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Abstract:
This paper presents a framework for augmented reality. Head track-
ing is accomplished using a head-mounted camera, which uses an
optical flow based algorithm to track patterns on the ceiling. The
position and orientation of the ceiling need not be known a priori,
and the necessary calibration, except for radial lens distortion, can
be performed on the fly using simple procedures.
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1.0  Introduction

In recent years, there has been an explosion of interest invirtual reality systems.  Virtual

reality is relevant to many applications involving data visualization, communications, and

immersive entertainment.  A similar area, with perhaps even more commercial applications

than virtual reality, isaugmented reality.

Augmented reality systems differ from virtual reality systems in that the user is not com-

pletely immersed in the virtual environment.  In augmented reality systems, a heads-up dis-

play is used to superimpose computer generated graphics on the user’s view of the real

world.  The superimposed images supplement the information available to the user in the

natural scene.  For example, an augmented reality system could be used to help a repair

technician find the appropriate adjustment points in a complicated piece of machinery, or to

help a surgeon by superimposing CT data on a patient’s body, essentially giving a surgeon x-

ray vision.

Despite its potential, the development of functional AR systems faces several technical chal-

lenges.  In many AR applications, it is crucial that the synthetic images be registered pre-

cisely with the real world.  The degree of accuracy required depends on the task, but in many

cases the requirements are quite stringent.  Furthermore, many tasks require large motions

of the user’s head, which place demands on the sensors which track head motion. Finally, in

nearly all cases display updates must occur with latency of only a fraction of a second.

These technical challenges have prevented the development of viable, inexpensive AR sys-

tems for precise applications.

We present a fast, inexpensive augmented reality system designed for use with an optical

see-through head mounted display.  The system is designed to track a user’s head position

using a CCD camera as a sensor.  The camera is rigidly mounted on the user’s heads-up dis-

play, and head position is tracked by observing  a reference pattern printed on a nearby wall

or ceiling.  By extending the reference pattern, the working volume of the sensor can be

made arbitrarily large.  The system  software runs on readily available computer hardware,
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and we anticipate that an inexpensive back or waist mounted version could be easily devel-

oped.

2.0  Previous Work

Current augmented reality systems differ from each other primarily in three ways: the dis-

play technology used to overlay synthesized graphics on the user’s field of view, the sensing

technology used to track the user’s head, and the calibration method used to determine sys-

tem parameters.

Many research projects in augmented reality have used optical see-through head mounted

displays [Azuma and Bishop, 1994] [Caudell and Mizell, 1992] [Janin et al., 1994].  These

displays work by optically combining light from the environment with the overlay images.

The combination is done using lenses, half-silvered mirrors, or other optical components.

The principal advantage of this type of display is that the user’s view of the real world is

substantially unobstructed.  Consequently, the user has a high resolution, high contrast view

of the workspace.  One disadvantage of optical see-through head mounted displays is that

the optics used to combine the images typically have a narrow field of view, and also some-

what decrease the light intensity reaching the user’s eyes.    Another disadvantage is that the

software in the augmented reality system has no access to the combined image (natural

scene plus overlay), so correcting registration errors and establishing system calibration are

difficult [Azuma, 1995].

A second category of display system for augmented reality is video based display, which is

typically used in medical augmented reality applications [Taylor et al., 1994] [Taylor

et al., 1992].  In this type of display, the user views the workspace through one or two video

cameras, which may be head mounted.  The real and synthesized images are composited as

video signals, and presented to the user through a video display which occludes the user’s

natural view of the environment.  While this type of display provides flexibility in video

compositing strategies, and gives the underlying software access to the combined images,

the workspace view lacks the fidelity of natural vision, and the user’s view of the workspace
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is from the perspective of the system video camera(s), which generally doesn’t match that of

the user’s eye(s) [Azuma, 1995].

Four types of sensors have traditionally been used for head tracking in augmented reality

applications.  Mechanical sensors measure the position of the user’s head using an attached

linkage.  This type of sensor is typically very accurate, and can meet the bandwidth require-

ments of augmented reality, but is often somewhat cumbersome, and restricts the user’s

range of motion.  Magnetic position sensors (polhemus, etc.) have seen wide use in virtual

reality applications, and limited use in augmented reality [Janin et al., 1993] [Caudell and

Mizell, 1992].  These sensors are inexpensive and readily available, but data rates are typi-

cally slow, and their accuracy suffers in applications where a large working volume is

required, or where there are nearby ferromagnetic objects such as steel wall studs.  Acoustic

position sensors are inexpensive, fast, and accurate, but latency increases with distance

between the acoustic transmitter and receiver [Meyer et al., 1992].  Optical sensors using

video cameras have the potiential to be inexpensive, fast, accurate, and offer large working

volume.  Unfortunately, systems to date either require large arrays of markers, such as

LEDs, to be installed at precise locations in the workspace, or use custom camera hardware

[Azuma and Bishop, 1994],  or have limited working volume [Janin et al., 1994].  One dis-

advantage of optical position sensors is that there must be an unobstructed line of sight

between the sensor and target [Meyer et al., 1992].

