+ Yd,p x YRy, |ey| +Da,, x | YWam x VRp, |es

€3 €3

The vector 4@ 4, p, is then also needed:

—639392 — 83é2 — 83629193 — 63829192 + 63629.1
(2.134) Ai&AiBi = | 530305 + c305 — 595302601 + cac30105 + cas30;

é3 - 02é1é2 - 5291

To derive Bidy B, first calculate
(2.135)
0 0 1
Bi5 B, = 03Ra" (01)RyT (02)R."(03) |0| + 02Ra™ (01)R," (02) |1| + 61R.T(61) |0
1 0 0
él — é382
- 9261 + 930281
—9251 + 930162
to get
(2.136) Bignp, = PiRa, - Y0y a, + PiDa,s,

50



Differentiating Equation 2.136 results in

(2.137)

Bi—‘ _ Bi—' Bz Ai—* BZ Ai—‘ Bi—'

620391 — 9382 + 629283 — 6%029302 — 02038%92
—cie3l1598s — c30157 5205 — 302595309 — Oos7 5953602 + Geaczfob
C1C3U15202 C3U15715202 C1U2525302 25718283 2+0102C3 2U3

+CQC30‘28%0‘3 — 0%02918393 — 02918%83é3 + él — é382 — 939262

20351 + 01(c35152 — c153) + O2(c1c3 + 515253) + c1¢20301 — c362510;
+c1e3018901 + 01515301 + 102525301 + coc3bhi 5102 — 03818202 + coblasis3bs
- —0103639193 + 6392818293 — 0103918%93 — 0163928393 — 9181828393 — 6192858303

+é201 - 929151 + 536251 - 93928251 + 93910201

0102é3 + 9.1(016382 + 8183) + éQ(—CgSl + 018283) — 61039291 — 0293819'1
—0391515291 + 61918391 - 9281828391 + 6102639192 - 01938292 + 6102925392

+c3e3015103 + c1c3628205 + 301515303 + 309515303 — c161 595303

+9281S%8393 — f951 — Bab1c1 + O3c1c9 — 03601510 — B362¢1 52

The quantities 1, g, U3, 91, 92, and 93 in the equations above require representation
in terms of the blade generalized speeds. To accomplish this for 1, introduce two terms:

the first, ¢, is given as

1
A s

(2.138) C=4Prp- |0

0

The second is s(x,t), the stretch of the blade along the longitudinal axis. Figure 2.15

illustrates ¢ and s.
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Figure 2.15: The use of ¢ and s to describe stretch of a blade.

In Figure 2.15 it is shown that = and s are taken along the deformed beam [19]:

piw) avsnn= [ (1 [2e0] ],

To aid the remainder of the derivation, the integrand of Equation 2.139 is set to a

variable:
Oo Jo

Using this substitution, it follows that [33]

Jot) =14 [am(a,t)r N [aU3(a,t)]2

¢
(2.140) $(z,t) = d/ J(o,t)*do
dt J,
S, 1 d¢ do
_ v /2 1/2 o5 1/2 oy
/0 o 10,072 do ¢ 012 % — a0, )

¢ .
— 1/ J(o, 75)*1/2 9J(o,) do + CJ(C,t)l/z
2 Jo ot

Solving for ¢ and noting that ¢ = z + uq,

$(x,t) = & fy J(o, )2 215D g

2.141 o= (=
(244 me 107
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Using the assumed modes method, displacements are separated into spatial and temporal
functions, with the temporal functions acting as generalized coordinates; for the case of axial

displacement, lateral displacement, and twist,

(2.142) s(z,t) = Z o1i(x) qui(t)

=1

(2.143) ui(,t) = ¢(r) gi(t), j=2,3
=1

(2.144) 01(2,t) = > ui(w) qui(t)
=1

Due to the thinness of the material and the high blade aspect ratio, shear and rotary
inertia effects are negligible; therefore, assumed modes representations for 2 and 63 bending

are unnecessary. Instead, the following relations apply:

 Qus(z,t)
(2.145) Oy(z,t) = “3 = Z S asi

dus(, t)
(2.146) 03(z,t) = “2 © Z% i

The assumed modes relations above allow an expression for u%; in generalized speeds.

First,
dJ(o,t) 0 ua(o,t)1? [Ous(a,t)]?
2.14 “ 11
(2.147) 5 = B < +[ 5 + =5,
8 v 2 v 2
/ /
ot 1+ ;%1@2@' ;(bsi%i]
=23 > [hidhydniaz; + Fhidh;dsias]
i=1 j=1

Then, with Equations 2.147 and 2.142 through 2.144,

(2.148)

¢
J(C.1)] WZ b1 () dui (1) = Y /0 [ (0, )] [0hihydnians + 0hudhydsias;] do
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Expressing 9, 3, 01, 65 and 65 in generalized coordinates follows directly from Equa-

tions 2.143 through 2.146 :

(2.149)

(2.150)

(2.151)

(2.152)

Z ¢]z sz .7 = 27 3
91(%,75) Z¢4z( )Q4z( )
bo(z,1) = — Z i G3i
=1

O3(x,1) = o doi
=1

At this point, the partial velocities in Equations 2.117 and 2.118 are computed and the

velocities, accelerations and partial velocities are linearized in the general speeds of the core

(us, -

.uss) and the blade (qi4, q2i, g3i, q4i, © = 1,v). Linearizing before reaching this stage

results in the loss of some dynamic stiffness terms [19], but doing so now provides the same

result as if linearization occurs at the end [18]. The linearized velocities, accelerations, and

partial velocities in Equations 2.117 and 2.118 appear below.

(2.153)

(2.154)

[Bi&NBi]

w1 — wabla +walls + 37 dajq;

Bi= _ .
[PONB,] i, = |wsbh — wibs +wy — 37 Pids;
w3 +wib — wabh + 37 d;do;
Wi+ W YTy Bo.Gej +ws Dty Phuqsj w2 Dy Phido;
tws Yo7 Pyidsy + D0 g Pajlia;
| WDl oy bajaay — w1 0 Phaay T W2 w3 30T g Pajda;
lin —

v ;) . v ;o
—W1 Zj:l Pyjdaj — Zj:l P34G35

W3 — W1 D1y Pasj — W2 D g Pajqaj — w1y D543

—w2 D5y Gajdaj + D5y Il
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(2.155) [AiﬁNc]

(2.156)

lin

eawWiwsy + €3wy + ezwiws — eaws — eswiwall + eawsby + eawiwsb
+eswsfy — 63&)592 — 630032)02 + 62&)%93 + 62&)32)93 +uy + v — w%x
—WiT — w3 YT Py — Wi gy PLiquy + wiwa YT $a;qa;
—W3 D7y P22 + w2 g $3iq3; +wiws 7 $3743;
+2 (—w3 D im1 G25dej +wo Dl P3jdag + eawa D01y Pajdaj

+ezws Dy ¢4jq'4j) —ea ) iy Poilog —e3 D g Pz

—62&)% — e3w1 + eswows — egwg + 63&)%91 — eqw1 01 + eawowsly
+eswil + eswiwabl + e3wsbe — eawiwalls — eadsls + dis + Vo
FwiweT + Wsr +wiw2 Y7y d1iq1s + W3 D1y 1q15
—Wf D0y b — Wi Doy bajdzj — Wi Dy $353;
Fwows D7y B3jqsj — €3 D j_y Pajdaj + 2 (w3 > =1 P1iduj
—eqw3 D7y Phia; — w1y o[ g $35dsj — esws D5 g P33,

—eaw1 D5y ¢4jq'4j)

—egwf + eqwi — 63&)5 + eawows — 62&)%91 — eswi101 — 62&)391
—eswawst — ezwally + eswiwsly + eawolls — eawiwsls + iz + U3
—W2T +wWiwWsT — W YTy P11y T wiws D5y D151
F01 D) Bajaj +waws DTy Bajda — Wi D) $3j4s;
—w5 Y Bajqs; +e2 D7y Gajdaj + 2 (—m > =1 G151,

Fwi D00 h25G2 + eawa DTy Bhidoj + eswa Y i) B3ds)

—e3w1 Dy ¢4j(i4j)
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—clessy — cleqlisy — easysl + e30157vs0
—8780 0 d2ja2j — sy YTy 3434
B = —cye3 — cyeofl] + armsysd + e3fa57ys0
(2.157) [a (AZPNCH _ ) ]
Us4 lin —eallzsyst + sysOx + sys Yy dijqu; — ey D 343,
cyeg — cyesfy + armefsy + clesbasy
—chealssy + clsyr + clsy D0y drjquy + ey i1 P22
cycleg + cyclexly + cyeash — cyesbsd
+eys0 5 dajazj + el D05, d354s;
-, —e387y — eall sy — armeyst — cyesbast
Us5 lin +cyegbsst — cysbx — cysb Z;'/:l P15q15 — 87D j—1 P3j43;
—armcyct — cychesbtly + cycheafls + easy
—e3f1sy — cychxr — cych Z;':l d1jq1 + s ij-zl $292j
(2.159)
5 —cbey + cheszby + e3s0 + eo6150 — cb Z;‘/:l ¢2j€]2j + s6 Z;Zl ¢3j(]3j
[ (AiﬁNc>] = armch + clezly — cleals + chx + > ", d1;q1;
au56 lin J
—armsf — e3fss6 + eabl3sh — sz — sb Z]V':1 d1iq1j
b1
(2.160) [ 0 (Aif’ )] 0
. R N =
36]1i ¢ lin
0

=2 =1 Bijaz; — eady; + €3 (Z;‘:l ¢4j614j> P
= | p2 —e2 (ij-zl Q2j¢2j> P; — €3 (Z;Zl ¢3jQ3j> P
0

(2.161) [ 82'; (AiﬁNc>]

lin
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(2.162)

(2.163)

(2.164)

(2.165)

(2.166)

(2.167)

(2.168)

(2.169)

5 ' - Z;-/zl Yijd3j — €39y — €2 (Z;:l ¢4jQ4j) i
o ()] - e (S0 )
¢3i — €3 (Z}/:l ¢§jQ3j) 3

5 e304i Y51 $rid2j — €204i )5y P43
A _
[ — ( PNC)} = —e30a; — €204; D1 P4jqu;
eagai — €3Pai Y51 P1jq4;

, oy = cfsy 351 P + 5750 251 9303
B;— _ v v

[ ( wNBi)] = | —clsy + sysO ijl Pajqa; — Y ijl ¢/2jQ2j

| svsO + sy 30T Pajauy — ey 307 955035

, Y+ evel Yy dhiqo — evs0 Yy Psia3
B~ _
[ ( wNBi)] = | eyel —cys 30 Pajqaj — 57D 01 Phiq2

| —cyst — el D0 dajquy — v 20T _q 95435 |

, s0 351 P25 + ¢35 P3;03
[ (BwNBi)} = 50 + cf Z?:l P4;qa;
ch — sO Z;j-zl G45q45

(v dhyass ) oty
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’
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(2.170)

(2.171)

0
0 5 ,
[ o (BleBi)L = —P3;
(Z};l %‘%) Pl

5 bai
Bi~ _
|:aQ4z ( WNBi):| lin 0
0
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Chapter 3

Blade Behavior

The heliogyro requires that the blades pitch in a uniform fashion: in other words, as the
blades pitch sinusoidally, the tip of each blade must follow the root in frequency, ampli-
tude, and phase; the blades must be sufficiently chord-wise flat to limit twist and force
vector irregularities; and blade pitch behavior must not include flap-lag-pitch or divergence
instabilities. Analysis presented in this chapter depicts the degree to which this is true.

