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on two neural network estimates for each controller, one for its region of stability and another for
a performance index. Neurodynamic programming techniques are used for neural network training
providing a way to realize the architecture in real-time. Several types of estimates are developed to
handle uncertainties and disturbances. Convergence of the algorithms and confidence intervals are
analyzed. The architecture and controller scheduling algorithm developed in this thesis allows us
to assure stability of the closed-loop system and improve closed-loop performance by combining
tested and new controller capabilities. Computational complexity is analyzed. Results are presented
in a simulation example and a submerged vessel application. Future lines of research are discussed.
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Notation

List of standard notation used throughout the thesis.

Z ;< Integer and real spaces.

<
n; Cn Real and complex vector spaces.

D;R; S Domain sets.

x;y Vector signals.

f(:); g(:) Scalar and Vector functions.

W; Ŵ Neural network weight matrices.

�(:); �(:) Neural networks functions.

J i� Performance index for controlleri with discount factor�:

	(:) Basis functions on linear approximation expansions.
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Chapter 1

Introduction

1.1 Motivation

We explore the use of neural networks to evaluate the performance of autonomous systems and to

switch among a pool of controllers to achieve a desired closed-loop performance.

There are several motivations for this research. Neural networks have been shown to be effective

in the control of many complex real world systems because they can provide robust approximation

of nonlinear functions. Neural networks can also be adaptive, keeping track of changes in the

environment to help improve the overall performance of the system. Controller scheduling, mainly

gain scheduling, has been used successfully for many years in practice, but the way it has been

designed and applied has been almost always empirical. Neural networks offer the possibility to

automate some of these empirical procedures.

Another motivation comes from the possible application of the proposed scheme to a fault-tolerant

system calledSIMPLEX being developed at the Software Engineering Institute at Carnegie Mel-

lon University.SIMPLEX operates within a real-time multitasking operating system to help control

a complex process using a set of controllers. All of the controllers run concurrently as separate

tasks, andSIMPLEX monitors the performance of the controllers and the plant to determine which
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controller should actually send control inputs to the plant. This monitoring and switching activity

guarantees safety and performance, provided the switching rules are viable. The neural network ap-

proach proposed in this PhD research project may be a useful way to realize theSIMPLEX switching

rules.

1.2 Thesis overview

The thesis is organized in the following way. Chapter 2 covers the work that has already been

done related to the subject and describes the concepts and notation to be used throughout the rest

of the thesis. Chapter 3 presents a neural network approach to estimate the region of estability of a

class of dynamic systems. Chapter 4 develops several methods to estimate a cost-to-go function for a

dynamic system, based on neurodynamic programming. Chapter 5 combines the results of Chapters

3 and 4 and describes a controller scheduling method, the main result of this work. Chapters 6

and 7 show simulation and experimental results on two applications, an inverted pendulum and a

submerged vessel system. Finally, Chapter 8 summarizes the contributions of this thesis and points

out several lines of future research. Appendix A contains the details of the more involved theorem

proofs to make the flow of the ideas easier to read and understand.



Chapter 2

Background

2.1 Introduction

Throughout this century, but especially in the last decades, a great amount of work has been done in

the theory of nonlinear dynamical systems and in neural network theory. This chapter concentrates

on the concepts and results from these areas that are relevant to our work.

2.2 Lyapunov stability theory

Lyapunov stability theory remains the most important method to study stability for nonlinear sys-

tems and thus it is used extensively in areas such as optimal and adaptive control. There are many

publications that cover Lyapunov theory (e.g. [LM94, KB60]). We give a summary of some of its

concepts and important results. Consider an autonomous system described by

_x = f(x) (2.1)

with x 2 <n; f(:) smooth andf(0) = 0: The origin is referred to as anequilibrium pointfor

(2.1). The trajectory of the system (2.1) with initial statexo is denoted byx(t;xo): First, we
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introduce some definitions that will be used throughout this section and afterwards some well known

definitions and theorems for Lyapunov analysis (e.g. from [SL91])..

Definition 2.1 (ClassK function). A continuous function' : <+ ! <
+ is said to belong to class

K if

(i) '(0) = 0

(ii) ' is strictly increasing in<+:

Definition 2.2 (ClassK1 function). A classK1 function is a classK function which is onto<+:

Therefore, its inverse is also a classK1 function.

Definition 2.3 (Invariant Set). A set
 � <n is invariant with respect to the system (2.1) if every

solution of (2.1) starting in
 remains in
 for all time.

Definition 2.4 (Lyapunov function). A continuous, positive definite functionV : <n ! < with

continuous partial derivatives is a Lyapunov function of (2.1) if its derivative along any state trajec-

tory is negative semi-definite, i.e.,

_V (x(t)) � 0; 8t

Theorem 2.1 (Lyapunov’s Direct Method). System(2.1) is locally (globally) stable at the origin

iff there exist a locally (globally and radially unbounded) Lyapunov functionV for it. Furthermore,

the origin is asymptotically stable iff the Lyapunov functionV is strictly decreasing along any

system trajectory.

An extension of Lyapunov’s Direct Method is Lasalle’s theorem.

Theorem 2.2 (Invariant Set Theorem). Given system(2.1), letV be a scalar function on<n with

continuous partial derivatives such that

� For somel > 0 the region
l defined byV (x) < l is bounded.
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� _V (x) � 0 8x 2 
l

Let R be the set of all points in
l where _V (x) = 0; andM be thelargest(with respect to set

containment) invariant set inR: Then, every solutionx(t) originating in
l tends toM ast!1:

Definition 2.5 (Non-smooth Lyapunov function). A continuous, positive definite functionV :

<
n ! < is a non-smooth Lyapunov function of an autonomous system (2.1) if it satisfies:

V (x(t1)) < V (x(t2)); 8 t1 > t2

along any state trajectoryx(t) of (2.1).

Analogous results to Lyapunov and Lasalle’s theorems hold for non-smooth Lyapunov functions by

using the concept of generalized gradient [Cla83].

We introduce also an extended concept of stability

Definition 2.6 (Robust Uniform Asymptotic Stability). Given a system_x = f(x; w)withw(t) 2
W � <l for all t � 0 and a compact subset
 � <n; definekxk
 = inffkx� yk;y 2 
g: Then

the system is RUAS with respect to
 or RUAS� 
 if the following conditions hold.

1. For everyx(0) 2 <n andw(t) 2 W; the solutionx(t) is defined for allt:

2. Uniform stability: There exists aK1 function� s.t. for any� > 0; kx(t)k
 < � for all t � 0

wheneverkx(0)k
 � �(�); for all w(t) 2 W:

3. Uniform Attraction: For anyr; � > 0; there existsT > 0; s.t. for everyw(t) 2 W; kx(t)k
 <
� wheneverkx(0)k
 < r andt � T:

These concepts help in dealing with systems with uncertainty and noise which is an important issue

in applications.
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2.3 Stability regions for nonlinear systems

The problem of estimating the region of stability for the stable equilibria of autonomous nonlinear

systems is fundamental in the theory of dynamic systems, and has been studied for many years

[Zub64] [NL95]. In applications, knowledge of regions of stability is essential for the safe operation

of many complex dynamic systems, such as power systems and nuclear reactors [ZHZL88]. Despite

many years of theoretical attention to this problem, and its clear practical importance, the existing

methods for estimating stability regions remain limited. They often can be applied only to low-

dimensional systems, and they are generally very conservative.

Definition 2.7 (Region of attraction). Given the dynamic system (2.1) with equilibrium statexe

(i.e., f(xe) = 0 ), the region of attraction or domain of attraction forxe is the set of initial condi-

tions,xo; such that

lim
t!1

x(t;xo) = xe

Several methods have been proposed to compute inner (i.e., conservative) approximations to the

boundary of regions a attraction (e.g., [CHW88] and references therein). All of these methods

assume a model of the system dynamics is given. Consequently, for real applications the system

dynamics must be known precisely or measures must be taken to make the boundary estimate con-

servative enough to account for model uncertainties.

Most of the proposed methods involve the computation of a Lyapunov function for the system.

For example, Davison and Kurak [DK71] developed an algorithm to find a quadratic Lyapunov

function that maximizes the volume of the stability region. Noldus and Loccufier [NL95] proposed

a technique for improving a given Lyapunov function estimate by integrating the system dynamics

backwards in time, away from the Lyapunov boundary at specific points, to enlarge the estimation.

Marpaka [Mar91] proposed that for power system applications where fast real-time estimates are

needed, one could train a feedforward neural network to characterize agivenLyapunov function.
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Although Marpaka’s work addresses the problem of on-line computation via a neural network, it

does not advance any methods for actually obtaining the Lyapunov function itself.

In the next sections we explain with more detail two methods to compute stability regions that will

be used later for comparison purposes.

2.3.1 Maximal Lyapunov functions

Vannelli and Vidyasagar [VV85] estimated the region of stability from the development of a “max-

imal” rational Lyapunov function for a given dynamical system (2.1) withx = 0 an asymptotic

stable equilibrium point with domain of attractionS:

Definition 2.8. A functionVm : <n ! <
+ [ f1g is called amaximal Lyapunov function(MLF)

for the system (2.1) with domain of attractionS � <n if

i. Vm(0) = 0; Vm(x) > 0 x 2 Sn0

ii. Vm(x) <1 () x 2 S

iii. Vm(x)!1 asx! @S and/orjxj ! 1

iv. _Vm is well defined and negative definite overS:

Theorem 2.3 states a necessary and sufficient condition for a set to be the domain of attraction of a

system in terms of the existence of a MLF.

Theorem 2.3. Supposef is Lipschitz continuous onS: Then, in order for an open setA containing

0 to be the domain of attraction for(2.1), it is necessary and sufficient that there exists a continuous

functionV : A! <
+ and a positive definite function� such that

i. V (0) = 0; V (x) > 0 x 2 An0
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ii. The function

_V (xo) = lim
t!0+

[V (x(t; xo))� V (xo)]=t

is well defined for allx 2 A and satisfies

_V (xo) = ��(x) for all x 2 A:

iii. V (x)!1 asx! @A and/orjxj ! 1

Moreover, Vanelli and Vidyasagar also state a condition for the existence of a MLF.

Lemma 2.4. Supposef is Lipschitz continuous on S, and suppose there exist� > 0 such thatV is

a continuous function on some closed ball�B� with V (0) = 0 and _V is negative definite over�B�:

Then, there exists a MLFVm that agrees withV in �B�:

In [VV85] the authors develop a computational method with rational functions as MLFs and find

approximations to the stability region to a certain error in terms of the order of the polynomials

used in the rational expansion. This procedure relies on a model of the system for the solution and

it is computationally expensive. Also, the development for higher order systems has not been done

completely yet. This method is applied to the low order examples in Chapter 6 and comparisons

with our work are drawn.