Calibration strategies typically fall into two categories.  In the first strategy, measurements

are taken, often by asking the user to move his/her head until specified points or crosshairs

in the real and synthesized images are aligned, and the measurements are used to calculate

the system parameters directly [Azuma and Bishop, 1994] [Caudell and Mizell, 1992].

These calibration strategies can be made fairly quick, at the expense of vulnerability to mea-

surement errors.  Adding redundant measurements, or repeating the measurements, makes

the procedure more robust, but also more time consuming.  The biggest disadvantage of this

type of strategy is that the alignment steps are typically cumbersome, requiring the user to

place his head in a calibration jig, or return to a specified point in the workspace.  This

makes it hard to recalibrate if the headset is accidentally moved during system operation.
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In the second type of calibration strategy, recovery of system parameters is cast as an opti-

mization problem [Janin et al., 1993].  Calibration constraints, usually point feature matches

in the real and synthesized images are collected, and an optimization routine is used to find

the set of system parameters which most nearly satisfies the constraints.

3.0  Background Information

3.1  Camera Model

We model the sensing camera using the pinhole camera model described in

[Faugeras, 1993].  According to this model, light rays emitted from any point x in the real

world are recorded by the imaging system only when they strike the sensing array, or retinal

plane, of the camera.  The imaging optics allow the sensing array to be hit only by rays

which pass through an imaginary point, in 3D space, called the optical center of the camera

(see figure 1).  The projected light rays form an image on the retinal plane.

The geometry of this camera model is most conveniently expressed using 2- and 3-dimen-

sional projective spaces.  Projective geometry is a rich area, and we present only a few

details here.  For a more complete description, please refer to [Faugeras, 1993].

C

R

x1

x2

u1

u2

Figure 1:  Pinhole Camera Model.  The optical center of the camera is denoted by C.  Light rays from
objects at 3D coordinates x1 and x2 intersect the retinal plane, R, at points u1 and u2
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Points in an n-dimensional projective space are represented by vectors with n+1 elements.

A point in a three dimensional projective space is represented by a four element vector, and

a point in a two dimensional projective space is represented by a 3 element vector.  The

mapping between points and vectors is not one to one; each point in a projective space can

be represented by many different vectors. Vectors in a projective space are considered to

represent the same point if they are scalar multiples of each other.  That is to say, the 3

dimensional projective vectors [1, 2, 4, 1]T and [3, 6, 12, 3]T are considered equivalent.

One way to visualize the relationship between points and vectors in projective space is to

imagine that the points are mapped onto an n dimensional hypersphere centered at the ori-

gin.  Collinear vectors are considered equivalent, and represent the point which is mapped to

their intersection with the hypersphere.

In this paper, we adopt the convention of representing the 3D point (x, y, z) by the 3 dimen-

sional projective vector [x, y, z, 1]T (and its scalar multiples).  In this case we say that the

point is expressed inhomogeneous coordinates.

We represent linear transformations in projective spaces using matrices, as we do in linear

spaces.  We transform a vector in the usual way: by left multiplying it using the appropriate

matrix.  A linear transformation from n dimensional projective space to n dimensional pro-

jective space is represented with an n+1 by n+1 matrix.  As is the case with projective vec-

tors, two such transformation matrices are equivalent if they are scalar multiples of each

other.

Following figure 2, we define a two dimensional coordinate system (uc,vc) in the retinal

plane, R.  This coordinate system is chosen so that light striking R at the (uc,vc) coordinate

(i, j) contributes to the activation of the (i, j)th pixel in the image returned by the camera*.

We also  define a 3 dimensional coordinate system (xc,yc,zc) with its origin at the camera’s

optical center, C, and with thezc axis perpendicular to R.  We orient the 3 dimensional coor-

dinate system so thatxc lies along the same direction asuc, andyc lies along the same direc-

* Implicit in this choice of coordinate system is the assumption that the axes of the camera
imaging array are orthogonal.  This assumption is generally valid for modern CCD cam-
eras.
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tion asvc.  We permit the units ofuc andvc to differ from those ofxc, yc, andzc by two

different scale factors ku and kv, and denote the point wherezc intersects R as (u0,v0).  We

can express the projection of a 3D point (xc,yc,zc) into the image using homogeneous coor-

dinates [Faugeras, 1993]

(1)

where we use the congruence operator to denote projective equality (equality up to a scale

factor), and f is the distance alongzc from C to the plane R.