Within this chapter, the steady-state blade twist curve illustrates the effect of solar
pressure, blade stress, and battens on steady-state blade twist. Data from cyclic pitch
simulations correlate frequency, amplitude, and phase of twist at the blade tip with the
root pitch profile. Results of a step displacement applied to collective blade root pitch
reveal the amount of damping present in the particle model, as well as provide blade tip
rise time, settling time, overshoot, and a transfer function between blade root pitch and tip
twist if sufficient damping is present.

Simulations incorporating battens in the particle blade model illuminate a method to
eliminate chord-wise curl while maintaining uniform twist. Repeat analyses of steady-state
twist, tip twist vs. root pitch and step response for a blade with battens indicate their

benefit.

3.1 Twist

Consider two blades pitched at a given collective pitch angle, rotating about a fixed axis.
One blade rotates twice as fast as the other. As the blades twist under centripetal force,

the edges stretch farther in the longitudinal direction than the centers. The stiffness of the
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blade material dictates that the edge stress, and therefore, the blade twist, will be less for
the slowly rotating blade. However, the analytical twist equation, 2.13, incorrectly assumes
a blade of no lateral differential strain, and does not capture this phenomenon — the two
blades twist the same amount.

The twist study described below utilizes the particle model, which takes into account all
pertinent effects, including lateral differential strain. Blades 10 meters, 100 meters and 1000
meters long, their blade roots collectively pitched at 30 degrees, converge to equilibrium.
The simulations are done twice, with solar pressure applied the second time. The blades
are initially undeformed and at rest with respect to a local reference frame attached to the
blade root. With each blade spinning at 2 revolutions per minute about a vertical axis, the
particle blade simulator repeatedly calculates a new position of each particle and then resets
velocities to zero. Periodically, the program calculates blade twist to show if equilibrium is
reached.

Results in Figure 3.1 indicate that, as blade length, and therefore, blade stress, increases,
twist also increases; however, none of the blades reach the same magnitude of twist as
suggested by Equation 2.19. The reason is the material stiffness present in the particle
model. Figure 3.1 also shows that solar pressure negligibly affects blade twist.

An anomaly appears in the results. The 1000 meter blade appears stiffer than the 100
meter blade. The problem is due to the nonlinear springs in the particle model. Figure 3.2
indicates the nonlinear stiffness factors at the blade root for the 100 m blade and the 1000 m
blade spinning at 2 rpm, superimposed on the nonlinear stiffness equation for K = 20, 000.
At this operating point, the root of the 1000 m blade is stiffer than the root of the 100 m
blade.

To demonstrate that blade stress is the reason behind the anomaly, the 100 meter blade
is run once again to equilibrium; this time, the 100 meter blade is spun 10 times faster to
make blade root stress equal to that for the 1000 meter blade. Figure 3.3 shows that the
blade twist curves for the 100 meter blade spinning at 3 seconds per revolution and the
1000 meter blade spinning at 30 seconds per revolution are nearly identical. Hence, the
nonlinear blade stiffness is the cause for the anomaly. For a comparison, the 100m blade
twist curve for 30 seconds per revolution is included.

An added benefit from the result shown in Figure 3.3 is mesh scalability. The mesh for

the 100 meter blade is more coarse with respect to the blade length than the mesh for the
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1000 meter blade, but the same twist curve occurs when the same blade stress is applied.
The blade twist study shows that the early analytical results for heliogyro blade twist
failed to properly take into consideration lateral differential strain. The particle model

includes this effect, which predicts twist to be less than previously considered.

3.2 Tip Pitch vs. Root Pitch

To investigate blade pitch uniformity, the same set of 10 meter, 100 meter, and 1000 meter
blades are studied using the particle model. In the tests, the root of each blade transitions
from a steady-state collective pitch to a constant cyclic pitch rate that is a certain fraction
of the rotation rate. The pitch rate set points range from 0.2 to 1.2 times the rotation
frequency. In this way, the sensitivity of blade pitch uniformity to relative pitch rate becomes
evident. Due to the half-p pitch maneuver pitching the root at one half the rate of rotation,
understanding tip motion at this operating point, as well as at other points other than the
nominal case, is essential.

The transition profile from collective pitch to cyclic pitch consists of a pair of half-sine
wave scale factors that phase in the new profile and phase out the old. An explanation and
a derivation of the transition appear in Appendix A. Over two revolutions, the blade under-
goes the transition, after which the blade completes 48 more revolutions, to allow transients
to die out and any instabilities to manifest themselves. Allowing fifty total revolutions for
instabilities to present seems reasonable, based on the only previously published stability
study for heliogyro blades [31].

Another 5 revolutions provides at least one pitch cycle to compare twist at the tip with
twist at the root. Due to out-of-plane flapping at the tip, twist at 90% is also compared.
If the twist at 90% is similar to that at the tip, then flapping is not a concern at the given
operating point.

The methodology for capturing the twist parameters entails applying sine curve fits
to the twist data. To accomplish the curve fits, the Gauss-Newton method is utilized,
which applies a series of linear least squares curve fits to the nonlinear curve. The sine

implementation begins with the 4-parameter equation

(31) Otwist = ¢1 COS (¢4t) + ¢2 sin (¢4t) + ¢3
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where ¢ = [¢1, @2, @3, @4 is the parameter set, Oyyis¢ is the vector of numerically generated
twist angles over time t; and ¢¢ is an initial estimate that is close enough to ¢ to ensure
proper convergence. When necessary a spectral density analysis provides an initial guess
for ¢4. Code for the sine curve fit is in Appendix C.

Often, the data indicates the presence of a secondary sinusoid superimposed over the
primary. As a matter of course, each analyzed case includes the sinusoidal curve fit of the
remnant, the vector of values obtained when the twist values given by the 4-parameter equa-
tion are subtracted from the simulated values. The combination of primary and secondary
curve fits provides sufficient information to evaluate the uniformity of pitch.

An example of curve fits calculated for this analysis appears in Figure 3.4. In it, the
primary and secondary curve fits for the 1000 m blade pitching at 0.6 times the rotation
rate, with solar pressure present, show the efficacy of the approach.

Figures 3.5a through 3.5f plot the comparison between the numerical results and the
analytical curve presented in Figure 2.6 for tip twist vs. pitch. From the graphs, the
increased stiffness in the particle model compared to the analytical model is evident for the
10m, 100m, and 1000m cases. Also, when relative pitch is equal to 1.0, all cases show a tip
to root ratio greater than 1, with the primary data predicting 1.08 for the 10 m case and a
range between 1.25 and 1.5 for the 100 m and 1000 m cases. The primary and secondary
data combined show a range from 1.1 to 2.0. Furthermore, In all cases except for the 10m
runs, the twist amplitude diverges from the expected trend for relative pitch equal to 1.2.
Flutter appears to be a main cause, as the amount of divergence is markedly different at the
tip compared to the point at 90% of the span. Aside from these differences, the numerical
and analytical results qualitatively agree, and show no effect on twist from solar pressure.

Tables 3.1 through 3.6 list pitch frequency, phase, and amplitude data for the 10 m, 100
m and 1000 m runs. The agreement in pitch frequency and phase between the root, the
90% point and the tip for the primary curve fit generally show uniformity of motion. The
exceptions include phase data for the 100 m and 1000 m runs when relative pitch is equal
to 1.2 and phase at the tip for the 1000 m cases when relative pitch is equal to 1.0. In

correlation with the divergent amplitude, the phase differs dramatically in these cases.
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Table 3.1: Correlation of parameters ¢ between blade root, blade tip, and 90% of span for
a 10 meter blade undergoing cyclic pitch and with no solar pressure present. Primary and

Secondary curve fits are included.

PRIMARY CURVE FIT SECONDARY CURVE FIT

Pitch Pitch Phase Amp. Pitch Phase | Primary +
Freq. Freq. Ratio Freq. Secondary
Ratio (rad/s) (rad) | w/Root | (rad/s) | (rad) Ratio
0.0 | root | 0.00E4-00
tip | 0.00E4-00 7.39E-01
90% | 0.00E+00 7.62E-01

0.2 | root | 4.19E-02 1.57
tip | 4.23E-02 1.59 0.739 5.35E-01 | 0.94 0.752
90% | 4.23E-02 1.59 0.759 5.34E-01 | 0.90 0.770

0.4 | root | 8.38E-02 1.57
tip | 8.40E-02 1.58 0.771 4.18E-01 | -1.53 0.794
90% | 8.40E-02 1.58 0.786 4.19E-01 | -1.49 0.807

0.6 | root | 1.26E-01 1.57
tip | 1.26E-01 1.57 0.822 3.78E-01 | -1.50 0.869
90% | 1.26E-01 | 1.58 0.831 3.78E-01 | -1.48 0.875
0.8 | root | 1.68E-01 | 1.57
tip | 1.67E-01 | 1.56 0.899 5.03E-01 | 1.53 0.955
90% | 1.67E-01 | 1.56 0.904 5.03E-01 | 1.54 0.954

1.0 | root | 2.09E-01 1.57
tip | 2.09E-01 1.57 1.097 6.30E-01 | 1.74 1.107
90% | 2.09E-01 1.57 1.091 6.30E-01 | 1.70 1.100

1.2 root | 2.51E-01 1.57
tip 2.51E-01 1.56 1.222 5.02E-01 | 1.00 1.343
90% | 2.51E-01 1.56 1.209 5.01E-01 | 0.98 1.322
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Table 3.2: Correlation of parameters ¢ between blade root, blade tip, and 90% of span for
a 10 meter blade undergoing cyclic pitch and with solar pressure present. Primary and

Secondary curve fits are included.