2.3.2 LMI Approach

Even though Linear Matrix Inequalities (LMI) have been known for decades, only in recent years

they have become an important tool for a control engineer due to major advances in how to solve

them. LMIs are flexible to manage many types of problems more quickly than other tools. A good

reference on the possibilities of LMIs is [BGFB94]. [Ter96] covers the mathematical aspects of the

interior point method, the main optimization procedure used for LMI computations.
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The main disadvantage of LMIs is that they can not be applied to nonlinear systems unless every-

thing can be set up as linear matrix inequalities, which is highly unlikely for many problems.

The approach taken by Seto et al. to overcome this limitation is fairly simple and very similar to the

one by Davison and Kurak [DK71]. It consists first in solving for an ellipsoid of maximal volume

that solves the Lyapunov stability equation of the linearized system, subject to possible state and

input constraints. This ellipsoid acts as a first guess of the stability region. The next step is the

verification that this region is indeed in the stability region of the nonlinear system by looking at

the derivative vector field on the ellipsoid surface. If this is not the case the ellipsoid is shrunk until

this condition is satisfied. These operations can be done very fast using LMIs and gives a very easy

formula to evaluate whether a state belongs to the stability region. This method is applied to the

examples in Chapters 6 and 7 and comparisons with our work are explained in each chapter.

2.4 Controller Scheduling

Controller scheduling strategies have been used for a long time. Recently, some works on controller

scheduling have emerged from the adaptive control community with a combinations of ideas that

relate to the work in this thesis.

Although it is strictly for linear systems, the work of Morse [Mor95, Mor96] on supervisory control

contains some key ideas for any scheduling system. The ”supervisor” switches between a set of

linear controllers to control a plant assumed to belong to a certain family of plants. It is assumed

that for each plant in the family a stabilizing robust controller is given. The plant and controller

parameterization may be countable or uncountable. The switching logic is realized by a hybrid

system which computes anL2 performance measure for the family. The best performance decides

which plant in the family is the closest at that particular instant and the controller designed for it is

applied to the system. The procedure also makes use of a dwell-time, i.e., a minimum time that a

controller would be applied to avoid infinite switching in a finite time span. In [Mor96] it is proved
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that under a constant disturbance the supervisor is able to follow a step reference signal with no

steady-state error and moreover that under piecewise constant disturbance and noise all signals in

the system are uniformly bounded.

Narendra and Balakrishnan [NB97, BN95b] developed several control architectures with the goal

of improving the transient response of a switching system in an adaptive control framework. The

schemes proposed in [NB97] are based on a family of linear models for a linear unknown plant

and a family of controllers, fixed or adaptive, plus a supervisory scheme to minimize a performance

index by switching controllers. The performance index for thejth model is given by

Jj(t) = �e2j (t) + �

Z t

0
e��(t��)e2j (�) d�; � � 0; �; � � 0

whereej(t) is the error between the output of the plant and the output of thejth model. Stability

and robustness are proven. The use of neural networks in those architectures is also assessed in

[BN95a], but using them as system model estimators rather than directly for controller scheduling.

A high-level approach for scheduling controllers for a regulation problem in discrete time developed

by Kolmanovsky and Gilbert [KG97] presents many similarities to this work. Basically, they address

the problem of designing a supervisor to switch betweenN output feedback controllers based on

the computation of positive invariant setsOi
1 for the closed-loop system generated by applying

controlleri to the plant.Oi
1 si defined in the augmented state-space for the controllers. A block

diagram of the approach is shown in Fig. 2.1. The controllers are ranked from 1 to N by preference,

1 being the less preferable and N the most desirable controller to use. An important concept in

the design is the set of safe indicesI(xp) that groups the indices of the controllers that are within

their safe set�iGi at the plant statexp with Gi � Oi
1 and�i being the projector operator of the

augmented state space for each controller over the plant state space.

Definition 2.9 (Switching rule.). Seti(0) = max I(xp(0)): For t > 0 apply the following proce-

dure: ifI(xp(t)) = � ormax(I(xp(t)) < i(t�1); seti(t) = i(t�1);else, seti(t) = max I(xp(t)):

Theorem 2.5 states the main result in [KG97].
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Theorem 2.5. AssumeGi � Oi
1; i = 1; : : : ; N; and the initial statexp(0) 2

S
i=1;::: ;N �iGi: Let

i(t) andu(t) be defined respectively by Def. 2.9 and

x
i(t)
c (t) = f i(t)(xic(t� 1);y(t� 1)); i(t) = i(t� 1); t > 0

= Zi(t)(xp(t)); t = 0; or i(t) 6= i(t� 1);

u(t) = hi(t)(xi(t)c (t);y(t))

with the functionZi satisfying(xp; Zi(xp)) 2 Gi: Theni : Z+ ! f1; : : : ; Ng is nondecreasing.

Further, if for eachi 2 f1; : : : ; N � 1g there existsj > i andTi 2 Z+ s.t.�iH i(Ti) � �jGj with

H i(T ) � Oi
1 defined by

(xip(t;xp;x
i
c; w); x

i
c(t;xp;x

i
c; w)) 2 H i(T )

8(xp;xic) 2 Oi
1; w 2 W; t � T

Then,i(t)! N:

In words, Theorem 2.5 states that under the assumption of being able to calculate the safe indices

for each state and the connectivity of the corresponding safe sets for the available controllers, the

switching rule defined in Def. 2.9 guarantees that the system will eventually switch to theN th

controller which by assumption was the most desirable controller.

Further developments for the case of linear systems are described in [KG97] but a deeper analysis

needs to be done for the case of nonlinear systems where the implementation of the rule 2.9 may

require a complete knowledge of the system as well as strong computational resources. Another

point to mention is that this switching rule is based completely upon the assumption the system is

stable for each controller. The performance factor is introduced in the ordering of the controllers.

2.4.1 Lyapunov theory approaches

Lyapunov theory remains the most powerful tool for analysis of nonlinear systems and it has been

applied to the case of switching systems. Malmborg et al. [MBA96] consider the case of having
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Plant
w(t)

Controller 1

Controller 2

Controller N

Observery(t)u(t)

Supervisor

Z
1

Z
2

Z
N

x̂p(t)

xp(t)

i(t)

Fig. 2.1: Block diagram of the multimode regulator approach by Kolmanovsky and Gilbert.

multiple controllers for a given plant. Their principal purpose is to design a switching strategy

that guarantees the closed-loop stability through the use of Lyapunov functions available foreach

controller (that is, available for each closed-loop system that results from the application of each

controller independently). State and control constraints are not dealt with explicitly in the switching

strategy. Presumably the control constraints are taken into account in the design of the controllers.

Their min-switchingstrategy chooses the control(s) corresponding to the least-valued Lyapunov
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function(s). This creates implicitly a (non-smooth) Lyapunov function for the closed loop system

from the set of Lyapunov functions for the individual controllers. This control scheme serves as a

principal motivation for the performance-based switching strategy proposed in this thesis. Formally,

the switching strategy is given as follows.

Definition 2.10 (Min-Switching strategy). Given a nonlinear dynamical system_x = f(x;u); x 2
<
n; u 2 <m; and a set of control lawsui(x); i = 1; : : : ; M and a set of performance index func-

tionsIi : <n ! <; i = 1; : : : ;M that characterize the control laws, the Min-Switching strategy

is defined as the application of the control signalu
�(t) = ui(x(t)); i= arg min

j
fIj(x(t))g:

Theorem 2.6 presents the main result in [MBA96].

Theorem 2.6. Given a dynamical system_x = f(x;u); x 2 <n; u 2 <m; suppose the given

controllersu = ci(x) stabilize the system in open domains
i � <n; and for each pair(ci;
i)

there exists aC1 Lyapunov functionVi(x): Assume the collection of sets
i covers<n: Fur-

thermore, at any forced transition fromci to cj the corresponding Lyapunov functions are equal,

i.e. Vi(x) = Vj(x): Then, the min-switching rule defined by the set of controllers and using

their associated Lyapunov functions as their performance index functions stabilize the system and

W = min(V1; : : : ; Vn) constitutes an associated non-smooth Lyapunov function for the overall

system.

Remark 2.1.From the proof given in [MBA96] we can see that the system may switch smoothly

from one controller to the other, but in certain cases it may slide on the boundary between two or

more controllers having the same value for the given Lyapunov functionVi: Although still stable,

that will give undesired chattering.

For systems in which the nonlinearities are a few and can be identified, McConley et al. [MADF97]

developed a robust scheduling approach using control Lyapunov functions (CLFs) to solve the track-

ing problem. The CLFs provide the means of doing the switching between a sequence of setpoints

along a desired trajectory.
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2.5 Hybrid systems

A gain scheduling system can be thought of as a hybrid system, that is, a system with both continu-

ous and discrete state variables. The states of the plant and controllers evolve in a continuous state

space whereas the decision strategy introduces a discrete state. The dynamics of the continuous-

state trajectory changes each time the decision strategy switches to a different controller. Using

a typical model for hybrid system dynamics, a switching control system can be described by the

equations

_x = f(x(t); q(t))

q(t) = �(x(t); q(t�))

where the continuous state vectorx(t) includes the states of all controllers as well as the plant, and

the discrete stateq(t) represents the index of the controller selected at each instant.

Among the issues that are current research topics in hybrid systems theory, stability is the most

relevant to this work. Branicky [Bra94a, Bra94b] developed mathematical results for analysis of

hybrid systems. In particular, [Bra94b] covers the stability of a class of hybrid systems called

switched systemsgiven by

_x = fi(x(t)); i 2 f1; 2; : : : ; Ng; (2.2)

with x 2 <
n; f(:) Lipschitz, and the further assumption that the selection of the indicesi is

such that there are finite number of switches in finite time. Defining the switching sequence

S = (io; to); (i1; t1) : : : andSji as the sequence oftk such thatik = i; Branicky introduces the

following definitions

Definition 2.11. Given a strictly increasing sequence of timesT = to; t1; : : : ; theinterval comple-

tion I(T ) is defined by

I(T ) =
[

j2Z+

(t2j ; t2j+1)
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and theeven sequence"(T ) as

"(T ) = ft2j : j 2 Z+g

Definition 2.12 (Lyapunov-like functions). Given a strictly increasing sequence of timesT in <

( Z ) we say thatV is a Lyapunov-like function for functionf and trajectoryx(:) ( x[:] ) overT if

� _V (t) � 0 ( V (x[t+ 1]) � V (x[t]) ) for all t 2 I(T ) ( t 2 T ).

� V is monotonically nonincreasing on"(T ) ( T ).