3.2  Planar Projection

The previous section discusses the projection of points in 3D space onto the 2D image

plane.  The 3D to 2D projection model is conveniently represented using a 3x4 projection

matrix.  In this section we consider the implications of our projection model for the projec-

tion of a planar pattern onto the image.

uc

vc

1

f cku 0 u0 0

0 f ckv v0 0

0 0 1 0

xc

yc

zc

1

≈

C

R

(x,y,z)

xc

yc

zc

uc

vc

Figure 2:  Placement of Coordinate Axes in Camera Projection Model

(u,v)

(u0,v0)
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Recall that in our sensing problem, we recover camera position by observing just such a pro-

jection: a known reference pattern is printed on a planar surface, and then imaged using the

camera.  We can represent this planar projection process in homogeneous coordinates using

a 3x3 matrix as described in the following paragraphs.

Following figure 3, we begin by associating a 3D coordinate system  (xp,yp,zp) with the pat-

tern so that the x and y axes lie in the plane of the pattern, and so that the z axis is perpendic-

ular to the plane of the pattern.  We construct a 2D coordinate system (up,vp) with its u and

v axes aligned withxp andyp.  We choose the units of the 3D coordinate system to be the

same as the units of (xc,yc,zc).  The units of the 2D coordinate system are permitted to differ

from those of the 3D coordinate system by a scale factor, kp.  We will refer to coordinates

expressed in these coordinate systems as 3D pattern coordinates and 2D pattern coordinates.

Since (xp,yp,zp) and (up,vp) are aligned, points expressed in 2D pattern coordinates can be

written in 3D pattern coordinates using the homogeneous equation.

(2)

yp

xp

zp

up

vp

Pattern

C

R

xc

yc

zc

uc

vc

Figure 3:  Camera and Pattern Coordinate Systems.

xp

yp

zp

1

kp 0 0

0 kp 0

0 0 0

0 0 1

up

vp

1

≈



10

The 3D coordinate frame associated with the pattern differs from the 3D camera coordinate

system by a rigid body transformation, which can be expressed as a 3D rotation about the

origin composed with a translation.  We can imagine that the rotation aligns the directions of

the coordinate axes in the two systems, and the translation moves the origins to be coinci-

dent.  We can express this relationship using the projective equation.

(3)

where R is a 3x3 (non-homogeneous) rotation matrix, and t is the 3x1 vector of translations

which aligns the origins of the two coordinate systems.

Substituting equations (2) and (3) into equation (1), we can write the projective equation

which relates points in pattern coordinates to points in image coordinates.

(4)

or

(5)

WherecHp is a 3x3 matrix.

xc

yc

zc

1

Tc p

xp

yp

zp

1

≈

Tc p

R t

0 0 0 1
=

uc

vc

1

f cku 0 u0 0

0 f ckv v0 0

0 0 1 0

Tc p

kp 0 0

0 kp 0

0 0 0

0 0 1

up

vp

1

≈

uc

vc

1

Hc p

up

vp

1

≈ Hc p

f cku 0 u0 0

0 f ckv v0 0

0 0 1 0

Tc p

kp 0 0

0 kp 0

0 0 0

0 0 1

≈
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3.3  Planar Projection in Non-Homogeneous Coordinates

In section 4.1, it will be useful to express planar projection as a rational function in non-

homogeneous coordinates.  We will be specifically interested in the inverse of the projection

of equation (5).  This inverse exists for non-degenerate cases, so we can write

(6)

Recall that our convention is to represent the image point [u1, u2]T using the homogeneous

vector  [u1, u2, 1]T and its scalar multiples,  [αu1, αu2, α]T.  By explicitly including the free

parameterα, we can rewrite equation (6) as a strict equality

(7)

 Since linear transformations in homogeneous coordinates are themselves only defined up to

a scale factor, we can scale the matrixcHp
-1 so that its lower right element is equal to 1.

Consequently, we can write

(8)

 Solving for uc and vc, we can express the projection as a rational function of 8 parameters,

as desired.

(9)

up

vp

1

Hc p
1–

uc

vc

1

≈

αuc

αvc

α

H
1–

c p

up

vp

1

=

αuc

αvc

α

h1 h2 h3

h4 h5 h6

h7 h8 1

up

vp

1

=

uc

h1up h2vp h3+ +

h7up h8vp 1+ +
-----------------------------------------=

vc

h4up h5vp h6+ +

h7up h8vp 1+ +
-----------------------------------------=
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3.4  Heads-up Display

In an augmented reality application, the purpose of a heads-up display is to superimpose

graphics on the user’s view of the workspace. In order to draw the graphics in the right

places on the display, it is important to know which pixels of the display overlap with each

3D feature in the workspace.  Consequently we need a projection model for the heads-up

display as well as for the sensing camera.

We consider only a monocular display, and model it as a planar surface suspended in front of

the user’s eye.  Turning on a pixel in the display illuminates a point on the suspended sur-

face.  The correspondence between points in the workspace and pixels in the display is

determined by drawing an imaginary line from the workspace point to the center of the

user’s eye.  The corresponding pixel is the one which lies at the intersection of the imaginary

line and the plane of the display.