PRIMARY CURVE FIT SECONDARY CURVE FIT

Pitch Pitch Phase | Amp. Pitch Phase | Primary +
Freq. Freq. Ratio Freq. Secondary
Ratio (rad/s) (rad) | w/Root | (rad/s) | (rad) Ratio
0.0 | root | 0.00E4-00

tip | 0.00E+00 0.743

90% | 0.00E+4-00 0.764

0.2 | root | 4.19E-02 1.57
tip | 4.25E-02 1.61 0.676 | 3.89E-01 | -0.57 0.700
90% | 4.25E-02 1.61 0.698 | 3.89E-01 | -0.56 0.720

0.4 | root | 8.38E-02 1.57
tip | 8.39E-02 1.56 0.727 | 4.19E-01 | 0.52 0.766
90% | 8.39E-02 1.56 0.740 | 4.19E-01 | 0.48 0.776

0.6 root | 1.26E-01 1.57
tip 1.26E-01 1.56 0.791 3.73E-01 | -1.07 0.874
90% | 1.26E-01 1.56 0.799 3.73E-01 | -1.07 0.878

0.8 | root | 1.68E-01 1.57
tip | 1.67E-01 1.55 0.868 | 5.04E-01 | 1.44 0.908
90% | 1.67E-01 1.56 0.873 | 5.03E-01 | 1.41 0.910

1.0 | root | 2.09E-01 1.57
tip | 2.09E-01 1.56 1.089 | 4.17E-01 | 1.84 1.128
90% | 2.09E-01 1.56 1.085 | 4.17E-01 | 1.83 1.121

1.2 root | 2.51E-01 1.57
tip 2.51E-01 1.58 1.231 5.11E-01 | 1.41 1.266
90% | 2.51E-01 1.58 1.219 5.11E-01 | 1.41 1.251
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Table 3.3: Correlation of parameters ¢ between blade root, blade tip, and 90% of span for
a 100 meter blade undergoing cyclic pitch and with no solar pressure present. Primary and

Secondary curve fits are included.

PRIMARY CURVE FIT SECONDARY CURVE FIT

Pitch Pitch Phase | Amp. Pitch Phase | Primary +
Freq. Freq. Ratio Freq. Secondary
Ratio (rad/s) (rad) | w/Root | (rad/s) | (rad) Ratio
0.0 | root | 0.00E4-00
tip | 0.00E+00 0.419
90% | 0.00E+4-00 0.461
0.2 | root | 4.19E-02 | 1.57
tip | 4.21E-02 | 1.58 0.447 | 3.10E-01 | 2.38 0.559
90% | 4.21E-02 | 1.58 0.485 | 3.10E-01 | 2.37 0.582

0.4 | root | 8.38E-02 1.57
tip | 8.40E-02 1.61 0.494 | 3.09E-01 | -2.49 0.656
90% | 8.40E-02 1.61 0.528 | 3.09E-01 | -2.50 0.670
0.6 | root | 1.26E-01 1.57

tip | 1.26E-01 1.56 0.572 | 3.09E-01 | -0.61 0.681
90% | 1.26E-01 1.57 0.604 | 3.09E-01 | -0.63 0.699
0.8 | root | 1.68E-01 1.57

tip | 1.68E-01 1.55 0.760 | 3.02E-01 | 0.37 0.889
90% | 1.68E-01 1.55 0.778 | 3.03E-01 | 0.42 0.893

1.0 | root | 2.09E-01 1.57
tip | 2.08E-01 1.48 1.334 | 2.86E-01 | -0.19 1.974
90% | 2.08E-01 1.49 1.297 | 2.86E-01 | -0.19 1.865

1.2 root | 2.51E-01 1.57
tip 2.51E-01 | -2.53 1.901 3.00E-01 | 2.16 2.559
90% | 2.51E-01 | -2.60 2.102 2.99E-01 | 2.17 2.933
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Table 3.4: Correlation of parameters ¢ between blade root, blade tip, and 90% of span for
a 100 meter blade undergoing cyclic pitch and with solar pressure present. Primary and

Secondary curve fits are included.

PRIMARY CURVE FIT SECONDARY CURVE FIT

Pitch Pitch Phase | Amp. Pitch Phase | Primary +
Freq. Freq. Ratio Freq. Secondary
Ratio (rad/s) (rad) | w/Root | (rad/s) | (rad) Ratio
0.0 | root | 0.00E4-00

tip | 0.00E+00 0.414

90% | 0.00E+4-00 0.454

0.2 | root | 4.19E-02 1.57
tip | 4.12E-02 1.57 0.448 | 3.08E-01 | -1.25 1.000
90% | 4.15E-02 1.60 0.481 | 3.08E-01 | -1.25 0.978

0.4 | root | 8.38E-02 1.57

tip | 8.78E-02 | 1.75 0.467 | 2.79E-01 | 1.61 1.031

90% | 8.75E-02 | 1.75 0.466 | 2.78E-01 | 1.51 1.000
0.6 | root | 1.26E-01 1.57

tip | 1.26E-01 1.57 0.552 | 6.26E-01 | 2.56 0.621

90% | 1.26E-01 1.57 0.583 | 6.28E-01 | 2.71 0.608

0.8 | root | 1.68E-01 1.57
tip | 1.70E-01 1.33 0.641 | 5.02E-01 | 2.99 0.956
90% | 1.70E-01 1.32 0.654 | 5.01E-01 | 2.83 0.892

1.0 | root | 2.09E-01 1.57
tip | 2.09E-01 1.54 1.443 | 2.83E-01 | 2.02 1.774
90% | 2.09E-01 1.54 1.404 | 2.82E-01 | 2.00 1.710

1.2 root | 2.51E-01 1.57
tip 2.52E-01 | -2.69 1.730 743E-01 | 0.24 2.812
90% | 2.54E-01 | -2.67 2.040 7.45E-01 | 0.34 3.084
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Table 3.5: Correlation of parameters ¢ between blade root, blade tip, and 90% of span for
a 1000 meter blade undergoing cyclic pitch and with no solar pressure present. Primary

and Secondary curve fits are included.

PRIMARY CURVE FIT SECONDARY CURVE FIT

Pitch Pitch Phase | Amp. Pitch Phase | Primary +
Freq. Freq. Ratio Freq. Secondary
Ratio (rad/s) (rad) | w/Root | (rad/s) | (rad) Ratio
0.0 | root | 0.00E4-00

tip | 0.00E+00 0.468

90% | 0.00E+4-00 0.492

0.2 | root | 4.19E-02 1.57
tip | 4.13E-02 1.52 0.477 | 3.69E-01 | 1.33 0.626
90% | 4.16E-02 1.55 0.504 | 3.67E-01 | 1.21 0.564

0.4 | root | 8.38E-02 1.57
tip | 8.35E-02 1.56 0.526 | 3.08E-01 | 0.24 0.631
90% | 8.34E-02 1.54 0.545 | 3.10E-01 | 0.45 0.627
0.6 | root | 1.26E-01 1.57

tip | 1.27E-01 1.59 0.647 | 3.62E-01 | -1.65 0.794
90% | 1.26E-01 1.57 0.625 | 3.10E-01 | 2.13 0.725
0.8 | root | 1.68E-01 1.57

tip | 1.67E-01 1.51 0.782 | 3.05E-01 | -2.60 0.913
90% | 1.68E-01 1.59 0.792 | 3.06E-01 | -2.60 0.898

1.0 | root | 2.09E-01 1.57
tip | 2.11E-01 1.71 1.336 | 2.93E-01 | 0.11 1.665
90% | 2.09E-01 1.52 1.228 | 2.91E-01 | -0.02 1.493

1.2 root | 2.51E-01 1.57
tip 2.56E-01 2.78 1.300 3.06E-01 | -1.03 2.282
90% | 2.52E-01 2.78 2.285 3.10E-01 | -2.51 2.932
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Table 3.6: Correlation of parameters ¢ between blade root, blade tip, and 90% of span for
a 1000 meter blade undergoing cyclic pitch and with solar pressure present. Primary and

Secondary curve fits are included.

PRIMARY CURVE FIT SECONDARY CURVE FIT

Pitch Pitch Phase | Amp. Pitch Phase | Primary +
Freq. Freq. Ratio Freq. Secondary
Ratio (rad/s) | (rad) | w/Root | (rad/s) | (rad) Ratio
0.0 | root | 0.00E4-00

tip | 0.00E4-00 0.466

90% | 0.00E4-00 0.495

0.6 | root | 1.26E-01 1.57
tip | 1.25E-01 1.53 0.596 | 3.35E-01 | -1.14 0.724
90% | 1.26E-01 1.60 0.639 | 3.12E-01 | -2.48 0.731
0.8 | root | 1.68E-01 1.57

tip | 1.69E-01 1.61 0.797 | 3.04E-01 | 0.42 1.022

90% | 1.68E-01 1.55 0.782 | 3.04E-01 | 0.41 0.975
1.0 | root | 2.09E-01 1.57

tip | 2.11E-01 1.69 1.426 | 3.72E-01 | 2.96 1.710

90% | 2.10E-01 1.55 1.351 | 3.72E-01 | 2.95 1.475

1.2 | root | 2.51E-01 1.58
tip | 2.19E-01 | -1.25 0.696 | 2.63E-01 | -2.57 1.349
90% | 2.55E-01 3.01 1.813 | 2.16E-01 | -2.39 2.171
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(a) Step Response at Tip (b) Step Response at 90% of Span

Figure 3.6: Twist response at tip and 90% along the span due to a step decrease at the root

from 0.52 radians (30 degrees) to 0.44 radians (25 degrees) over one radian of rotation.

3.3 Step Response

Imparting a step input into the root of a blade in equilibrium provides an indication of
damping and a check on whether energy is being lost from the model due to numerical
roundoff or some other artificial source. Since a small damping coefficient is used in the
particle model, the blade should continue to oscillate with little attenuation.

A blade 1000 m long and in equilibrium changes root collective pitch from 0.52 radians
to 0.44 radians in 1/6th revolution. In Figures 3.6a and 3.6b, graphs of the response over
the next 10 revolutions indicate damping is not evident. The results do show, however,
that the twist frequency near the end of the blade is about 1.4 times the rotation frequency,
which is the same frequency of the secondary twist mode for a 1000 m blade pitching at the
rotation rate in Table 3.5; it is also the same frequency predicted analytically.

Twist amplitude at the tip is about twice as much as the amplitude at 90% of the span.
Damping in the model will ameliorate flutter at the tip. When damping is introduced
through a pitch damping mechanism the rise time, peak time, settling time, and effective

damping also become tunable.
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3.4 Chord-wise Blade Curl

Incorporated into the particle blade model are battens that promise to reduce chord-wise
curl. Spaced every 50 meters, they are the only stiffening member in the blade. Their
effectiveness in creating a smooth, uniform surface becomes evident upon examination of
the following simulation results.

A blade with battens transitions from a steady-state collective pitch to a constant cyclic
pitch rate as described in Section 3.2. The pitch rate is equal to the rotation rate. Af-
ter completing 50 revolutions, the tip-to-root relationship and a snapshot of blade shape
indicate batten effectiveness.

Figure 3.7 and Table 3.7 illustrate. Battens ameliorate curl and tip flutter. They
straighten the shape throughout the blade. Compared to a blade without battens, the tip
and 90% point along the span are uniform in pitch and phase.

Negative effects also exist. The increased weight of the blade increases root stress about
10%. The blade tip lags behind the root twice as much. The amplitude determined from
primary and secondary curve fits suggest a 14% increase at the tip.

The positive effects outweigh the negative. Battens are effective at providing a uniform

surface for improved heliogyro control.
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(a) 1000 m blade, battens

(b) 1000 m blade, no battens

Figure 3.7: Comparison of 1000 m blades, one with battens and one without. These are

snapshots of the blades after 55 rotations around a vertical axis.