Theorem 2.7. Suppose we have candidate Lyapunov functionsVi; i = 1; 2; : : : ; N; for (2.2) with

fi(0) = 0 for all i: Let S be the set of all switching sequences associated with the system. If for each

s 2 S we have that for alli; Vi is Lyapunov-like forfi andxS overSji; then the system is stable in

the sense of Lyapunov.

Caines and Ortega [CO96] have worked with a similar type of systems they have calledDifferential

Hybrid Systemsand have assessed stability by looking at the existence of a so-called�-Lyapunov

function.

As with Lyapunov theory for standard continuous-state systems, the difficulty on applying The-

orem 2.7 to prove stability or to implement the switching strategy is to find the candidate Lya-

punov functions. For hybrid systems with continuous dynamics that are linear or affine, numerical

methods have been developed to construct piecewise quadratic Lyapunov functions using LMIs

[PL96, JR96]. Stability is proven for piecewise linear systems but no performance measures are

computed yet.

2.6 Neural networks

In the following section we describe the basics of neural networks. It is not the purpose to do

a detailed survey but to introduce the concepts and results that are used in this dissertation. We
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examine first the principal characteristics of neural networks and give a more detail description of

some special procedures directly relevant to this work.

2.6.1 Neural network architectures

With the development of this area an enormous number of architectures have been designed to deal

with different theories and/or applications.

Multilayer network

1 1 1 1 1

Wo

x1

WN
Wk

Φ1

W1

Φk-1 Φk ΦN

x2

xno

Hidden LayersInputs Outputs

y1

y2

ynN

φ1

φ2

φnk

Fig. 2.2: Typical multilayer neural network architecture.

A typical structure for a multilayer network is shown in Fig. 2.2. Multilayer networks are mem-

oryless nonlinear mappings. Neural network units are grouped into ordered layers. We use the

following notation: letN be the number of layers of units from input to output. Each layerk is

composed ofnk units. We useno to note the number of inputs to the network. Letx 2 <no be the

vector of inputs to the neural network andy 2 <nN the output vector. The output of thekth layer
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is represented by the following expressions

sk = �k(x)

= �k(W
T
k sk�1); 1 � k < N

y = sN = WT
o �x+WT

NsN�1

whereWk 2 <(nk�1+1)�nk ; sk 2 <nk+1; and

�o(x) = �x

�xT = [1 x
T ]

�Tk (x) = [1 �k;1(x1) : : :�k;nk (xnk)]

The functions�k;i : <! S � <; called activation functions, are usually bounded monotonic non-

decreasing functions like thesignumfunction, linear with saturation or sigmoidal type functions.

All the units in the same layer have usually the same activation functions but they may differ with

respect to other layers in the network. The layers and units in them are usually called input, hidden

and output, according to their position in the structure of the network.

Kolmogorov’s theorem (cited in [Bis95]) implies a two-hidden layer neural network can represent

any continuous mapping as accurately as desired as long as strictly increasing activation functions

and a sufficient number of units are used.

Recurrent network

For more complex problems, e.g. system identification, multilayer neural networks are many times

insufficient [LN96] due the lack of memory. Recurrent neural networks fill this gap. Actually,

recurrent neural networks are often considered as a generalization of multilayer networks. For this

type of networks there is no restriction in their interconnectivity: any unit output can contribute to

the input signal of any other unit. In particular, the possibility of having the output unit signals
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x y

Fig. 2.3: A recurrent neural network structure.

fed back to the input layer is the most common structure, as shown in Fig. 2.3. We can still make

the differentiation between input, hidden and outputs layers according to their interaction with the

environment but interconnections can happen between any two units in any two layers.

System Identification is the major area in which recurrent neural networks have been applied.

Narendra [NP90] developed architectures and algorithms for several system identification mod-

els. These models have had wide acceptance in certain areas like chemical systems and process

control where lack of accurate first principle models, or the use of strictly linear models had made

the industry to rely only on costly experimental exploration and trial and error.

2.6.2 Neural network training

Training usually means the methods used to adapt the weightsW of a neural network structure to

be able to reproduce a desired mapping or behavior. Training methods can be classified in three

different types:

Supervised. The most used method of the three, this refers to the direct use of input-outputpatterns

we wish the neural network to reproduce to adapt the parameters of the network. Those

patterns are used to generate an output error function parameterized on the network weights.
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Many procedures are developed to minimize this error function. It is the typical mapping

training method, very much used in pattern recognition tasks [Bis95].

Unsupervised. This training method, mainly used in classification problems, is the opposite of

the previous one discussed. It was first developed with the idea of self organization of a

neural network by Kohonen [Koh89]. Clustering the input data is the main goal for feature

extraction and dimensionality reduction to help organizing the input data. In this method,

only a set of input vectors is presented to the network and the training methods will set

the outputs according to some predefined measure of proximity of the input patterns. In a

self-organizing map [Koh89] the network architecture is that of a one-layer network and the

training is performed such that the inputs are associated with a specific output unit or a group

of units. On presenting the trained network with a particular input, only a unit or group of

units would be activated, denoting that the input belongs or is closer to the cluster represented

by that unit or groups of units.

Reinforcement. Reinforcement learning algorithms are useful when the information provided to

the adaptation procedure is based on performance, not on the desired outcome [Wer91].

Fig. 2.4 shows an scheme of what reinforcement learning is. The algorithm implements an

estimation of the correlation between the outcomes and the weights of the network. An error

between the desired outcomes and the network prediction is then expressed as a function of

the weights and minimized. Given the state of the environmentx(t) and a reference signal

s(t); the reinforcement system gives an action to be performedu(t) on the environment. In a

supervised learning procedure, samples of bothx(t) andu(t) would be given to the network

for training. In this method the feedback on the performance of the actions applied is given by

the reinforcement signalr(t): The reinforcement learning algorithm uses the reinforcement

signal to correlate the current valuer(t) with past actions applied and to estimate the future

performance of the closed-loop system. The weights of the neural network that determine the

actions are then modified to maximize the performance estimate.
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Reinforcement
     learning
      system

Environment

state x(t) action u(t)

reference s(t) reinforcement
signal  r(t)

Fig. 2.4: Reinforcement learning scheme.

2.6.3 Neuro-dynamic programming

As the term suggests, neuro-dynamic programming refers to the use of neural networks in dynamic

programming approaches. A deep analysis has been developed recently by Bertsekas and Tsitsiklis

[BT96] in a stochastic setting. In the following we will summarize the main ideas. The dynamic

programming problem to solve consists in finding the optimal control for a markov process either

in a finite -or infinite- state system. In a finite-state application, the term optimal refers to the

minimization of the cost-to-go function for each statei defined in terms of the cost of the transitions

between states given by

J�(i) = lim inf
N!1

E

"
N�1X
k=0

�kg(ik; �k(ik); ik+1) io = i

#
(2.3)

where the functiong(:) is the transition cost function andE[:j:] is the conditional expected value.

The policy� = f�o; �1; : : :g is a sequence of functions�k mapping states into controls with�k(i)

belonging to a finite set of controlsU(i): Of particular interest are the set ofstationary proper

policies. For a stationary policy the mapping functions�k = � for all k: A stationary policy� is

proper if, using this policy there is positive probability that the termination state will be reached

after at most n stages, regardless of the initial state. The solution of the problem, i.e. the optimal
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policy�� is given by Bellman’s equation

J�(i) = min
u2U(i)

nX
j=1

pij(g(i; u; j)+ �J�(j)); (2.4)

with pij being the transition probability elements. Dynamic programming solves this problem by

going backwards in time but that is not possible in many applications. Sutton [Sut88] developed

a method that makes it possible to solve the dynamic programming problem in a forward manner

using approximations to the cost-to-go functions. The term neurodynamic comes from the fact

that neural networks have been used to approximate cost-to-go functions but any other nonlinear

approximators may be used.

Temporal differences method

The main purpose of the seminal work due to Sutton [Sut88] was to generate an algorithm to predict

the outcome of a function dependent on a time sequence. Letx be the time sequence andP (xt; w)

be the outcome estimate, dependent on the sequence valuext at timet and unknown parametersw:

Sutton defined the TD(�) procedure to update the parametersw as

wt+1 = wt + �(Pt+1 � Pt)
tX

k=1

�t�krwPk (2.5)

Several authors have continued working on proving and applying the capabilities of the TD(�)

procedures [Day92, TR97].

In applying TD(�) algorithms to the estimation of cost-to-go functions, the convergence of the

method is demonstrated in [BT96] when the estimation function is linear in the unknown parame-

ters. More specifically, if the estimator is written as

Ĵ(i; r) = rT (i) (2.6)
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wherer is the parameter vector and are the basis functions used, thetemporal differencedt is

defined as

dt = g(it; it+1) + �Ĵ(it+1; rt)� Ĵ(it; rt) (2.7)

The update equation for the parameters is then

rt+1 = rt + 
tdt

tX
k=0

(��)t�k (ik) (2.8)

or in other way

zt =
tX

k=0

(��)t�k (ik)

rt+1 = rt + 
tdtzt (2.9)

zt+1 = ��zt +  (it+1)

Theorem 2.8. [BT96] Under the following assumptions,

1. The markov chaini has a unique invariant distribution�:

2. The transition cost satisfyE[g(it; it+1)] <1 whereE[:] denotes expectation under�:

3. The matrix� = f (i)g has full row rank.

4. Each element of� satisfyE[�2
ij] <1:

5. The adaptive coefficient sequence satisfies

1X
t=0


t =1;
1X
t=0


2t <1

The following holds:

1. For any� in [0; 1] the TD(�) algorithm(2.9)converges with probability one.
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2. The limit of convergencer� is the unique solution of the equation

�T (�)(�Tr�) = �T r�

3. Furthermore,

k�Tr� � J�kD � �(1� �)

1� ��
k�J� � J�kD

whereD is the diagonal matrix with entries�(i) and� is the projection on the basis function

subspace given by

� = �T (�D�T )�1�D

Bertsekas and Tsitsiklis noted the importance of on-line sampling in convergence of the algorithm.

The fact is that convergence depends on the transition probability used in the algorithm and it is

shown that divergence may occur if something other than the real probability transition matrix is

used. One way of assuring the use of the real probability distribution is by doing on-line sampling.

No general results are shown on nonlinear-in-the-parameters approximators though.