This geometric model corresponds exactly to the camera model of section 3.1.  Following

that discussion, we define a 2D display coordinate system (ud,vd), representing pixel loca-

tions in the display, and a 3D coordinate system (xd,yd,zd) centered at the user’s eye.  These

correspond to (uc,vc) and (xc,yc,zc) in the camera model, and the units of (xd,yd,zd) are cho-

sen to match those of (xc,yc,zc).  Similarly, we define fd, lu and lv corresponding to fc, ku and

kv, and (u1,v1) corresponding to (u0,v0).  We write the projection model for the heads-up dis-

play in homogeneous coordinates.

(10)

By further defining a 3D coordinate (xw,yw,zw) system associated with the workspace, we

can express the rigid body transformation between 3D work coordinates and 3D display

coordinates as a 4x4 matrixdTw

ud

vd

1

f dlu 0 u1 0

0 f dlv v1 0

0 0 1 0

xd

yd

zd

1

≈
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(11)

And substituting equation (11) into equation (10) allows us to write the projection from 3D

work coordinates to 2D display coordinates.

(12)

Equation (12) specifies the correspondence between 3D features in the workspace and pixels
on the heads-up display.

4.0  Approach

In our system a user wears a heads-up display* which is used to overlay graphics on the

user’s field of view during the completion of a task.  A reference pattern is printed on or

attached to a stationary planar surface such as the ceiling or a nearby wall, and a camera is

rigidly attached to a heads-up display in such a way that it images part of the pattern when-

ever the user’s head is in position to complete the task.  The position of the camera, and of

the heads-up display, are recovered by observing the projection of the pattern onto the cam-

era image.  Schematically, the physical system can be viewed as shown in figure 4.

xd

yd

zd

1

Td w

xw

yw

zw

1

≈

ud

vd

1

f dlu 0 u1 0

0 f dlv v1 0

0 0 1 0

Td w

xw

yw

zw

1

≈

*  At the time of publication, an optical see-through heads-up display was not available, so the
system was implemented and tested using a video camera and digital image composition,
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In the figure,dTc represents a fixed rigid body transformation in 3 dimensional homoge-

neous coordinates which maps 3D camera coordinates to 3D display coordinates, andwTp is

a fixed rigid body transformation in 3 dimensional homogeneous coordinates which maps

3D pattern coordinates to 3D work coordinates (See section 3).  Similarly, the transforma-

tion dTw takes 3D work coordinates to 3D display coordinates, andcTp takes 3D pattern

coordinates to 3D camera coordinates.  Note thatdTw andcTp are not fixed, and depend on

the position of the user’s head.

In order to virtually mark a known point in the workspace, we need to know its position in

3D display coordinates, and we need to know the 4 intrinsic parameters of the heads-up dis-

play projection system.  If these are known, we can use equation (10) to recover the corre-

sponding point in 3D display coordinates, and draw the appropriate graphics on the heads-

up display.

Since the position of the point in 3D workspace coordinates is known, its position in 3D dis-

play coordinates can be found using the transformationdTw.  This transformation is depen-

dent on the position of the user’s head, and can be written in terms ofcTp

Pattern

WorkspacedTc

wTp

Camera

Heads-up
Display

Eye

Figure 4:  Augmented Reality System Schematic Diagram.

cTp

dTw
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(13)

Using equation (13) and equation (12), we have

(14)

In section 4.1 we describe a technique for recovering the planar projection from 2D pattern

coordinates to 2D camera coordinates, and in section 4.2 we show how to use this projection

to recovercTp.  In section 5 we describe a calibration procedure for recovering the fixed

transformationsdTc andwTp, and the intrinsic parameters of the heads-up display projection

system.

4.1  Image Registration

We represent an image as a function with a two dimensional, discrete valued, vector argu-

ment.  The discrete values of the argument represent pixel positions within the image and

correspond to points in (non-homogeneous) 2D camera coordinates.  The function returns

the value of the pixel at the specified position. We use a similar notation to represent the ref-

erence pattern in our augmented reality system.  In this case the argument is a two dimen-

sional continuous valued position in 2D pattern coordinates.  In this section, we describe a

technique for recovering the planar projection which maps 2D pattern coordinates to 2D

camera coordinates.  In other words, we recover the function m(u) so that the equation

(15)

is most nearly satisfied. The function Ic[] represents an image from the sensing camera, and

P() is the function which describes the planar reference pattern.  The discrete valued 2 ele-

ment vector u ranges over R, which is the set of valid pixel indices for Ic[].