76



Table 3.7: Comparison of parameters ¢ between blade root, blade tip, and 90% of span for
a 1000 meter blade with battens spaced every 50 m and a 1000 m blade without battens.

The blades are undergoing cyclic pitch; no solar pressure is present.

BATTENS
PRIMARY CURVE FIT SECONDARY CURVE FIT

Pitch Pitch Phase  Amp. Pitch Phase Primary +
Freq. Freq. Ratio Freq. Secondary
Ratio (rad/s) (rad) w/Root (rad/s) (rad) Ratio

0.0 root 0.00E400

tip  0.00E+00 0.448
90%  0.00E+4-00 0.482
1.0 root 2.09E-01 1.57
tip  2.08E-01 1.46 1.31 2.89E-01 0.18 1.900
90%  2.08E-01 1.47 1.28 2.89E-01 0.18 1.804
NO BATTENS

PRIMARY CURVE FIT SECONDARY CURVE FIT

Pitch Pitch Phase  Amp. Pitch Phase Primary +
Freq. Freq. Ratio Freq. Secondary
Ratio (rad/s)  (rad) w/Root (rad/s) (rad) Ratio
0.0  root 0.00E400

tip  0.00E+00 0.468

90% 0.00E4-00 0.492
1.0 root 2.09E-01 1.57

tip  2.11E-01 1.71 1.336  2.93E-01 0.11 1.665

90%  2.09E-01 1.52 1.228  2.91E-01 -0.02 1.493
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Chapter 4

Pitch Control

4.1 Requirements

The four maneuvers that require blade pitch control are cyclic pitch, collective-cyclic pitch,
collective pitch, and half-p pitch. Each maneuver results in a net force and/or torque being
applied to the spacecraft. Using these maneuvers, the controller accepts desired force and
torque values and determines the appropriate parameter settings to execute the maneuvers.

The equation for the pitch angle of a blade with conventional helicopter controls is given

as

(4.1)
. . 1 T
Opiteh = Ocye sin (w (t — to) + Vsnipe — P) + 012 sin 3 (w (t—to) — 5t Vshift — w) + Ocoun

Parameters in Equation 4.1 include

w = pitch angular velocity
1) = phase angle

2
Ysnife = phase shift for relative location of blade i, = ] (i—1)
ny

0cye = cyclic pitch amplitude
0011 = collective pitch amplitude
01 /2 = half-p pitch amplitude

to = initial time
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Periodically, the parameters change to meet the control requirements.

The heliogyro is assumed to rotate counterclockwise along the z axis of the core, which
nominally faces the Sun. The presence of a different ;¢ for each blade causes all blades
to act in concert on the same maneuver.

The cyclic pitch maneuver, shown in Figure 4.1, produces a steady force in the plane
of the heliogyro while spin rate is maintained. The maneuver is typically used to crab
perpendicular to the direction of travel. Each blade follows a sine curve centered at the
origin.

The collective-cyclic pitch maneuver produces a steady rolling moment and spin torque,
as illustrated in Figure 4.2. Collective-cyclic pitch precesses the spin vector to maintain
a lock on the Sun and to maximize thrust. The pitch profile for this maneuver consists
of a sine curve offset from the origin. The vertical components of pressure at the start
of and half-way through the profile are equal, whereas the vertical component at the 3/4
point is greater than that at the 1/4 point. Hence, a precessional moment is created. Due
to the presence of collective pitch, the spin rate changes with this maneuver. Periodically
reversing both the collective and cyclic pitch angles regulates spin rate and maintains the
same rolling moment.

The collective pitch maneuver, shown in Figure 4.3, produces spin torque and regulates
the component of force normal to the heliogyro plane by diverting part of the solar pressure
force into changing the spin rate. This maneuver is particularly useful in controlling the
distance of the heliogyro from the sun while hovering at an artificial Lagrange point.

The half-p pitch maneuver, shown in Figure 4.4, is similar to the collective-cyclic pitch,
but has a zero net collective pitch component, and maintains a constant spin rate. The
blades pitch sinusoidally over a period of two revolutions. The half-p is the preferred
maneuver for controlling heliogyro orientation.

Every two revolutions, the blade pitch controller receives the settings for a collective,
cyclic, or half-p pitch maneuver and transitions from the old settings to the new. The
transition profile from one maneuver to the next consists of a pair of half-sine wave scale
factors that phase in the new profile and phase out the old. Appendix A shows how this is
done.

Results from the blade behavior section show that the primary, dominant mode of blade

tip twist reasonably follows blade root pitch, as is required for proper heliogyro operation.
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Figure 4.1: Cyclic Pitch Maneuver. [21]
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Figure 4.2: Collective-cyclic Pitch Maneuver. [21]
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Figure 4.3: Collective Pitch Maneuver. [21]
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However, when the ratio of pitch frequency to heliogyro spin rate is greater than 1.0, effects
of secondary and tertiary modes significantly degrade tip behavior. Even at a ratio of 1.0,
the nominal operating point, the amplitude is larger than expected and unwanted vibrations
are noticeable. The need arises for a controller that dampens the unwanted modes and keeps

the amplitude of dominant modes in check.

4.2 Design and Analysis

In devising a blade pitch controller, the goal is to minimize the difference between blade tip
twist and blade root pitch while the blade root holder tracks the reference pitch profile. The
main barriers to meeting this goal are due to the gossamer characteristics of the sail. The
force required to pitch is on the order of 1 mN-m, which is less than friction forces in the pitch
actuators. Detecting harmonic disturbances this small calls for delicate electromechanics.
Sensors placed at the blade tip to measure blade twist are too heavy and remote to allow
reliable indication, and are therefore not an option. Sensing collocated with the blade pitch
actuator is the best choice.

Blade damping concerns can be addressed by a dual actuator arrangement as depicted
in Figure 4.5. The main actuator follows the blade pitch profile; the secondary actuator
works as an active eddy current damper, in series with a spiral clock spring, to attenuate
unwanted blade twist frequencies. In the steady state, the secondary actuator follows the
output of the main actuator, bringing the blade into phase with the blade root pitch profile.

The main actuator consists of a gear motor attached at its base to the core/arm assembly,
as illustrated in the top half of Figure 4.6. The gear ratio is sufficient to prevent backdriving,
but low enough to enable rapid response to changing position commands. The gear motor
drives a coupler to which the remainder of the controller mechanism attaches.

Connected in series with the actuator is a torsional watch spring, the secondary actuator
and the blade root holder. The torsional frequency of the spring and blade root holder is
tuned to match the frequency of the second torsional mode of the blade. The secondary
motor drives the blade root holder to follow the output of the main actuator. Impedance
matching maximizes the disturbance to the spring from the blade secondary twist mode. As
the disturbance is canceled, the secondary mode is dampened. A schematic in the bottom

half of Figure 4.6 shows the secondary actuator.
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PART A PART B

1. Coupler.

2. Blade Root Holder.

3. Blade

4. Spiral Spring.

a. Main Actuator ( gear motor).
b. Secondary Actuator.

Figure 4.5: Diagram of pitch controller.
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Figure 4.6: Model diagram of pitch controller. Main actuator is above, secondary is below.
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Given the proper spring stiffness and motor parameters, the dual actuator system is
sufficiently sensitive to secondary frequencies. The design provides redundancy, damping,
and a physical indication of blade tip motion with respect to the root. Another benefit of
the two actuator arrangement is that pole placement flexibility for the control system is
increased. Implementation of feedback control proceeds as follows.

Referring to Figure 4.6, the governing equations for parts A and B of the pitch controller

are
0, 0 1 0 6, 0 0
n — —k‘s _Bae aaka ) . ks
(42) 91 - Jletlzb Jleqq nc;l?eq 01 + O %a—f_ qub 0b
01
Y= [1 0 0} 6,
1g
(4.3) ) ]
6, 0 1 0 0 0 0 ol [e,] [o]
—kg —Bie npyMpk )
Gy e —pter gl 0 0 0 0l |6, 0
. k —R —k . 1
1y 0 —Ll; Lbb 0 Tbb 0 0 p s
=1 0 0 0 0 1 0 o |62|+]0]| Vi +
A (A
03 0 0 0 0 0 0 1] |65 0
65 | 0 0 0 bozs 0 —J30% -k 0] [05] [0 i
o
O
b
yz[()OOlooo}e2
0y
03
_0.3_

In the common nomenclature of feedback control theory, Equations 4.2 and 4.3 are in the

state-space form & = Ax + bu,y = Cx.
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Integral control provides tracking of the pitch profile. Except in collective pitch, the

reference is sinusoidal. For robustness, an internal model in the form

(4.4) = —w?r

is incorporated. Introducing tracking error, e = y — r, Equation 4.4 becomes

(4.5) e+ wle =i +uwy

=Ci+wCx

Defining ¢ = & + w?x and p = i + w?u, e is folded into the state space equations:

é 0 1 0] le 0
(4.6) el =1-w? 0 C||e|+]|o|n
13 0 0 Al ¢ B

Equation 4.10 is in the state-space form Z = Fz 4+ Gpu. Pole placement techniques

provide the row vector K = [Kg, K, I?o} for the control law

(47) w = *KQB*Klé*Kgg
that give the closed loop equation
(4.8) 2=(F—-GK)z

An alternate form extracts the reference input. Introducing two variables x5 and z; and

substituting the A matrix from Equation 4.2, Equation 4.7 can be written in the augmented

form

(4.9) Tq = Aqxq + Brr
Yy = Cal'a

or

88



il [0 1 —K1 0 0 | [a| [r]
i‘l —wg 0 —K2 0 0 I K2
(4.10) 6,|=10 0 0 1 0 o, +1]o0 |7
n 7BCL6 aaka )
01 0 O 0 qu % 01 0
ia] L O 0 0 —f Flli| |0]
_332_
T
yZ[O 01 0 o0f |6
a
_/L.a_
For closed loop response,
(4.11) Ko=|-1 0 &
(4.12) tq = (Ag — BoK,) x4 + Byr
(413) 01 - Caxa
where
_O_
0
(4.14) B,=10
0
1
_La_

Obtaining the closed-loop system for part B of the pitch controller is similar.

Analysis of the two subsystems results in the responses shown in Figure 4.7 to a sine
input. For purposes of illustration, certain motor characteristics from a particular motor
are used in the development of the pitch controller. The relevant motor characteristics and
the spring constant for the spiral spring appear in Table 4.1.

The K row vector for the entire pitch controller is a combination of the vectors K4 and
K p obtained from the separate analyses of parts A and B. It is applied to the entire system

of equations similar to Equations 4.9 through 4.14.
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Figure 4.7: Tracking of the main actuator (top) and the secondary actuator (bottom) to a

sinusoidal reference.
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Table 4.1: Viable motor characteristics.