2.6.4 Q-learning

Q-learning was developed by Watkins in his Ph.D thesis in Cambridge University [Wat89]. It is an

incremental method to solve the dynamic programming problem. The method is based the so-called

Q function which is used as a means of obtaining the optimal control strategy. Using the same

notation as inx 2.6.3 the Q-factors are defined as

Q�(i; u) =
nX

j=0

pij(u)(g(i; u; j)+ J�(j)) (2.10)

In terms of the Q-factors it is easy to rewrite Bellman’s equation

J�(i) = min
u2U(i)

Q�(i; u) (2.11)

The main result can be stated in the following way
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Theorem 2.9. [BT96] Given

1X
t=0


t =1;
1X
t=0


2t <1; 8i; u 2 U(i)

and the Q-learning method defined as

Qt+1(i; u) = (1� 
t(i; u))Qt(i; u) +


t(i; u)

�
g(i; u;�i) + min

v2U(i)
Qt(�i; ; v)

�
(2.12)

Q(0; u) = 0; 8t

with �i picked randomly with probabilitypi�i(u): Then,Qt(i; u) converges with probability 1 to

Q�(i; u) for everyi andu if all policies are proper.

2.6.5 Confidence intervals for neural network approximation

After using neural networks for estimation of a function it is important to assess the quality of

the estimate. A first measurement of quality is already performed during training by looking at the

error on the training and validationsets. A second approach is to use statistics to compute confidence

intervals for the network outputs. In general, we have to look into the nonlinear parameter estimation

and detection theory. Usual methods applied are Least squares, Maximum likelihood and Bayesian

estimation [Bar74, Tre68].

A nonlinear least squares approach to neural network estimation has been proposed by Chrys-

solouris et al. [CLR96] as follows. Consider a multilayer neural network to estimate an input-output

mappingh from noisy data

yobs = �(x;W �) + �1 + �2

where� represents the neural network function,W � the optimum weights of the network, and�1; �2

refer to modeling and observation errors, respectively, which are assumed uncorrelated, independent
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and identically distributed gaussian random vectors. The confidence interval100 � (1 � �) for a

predicted valuêy can be computed as

�y = ŷ � t�=2n�p(s
2
1 + (s21 + �22)Ĵ

T (ĜT Ĝ)�1Ĵ)
1

2

s2 =
ky � �(x; Ŵ)k2

n� p

s21 = s2 � �22 (2.13)

Ĵ =
@�(x; Ŵ)

@Ŵj

; j = 1; : : : ; p

Ĝ =
@�(xi; Ŵ)

@Ŵj

; i = 1; : : : ; n; j = 1; : : : ; p

wheret�=2n�p is the Student distribution,n is the number of data points used for estimation,p is the

number of parametersW in the network and�22 is the variance of the output measurement noise.

A Bayesian solution has been presented in Bishop [Bis95]. Consider a multilayer neural network to

estimate an input-output mappingh from noisy data

yobs = �(x;W �) + �

where� represents the neural network function,W � the optimum weights of the network, and� is

the output error. Assuming a gaussian error model and a gaussian prior distribution of weights, the

maximum likelihood solution̂W minimizes the squared error

S(W ) = �

nX
i=1

(yi � �(xi;W ))2+ �

pX
i=1

W 2
i

whereT = (xi; yi) is the training set,n is the number of data points used for estimation andp is

the number of parametersW in the network. The posterior distribution of outputs for a given input
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and given training setT is gaussian and can be expressed as

p(yjx; T ) � N (ŷ; �2t )

ŷ = �(x; Ŵ)

�2t = �2 + ĴT Ĥ�1Ĵ (2.14)

Ĵ =
@�(x; Ŵ)

@Ŵj

; j = 1; : : : ; p

Ĥ =
@2�(x; Ŵ)

@Ŵ 2

where�2 is the variance of the gaussian noise model. Both of the above results are based on a

linearization of the approximation around the solution. A comparison on these approaches shows

that equations (2.13) rely only on the computation of the Jacobian of the network with respect to

the weights while equations (2.14) need the Jacobian as well as the Hessian matrix to compute the

confidence intervals.

2.7 TheSIMPLEX architecture

One of the principal motivations for developing the controller switching strategy presented in this

thesis is to provide a method for implementing the switching rules in theSIMPLEX Architecture, a

technology developed at the Software Engineering Institute at Carnegie Mellon University to sup-

port safe, reliable on-line upgrades and modifications to real-time control systems [Sha95]. Fig. 2.5

shows a typical configuration forSIMPLEX in which there are three controllers: asafetycontroller,

a reliablebaselinecontroller, and theexperimentalcontroller representing the new untested control

module. The basic idea of theSIMPLEX system is to guarantee that the baseline controller per-

formance is maintained if there are problems in the experimental controller. This is accomplished

by monitoring the control outputs and system performance when the experimental controller is in-

stalled, and switching control back to the baseline controller if problems are detected. The safety
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controller is invoked when it is necessary to take more extreme action to return the system to the op-

erating region for the baseline controller. TheSIMPLEX Architecture has been applied successfully

New
controller

controller
Baseline

controller
Safety xu

u

s

n

Plant
uDecision

module
bu

Fig. 2.5: SIMPLEX architecture.

to the control of several physical systems including single and multiple inverted pendulum sys-

tems, a plasma deposition system, and a level-control system for a submerged vessel – the example

presented below. From a control perspective,SIMPLEX corresponds precisely the multi-controller

scenario considered in this paper. The controllers are designed for a given plant with similar control

objectives, in most cases to stabilize the system, but with different regions of stability and different

performance characteristics. Clearly the ability for theSIMPLEX system to provide the desired pro-

tection against errors in the experimental controller depends entirely on the rules used to switch to

the safety and baseline controllers. These rules are very difficult to create and maintain, even for

small systems. In the current applications ofSIMPLEX, the switching rules have been developed

using physical insight and extensive experimentation resulting in ad hoc and conservative charac-

terizations of the regions of stability for the safety and baseline controllers.

The neural network approach proposed in this dissertation provides a means of obtaining less con-

servative estimates of the stability regions for the controllers, and also a method for determining

when to switch from the safety controller back to the baseline controller based on estimates of their

performance. The on-line learning capabilities of the neural networks also suggest the possibility
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of acquiring knowledge of the performance of an experimental controller, leading to the eventual

transition of the experimental controller to the new baseline controller once it has been completely

tested and verified.



Chapter 3

Neural networks estimates of regions of stability

3.1 Introduction

In this chapter we present a new method to estimate the region of attraction of a stable equilibrium

for an autonomous nonlinear system using a neural network.

A formulation of the problem and the notation used is introduced inx 3.2. The neural network

approximation is presented inx 3.3 while the main theoretical results are presented inx 3.4. Com-

putational issues are presented inx 3.5. Discussionof the results of the method on standard examples

and comparisons with previous methods presented in Chapter 2 are shown inx 3.6.

3.2 Problem formulation

Let the state-constrained nonlinear autonomous system be:

xk+1 = f(xk)

x 2 D � <n

f(0) = 0

(3.1)
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with x 2 <n; x = 0 being an asymptotically stable equilibrium point. The nonlinear functionf

is assumed smooth on the constraint setD: Let us define the trajectory of the system (3.1) with the

initial statexo at time stepk = 0 asxk(xo): A trajectory is acceptable only ifxk(xo) 2 D for all k.

The stability regionR for x = 0 is a connected, invariant set defined as:

R = f xo : xk(xo) 2 D; 8k � 0 and lim
k!1

xk(xo) = 0 g

The problem of interest is to design a classifier that determines whether a given state is inR: This

classifier should be conservative, but as accurate as possible, and fast enough to be used on-line.

3.3 Stability region estimation

This section describes the neural network architecture chosen and algorithms used to estimate the

stability regionR:

3.3.1 Neural network architecture

Fig. 3.1 shows the architecture of the proposed neural network to estimate stability regions. A

multilayer feedforward network was selected for its capacity as an universal approximator with

a size that is small relative to the size of the data set [SS92]. Even though one hidden layer is

sufficient to achieve accurate approximations, the use of two hidden layers plus a linear input-output

component gives more robust results [MZT96], albeit at the cost of longer training.

Using the notation developed in Chapter 2 for a multilayer neural network, the input-output rela-

tionship of the architecture in Fig. 3.1 is expressed by

y = WT
o �x+WT

3 �2(x) (3.2)

The functions�i(:) for the hidden units of the neural network are all chosen to be the hyperbolic

tangent functions applied to each component of their input vectors (i.e.�i(u) = tanh(ui) ).
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The inputs to the neural network are the components of the system state vector,x, and the output

is a two-dimensional vector,y. The components ofy will range roughly between -1 and 1 in the

region of approximation, giving an indication of the membership of the state vector inR: The ideal

output values are(y1; y2) = (1;�1) whenx isR and(y1; y2) = (�1; 1) whenx is not inR: This

two-variable codification of the classes was selected to give more feedback to the network during

training. It follows a typical configuration which assigns as many output units as classes to separate

and sets up the ideal case with a different unit active per class [HKP91, Bis95].

To make a distinct classification in the non-ideal case (i.e., when the components ofy are not equal

to�1 ), two positive threshold parameters,� and�; are selected to implement the following decision

rule:

Declarex belongs toR if:

1: y1(x)� y2(x) > �

2: krx(y1(x)� y2(x))k < �
(3.3)

whererx denotes the gradient with respect tox:

The motivation for the classification rules is based on the necessity of obtaining conservative ap-

proximations for the stability regions. The parameter� is chosen after the network is trained so that

the classification is correct for all the training and validation data. The parameter� is chosen to be

much smaller than the maximum of the norm of the gradient of the network output over the domain.

The second rule does not acceptx as being inR in regions where the sensitivity of the outputs is

high, as will be the case near the boundary of the stability region estimate.

3.3.2 Training procedure

The training of the neural network for the stability region estimator is based on supervised and

reinforcement learning techniques (see Chapter 2). To initialize the training, three disjoint regions

A;B and C are defined, based on a priori knowledge of the autonomous system behavior:
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Fig. 3.1: Neural network architecture for stability region estimation.

1. Inner region A. A very conservative region which includes all the states from which con-

vergence to the origin is certain. This region may be obtained from a linearized model, for

example.

2. Study region B. The region on which the training procedure is going to be conducted.

3. Unsafe region C. The bounding region in which the system is either unstable or the state is

outside the operating region of interest.

To begin the training, data are selected from regionsA andC and supervised training is applied to

generate a first approximation to the stability regionR:Afterwards, experiments are performed with

the system starting at states belonging to regionB; and observing if the evolution leads the system

to regionsA orC; data are obtained for regionB to train the neural network.

During each experiment reinforcement learning techniques are used for training. This is because in

this case we do not know a desired value, i.e. if the current state belongs to the stability region or

not, beforehand. Therefore a temporal differences method (TD�) [Sut88] as defined in Chapter 2 is

applied to generate a prediction of the desired outputs for the network.
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The update equation for the network weightsW at step k is

�Wk = �(Pk+1 � Pk):
kX
i=1

�k�irwPi; k = 1; : : : ; N:

Pk = yk; k = 1; : : : ; N: PN+1 � y
�

with yk the network output at step k andy� the desired value. This algorithm is much faster than

just waiting until the end of an experiment to get precise data to train the network [Wer91]. At the

end of each experiment when the result is known, those data points can be added to the supervised

training set.