Following equation (9), we parameterize the planar projection m() by an 8 element vector h

Td w Td c( ) Tc p( ) Tw p( ) 1–≈

ud

vd

1

f dlu 0 u1 0

0 f dlv v1 0

0 0 1 0

Td c( ) Tc p( ) Tw p( ) 1–

xw

yw

zw

1

≈

I c u[ ] P m u( )( )= u R∈
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(16)

Our method for recovering this projective mapping is based on an iterative approach

described in [Szeliski, 1994].  This approach involves defining an error function over the

space of transformation parameters, and using a nonlinear optimization routine to find a

transformation which minimizes this error function.

The error function is defined by computing, for a given set of transformation parameters, a

predicted camera image.  The error is the sum of squared pixel differences between the pre-

dicted and observed images.

(17)

The derivatives of this function with respect to the elements of h can be easily computed.

(18)

Where the 2 element row vector dP(r)/dr is simply the spacial gradient of the reference pat-

tern, and(δm/δhi)(u,h) is a 2 element column vector found by differentiating the right hand

side of equation (16).

As is conventional in nonlinear least squares optimization problems, we make the approxi-

mation

(19)

This approximation is justified under the assumption of uncorrelated zero mean additive

noise in the observed image [Press et al., 1988].  We use these quantities to minimize er over

m u h,( )

h1u1 h2u2 h3+ +

h7u1 h8u2 1+ +
----------------------------------------

h4u1 h5u2 h6+ +

h7u1 h8u2 1+ +
----------------------------------------

=

er h( ) I c u[ ] P m u h,( )( )–( )2

u R∈
∑=

hi∂
∂er 2–( ) I c u[ ] P m u h,( )( )–( )

rd
d

P r( )
r m u h,( )=

hi∂
∂m

u h,( )
u C∈
∑=

hi hj∂

2

∂
∂ er 2

hi∂
∂

P m u h,( )( ) 
 

hj∂
∂

P m u h,( )( ) 
 

u C∈
∑=
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h using the Levenberg-Marquardt nonlinear least squares minimization technique.  For a

description of Levenberg-Marquardt, see [Press et al., 1988].  After the minimization proce-

dure, we find the planar projective transformationscHp andpHc according to

(20)

As in [Szeliski, 1994], Ic[] is repeatedly low pass filtered and subsampled before registration

to create an image pyramid.  With each subsampling, the number of rows and the number of

columns in the image are decreased by a factor of two.  The image registration procedure is

first performed on the smallest image in the pyramid, and then the recovered parameters are

refined by iterating on successively higher resolution images.  The use of an image pyramid

has two significant advantages.  The first advantage is that computation time is greatly

reduced; initial registration is performed on very small images, so the summations in equa-

tions (17) and (18) can be performed very quickly.  The second advantage is that low pass

filtering increases the robustness of the initial registration.  High frequency components of

the image have short wavelengths, and contribute local detail to the error function.  While

this local detail is important for the final registration, it can be detrimental during initial reg-

istration if the initial estimate of the transformation parameters is bad, since it can lead to

local minima in the error surface, and incorrect convergence of the minimization procedure.

In practice, the registration technique presented above takes much too long to execute.  Fine

registration, which must be done at full resolution in order to achieve maximum precision,

involves repeatedly summing over the entire image, and is still prohibitively expensive.

Therefore we modify the registration procedure as described below.

Fine registration of the images can be sped up by exploiting knowledge about the reference

pattern.  When the images are nearly aligned, regions of the pattern which have zero spacial

gradient make no contribution to the sum in equation (18), and provided the change in trans-

formation parameters introduced by the fine registration is sufficiently small, summation

Hp c

h1 h2 h3

h4 h5 h6

h7 h8 1

=

Hc p Hp c
1–=
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over the interior of these regions in equation (17) adds only a constant offset to the value of

the error function.  This suggests that fine registration can be speeded up if we assume that

the images are already approximately aligned by previous pyramid levels, and restrict the

region R in equations (17) and (18) so that it includes only pixels in the neighborhood of

edges, corners and other features with nonzero spatial gradient.  Our current system consid-

ers only a 4x4 pixel window around each corner feature in the reference pattern.  For a

description of the reference pattern, see section 6.

Any gradient based optimization technique is vulnerable to local minima in the error func-

tion.  The registration technique of this section is prone to spectacular failure when the ini-

tial estimate of the camera position is very different from the actual position.

This type of failure is generally easy to detect, since it results in a large residual error er after

the registration procedure.  When incorrect convergence is suspected, the registration proce-

dure is restarted from a new starting point.  In the current system this starting point is chosen

randomly from a set of 4 different candidates which were selected a priori to be typical of 4

different regions of the parameter space.  The algorithm is allowed to converge, and the new

solution is checked for correctness.  If the solution is still suspect, a new initialization point

is chosen, and the cycle repeats until an acceptable minimum is reached.