Parameter Symbol Value
Motor Voltage Constant, V-s/rad k 0.04377
Armature Resistance, {2 R 7.55
Armature Inductance, mH L 0.83
Motor Efficiency 0.84
Actuator Efficiency, 0.75
Gearbox Ratio,part A 10
Gearbox Ratio,part b 1
Armature Frictional Coefficient, N-m s/rad B 0.00025
Armature Inertia, kgm? J 0.103e — 05
Spiral Spring Constant, N m/rad ks, ks 0.0307

(Maxon RE025-055-38EAA200A)

The block diagram in Figure 4.8 shows the control strategy for the main actuator. The
two subsystems have separate reference inputs. Since the goal of the controller is to have
the blade track the input, the reference inputs are chosen to be equal. Furthermore, the
internal model constant w requires monitoring. In collective pitch mode, the blades do not
pitch. The presence of w causes a constant steady-state offset. In this case, wa and wp are
set to 0. In all other cases, when new pitch parameters are chosen, w takes on the new z

axis component of heliogyro angular velocity.

4.3 Implementation

To the pitch controller in heliogyro simulations, the governing controller equations are
incorporated into the stiff-blade model. Included also are a triple rotary joint configuration
equivalent to a spherical joint. The first rotary joint aligns with the z axis of the heliogyro
core and enables in-plane rotation. The second rotary joint lies along the y axis and provides
vertical blade rotation. The third coincides with the longitudinal axis of the blade and allows

blade twist. The first two rotary joints have accompanying spring dampers. Between the
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Figure 4.8: Schematic diagram of pitch controller.
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blade root holder (body 2) and the rotary joint combination is a translational joint with its
own spring damper. Illustrated in Figure 4.9, these additions are a step in establishing a
realistic verification model.

With the upgraded stiff-blade model spinning at 27/30 radians/second, the blade pitch
controller performs as shown in Figure 4.10. Noticeable ringing occurs at the beginning of
each run. After that, the main actuator tracks the reference closely. Settling time for the
base of the secondary actuator is longer. As designed, however, both actuators track with
zero error in steady-state. The blade lags slightly, and has a higher amplitude than the
reference.

In the step run from one collective pitch setting to another, the internal model w? is set

to 0; the main and secondary actuators have zero steady-state error. The output shaft of

the secondary actuator and the blade have an equivalent offset.

Figure 4.9: Arrangement of axial, in-plane and vertical spring-dampers, attached to pitch

controller.

Maneuverability of the heliogyro depends on the behavior of the blades and the accuracy
of the pitch controller. If the sail material is flat and straight the thrust vector can be pointed
in any direction within 45 degrees of the Sun vector using an open-loop tracking strategy.
Consider the case of a 3-blade heliogyro tracking a spiral trajectory with regard to its z
axis using the half-p pitch maneuver. The blades are 1 meter wide and 100 meters long and
spin at 1 rpm. The precession control law consists of the following procedure: at the end
of a pitch cycle, determine the current spacecraft y and z axis and the desired z axis; take

the cross product of the two z axes to establish a y axis set point; determine the change in
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Figure 4.10: Pitch controller tracking a reference input. On the left are the reference and
the main actuator responses only. On the right are the reference, the main and secondary

actuators, and blade responses. Top to bottom: collective to cyclic transition (a, b);cyclic

(c, d); and step (e, f).

94



phase necessary to align the precession; and set the desired phase for the end of the next
pitch cycle. The y axis periodically updates to provide the correct precession axis.

Figure 4.11 shows the effectiveness of this strategy. Over a span of 25 hours, the stiff-
blade heliogyro successfully arrives at 19 z-axis waypoints as far away as 45 degrees from
the Sun vector. A dashed line in the plot connects waypoints to show the variance of
the heliogyro from a direct path. With more waypoints, the accuracy would increase.
Therefore, getting the blades straight and flat promises to provide pointing control over a

wide operating region.
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Figure 4.11: 7 axis tracking path for 3-blade heliogyro with stiff 100 m blades spinning at

1 rpm. The entire trajectory takes approximately 25 hours.
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Chapter 5

Conclusions

5.1 Impact/Significance

The modeling and control of solar sails developed in this research support the assertion that
heliogyros could investigate the poles of the Sun, dwell at artificial LaGrange points, and
cross the interstellar divide. With battens incorporated, heliogyro blades are sufficiently
straight to provide the correct thrust to the heliogyro core. When blades are flat, it is
shown that heliogyros can be pointed in any direction within 45 degrees of the Sun vector.
Furthermore, heliogyro blades with aspect ratios up to 1000:1 can be pitched up to 30
degrees and not go unstable. In the steady state, the blade tip pitches in synchronization
with the root. The pitch controller with dual actuation accurately pitches blades while
attenuating secondary frequencies. The evidence indicates that heliogyros with blade aspect

ratios up to 1000:1 can successfully operate in space.

5.2 Future Work

Autonomous, persistent solar sail guidance, navigation and control are crucial for aggres-
sively sized heliogyros. The enormous solar sails for these missions must accurately navigate
for years and must be robust to compensate for possible behavior changes due to sail dam-
age and erosion, upsetting solar torque, and changes in solar radiation. A future system
will include thrust vector control, a path following algorithm, and a path planner.
Automatic thrust vector control can receive attitude, position, and velocity information,

as well as desired trajectory, to determine the pattern of maneuver parameters sent to the
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blade pitch controller. Thrust control would utilize a mapping of maneuver parameters and
spacecraft orientation to thrust and moment.

A trajectory planner that utilizes attitude, position, and velocity information as well
as desired destination information to autonomously plan maneuvers, and a path planner
comprise the other parts of the autonomous controller. A revised Model Predictive Control
(MPC) strategy might be implemented to find the updated trajectory to be performed.
This method uses the Newton root-finding method to iteratively modify an initial path to
its final state using a best-state Newton update. The iteration is coupled to time, and uses
future desired trajectories to update the path-planning process

Floquet theory and other techniques can provide an envelope of stable operating regions
for the autonomous controller. The method relies on a state transition matrix, called the
Floquet matrix, to determine if positive eigenvalues are present, given a certain subset of
operational parameters.

Integration of out of plane blade damping must also be considered. When a heliogyro
emerges from an eclipse, a step increase in solar force causes the blades to flap, which
in turn prohibits control of the thrust vector. As indicated in the body of this research,
flapping is also caused by regular operation. Proper damping is possible through a flexible
beam/damper connecting the core and blade pitch mechanism that provides a blade flap
offset for rotary damping.

With analysis complete, the next step is to prove that heliogyros can fly.
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Appendix A

Pitch Parameter Transition

The blade pitch profile is given by the following equation:

. . (1 m
(A'l) Hpitch = ecyc S (w (t - tO) - ¢) + 01/2 S <2 (w (t - tO) - 5 - 7/’)) + Ocoll
Parameters determining the blade root pitch profile include

w = pitch angular velocity
1) = phase angle
0cye = cyclic pitch amplitude
0011 = collective pitch amplitude
01 /2 = half-p pitch amplitude
to = initial time
Periodically, the parameters change to meet the control requirements.
Transitioning from one set of governing parameters to another requires a pair of smooth,
second order continuous scaling functions to phase in the new profile and phase out the old.
The function of choice is the half-sine wave. Illustrated in Figure A.1, the half-sine wave has

zero slope at its beginning and end, providing a continuous profile throughout the transition.

The equation for the scaling function is

(A2) s=at U fan (bt - 7) +1]

with
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Figure A.1: Sine function for transition scaling factor

(t1 — to)

S = scaled value

Wg =

a = initial value
b = final value

t1 = time at end of transition

Using the subscript A to indicate the old set of parameters and the subscript B to

indicate the new, the pitch profile throughout the transition is

(A.3) Opiten, = Saba + Splp

The values of a and b for cases A and B are shown in Table A.1
During a simulation the A parameters, the B parameters, and the transition time are
specified. After transition, B parameters replace A parameters and a new set replaces B,

based on the control law in place. An exception to this rule is 1. Given a desired phase
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Table A.1: Values of a and b for parameter sets A and B

A B
all O
b0 1

angle 4.5 at t = t1, Y4 and ¢Yp are determined as follows, after the B parameters have

replaced the A parameters:

(A.4) YA =1vp —wa (t1 — to)

(A.5) B = Ydes + wp (t1 — to)

In this way, the azimuth reference stays constant as the rotation rate changes.

As an example of a transition, consider two profiles governed by parameter sets A and
B in Table A.2. From Equations A.4 and A.5, ¥4 and ¥p are unchanged. If the heliogyro
rotation rate changes, wp will change, and then g will be different from the value before

the transition.

Table A.2: Two example pitch profile parameter sets A and B

A B
w | 15 15
v | 0 0
Vdes 5
Oge | = 0
Ocott | G 0
01/2 0 9
to 60 s
t1 120 s

Using the given parameter sets, Figure A.2 illustrates the example given above. Figure

A.2a shows the incoming and outgoing profiles; Figure A.2b shows the scale factors; and
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Figure A.2c¢ illustrates the waveform and the derivative with respect to time of the waveform

throughout the transition.
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Appendix B

Particle Forces and Their

Derivatives

B.1 Spring Force

The spring force between node A and node B is given by

(B.1) Fy = kiky P

where
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for tension springs

EA ’ + 0.5 for sh i
— .5 | for shear springs
V2(1+v) ™ prine
1 1
b= |~ —
v )R
P;= Pg— Py

K = nonlinear stiffness parameter

w = resting distance between ]3,4 and ]33

E = Young’s Modulus for the blade material

A = Cross-sectional area of material comprising the spring, = wt

t = material thickness

The particle model in Section 2.3 requires the matrix of derivatives dFs, / 8ﬁAb, as well
as the matrix of derivatives 8ﬁsa / ﬁﬁBb, where a = x, y, z refers to components of force and

b=z, y, z refers to components of position. To compactly write the matrices,

CK
I
(B.2) K, = - -
- 1+K2<|| d||_1>]
1
(B.3) Ky=——
Py

where C' = E A for tension springs and C' = EA/+/2 (1 + v) for shear springs.
The matrix aﬁsa/aﬁAb appears below. The matrix aﬁsa/aﬁBb is —3ﬁsa/6ﬁAb.

P+d227 — kl kQ PdIﬂde szﬂsz

T2 T I

- = Py, P, Py, P,

B.4 OF, /0Py = — (K ko + k1K) - da dy G fiko Ty g

(B4)  OFs/0Ps =—(k 2) T MR
desz dyld, d _k k
£ =3 = 1~2

i T TR
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B.2 Damping Force

The equation for damping is

. L. .\ P
(B.5) F;=C (pd . pd> 7d2
|74

where

C' = damping constant
Py=Pp— Py
With ﬁd a function of position and velocity, four derivative matrices are needed, namely
aﬁda/aﬁAb, 8ﬁda/8ﬁAb, 8ﬁda/8ﬁ3b, and 8ﬁda/8ﬁ3b, where a = =z, vy, z refers to compo-

nents of force and b = x, y, z refers to components of position. The matrix 8ﬁda/ 8]5:4,7

appears below. The matrix 0Fy, / dPp, = —0Fy, / dPy,.