The next element to consider in the training procedure is the design of the data to use with the

algorithms described above. In an ideal situation in which experiments are possible and cheap,

we can define a fine grid to cover the variation of the function by means of the sampling theorem.

Training samples are taken in a square mesh inside the region selected to approximate the function.

For reinforcement learning the initial states are taken uniformly random in the region to investigate.

The characteristic function we try to represent is not continuous on the domain and we try to rec-

ognize where the discontinuity arises. This is usually not very suitable for estimators based on

continuous functions. However, we do not care so much about an exact representation of the func-

tion but rather want a correct decision of the state being inR instead. Moreover, this estimation has

to be carried out in a compact set and not the whole state-space<
n: These facts are very important

and can be used to our advantage. In these conditions Sanner and Slotine showed that it is possible

to uniformly approximate the function [SS92] and provide bounds on the number of grid points

needed and bounds on the error in the approximation based on the smoothness of the nonlinear

system functionf (3.1) and the application of the sampling theorem.

To enhance the approximation, as experiments are done, by selecting training patterns close to the

boundary ofR; the estimation becomes more refined where we need it. This procedure is carried

out initially using off-line data, but training can continue on line as the system operates.
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A conjugate-gradient, Polak-Ribiere minimization procedure is used [Min86]. The initial values of

the weights are chosen randomly. Weight decay and early stopping using a test set is used to prevent

overtraining. A pruning algorithm is run to optimize the size of the network by getting rid of the

hidden units which do not correlate well enough with the output.

Comparisons of the neural network stability region estimator with other approaches to stability

region approximation are presented inx 3.6. We have found that in all cases, with a reasonable

amount of training the neural network obtains an estimate of the stability region which is much less

conservative than most other methods. Moreover, since it is not model-based, it can be applied to

systems using empirical data with no a priori limits on the dimension of the state space.

3.4 Estimation properties

3.4.1 Guidelines for grid design

Applying results on the sensitivity of discrete-time system trajectories we can use the data we can

get from experiments more efficiently to guarantee a conservative estimation of the stability region.

First, we state a well known result on the sensitivity of a discrete-time system trajectory to initial

conditions.

Theorem 3.1. [Aga92] Consider the dynamical system given by

xk+1 � xk = F (k;xk) (3.4)

withF continuous and satisfying

kF (k;x)� F (k;y)k � g(k; kx� yk) (3.5)

with g : Z � < ! <; such that g(k,r) is nondecreasing inr for all k. Letx1o;x
2
o 2 <n be two

different state vectors such thatkx1o � x
2
ok � zo and definexik as the step-k state of the trajectory

of the system(3.4)starting atxio for k=0. Then,kx1k � x
2
kk � zk wherezk+1 � zk = g(k; zk):
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The system form used in Theorem 3.1 is sligthly different from the form we have adopted. However,

we can translate (3.4) to (3.1) by definingF (k;xk) = f(xk)� xk:

The following proposition applies Theorem 3.1 rather directly.

Proposition 3.2. Consider the dynamical system given by(3.1) satisfying the conditions of Theo-

rem 3.1 withF (k;xk) = f(xk)�xk:Assume there exists� > 0 such that the ballB(xf ; �) � R for

somexf 2 D: If there exists a trajectoryxk(xo) of (3.4)withxN = xf then the ballB(xo; zo) � R

with zo the solution of

zk+1 � zk = g(k; zk); zN = � (3.6)

Proof. Follows directly from Theorem 3.1.

This result can be used in the following way in our experiments: if our initial statexo lies in the

regionB and the system trajectory goes to regionA as defined inx 3.3.2, by applying Proposition3.2

we can compute the radiuszo of a ball aroundxo of states which also belong toR: To find zo we

have to solve (3.6) backwards in time. This information can be used in several ways. First, we can

eliminate from the training set states which are included inB(xo; zo):Also,zo is an estimate for the

separation between points aroundxo in the training set. This is only local information, and leads to

what we called a non-uniform grid.

Another use for this bound is to estimate a local bound on the norm of the gradient of the neural

network aroundxo: Since the neural network gives a continuous function, in order to reach the

threshold right outsideB(xo; zo) we should have

krx(y1 � y2)k � (y1 � y2)� �
zo

:

This result may seem quite conservative, especially whenN is large, but as the estimation ofR

becomes more accurate the values ofN are reduced and the neighborhoods increase in size. Similar

conclusions can be applied if the experiments lead to regionC:
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It is worth noting that it is not necessary to know the system (3.1) exactly. A bound on the function

f is all that we know to apply the result for on-line experiments.

3.4.2 Confidence intervals

Since it is not possible to have noise-free data we have to establish confidence intervals in the values

obtained from the neural network and use them in our conservative decision. This result comes from

the application of Bayesian techniques described in Chapter 2.

We generalize the results on confidence intervals presented inx 2.6.5 by introducing uncertainty in

the measurements. Assume we would like to approximate a functionh(x) using a known parametric

estimation function�(x;W ) that depends on a set of parametersW; andNp input-outputdata values

(xi; yi) perturbed by gaussian noise. Furthermore, we assume there exists a particular set of values

W � that perfectly models the unknown functionh(x): The problem can be formulated with the

following expressions,

y� = h(x�) = �(x�;W �)

yi = �(x�i ;W
�) + ei; i = 1; : : : ; Np

xi = x
�
i + vi (3.7)

ŷi = �(xi; Ŵ)

with the pair(x�; y�) representing the true input-output values,Np the number of patterns used for

the estimation andW �; Ŵ the optimum and trained neural network weights, respectively. The input

noisevi and output errorei are assumed to be uncorrelated gaussian random vectors with

vi � N (0; �2vI); ei � N (0; �2e) (3.8)

The output error has two components due to the modeling error between the functionh and the

family of functions� and a measurement error. Under these assumptions we show next that the
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posterior output distribution can be approximated by a gaussian distribution. Its variance can be

used as a confidence interval.

Using the same reasoning as inx 2.6.5 [Bis95], the conditional density function for the neural

network output given a particular weight set and true input vector is expressed as

p(yjx�;W ) � N (�(x�;W ); �2e):

Taking into account the gaussian noise at the input of the network we can express the input-output

conditional density function as

p(y;xjx�;W ) � N (�(x�;W ); �2e)N (x�; �2vI):

Assuming the input-output noisy patternsTi = (xi; yi) are independent to each other, the condi-

tional density function for the pattern setT = fTi; 8ig is

p(T jX�;W ) =

NpY
i=1

p(yi;xijx�i ;W ) (3.9)

with X� = fx�i ; 8ig: Applying Bayes’ formula we get the a posteriori probability distribution of

the weights

p(W jX�; T ) =
p(T jX�;W ) p(W jX�)

p(T jX�)

=
exp(�S(W )) exp

�
�x
PNp

i=1 kxi � x
�
i k2
�

R
p(T jX�;W )p(W jX�)dW

� exp(�S(W ))

S(W ) = �

NpX
i=1

(�(x�i ;W )� yi)2 + �

NwX
i=1

W 2
i

whereS(W ) is the squared error over the target data. If the neural network is trained,Ŵ minimized

S(W ) and

S(W ) ' S(Ŵ ) +
1

2
(W � Ŵ )THw(W � Ŵ )

�(x�;W ) ' �(x; Ŵ) +rT
x (x

� � x) +rT
w(W � Ŵ )

' ŷ + yTx ~x+ yTw
~W
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in a neighborhood of the optimum valueW �: Using the a posteriori conditional density function for

the weights we can find the output conditional density function for a given input and training data.

p(yjx; T ) =

Z
p(y;x�jx;W )p(W jX�; T ) dWdx�

'
Z

exp

� �1
2�2e

(y � ŷ � yTx ~x� yTw
~W )2 � 1

2�2v
~xT ~x� 1

2
~WTHw

~W

�
dWdx�

Completing squares inW in the integrand and integrating first in the variableW we get

p(yjx; T ) '
Z

exp

�
� 1

2�2v
~xT ~x� 1

2�2w
(y � ŷ � yTx ~x)

�
dx�

' exp

�
� 1

2�2y
(y � ŷ)2

�

p(yjx; T ) � N (�(x; Ŵ); �2y) (3.10)

with

�2y = �2w + �2v rT
x�rx� (3.11)

�2w = �2e +rT
w� H

�1
w rw�

Hw =
@2S(W )

@W 2

����
Ŵ

Given the training set and a proposed threshold value�; we can compute the probability of error in

the decision rule (3.3) by using the gaussian distribution for the output of the neural network (3.10).

This idea gives us a way to improve the estimate for� by

� 2 (�1(�); �2(�))

�1(�) = max
x2T;x=2R

�1(x; �)

�2(�) = min
x2T;x2R

�2(x; �) (3.12)

�1(x; �) = min
#
f# j p((y1 � y2) > #jx; T )� �g

�2(x; �) = max
#
f# j p((y1 � y2) < #jx; T )� �g

for a given error�: It may not be possible to find a value of� that meets these conditions. This

would show that our estimation might not be very good, either because training was not sufficient,



Sec. 3.5. Computational issues 39

there is lack of data in some region of the state space, or the size of the network is too small. The

result in (3.10) also shows the influence of the derivative of the output with respect to the input for

the confidence interval what confirms the usefulness of the second rule. As a matter of fact, the term

in the expression of�2y in (3.11) that depends on the derivative can be used to set up an estimate for

�:

Going a little bit further on the computation of confidence intervals in the estimation of a stability

region, a more intelligent filter can be used on the input patterns, e.g. a Kalman filter, as a way of

improving the confidence interval estimation. We have not pursued this idea in this project.

3.5 Computational issues

Computation costs in neural networks are measured in terms of the number of weightsNw in the

network and the number patternsNp used in the training procedures. Furthermore, the number of

weights depends on the number of units per layer and it is given by the expression

Nw = (no + n2 + 1)(n3 + n1) + n2 (3.13)

whereni are the number of units in theith layer. The computational complexity of the supervised

learning using the backpropagation algorithm to compute the derivatives isO(NwNp) [Bis95].