4.2  Recovering Heads-up Display Position

Once the 8 parameter projective transformations from the previous sections are known, the 3

dimensional homogeneous transformationcTp, which describes the position and orientation

of the 3D camera coordinate frame with respect to the 3D pattern coordinate frame (see sec-

tion 4.0), can be found.  We have from equation (5) that

(21)

Substituting from equation (3) we can write

Hc p

f cku 0 u0 0

0 f ckv v0 0

0 0 1 0

Tc p

kp 0 0

0 kp 0

0 0 0

0 0 1

≈
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(22)

where R is a 3x3 (non-homogeneous) rotation matrix, and t is the 3x1 vector of translations.

Eliminating null rows and columns gives

(23)

where r1 and r2 are the first and second columns of the rotation component ofcTp.  This

equation can be solved linearly up to a scale factor, and then the scale factor chosen which

most nearly makes r1 and r2 be of unit magnitude.

(24)

The vector r3 is chosen to be of unit length, and orthogonal to r1 and r2.  At present, no

attempt is made to enforce orthogonality between r1 and r2.  We takecTp to be

(25)

4.3  Image Overlay

Once the pattern to camera transformation is known, the positions of features in the work-

space can be projected into homogeneous 2D display coordinates as shown in equations (10)

and (12).  In order to escape the projective notation, we rewrite equation (12) as a strict

equality with an explicit scale factor.

Hc p

f cku 0 u0 0

0 f ckv v0 0

0 0 1 0

R t

0 0 0 1

kp 0 0

0 kp 0

0 0 0

0 0 1

≈

Hc p

f cku 0 u0

0 f ckv v0

0 0 1

r1 r2 t

0 0 1

kp 0 0

0 kp 0

0 0 1

≈

r1 r2 t

0 0 1

k

f cku 0 u0

0 f ckv v0

0 0 1

1–

Hc p

kp 0 0

0 kp 0

0 0 1

1–

=

Tc p
r1 r2 r3 t

0 0 0 1
=
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(26)

This equation can be solved for ud and vd,

. (27)

and appropriate marks can be made on the heads-up display at these locations.

5.0  Calibration

In order to perform the image overlay described above, we need to have an estimate of sev-

eral static system parameters.  Recovering these parameters is difficult because, with an

optical see-through display, there is no direct way of measuring the accuracy the image

overlay.  A synthesized mark is aligned well if it appears in the “right” place in the user’s

field of view, and the only way to know if this is true is to query the user.  Consequently, any

calibration procedure necessarily involves user feedback.  We choose to get user feedback

by having the user align marks on the display with known landmarks in the workspace.  This

section describes the calibration procedure.

There are sixteen system parameters to be calibrated:  six  parameters describe the transfor-

mation between 3D camera coordinates and 3D display coordinates, six parameters describe
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the transformation between 3D pattern coordinates and 3D work coordinates, and four

parameters describe the heads-up display/eye projection matrix.  The four intrinsic parame-

ters of the sensing camera are assumed to be known (for a method of calibrating these four

parameters using planar projection, see Appendix A).  Initially, all sixteen parameters must

be calibrated, but since the camera-to-display transformation is fixed, and the pattern-to-

workspace transformation may be also, subsequent calibrations may involve as few as four

parameters.  These recalibrations are necessary whenever the user removes and replaces the

heads-up display, changing the four parameters of the eye/display projection model.

To understand how the 4x4 matricescTp  anddTw are fully described by 6 parameters, we

consider in more detail the relationship between the 3D camera coordinate frame and the 3D

pattern coordinate frame.  The camera frame has arbitrary position and orientation with

respect to the reference pattern.   By inspection, we see that the 3D translation which aligns

the origins of the two coordinate systems can be written in homogeneous coordinates

(28)

We represent the 3D rotation which aligns the axes of the two coordinate frames as the com-

position of 3 consecutive rotationsθx, θy andθz around the x, y, and z axes.  The matrices

corresponding to these simple rotations can again be determined by inspection.

(29)

T
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Composing these two transformations gives the following matrix

(30)

where we define the parameter vectorθ = [θx, θy, θz, tx, ty, tz].

For the purposes of calibration, we define a 16 element parameter vectorλ.  We parameter-

ize cTp by its first six elements anddTw by its second six elements.  The remaining four ele-

ments represent the four unknown parameters of the eye/heads-up display projection matrix.

We estimate the 16 unknown parameters using an iterative nonlinear optimization.   We

begin the initial calibration process by hand-coding “ballpark” estimates for the sixteen

parameters, and running the system to place a synthetic mark on top of a known landmark in

the workspace.  The initial estimates may not be very accurate, and consequently the synthe-

sized mark will generally appear in the wrong place.  The user indicates this by pressing a

button, which freezes the display and records the display coordinates of the synthesized

mark.  After pressing the button, the user moves his/her head until the mark and feature are

aligned, and presses the button again.  The position of the camera with respect to the pattern

is tracked during the motion, and is recorded at the time of the second button press.  This

procedure is repeated several times at varying positions and with several landmarks.  Each

screen coordinate-camera position pair provides an equation in the form of equation (27),

(31)

where ui is a 2 element column vector, the position of the synthesized mark on the heads-up

display, and x is a four element column vector, the position of the landmark in (homoge-

neous) 3D workspace coordinates.