(B.6)
OFy,
OPy,
[ PPyt by Py, B 2(13d'13d)P31 Py, P, 2<13d'ﬁd>Pd1de Py Py, Q(ﬁd'ﬁd>Pd1sz
[N TS 171 12 171" BET
o | ary ), bengn, R e, GeRian
171" LT N 171" 121"
PPy, 2(PrPa)PaPa, PuyPa,  2PrPa)PuPa BByip,py,  2(PePa)Pi,
A I17ll* 17 171" 171" 7]

The matrix dFy, / 8ﬁAb is in Equation B.7. The matrix 0F;, / 8]%3,) — —0Fy,/ 8];5,%.

. Py,*  Pa,Pa, Pua,Pa,
OF, c
(B.7) - =———5" | Py, Py, Py’ PP
oFn |7 2
P, Py Py P P
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B.3 Gravitational Force

Gravitational Force, G, is

= GMpm, =
(B.8) Gy = ———LL Py,
[7

with

G = gravitational constant
M., = mass of a celestial body
m, = mass of a particle in the blade mesh

—

P, = vector from a particle to the celestial body

The matrix 8écba /OP,,, where a = z, y, z refers to components of force and b =z, y, z

refers to components of position, is

1 - BPZQ5 . 3P1Py5 . 3p1pz5
ad [Pocoll” [ Ppes | 1Boesll” [ Poc |
B.9 b _ _GM . _ 3Pby 1 _3p _ 3PP
B9, Ty 1Pl TRl TRl 1Rl
_LPZS _ 3PyP25 1 — 3PZ25
: [1Pocs| [ Ppe| [[Poesl|™ [ Pocol|”
B.4 Solar Force
The equation for solar force is
a L SA (19> s = SA 19\ .
(B.10) Fsojar = FrR+Fy=2— | — ) frcos"ON+ — | — | (1— f,)cosOSun
C Ts c Ts

where
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Fr = force due to photon reflection
F4 = force due to photon absorption
S = Solar flux ,~ 1367 W/m? at 1 AU
ro = distance from the Earth to the center of the Sun

distance from the heliogyro to the center of the Sun

ﬁ
«
I

fr = coefficient of reflectivity
0 = angle between the Sun vector and the sail surface normal
N = sail surface normal
Sun = Sun vector
A = sail surface area

¢ = speed of light.

To calculate the solar force and its derivative matrix, the blade mesh is divided into
triangles, with the solar force divided among the three nodes comprising each triangle. For
a triangle with nodes 1, 2, and 3, the vectors A= 132 - ]31 and B = ]33 - ]31 are computed.

The following calculations then follow.
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(B.11) cy =2 <m>2

c \rs
S(A—1f) (1)
B.12 o= —|—
( ) 2 2c Ts
(B.13) D=AxB
D -
(B.14) cos) = —— - Sun
‘ D
. D
(B.15) N = —
D
(B.16) ﬁSOlaT = cos 02D + Cs cos b Hﬁ” Sun
) - L N
OFs D|| Suny (D . Sun) — (D . Sun) Dy
(B.17) — 2% — (O |2D, I
8Db l‘)’ ‘

+ CySungSuny + (if b = a ) C} cos #*

[ o B -B,]
oD
B.18 = =
(B.15) o | B 0 B
B, —B, 0
o[ 0 —a o4, ]
oD
B.19 = —
(B.19) | A 0 A
-A, A, 0
oD oD, = 9D,
(B.20) - - ( + >
0P, 0P, 0P,
. aF‘ﬂSolar aFﬁ‘ﬁv‘olar 85 P .
B.21 Finall — Y5 h ticle 1,2,0r 3
( ) inally, P, oD oP, where i is particle 1,2,or
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Appendix C

Sinusoid _fit.m: A Matlab Script for
Sinusoid Curve Fitting. [16]

% sinusoid_fit.m Fit a 4-parameter sinusoid curve

%

% phi = sinusoid_fit(th,y,phi0) fits a 4-parameter sine curve of
% the form:

% y = phi(1)*cos(phi(4)*th) + phi(2)*sin(phi(4)*th) + phi(3)
% % where

% phi = vector of estimates

% th = vector of joint angle readings

% y = vector of output readings

% phi0 = initial estimate of phi

%

% uses ordinary least squares iteratively to the linearized sine curve
function phi = sinusoid_fit(th,y,phi0)

% Set initial conditions
phi = phi0; N = size(th,1);

% Apply OLS iteratively. Set boundaries of the search
niter = 200; iter = 0; res = 1;

disp(’ Tteration Residual’);

format compact; format short e;
while (iter  niter & res j le-10),

iter = iter + 1;

theta = phi(4) * th;

sine = sin(theta); cosine = cos(theta);

% Compute the output error
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dy =y - (phi(1) * cosine + phi(2) * sine + phi(3));

% Compute the gradient

C(:,1) = cosine;

C(:,2) = sine;

C(:,3) = ones(N,1);

C(:,4) = th .* (-phi(1)*sine + phi(2)*cosine);

% Apply OLS, update results, and display residual
dphi = (C dy); phi = phi + dphi;

res = norm(dphi); disp([iter,res]);

end

% Plot comparison of measured to predicted points

plot(th,y,’rx-’,th,phi(1)*cos(phi(4)*th)+phi(2)*sin(phi(4)*th)+phi(3),"bo-")
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Appendix D

Sine Fit Parameters
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Table D.1: Primary parameters ¢ for blade root, blade tip, and 90% of span for a 10 meter

blade undergoing cyclic pitch and with no solar pressure present.

Pitch o1 b2 o3 o Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root

0.2 root | 2.19E-04 | 5.24E-01 | 5.69E-09 | 4.19E-02 | 5.24E-01 | 1.57
tip | -9.03E-03 | 3.87E-01 | 3.82E-03 | 4.23E-02 | 3.87E-01 | 1.59 0.739
90% | -9.39E-03 | 3.97E-01 | 3.59E-03 | 4.23E-02 | 3.97E-01 | 1.59 0.759

0.4 root | 4.39E-04 | 5.24E-01 | 2.06E-08 | 8.38E-02 | 5.24E-01 | 1.57
tip | -4.39E-03 | 4.04E-01 | -2.08E-03 | 8.40E-02 | 4.04E-01 | 1.58 0.771
90% | -4.79E-03 | 4.12E-01 | -1.56E-03 | 8.40E-02 | 4.12E-01 | 1.58 0.786

0.6 root | 6.58E-04 | 5.24E-01 | -3.87E-09 | 1.26E-01 | 5.24E-01 | 1.57
tip | -1.70E-03 | 4.31E-01 | -5.22E-05 | 1.26E-01 | 4.31E-01 | 1.57 0.822
90% | -2.23E-03 | 4.35E-01 | 3.40E-05 | 1.26E-01 | 4.35E-01 | 1.58 0.831

0.8 root | 8.77E-04 | 5.24E-01 | -2.57E-09 | 1.68E-01 | 5.24E-01 | 1.57
tip 6.37E-03 | 4.71E-01 | 1.01E-04 | 1.67E-01 | 4.71E-01 | 1.56 0.899
90% | 6.07TE-03 | 4.73E-01 | -5.23E-05 | 1.67E-01 | 4.73E-01 | 1.56 0.904

1.0 root | 1.10E-03 | 5.24E-01 | -6.38E-10 | 2.09E-01 | 5.24E-01 | 1.57
tip 2.27E-03 | 5.74E-01 | 2.07E-04 | 2.09E-01 | 5.74E-01 | 1.57 1.097
90% | 1.97E-03 | 5.71E-01 | 2.03E-04 | 2.09E-01 | 5.71E-01 | 1.57 1.091

1.2 root | 1.32E-03 | 5.24E-01 | -6.30E-08 | 2.51E-01 | 5.24E-01 | 1.57
tip 6.20E-03 | 6.40E-01 | 4.69E-03 | 2.51E-01 | 6.40E-01 | 1.56 1.222
90% | 6.12E-03 | 6.33E-01 | 4.38E-03 | 2.51E-01 | 6.33E-01 | 1.56 1.209
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Table D.2: Primary parameters ¢ for blade root, blade tip, and 90% of span for a 10 meter

blade undergoing cyclic pitch and with solar pressure present.

Pitch o1 b2 o3 on Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root

0.2 root | 2.19E-04 | 5.24E-01 | 2.03E-07 | 4.19E-02 | 5.24E-01 | 1.57
tip | -1.54E-02 | 3.54E-01 | 1.18E-03 | 4.25E-02 | 3.54E-01 | 1.61 0.676
90% | -1.53E-02 | 3.65E-01 | 6.64E-04 | 4.25E-02 | 3.65E-01 | 1.61 0.698
0.4 root | 4.39E-04 | 5.24E-01 | 1.96E-07 | 8.38E-02 | 5.24E-01 | 1.57

tip 4.58E-03 | 3.81E-01 | 7.52E-04 | 8.39E-02 | 3.81E-01 | 1.56 0.727
90% | 3.80E-03 | 3.87TE-01 | 2.48E-04 | 8.39E-02 | 3.87E-01 | 1.56 0.740
0.6 root | 6.58E-04 | 5.24E-01 | 1.87E-07 | 1.26E-01 | 5.24E-01 | 1.57
tip 0.39E-03 | 4.14E-01 | 3.61E-03 | 1.26E-01 | 4.14E-01 | 1.56 0.791
90% | 5.50E-03 | 4.19E-01 | 3.14E-03 | 1.26E-01 | 4.19E-01 | 1.56 0.799

0.8 root | 8.77E-04 | 5.24E-01 | 1.59E-07 | 1.68E-01 | 5.24E-01 | 1.57
tip 8.00E-03 | 4.54E-01 | 1.02E-03 | 1.67E-01 | 4.55E-01 | 1.55 0.868
90% | 6.94E-03 | 4.57E-01 | 7.50E-04 | 1.67E-01 | 4.57E-01 | 1.56 0.873

1.0 root | 1.10E-03 | 5.24E-01 | 1.56E-07 | 2.09E-01 | 5.24E-01 | 1.57
tip 5.31E-03 | 5.70E-01 | 6.42E-04 | 2.09E-01 | 5.70E-01 | 1.56 1.089
90% | 5.50E-03 | 5.68E-01 | 2.66E-04 | 2.09E-01 | 5.68E-01 | 1.56 1.085
1.2 root | 1.32E-03 | 5.24E-01 | 1.82E-07 | 2.51E-01 | 5.24E-01 | 1.57
tip | -3.99E-03 | 6.45E-01 | 3.00E-03 | 2.51E-01 | 6.45E-01 | 1.58 1.231
90% | -3.70E-03 | 6.38E-01 | 2.71E-03 | 2.51E-01 | 6.38E-01 | 1.58 1.219

120



Table D.3: Primary parameters ¢ for blade root, blade tip, and 90% of span for a 100 meter

blade undergoing cyclic pitch and with no solar pressure present.