The confidence intervals introduced inx 3.4.2 require the computation of the Hessian of the sum of

the squared errors for the patterns with respect to the weights of the neural network. This compu-

tation is more intensive, with a complexity ofO(N2
w): However, it is not that important since it is

only performed after the network has been trained. An optimized algorithm to compute the inverse

of the Hessian matrix directly was used developed by Hassibi and Stork [HS93]. It is based on the

outer product approximation [Lev44, Mar63].
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3.6 Two-dimensional examples and comparisons

In this section we examine the results of the proposed method for simple second-order systems

and compare the results with the ones obtained by Davison and Kurak [DK71] and Vannelli and

Vidyasagar [VV85]. These examples are continuous time systems. To be able to do the comparison,

a standard ordinary differential equation solver is used to compute the trajectory for each sample

period. An object-oriented approach was developed in C++ [Lip95] to handle the discrete-time

conversion and different examples in a modular way. Further analysis and display was done using

MATLAB TM.

3.6.1 Van der Pol equation

The state equations for this example are:

_x1 = �x2
_x2 = x1 � x2 + x21x2

Knowing the region of stability in this case, the regions for training were taken as:

A = f(x1; x2) 2 <2 j jx1j � 0:5 and jx2j � 0:5g
C = f(x1; x2) 2 <2 j jx1j � 2:5 or jx2j � 3:0g
B = Ac \ Cc

where the superscriptc refers to the complement set. The sample time used wasT = 0:01: The

error values and parameters were averaged over 5 runs. Table 3.1 shows the results of the proposed

method. Fig. 3.2 shows the estimation of that region according to the three methods. The network

approximation is closer to the actual stability region than the other methods. The ideas developed

in x 3.4.1 were not necessary in this very small simulation example and satisfactory results were

obtained with the use of a uniform grid. However, we have to look more closely into the results
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Training samples: 3721

Testing samples: 961

Units in each layer: 2 - 10 - 2 - 2

Training set MSE: 0.105

Test set MSE: 0.152

�; � : 0.9 / 1.1

Table 3.1: Van der Pol equation: Estimation results.
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Fig. 3.2: Van der Pol equation: Estimates comparison.

solid: actual stability region.

dotted: Vannelli and Vidyasagar method

dashed: Davison and Kurak method

dash-dotted: neural network estimation.

obtained inx 3.4.2 to be able to get values for� and� with reasonable confidence intervals. If we

try to design the value of� by applying the results ofx 3.4.2 and use equations (3.12) directly, we

come up with no solution for an error� of 5 percent or less. Examining the results we note that

the confidence intervals are greatly affected at some points in state space for which there is a large
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derivative of the output of the network with respect to the input. This was expected from the form

of the expression (3.10). Therefore, the second rule was checked first and the remaining points were

only tested to determine the value for�:

If we do not take these points that violate rule 2 into account and use

� = 0:01

�v = 0:05

�2e =
1

Np �Nw

NpX
i=1

(yi � �(xi; Ŵ ))2

we find a good trade-off for

� = 1:0 � = 4:2

Fig. 3.3 shows the values obtained for�1 and�2 for the training patterns. We can observe that the

maximum value of�1 is larger than the minimum of�2; implying a solution that correctly classifies

all the patterns with a one percent accuracy is not possible. However, if we take� = �1; to assure

� = 0:01 accuracy on the classification forx =2 R; the percentage of patterns wrongly classified as

not in the region of stability is very small. Another look at the same data, shown in Fig. 3.4, displays

a contour plot of the values of�1 and�2 in the state space. The figure shows, as expected, that the

large confidence intervals are located very close to the stability boundary. Finally, Fig. 3.5 displays

the contour plots of both rules and relative to the real stability boundary. In this case the derivative

rule is the most conservative rule. Actually, the contour for the threshold rule and the real boundary

lie inside the band set up by the derivative rule.

3.6.2 Second example

This example is also taken from [DK71]. The state equations are:

_x1 = �x1 + 2x21x2

_x2 = �x2
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In this case the region of stability is unbounded:

R = fx : x1:x2 < 1g

The method developed in [VV85] gives a perfect estimation of the region. The method reported in

this work is essentially designed for a bounded region. Therefore, the intersection of the stability

region and the region, given by

jx1j � 3:0; jx2j � 3:0

was estimated. Table 3.2 shows the results of the proposed method. Fig. 3.6 shows the estimation of

the stability regionaccording to the three methods and the contour plots for the decision rules using

the neural-based stability region estimation.
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Training samples: 3721

Testing samples: 1024

Units in each layer: 2 - 8 - 2 - 2

Training set MSE: 0.0128

Test set MSE: 0.0144

�; � : 0.2 / 1.3

Table 3.2: Network estimation results

3.7 Discussion

A method to estimate the stability region of an autonomous nonlinear system using neural networks

is presented. Although the model of the system is not used directly, any a priori knowledge might
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Vannelli and Vidyasagar method
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dashed: decision rules (� = 0:2; � = 1:3 ).

be used for training. For example, the knowledge of bounds on the dynamic equation function may

lead to a better design of the grid to train the neural network. Confidence regions are computed as

a way of making a conservative decision whether a point in the state space belongs to the stability

region. Some basic comparisons with other methods on standard low-order systems is given as

a preliminary study. Further comparisons with other methods and applications will be made in

Chapters 6 and 7.

In applications, the knowledge of a region of stability can have several uses. If we think of the

nonlinear autonomous system as a closed-loop system with state and input constraints, the stability

region estimation can allow us to make a decision to shutdown the system or change controllers

when the system goes out of the stable region. It is necessary to perform experiments to estimate
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the region of stability, but actual data from the system operation can be used as training data for the

network to improve its estimation.



Chapter 4

Neural network estimates of performance indices

4.1 Introduction

There is no doubt as to the importance of performance indices in the development of the control

systems theory. An effective performance index measures the quality of significant features of the

system behavior. To be useful for control system analysis and design, the performance index must

also be computable and lead to effective numerical methods for computing optimal control laws.

We can cite the optimal control theory and more recently the robust control theory as examples of

effective definitions and uses of performance indices. It is clear from those theories that there are

always tradeoffs between the class of systems one can study, linear systems in the case of optimal

and robust control, and the possibilities for developing effective computational tools. It is more

difficult to derive analytical results and numerical methods for nonlinear systems. In this chapter

we present results on the estimation of a certain type of performance indices, cost-to-go functions,

by the use of neural networks. In general, the methods presented here can be applied to an arbitrary

nonlinear system. Moreover, constraints on control and state variables can be included.
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4.2 Problem formulation

As a general formulation of the problem being considered, let a state-constrained and control-

constrained nonlinear discrete-time system in its state-space formulation be given by

xk+1 = f(xk;uk)

xk 2 S; uk 2 D
(4.1)

wherexk 2 <n is the state vector anduk 2 <m the control input vector. The nonlinear function

f is assumed to be smooth. The discrete-time state equations reflect the sampled-data nature of the

computer control system. We assume that the statexk is observable. The control signaluk to be

applied on the system can be generated byM different state feedback controllers of the form:

u
i
k = gi(xk); i = 1; 2; : : : ;M: (4.2)

The goal of the controllers is to take the system to the origin.

Let us denote the trajectory of the system (4.1) with the initial statexo at time stepk by the applica-

tion of the state feedback controluik asxik(xo):We consider performance indices for the controllers

of the form

J i�(xo) = Bi +
1X
k=0

�kU i(xik(xo)); i = 1; : : : ;M (4.3)

where0 < � � 1 is a discount factor andU : <n ! < represents the cost function of being in a

particular state.

In this chapter we develop a method to estimateJ i�(x) using neural networks.

4.3 Performance index properties

We first analyze some properties of the performance indices defined by (4.3) that will be useful in

later developments.
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Property 4.1. For any statex 2 S; and any two discount factors�1; �2 such that0 < �1 < �2 � 1;

J i�1(x) � J i�2(x)

Lemma 4.1. For any given statexo and integerk � 0; if the performance index(4.3) is well

defined, i.e.(4.3)converges,J i� satisfies:

J i�(x
i
k(xo)) = (1� �)Bi + U i(xik(xo)) + � J i�(x

i
k+1(xo)) (4.4)

Proof. It follows by direct substitution of (4.3) into (4.4).

Lemma 4.2. For a given statexo; if (4.3) converges for�1 and �2; the difference between the

performance indices for a given controllergi for two different values of the discount factor can be

expressed by:

J i�1(xo)� J i�2(xo) = (�1 � �2)
1X
j=0

�j1 J
i
�2
(xij+1(xo)) (4.5)

Proof. Equation (4.5) follows directly from the definition of the performance indices (4.3).

J i�1(xo)� J i�2(xo) =
1X
k=0

(�k1 � �k2)U
i(xik(xo))

= (�1 � �2)
1X
k=0

0
@k�1X

j=0

�j1 �
k�1�j
2

1
AU i(xik(xo))

= (�1 � �2)
1X
j=0

1X
k=j+1

�j1 �
k�1�j
2 U i(xik(xo))

= (�1 � �2)
1X
j=0

1X
l=0

�j1 �
l
2 U

i(xil+j+1(xo))

= (�1 � �2)
1X
j=0

�
j
1 J

i
�2(x

i
j+1(xo))
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From this Lemma we can draw the following propositions about the continuity ofJ i� with respect

to the parameter�:

Proposition 4.3. For a given statexo and controllergi; a sufficient condition forJ i�(xo) to be

continuous with respect to� at � = �o is thatJ i�(x) is well defined in a neighborhood of�o and

1X
j=0

J i�o(xj+1) <1

Proof. If we takej�o � �1j < �1 and apply Lemma 4.2

jJ i�o(xo)� J i�1(xo)j < j�o � �1j j
1X
j=0

�j1J
i
�o(xj+1)j

< �1

1X
j=0

J i�o(xj+1)

< �

Proposition 4.4. For a given statexo and controllergi; a sufficient condition forJ i�(xo) to be

continuous from the left at� = �o is

1X
j=0

�joJ
i
�o(xj+1) <1

Proof. The idea is the same as in the previous proposition, using Lemma 4.2 and Property 4.1. If

we take�1 > 0; (�o � �1) < �1;

J i�o(xo)� J i�1(xo) = (�o � �1)
1X
j=0

�joJ
i
�1(xj+1)

< �1

1X
j=0

�joJ
i
�o(xj+1)

< �
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4.4 Estimation procedure

The outputy of the neural network estimator of the performance index (4.3) for each controller

is a scalar. A multilayer neural network is used with two hidden layers with hyperbolic tangent

activation functions, linear output units and a linear input-output layer. Using the notation developed

in Chapter 2 the estimate performance index for each controller is given by

Ĵ i�(x; Ŵ) = ŴT
o �x+ ŴT

3 �2(x) (4.6)

Estimating performance indices such as (4.3) is a standard problem in Neuro-dynamic programming

[BT96]. A Heuristic Dynamic Programming (HDP) algorithm [Wer91] is used to train the networks.