M θ( ) TR=

θy( )cos θz( )cos θx( )sin θy( )sin θz( ) θx( ) θz( )sincos–cos θx( )cos θy( )sin θz( )cos θx( )sin θz( )sin+ tx

θy( )cos θz( )sin θx( )sin θy( )sin θz( ) θx( ) θz( )coscos+sin θx( )cos θy( )sin θz( )sin θx( )sin θz( )cos– ty

θy( )sin– θx( )sin θy( )cos θx( )cos θy( )cos tz

0 0 0 1

=

ui

f dlu 0 u0e 0 Td wxi 
 

0 0 1 0 Te wxi( )⁄

0 f dlu u0e 0 Td wxi 
 

0 0 1 0 Te wxi( )⁄

=



23

Once a sufficiently large set of point correspondences has been generated, at least 8 for the

sixteen parameter calibration,  a squared error function is defined.

(32)

Where we define

(33)

Wherei
cTp is the ith pattern to camera transformation recorded by the user during the man-

ual alignment, and corresponds to ui, the ith synthetic mark position.

The first and second derivatives of this function are messy, but calculable, and a local mini-

mum can be found using the Levenberg-Marquardt method.

This method of estimatingλ may fail to converge to the correct result for three distinct rea-

sons: the set of specified points may not be sufficient to completely determine the parameter

set; the minimization may converge to an incorrect (local) minimum; and alignment errors

during the calibration process may lead to the recovery of incorrect parameters.

If the procedure converges to an incorrect minimum because the calibration parameters are

underdeterimined by the specified points, or because of a local minimum in the error space,

the user can select an image-feature pair which exhibits especially bad registration and

repeat the calibration process with this pair added to the calibration set.  The misregistered

pair will increase the value of the error function at the local minimum, or add additional

constraints to the parameter set.

Alignment errors during the calibration process are a more difficult problem.  If the user

fails to accurately line up the synthesized and real features, or if the tracking procedure of
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section 4.1 returns a bad estimate of the transformationcTp, an incorrect term will be added

to the error function.  We currently make no attempt to detect these errors.

6.0  Implementation

All code was written in C++ to run on a Silicon Graphics Indy R5000 Workstation.  Since an

optical see-through head mounted display was not available, the heads-up display/eye com-

bination was modeled using a Panasonic VPC-920 CCD camera, and the real and synthetic

images were composed digitally as is done when a video based heads-up display is used.

The SGI Indycam (supplied with the workstation) was used as the tracking sensor, and was

rigidly attached to the display camera using a custom aluminum bracket.  Digitization hard-

ware was configured to return 320x240 24 bit color images.

The reference pattern was chosen to look roughly like a pattern of small ceiling tiles.  Spe-

cifically, the pattern consists of black and white squares arranged in a 7x7 checkerboard pat-

tern (Figure 5).  The pattern is 34”x34”, and the squares are roughly 5 inches on a side.

Figure 5:  Reference Pattern.
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Since a plain checkerboard is a symmetrical repeating pattern, there is a phase ambiguity in

the interpretation of the camera images.  Images shifted in x or y by an even number of

blocks look identical, as do images in which the pattern is rotated around the center of a

square by an angle which is an integer multiple of 90 degrees.  We addressed this ambiguity

by printing a unique identification code on each square.  This identification encodes the

position of the square within the pattern, as well as the orientation of the pattern. The code

consists of two 4 bit binary words and two 1 bit orientation indicators (see figure 6).  By

reading this code after registering the image, it is possible to eliminate the ambiguity in the

position and orientation of sensing camera relative to the reference pattern.

.

The reference pattern was affixed to a wall near the author’s desk.  Two workspace coordi-

nate systems were defined and used in two separate runs of the system.  The first workspace

coordinate system was attached to the wall, with its x and y axes in the plane of the pattern.

The second workspace coordinate system was attached to a nearby desk (see figure 7).

Workspace features with known coordinates were determined in each of the two coordinate

X position Y position

Black orientation indicator

White orientation indicator

Sign bit
Low order bitSign bit Low order bit

Figure 6:  Organization of identification code on reference
pattern squares.
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systems.  All of the features in the first workspace coordinate system (the one attached to the

wall) were coplanar with the pattern, and all of the features in the second workspace coordi-

nate system lay in the plane of the desktop.

7.0  Results and Discussion

7.1  Results

The setup described in section 6 was timed to determine system speed.  Registration takes

about 50 ms, although the time required depends on the amount of motion between frames

and the distance from the pattern.  For small motions, times as short as 25 ms are common.