Pitch o1 103, o3 04 Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
0.2 root | 2.19E-04 | 5.24E-01 | -7.22E-12 | 4.19E-02 | 5.24E-01 | 1.57

tip -1.98E-03 | 2.34E-01 | 1.12E-03 | 4.21E-02 | 2.34E-01 | 1.58 0.447

90% | -2.32E-03 | 2.54E-01 | 9.37E-04 | 4.21E-02 | 2.54E-01 | 1.58 0.485
0.4 root | 4.39E-04 | 5.24E-01 | -3.06E-11 | 8.38E-02 | 5.24E-01 | 1.57

tip -1.05E-02 | 2.58E-01 | -2.65E-03 | 8.40E-02 | 2.58E-01 1.61 0.494

90% | -9.81E-03 | 2.76E-01 | -2.44E-03 | 8.40E-02 | 2.77E-01 | 1.61 0.528
0.6 root | 6.58E-04 | 5.24E-01 | 5.52E-11 | 1.26E-01 | 5.24E-01 1.57

tip 2.83E-03 | 2.99E-01 | -4.23E-04 | 1.26E-01 | 2.99E-01 | 1.56 0.572

90% | 1.79E-03 | 3.16E-01 | -3.74E-04 | 1.26E-01 | 3.16E-01 | 1.57 0.604
0.8 root | 8.77E-04 | 5.24E-01 | -8.16E-11 | 1.68E-01 | 5.24E-01 | 1.57

tip 7.05E-03 | 3.98E-01 | 4.68E-03 | 1.68E-01 | 3.98E-01 | 1.55 0.760

90% | 6.58E-03 | 4.08E-01 | 3.34E-03 | 1.68E-01 | 4.08E-01 | 1.55 0.778
1.0 root | 1.10E-03 | 5.24E-01 | -1.85E-10 | 2.09E-01 | 5.24E-01 | 1.57

tip 6.24E-02 | 6.95E-01 | -2.48E-03 | 2.08E-01 | 6.98E-01 | 1.48 1.334

90% | 5.21E-02 | 6.77E-01 | -3.28E-03 | 2.08E-01 | 6.79E-01 | 1.49 1.297
1.2 root | 1.32E-03 | 5.24E-01 | 1.74E-07 | 2.51E-01 | 5.24E-01 | 1.57

tip | -8.15E-01 | -5.72E-01 | -2.66E-02 | 2.51E-01 | 9.96E-01 | -2.53 1.901

90% | -9.40E-01 | -5.72E-01 | -3.34E-02 | 2.51E-01 | 1.10E+00 | -2.60 2.102
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Table D.4: Primary parameters ¢ for blade root, blade tip, and 90% of span for a 100 meter

blade undergoing cyclic pitch and with solar pressure present.

Pitch o1 103, o3 04 Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
0.2 root | 2.19E-04 | 5.24E-01 | 9.28E-09 | 4.19E-02 | 5.24E-01 | 1.57

tip -7.88E-04 | 2.35E-01 | -8.07TE-03 | 4.12E-02 | 2.35E-01 | 1.57 0.448

90% | -7.31E-03 | 2.52E-01 | -7.39E-03 | 4.15E-02 | 2.52E-01 | 1.60 0.481
0.4 root | 4.29E-04 | 5.24E-01 | -2.46E-06 | 8.38E-02 | 5.24E-01 | 1.57

tip -4.42E-02 | 2.41E-01 | -2.35E-02 | 8.78E-02 | 2.45E-01 1.75 0.467

90% | -4.30E-02 | 2.40E-01 | -2.01E-02 | 8.75E-02 | 2.44E-01 | 1.75 0.466
0.6 root | 6.58E-04 | 5.24E-01 | 1.63E-08 | 1.26E-01 | 5.24E-01 1.57

tip 4.61E-04 | 2.89E-01 | -4.42E-04 | 1.26E-01 | 2.89E-01 | 1.57 0.552

90% | 1.76E-03 | 3.05E-01 | -2.06E-05 | 1.26E-01 | 3.05E-01 | 1.57 0.583
0.8 root | 8.77E-04 | 5.24E-01 | 3.70E-07 | 1.68E-01 | 5.24E-01 | 1.57

tip 7.98E-02 | 3.26E-01 | -2.14E-03 | 1.70E-01 | 3.35E-01 | 1.33 0.641

90% | 8.38E-02 | 3.32E-01 | 2.64E-04 | 1.70E-01 | 3.43E-01 | 1.32 0.654
1.0 root | 1.10E-03 | 5.24E-01 | 3.68E-09 | 2.09E-01 | 5.24E-01 | 1.57

tip 2.60E-02 | 7.55E-01 | 1.09E-02 | 2.09E-01 | 7.55E-01 | 1.54 1.443

90% | 2.49E-02 | 7.35E-01 | 1.22E-02 | 2.09E-01 | 7.35E-01 | 1.54 1.404
1.2 root | 1.32E-03 | 5.24E-01 | -5.35E-08 | 2.51E-01 | 5.24E-01 | 1.57

tip | -8.14E-01 | -3.97E-01 | 1.83E-02 | 2.52E-01 | 9.06E-01 | -2.69 1.730

90% | -9.51E-01 | -4.87E-01 | 8.01E-02 | 2.54E-01 | 1.07TE+00 | -2.67 2.040
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Table D.5: Primary parameters ¢ for blade root, blade tip, and 90% of span for a 1000

meter blade undergoing cyclic pitch and with no solar pressure present.

Pitch o1 105 o3 o Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
0.2 root | 2.19E-04 | 5.24E-01 | -1.32E-10 | 4.19E-02 | 5.24E-01 1.57

tip 1.16E-02 | 2.49E-01 | -4.92E-03 | 4.13E-02 | 2.50E-01 1.52 0.477

90% | 5.38E-03 | 2.64E-01 | -1.32E-03 | 4.16E-02 | 2.64E-01 | 1.55 0.504
0.4 root | 4.39E-04 | 5.24E-01 | -8.61E-11 | 8.38E-02 | 5.24E-01 1.57

tip 2.68E-03 | 2.75E-01 | -5.39E-06 | 8.35E-02 | 2.75E-01 | 1.56 0.526

90% | 9.68E-03 | 2.85E-01 | 1.34E-03 | 8.34E-02 | 2.85E-01 | 1.54 0.545
0.6 root | 6.58E-04 | 5.24E-01 | -2.85E-11 | 1.26E-01 | 5.24E-01 1.57

tip -6.69E-03 | 3.39E-01 | 1.01E-02 | 1.27E-01 | 3.39E-01 | 1.59 0.647

90% | -7.73E-04 | 3.27E-01 | 2.22E-03 | 1.26E-01 | 3.27E-01 1.57 0.625
0.8 root | 8.77E-04 | 5.24E-01 | -1.13E-11 | 1.68E-01 | 5.24E-01 | 1.57

tip 2.43E-02 | 4.09E-01 | -2.91E-03 | 1.67E-01 | 4.10E-01 1.51 0.782

90% | -9.30E-03 | 4.14E-01 | -2.59E-03 | 1.68E-01 | 4.14E-01 1.59 0.792
1.0 root | 1.10E-03 | 5.24E-01 | -6.48E-11 | 2.09E-01 | 5.24E-01 1.57

tip -9.54E-02 | 6.93E-01 | 2.47E-03 | 2.11E-01 | 7.00E-01 1.71 1.340

90% | 3.38E-02 | 6.42E-01 | 2.00E-03 | 2.09E-01 | 6.43E-01 | 1.52 1.230
1.2 root | 1.32E-03 | 5.24E-01 | -1.26E-09 | 2.51E-01 | 5.24E-01 1.57

tip -6.37E-01 | 2.40E-01 | 1.96E-01 | 2.56E-01 | 6.80E-01 | 2.78 1.300

90% | -1.12E+00 | 4.28E-01 | 6.00E-03 | 2.52E-01 | 1.20E+400 | 2.78 2.280
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Table D.6: Primary parameters ¢ for blade root, blade tip, and 90% of span for a 1000

meter blade undergoing cyclic pitch and with solar pressure present.

Pitch o1 103 o3 04 Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
0.6 root | 6.58E-04 | 5.24E-01 | 2.79E-08 | 1.26E-01 | 5.24E-01 | 1.57

tip 1.41E-02 | 3.12E-01 | 7.13E-03 | 1.25E-01 | 3.12E-01 | 1.53 0.596

90% | -9.43E-03 | 3.35E-01 | 1.65E-03 | 1.26E-01 | 3.35E-01 | 1.60 0.639
0.8 root | 8.77E-04 | 5.24E-01 | 4.27E-09 | 1.68E-01 | 5.24E-01 | 1.57

tip -1.56E-02 | 4.17E-01 | -8.28E-04 | 1.69E-01 | 4.17E-01 1.61 0.797

90% | 6.91E-03 | 4.10E-01 | 5.92E-03 | 1.68E-01 | 4.10E-01 | 1.55 0.782
1.0 root | 1.10E-03 | 5.24E-01 | 4.42E-09 | 2.09E-01 | 5.24E-01 1.57

tip | -8.65E-02 | 7.42E-01 | 3.92E-03 | 2.11E-01 | 7.47E-01 | 1.69 1.426

90% | 1.31E-02 | 7.07E-01 | 5.65E-03 | 2.10E-01 | 7.07E-01 | 1.55 1.351
1.2 root | -4.34E-03 | 5.24E-01 | 1.60E-08 | 2.51E-01 | 5.24E-01 | 1.58

tip 1.14E-01 | -3.46E-01 | -2.94E-01 | 2.19E-01 | 3.64E-01 | -1.25 0.696

90% | -9.41E-01 | 1.28E-01 | 1.05E-02 | 2.55E-01 | 9.49E-01 | 3.01 1.813

Table D.7: Primary parameters ¢ for blade root, blade tip, and 90% of span for a 1000

meter blade with battens every 50 m undergoing cyclic pitch and with no solar pressure

present.
Pitch o1 P2 O3 b4 Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
1.0 root | 1.10E-03 | 5.24E-01 | -1.13E-11 | 2.09E-01 | 5.24E-01 | 1.57
tip | 7.67E-02 | 6.81E-01 | 4.44E-03 | 2.08E-01 | 6.85E-01 | 1.46 1.31
90% | 7.00E-02 | 6.64E-01 | 3.69E-03 | 2.08E-01 | 6.68E-01 | 1.47 1.28
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Table D.8: Secondary parameters ¢ for blade root, blade tip, and 90% of span for a 10

meter blade undergoing cyclic pitch and with no solar pressure present.