The training algorithm uses an estimation of the cost-to-go atxk given by

J i�� (xk; Ŵk) = U i(xk) + �Ĵ i�(xk+1; Ŵk) (4.7)

whereJ i�� (xk;Wk) is the estimated desired value for the network for statexk based on the current

values of the weightŝWk: In our applications, the positive definite state cost function selected is a

standard quadratic form,

U i(x) = x
T P i

x; P iT = P i > 0; i = 1; : : : ;M:

Equation (4.7) is motivated by the definition ofJ i�(x) (4.3) neglecting the bias termBi which is

added directly to the output of the network. The HDP training procedure is illustrated in Fig. 4.1.

Theerror signal"k is defined as

"k = J i�� (xk; Ŵk)� Ĵ i�(xk; Ŵk): (4.8)

The basic HDP algorithm uses a gradient descent update to attempt to minimize"2k for each k.

Therefore, the update equations for the weights of the neural network becomes

Ŵk+1 = Ŵk � �k "k rŴk
"k (4.9)

with �k the training coefficient. Note that the HDP algorithm can be applied both off-line and

on-line.
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Fig. 4.1: HDP learning scheme.

4.5 Convergence results

We are unaware of any results in the literature providing sufficient conditions for convergence of the

neural network parameters for performance estimators of the type described above. Our experience

applying the HDP algorithm to estimate the performance index for systems in simulation and using

experimental data from a physical system (see Chapters 6 and 7) has been encouraging, however.

Moreover, analytical results for related problems in the context of Q-learning [BYB94] and tem-

poral differences [Day92], [TR97] indicate that convergence should be expected under rather mild

conditions. A main difference between our approach and most work on learning cost-to-go perfor-

mance indices is that the control signal in our case does not depend on the performance index (for

one of the given controllers). We assume, rather, that each of the given controllers stabilizes the

system and the feedback law remains fixed.

The following result provides a sufficient condition under which convergence of the neural network

parameters in the output layer is guaranteed for the problem being considered in this paper.

Theorem 4.5. Given the nonlinear system(4.1)under the action of a prespecified control lawg(x)

that stabilizes the system and the performance indexJ(x) defined by(4.3), assume thatJ(x) can
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be expressed as a linear combination of basis functions

J�(x) = WT	(x) (4.10)

whereW is a parameter vector and	(:) is the vector of known bounded basis functions. If we

define the estimator forJ(x) as

Ĵ� = ŴT	(x); (4.11)

use the HDP algorithm given by(4.7)-(4.9) to adapt the parameter vector̂W and,

�(1 + �2)	2
M < 2; k	(:)k < 	M (4.12)

where� is the discount factor in(4.3) and� is the training coefficient in(4.9), then the magnitude

of the vector~Wk = W � Ŵk is monotone nonincreasing.

Proof. See Appendix A.

Theorem 4.5 relies on the assumption of having a set of basis functions	 that satisfies (4.10). To

apply Theorem 4.5 to our two-level neural networks, the functions	 in (4.11) can represent the

outputs of the last hidden layer of the neural network plus the bias terms, and the vectorW then

represents the coefficients in (4.6) for the output layer. The functions	 can be determined by fixing

the weights in the first hidden layers after an initial step of training. These weights should be set so

that	(x) = 0 if and only ifx = 0:The proof of Theorem 4.5 indicates that the iterations to compute

the weights in (4.6) will converge to the correct values provided the expression~WT
k (�	(xk+1) �

	(xk)) is non-zero infinitely often. This condition can be viewed as a type of “persistent excitation”

requirement for the neural network training procedure. In this case, thexk sequence is independent

of the neural network weights – it is simply the state sequence resulting from the application of one

of the given controllers. As there is no requirement in the theorem that the state sequence be from

a single state trajectory, the neural network training can be performed continuously with different

state trajectories.
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This method being a steepest descent-type algorithm has the general convergence properties of

steepest descent algorithms. It is well known [Min86] that in the case of the error being approx-

imately a quadratic function in the training parameters, which is true near the origin, the ratio of

convergence is linear, i.e.

k ~Wk+1k
k ~Wkk

� M �m

M +m
(4.13)

with M;m being the largest and smallest eigenvalues of the quadratic form. From the proof of

Theorem 4.5 in Appendix A the error to adapt the parameters of the network can be written as

"2k = ~WT
k ��(xk)�

T
� (xk) ~Wk

where

��(xk) = �	(xk+1)�	(x); (4.14)

giving an ill-conditioned quadratic function withm = 0 that possibly leads to very slow conver-

gence, since we can only assure from (4.13) that

k ~Wk+1k
k ~Wkk

� 1

4.5.1 Adding a momentum term

The first extension to the algorithm develop in Theorem 4.5 with the goal of improving its con-

vergence is to add a so-called momentum term [Min86]. This introduces a slight change in the

adaptation equation for the network weights (4.9) to

Ŵk+1 = Ŵk � �k "k rŴk
"k + �k(Ŵk � Ŵk�1) (4.15)

where�k is the momentum update coefficient. It is straightforward to show that the error dynamics

is now given by2
4 ~Wk+1

~Wk

3
5
2
4 I(1 + �k)� �k�(xk)�(xk)T ��kI

I 0

3
5
2
4 ~Wk

~Wk�1

3
5
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with �(xk) given by (4.14). Computationally, nothing greater is added to the algorithm. However,

for the case in which�k and�k are the same for allk the rate of convergence is known to improve

to

k ~Wk+1k
k ~Wkk

�
p
M � pmp
M +

p
m

with M;m the largest and smallest eigenvalues of�(xk)�(xk)T [Min86]. Unfortunately, this

case is ill-conditioned as before and in general we can not assure exponential convergence either.

Although it seems we do not gain much on doing this, it is usually advisable since the approximation

procedure is smoother than using gradient descent only. The next sections describe other algorithms

that have been developed to approximate the cost-to-go function.

4.6 Embedded filtering

As mentioned before, the approximation taken, linear in the parameters, is very limited in terms of

the accuracy that can be reached with respect to the number of parameters involved. In this section

and the next section we suggest different approaches that may improve the approximation.

A further extension in the performance estimation procedure may include some filtering in the

adaptive algorithm to obtain a smoother approximation. Fig. 4.2 shows a diagram of this procedure.

The cost-to-go function for the closed-loop systemi satisfies

J i�(xk) = U(xk) + �J i�(xk+1) (4.16)

which is equivalent to

J i�(xk+1) = (�+ �)J i�(xk)� (1=�)U(xk) (4.17)

when�(�+�) = 1. We can split the� and� terms and think of this expression as a first-order filter

equation by introducing a new variable'i�(k) given by

'i�(k + 1) = �'i�(k) + �J i�(xk)� (1=�)U(xk) (4.18)
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The coefficients� and� can change on each iteration as long as they satisfy

0 < � < 1 � > 0

�(�+ �) = 1

NN

NNSystem

+
+

-U(.)/δ z-1

xk+1xk Jδ
^

ϕδ

ε

λ

µ

k
-

+

Fig. 4.2: Embedded filter adaptive scheme.

Theorem 4.6. Assuming a linear approximator function for the cost-to-go function as in(4.11), the

embedded filter adaptive scheme can be expressed by the following equations:

Ŵk+1 = Ŵk � �k(�� � �k�k)(U(xk)=� + ŴT
k �� � �k'k)

'k+1 = �k'k + �kŴk	(xk)� U(xk)=�

�k+1 = �k�k + �k	(xk)

�� = 	(xk+1)� �k	(xk)

(4.19)

Furthermore, if�k < 1 and�k; �k; �k satisfy

�2

2
4 I � �k(�
 � �k�k)�T

� �k�k(�
 � �k�k)

�k	
T (xk) �k

3
5 < 1 (4.20)
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with �2[:] denoting the second largest singular value and

�
 = 	(xk+1)� 
	(xk)

 = �k + �k = 1=�

the stability of the system (i.e. the closed-loop system under a given controller) implies the bound-

edness of the discrete signals in(4.19), andŴk ! W and'k ! J i�(xk):

Proof. See Appendix A.

Remark 4.1.This approach avoids one of the problems found in the algorithm described in section

4.5 with respect to the convergence because the adaptive parameters may be selected to avoid getting

stuck in the direction�	(xk+1)�	(xk):

Remark 4.2.This procedure is computationally more expensive. The equation (4.20) is not a linear

matrix inequality (LMI) and its feasibility remains to be shown.

4.7 Higher order approximation

The algorithms presented in the previous sections are based on the first-order equation for the cost-

to-go function (4.16). This equation can be generalized to a higher-order equation and adaptive

algorithms derived using a similar procedure to HDP.

The following lemma is a generalization of Lemma 4.1.

Lemma 4.7. For any given statexo and integersk; r � 0; if the performance index(4.3) is well

defined, i.e.(4.3)converges,J i� satisfies:

J i�(x
i
k(xo)) = (1� �)Bi

r�1X
j=0

�j +
r�1X
j=0

�jU i(xik+j(xo)) + �r J i�(x
i
k+r(xo)) (4.21)

Proof. Equation (4.21) is deduced directly by applying (4.4) of Lemma 4.1r times.
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Without lost of generality we can assumeBi = 0: We can rewrite (4.21) as,

J i�(x
i
k(xo)) =

r�1X
j=0

�jU i(xik+j(xo)) + �r J i�(x
i
k+r(xo))

= Si�kr(xo) + �r J i�(x
i
k+r(xo)) (4.22)

Since (4.22) is valid for allr > 0 we can use a convex combination of terms. Then,

J i�(x
i
k(xo)) =

rX
j=1

�jS
i
�kj(xo) +

rX
j=1

�j�
j J i�(x

i
k+j(xo)) (4.23)

rX
j=1

�j = 1 �j > 0 8j

Moreover, we can rewrite (4.23) back in terms ofU i(xik(xo));

J i�(x
i
k(xo)) =

r�1X
j=0

�j�
jU i(xik+j(xo)) +

rX
j=1

�j�
j J i�(x

i
k+j(xo)) (4.24)

�j =
rX

i=j+1

�i

In summary, the recursive, higher-order equation for the cost-to-go function given by (4.23) or (4.24)

would allow the computation ofJ i� using dynamic programming withr step delays. Equation (4.24)

can be rewritten in a vector form as,

�i�r;k = �i
rk +A�r�

i
�r;k+1 (4.25)

with

�i�r;k = [ J i�(x
i
k) J

i
�(x

i
k+1) : : : J

i
�(x

i
k+r�1) ]

T

�i
rk = [

r�1X
j=0

�j�
jU i(xik+j(xo)) 0 : : : 0 ]T
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A�r =

2
6666666664

�1� �2�
2 : : : : : : �r�

r

1 0 : : : : : : 0

0 1 : : : : : : 0
...