Larger motions can take as much as 80ms.  Actual system speed was a little slower because

of the time required to capture and display video from the display camera.  If an optical see-

through heads-up display were used, this additional delay would not be an issue.

Overlay accuracy was measured by locating workspace features manually in the display

camera image.  The distance between the actual feature and the synthesized mark was mea-

Reference
Pattern

Workspace
features

Figure 7:  Experimental setup
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sured in pixels for each of three workspace features, with the sensing camera/display camera

assembly at six different positions and orientations.  The camera assembly was held still as

each image was acquired.

The mean error for features in the plane of the reference pattern was 3.4 pixels, which pro-

jected to a misregistration of about 0.4 inches in workspace coordinates when the camera

was held at a range of 3 feet.  The mean error for features in the plane of the desk surface

was higher, at 7.4 pixels, which projected to a misregistration of about an inch in workspace

coordinates at a range of 3 feet, and about 0.5 inches when the distance between the camera

assembly and desk surface was 18 inches (about arms length).  Error for the desk features

also tended to vary more, with a standard deviation of 4.8 pixels, compared to 2.2 pixels for

the wall features.

7.2  Discussion

The system speed reported above is fast enough that the display moves fairly smoothly.

However, it is sufficiently slow that the synthesized marks lag perceptibly behind the actual

image features when the camera assembly is in motion.  This lag is distracting, and detracts

from the illusion that the synthesized marks are actually part of the workspace.

We propose to address this dynamic error by predicting sensor position and by speeding up

the registration process of section 4.1.  There is evidence that predictive filtering of sensor

position can reduce dynamic errors by as much as 50% [Azuma and Bishop, 1994], and we

anticipate that by exploiting the binary nature of the reference pattern, the registration step

can be speeded up considerably.

The static errors reported above are consistent with those of other sensing technologies cur-

rently in use [Azuma, 1995], but we believe that they could be significantly reduced by com-

pensating for radial lens distortion in the sensing camera.  The SGI Indycam has inexpensive

imaging optics, and deviates significantly from the pinhole camera model of section 3.1.  If

this optical distortion were characterized and mapped, the camera image could be resampled

using a lookup table without incurring significant computational cost.
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Appendix A:  Calibration of Camera Intrinsic Parameters

In equation (1), we described the projection model for the sensing camera using a three by

four matrix in homogeneous coordinates, called the projection matrix of the camera

(34)

As before, we use the congruence operator to represent projective equality (equality up to a

scale factor).  This projection matrix is dependent upon four quantities, [fcku, fckv, u0, v0],

the intrinsic parameters of the camera.  In the body of this paper, we have assumed these

parameters to be known.

If the intrinsic parameters of the sensing camera are not known, they can be estimated as fol-

lows.  Recall from equation (5) that the planar projection from 2D pattern coordinates to 2D

image coordinates can be written as a three by three matrix in homogeneous coordinates.

(35)

Recall also that this three by three matrix can be expressed as the product of three matrices

in homogeneous coordinates.

(36)
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where R is a three by three rotation matrix in non-homogeneous coordinates, and t is a three

element column vector.  Eliminating null rows from equation (28), we have

(37)

where we define ri,j to be the (i,j)th element of R, and ti to be the ith element of the column

vector t.  The two outside matrices on the right hand side of equation (37) are trivially invert-

ible, so we can write

(38)

or equivalently,

(39)

where we have multiplied the left hand side by a constant factor of p without affecting the

projective equality of the two matrices.  Since the first two columns of the right side of this

equation are columns of a rotation matrix, we know that they are orthogonal and of equal

length.  Under projective equality, these properties hold for the left hand side of the equa-

tion.

Since the first two columns of the left side of equation (39) are orthogonal, their dot product

must be equal to zero.  This gives
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(40)

Since the first two columns of the left side of equation (39) are of equal length, we can write

that the difference of their magnitudes is equal to zero

(41)

We define a parameter vectorθ = [θ1 θ2 θ3 θ4]T, and parameterize the left sides of equations

(40) and (41) byθ and H

(42)

(43)

Note that each possible position and orientation of the camera defines a projection from pat-

tern coordinates to camera coordinates, and a corresponding planar projection matrix H.  For

each  H, g1(θ,H) and g2(θ,H) will be equal to zero whenθ1 = fcku, θ2 = fckv, θ3 = u0, andθ4

= v0.

Our calibration procedure, is to collect a large number of different planar projection matri-

ces (corresponding to widely varied camera positions) using the procedure described in sec-

tion 4.1.  We then define the error function
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(44)

where the Hi are the individual planar projection matrices, and a total of N have been col-

lected.  We minimize this function overθ using an iterative nonlinear least squares algo-

rithm,

(45)

and estimate the camera intrinsic parameters based on this result

(46)
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