Pitch o1 105 o3 04 Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
0.2 tip 4.20E-03 | 5.78E-03 | -7.14E-06 | 5.35E-01 | 7.15E-03 | 0.94 0.752
90% | 3.73E-03 | 4.68E-03 | -8.04E-06 | 5.34E-01 | 5.98E-03 | 0.90 0.770
0.4 tip 4.70E-04 | -1.21E-02 | -5.30E-06 | 4.18E-01 | 1.21E-02 | -1.53 0.794
90% | 8.51E-04 | -1.10E-02 | -5.82E-06 | 4.19E-01 | 1.10E-02 | -1.49 0.807
0.6 |tip | 1.80E-03 |-2.45E-02 | -5.01E-06 | 3.78E-01 | 2.45E-02 | -1.50 | 0.869
90% | 2.16E-03 | -2.28E-02 | -6.49E-06 | 3.78E-01 | 2.30E-02 | -1.48 0.875
0.8 |tip | 1.16E-03 | 2.94E-02 | -7.65E-06 | 5.03E-01 | 2.94E-02 | 1.53 0.955
90% | 8.94E-04 | 2.64E-02 | -9.00E-06 | 5.03E-01 | 2.64E-02 | 1.54 0.954
1.0 | tip | -8.54E-04 | 5.01E-03 | 3.00E-06 | 6.30E-01 | 5.08E-03 | 1.74 1.107
90% | -5.88E-04 | 4.49E-03 | 1.93E-07 | 6.30E-01 | 4.53E-03 | 1.70 1.100
1.2 tip 3.42E-02 | 5.35E-02 | -1.29E-04 | 5.02E-01 | 6.35E-02 | 1.00 1.343
90% | 3.30E-02 | 4.88E-02 | -1.18E-04 | 5.01E-01 | 5.89E-02 | 0.98 1.322
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Table D.9: Secondary parameters ¢ for blade root, blade tip, and 90% of span for a 10

meter blade undergoing cyclic pitch and with solar pressure present.

Pitch o1 105 o3 04 Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
0.2 tip 1.06E-02 | -6.76E-03 | -4.11E-05 | 3.89E-01 | 1.25E-02 | -0.57 0.700
90% | 9.66E-03 | -6.02E-03 | -4.18E-05 | 3.89E-01 | 1.14E-02 | -0.56 0.720
0.4 tip 1.76E-02 | 1.01E-02 | -1.28E-04 | 4.19E-01 | 2.03E-02 | 0.52 0.766
90% | 1.71E-02 | 8.87E-03 | -1.20E-04 | 4.19E-01 | 1.92E-02 | 0.48 0.776
0.6 tip 2.07E-02 | -3.82E-02 | 1.12E-04 | 3.73E-01 | 4.34E-02 | -1.07 0.874
90% | 1.96E-02 | -3.63E-02 | 9.62E-05 | 3.73E-01 | 4.13E-02 | -1.07 0.878
0.8 tip 2.72E-03 | 2.09E-02 | -3.53E-05 | 5.04E-01 | 2.11E-02 | 1.44 0.908
90% | 3.20E-03 | 1.93E-02 | -3.33E-05 | 5.03E-01 | 1.96E-02 | 1.41 0.910
1.0 tip | -5.43E-03 | 1.93E-02 | 1.19E-05 | 4.17TE-01 | 2.01E-02 | 1.84 1.128
90% | -4.87E-03 | 1.81E-02 | 9.64E-06 | 4.17E-01 | 1.87E-02 | 1.83 1.121
1.2 tip 3.00E-03 | 1.80E-02 | -2.52E-04 | 5.11E-01 | 1.82E-02 | 1.41 1.266
90% | 2.68E-03 | 1.69E-02 | -2.39E-04 | 5.11E-01 | 1.71E-02 | 1.41 1.251
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Table D.10: Secondary parameters ¢ for blade root, blade tip, and 90% of span for a 100

meter blade undergoing cyclic pitch and with no solar pressure present.

Pitch o1 105 o3 04 Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
0.2 tip | -4.23E-02 | 4.02E-02 | -1.12E-03 | 3.10E-01 | 5.83E-02 | 2.38 0.559
90% | -3.63E-02 | 3.57E-02 | -9.89E-04 | 3.10E-01 | 5.09E-02 | 2.37 0.582
0.4 tip | -6.77E-02 | -5.15E-02 | 3.14E-03 | 3.09E-01 | 8.51E-02 | -2.49 0.656
90% | -5.96E-02 | -4.44E-02 | 2.74E-03 | 3.09E-01 | 7.44E-02 | -2.50 0.670
0.6 |tip | 4.66E-02 |-3.28E-02 | 5.55E-04 | 3.09E-01 | 5.70E-02 | -0.61 | 0.681
90% | 4.01E-02 | -2.94E-02 | 5.00E-04 | 3.09E-01 | 4.97E-02 | -0.63 0.699
0.8 tip 6.29E-02 | 2.42E-02 | -2.59E-03 | 3.02E-01 | 6.74E-02 | 0.37 0.889
90% | 5.49E-02 | 2.44E-02 | -2.36E-03 | 3.03E-01 | 6.01E-02 | 0.42 0.893
1.0 tip 3.29E-01 | -6.28E-02 | 1.95E-03 | 2.86E-01 | 3.35E-01 | -0.19 1.974
90% | 2.92E-01 | -5.58E-02 | 1.63E-03 | 2.86E-01 | 2.97E-01 | -0.19 1.865
1.2 tip | -1.91E-01 | 2.87E-01 | 1.12E-03 | 3.00E-01 | 3.44E-01 | 2.16 2.559
90% | -2.45E-01 | 3.59E-01 | 2.37E-03 | 2.99E-01 | 4.35E-01 | 2.17 2.933
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Table D.11: Secondary parameters ¢ for blade root, blade tip, and 90% of span for a 100

meter blade undergoing cyclic pitch and with solar pressure present.

Pitch o1 105 o3 04 Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
0.2 tip 9.08E-02 | -2.74E-01 | 8.89E-03 | 3.08E-01 | 2.89E-01 | -1.25 1.000
90% | 8.25E-02 | -2.47E-01 | 7.97E-03 | 3.08E-01 | 2.60E-01 | -1.25 0.978
0.4 tip | -1.10E-02 | 2.95E-01 | -7.64E-03 | 2.79E-01 | 2.95E-01 | 1.61 1.031
90% | 1.74E-02 | 2.79E-01 | -8.28E-03 | 2.78E-01 | 2.80E-01 | 1.51 1.000
0.6 tip | -3.02E-02 | 1.98E-02 | 5.61E-04 | 6.26E-01 | 3.61E-02 | 2.56 0.621
90% | -1.22E-02 | 5.58E-03 | 2.39E-04 | 6.28E-01 | 1.35E-02 | 2.71 0.608
0.8 tip | -1.63E-01 | 2.,51E-02 | 3.09E-03 | 5.02E-01 | 1.65E-01 | 2.99 0.956
90% | -1.19E-01 | 3.81E-02 | 2.03E-03 | 5.01E-01 | 1.25E-01 | 2.83 0.892
1.0 tip | -7.49E-02 | 1.56E-01 | -2.91E-03 | 2.83E-01 | 1.73E-01 | 2.02 1.774
90% | -6.70E-02 | 1.45E-01 | -2.83E-03 | 2.82E-01 | 1.60E-01 | 2.00 1.710
1.2 tip 5.50E-01 | 1.37E-01 | -1.83E-03 | 7.43E-01 | 5.67E-01 | 0.24 2.812
90% | 5.15E-01 | 1.84E-01 | -2.33E-03 | 7.45E-01 | 5.47E-01 | 0.34 3.084
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Table D.12: Secondary parameters ¢ for blade root, blade tip, and 90% of span for a 1000

meter blade undergoing cyclic pitch and with no solar pressure present.

Pitch o1 105 o3 04 Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
0.2 tip 1.84E-02 | 7.58E-02 | 3.55E-04 | 3.69E-01 | 7.80E-02 | 1.33 0.626
90% | 1.11E-02 | 2.93E-02 | 8.07E-05 | 3.67E-01 | 3.14E-02 | 1.21 0.564
0.4 tip 0.37E-02 | 1.34E-02 | -1.64E-03 | 3.08E-01 | 5.54E-02 | 0.24 0.631
90% | 3.92E-02 | 1.87E-02 | -1.20E-03 | 3.10E-01 | 4.34E-02 | 0.45 0.627
0.6 |tip |-5.82E-03 | -7.67E-02 | 6.03E-04 | 3.62E-01 | 7.69E-02 | -1.65 | 0.794
90% | -2.78E-02 | 4.47E-02 | -1.38E-03 | 3.10E-01 | 5.27E-02 | 2.13 0.725
0.8 | tip |[-5.90E-02 | -3.52E-02 | 3.05E-03 | 3.05E-01 | 6.87E-02 | -2.60 | 0.913
90% | -4.79E-02 | -2.88E-02 | 2.38E-03 | 3.06E-01 | 5.59E-02 | -2.60 0.898
1.0 tip 1.71E-01 | 1.96E-02 | -5.16E-03 | 2.93E-01 | 1.72E-01 | 0.11 1.665
90% | 1.39E-01 | -3.41E-03 | -3.45E-03 | 2.91E-01 | 1.39E-01 | -0.02 1.493
1.2 tip 2.66E-01 | -4.40E-01 | 9.90E-03 | 3.06E-01 | 5.14E-01 | -1.03 2.282
90% | -2.74E-01 | -1.99E-01 | 1.14E-02 | 3.10E-01 | 3.39E-01 | -2.51 2.932
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Table D.13: Secondary parameters ¢ for blade root, blade tip, and 90% of span for a 1000

meter blade undergoing cyclic pitch and with solar pressure present.

Pitch o1 103 o3 o4 Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
0.6 tip 2.81E-02 | -6.06E-02 | -8.70E-04 | 3.35E-01 | 6.68E-02 | -1.14 0.724
90% | -3.76E-02 | -2.95E-02 | 1.28E-03 | 3.12E-01 | 4.78E-02 | -2.48 0.731
0.8 tip 1.08E-01 | 4.81E-02 | -5.12E-03 | 3.04E-01 | 1.18E-01 | 0.42 1.022
90% | 9.27E-02 | 3.99E-02 | -4.27E-03 | 3.04E-01 | 1.01E-01 | 0.41 0.975
1.0 tip -1.46E-01 | 2.71E-02 | 2.99E-03 | 3.72E-01 | 1.49E-01 | 2.96 1.710
90% | -6.38E-02 | 1.22E-02 | 1.34E-03 | 3.72E-01 | 6.49E-02 | 2.95 1.475
1.2 tip -2.87TE-01 | -1.85E-01 | 1.74E-02 | 2.63E-01 | 3.42E-01 | -2.57 1.349
90% | -1.37E-01 | -1.28E-01 | 9.71E-03 | 2.16E-01 | 1.87E-01 | -2.39 2.171

Table D.14: Secondary parameters ¢ for blade root, blade tip, and 90% of span for a

1000 meter blade with battens every 50 m, undergoing cyclic pitch and with solar pressure

present.
Pitch o1 b2 o3 on Amplitude | Phase| Amp.
Freq. Ratio
Ratio (rad) (rad) | w/Root
1.0 | tip | 3.05E-01 | 5.62E-02 | -5.72E-03 | 2.89E-01 | 3.10E-01 | 0.18 1.900
90% | 2.72E-01 | 5.08E-02 | -5.15E-03 | 2.89E-01 | 2.77E-02 | 0.18 1.804
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