.. . 0

0 0 : : : 1 0

3
7777777775

Using (4.25) allows us to generalize Theorem 4.5 fairly easy. Following the reasoning for HDP, we

would generate an estimate�̂ik(Ŵk) for �i�r;k; and equations (4.7)-(4.9) would get modified to,

�i�k (Ŵk) = �i
rk +A�r�̂

i
k+1(Ŵk) (4.26)

�k = �i�k (Ŵk)� �̂ik(Ŵk) (4.27)

Ŵk+1 = Ŵk � �k (rŴk
�k) �k (4.28)

Expressing the higher-order method in vector notation as a first-order equation makes easy to gener-

alize the result of Theorem 4.5. The following theorem generalizes Theorem 4.5 in establishing the

convergence properties of the weights of a radial basis network for the higher-order approximation

case.

Theorem 4.8. Given the nonlinear system(4.1)under the action of a prespecified control lawg(x)

that stabilizes the system and the performance indexJ(x) defined by(4.3), assume thatJ(x) can

be expressed as a linear combination of basis functions(4.10)whereW is a parameter vector and

	(:) is the vector of known bounded basis functions. If we define the estimator forJ(x) as in(4.11)

and use the higher-order HDP algorithm given by(4.26)-(4.28) to adapt the parameter vector̂W

and,

r2 +

0
@r � 1 +

vuut rX
i=1

�2i �
2i

1
A

2

<
2

� 	2
M

; k	(:)k < 	M (4.29)

where� is the discount factor in(4.3), � is the training coefficient in(4.28), r is the order of the

HDP and�i the coefficients of the convex combination in(4.24), then the magnitude of the vector

~Wk = W � Ŵk is monotone nonincreasing.
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Proof. See Appendix A for the details.

4.8 Example

To illustrate the training procedures described in this chapter we use the Van der Pol example used

in x 3.6.1. Fig. 4.3 shows a tridimensional plot of the cost-to-go function (4.3) for the discretized

Van der Pol system for

� = 0:9

U(x) = x
tPx

P = 0:1I

whereI is the identity matrix. Training is performed for random trajectories starting at states be-
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Fig. 4.3: Cost-to-go function for the Van der Pol equation.
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longing to the stability region of the Van der Pol equation. The results are averaged over five

independent experiments. To accelerate the estimation process, a window over the trajectories and

a buffer of previous trajectories is kept to generate the patterns for the training algorithm. Table 4.1

gives information on the training procedures analyzed. Fig. 4.4 shows the neural network estimate

and Fig. 4.5 shows the error surface when the first-order HDP with momentum algorithm is used.

Fig. 4.6 shows the error surface when the higher-order HDP with momentum algorithm is used

Procedure 1st-order-HDP 3rd-order-HDP Emb. Filtering

Training samples: 2300 2300 2300

Testing samples: 480 480 480

Units in each layer: 2/20/12/1 2/20/12/1 2/20/12/1

Training set MSE: 0.01 0.01 0.01

Test set MSE: 0.065 0.015 0.035

Momentum 0.9 0.9 n/a

Window size 10 10 10

Buffer size 100 100 100

Real cost MSE 0.135 0.0216 0.0565

Table 4.1: Van der Pol equation: Estimation results for the three methods.

while Fig. 4.7 shows the embedded filter estimation.

The best approximation in terms of the smaller mean squared error in a grid of points in the state

space is achieved using the higher order HDP procedure. The embedded filter method gives an error

surface that is smoother than the other two methods. Even though the filter operation introduced in

the procedure improves the results with respect to the plain first-order method, it is still a first-order

method in the sense that the error�k in Fig. 4.2 is evaluated from just one-step delayed values. With

respect to computation effort, either the first -or higher- order procedures have the same order of
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Fig. 4.4: Estimate of the performance index.
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Fig. 4.5: Error surface for first-order HDP with

momentum.

magnitude in computation time. For the higher-order method the only extra element required is a

queue to store ther previous values of the states and cost-to-go estimates. The embedded filtering

technique is considerably slower since each step involves a search for good values of� and� with

singular value decomposition besides the usual computations.

4.9 Discussion

In this chapter we have presented methods to estimate performance indices for a closed-loop system.

The performance index chosen is a cost-to-go function for the system. Properties of the cost-to-

go functions are examined. The estimation is based on neurodynamic programming techniques.

Some extensions are presented to cope with some of its shortcomings in terms of nonlinear function

approximation and convergence. The methods are illustratedwith the Van der Pol equation, showing

that a good approximation may be achieved. In Chapters 6 and 7 we apply these techniques to other

types of nonlinear systems.



Sec. 4.9. Discussion 63

−2
−1

0
1

2 −4

−2

0

2

4

−0.2

−0.1

0

0.1

0.2

x
2

x
1

Fig. 4.6: Error surface for the higher-order HDP procedure.
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Chapter 5

Controller scheduling

5.1 Introduction

In this chapter, an approach for controller scheduling is proposed based on the results of Chapters 3

and 4.

x 5.2 describes the problem and the proposed controller scheduler strategy. A theoretical analysis

of the controller scheduling strategy is presented inx 5.3. Computational issues are considered in

x 5.4 and results are summarized inx 5.5.

5.2 Problem description

We consider the problem of controlling a nonlinear system described by the state equations

xk+1 = f(xk;uk) (5.1)

xk 2 S; uk 2 D

wherexk 2 <n is the state vector anduk 2 <m the control input vector. We assume the nonlinear

functionf is smooth, and the state vectorxk observable. The connected setsS � <n; D � <m
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represent physical constraints on the system state and control, respectively. The control objective is

to take the state to the origin.

We assumeM state feedback controllers have been designed for this system, with theith control law

given bygi : <n ! <
m: We assume the origin is a stable equilibrium foreach of the controllers

in some (unknown) region. The objective of the switching strategy is to select one of the control

outputs to apply the system at each control instant to achieve the largest possible region of stability

for the closed-loop system with a good transient response in some sense.

The closed-loop system created by the application of each controller is characterized by a stability

region and a performance index. The region of stability for controlleri is defined as

Ri = f xo : xik(xo) 2 S; gi(xik(xo)) 2 D 8k � ko and lim
k!1

x
i
k(xo) = 0 g (5.2)

wherexik(xo) denotes the trajectory of the system (5.1) with the initial statexo at k = 0 under

control lawgik : We consider performance indices for the controllers of the form

J i�(xo) = Bi +
1X
k=0

�kU i(xik(xo)); i = 1; : : : ;M (5.3)

where0 < � � 1 is a discount factor,U i : <n ! < is a positive definitestate cost function, and

Bi is thebias coefficientfor theith controller. We assume (5.3) converges for� = 1:

The proposed approach for selecting the controller at each sampling instant isillustrated in Fig. 5.1.

Neural networks are used to estimate the stability regionsRi and performance indicesJ i� for the

system under each control, denoted byR̂i andĴ i�; respectively. The index of the control input to be

applied for the next period, denotedik; is then selected as

ik = arg min
i2I(xk)

fĴ i(xk)g (5.4)

where

I(xk) = fijxk 2 R̂i; and if i 6= ik�1; Ĵ
i(xk) < Likg (5.5)
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and fori = 1; : : : ;M

Lik =

8>>><
>>>:
1 if k = 0 or xk =2 R̂ik�1

Lik�1 if i 6= ik

minfĴ i(xk); Lik�1g if i = ik

In words, the scheduler selects the controller index from among the controllers for which the current

state is in their estimated stability regions. The specific controller chosen corresponds to the mini-

mum estimated performance index subject to the upper boundsLik for the controllers that were not

chosen for the previous period (ik�1 ). The limitsLik guarantee a controller is not re-selected once

it has been used until its performance index has decreased below the lowest value reached when it

has been active. If the system leaves the stability region of the controller used during the previous

period, all controllers become candidates again by settingLik =1 for all i = 1; : : : ;M:

C M
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C
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Plant
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Scheduler
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yk
u
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u
2
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u
M
k ik

Ĵ1�

Ĵ2�
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R̂2

R̂M

I(xk)

Lik

Fig. 5.1: Control Scheduling diagram.
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This selection criterion is motivated by themin-switchingstrategy proposed in [MBA96] to switch

among multiple controllers for a continuous time system for which there are known Lyapunov

functions for the closed-loop system under each controller. The strategy proposed here replaces

the Lyapunov functions with the neural network estimates of the performance measure, making it

viable for systems for which the dynamics are not known precisely or Lyapunov functions cannot

be found by analysis. The memory of the previous performance index values assures convergence

when the neural network estimates are used (seex 5.3).

5.3 Analysis of closed-loop performance

In this section we consider the closed-loop performance of the min-switching strategy described

in x 5.2. We first consider the system behavior in the perfect information case, that is, when the

performance measures and stability regions are known foreach controller. We then consider the

effect of using the neural network estimators rather than the exact values.

The approach to analyze the closed-loop system follows the technique for the min-switching strategy

suggested in [MBA96] for the continuous-time case. To restate the basic Lyapunov results for our

discrete-time context, suppose for each control lawgi there is a known Lyapunov functionV i(x) for

the closed-loop system under that control law within the region of stabilityRi: Moreover, suppose

the control applied at each sample instant is chosen according to the min-switching strategy, that is,

the control is selected which corresponds to a Lyapunov function with the minimum value among

all the Lyapunov functions evaluated at the current state. The following theorem is the discrete-time

version of the result in [MBA96].

Theorem 5.1. If the system given by(5.1) is controlled by the min-switching strategy applied to

a set of known Lyapunov functions, the origin is asymptotically stable in the regionR =
S
Ri:
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Moreover, the function

W (x) = min
i2fj j x2Rjg

fV i(x)g (5.6)

is a Lyapunov function onR:

Proof. Follows from the continuous-time result in [MBA96],mutatis mutandis.

In the case of discrete-time control, chattering between controllers does not introduce the technical

difficulties in the stability proof that arises in the continuous-time case.

We now apply this result to the min-switching strategy considered in this paper by observing that

if the performance indicesJ i1 (5.3) converge (� = 1 ), they are in fact Lyapunov functions for the

respective controllers. This follows from the the fact that

�J i�(x)
4
= J i�(F

i(x))� J i�(x) = (1� �)J i�(F
i(x))� U(x) (5.7)

whereF i(x) = f(x; gi(x)):We have then the following result.

Theorem 5.2. Given the system defined by(5.1)and a collection of control lawsgi; i = 1; : : : ;M:

Suppose for each control law the origin is asymptotically stable for the closed-loop system

xk+1 = F i(xk) = f(xk; g
i(xk))

in a connected regionRi, andJ i� given by(5.3)converges for� = 1: Then there exists a scalar value

�� 2 (0; 1) such that the origin is asymptotically stable in the regionR =
S
Ri for the closed-

loop system controlled by the min-switching strategy[MBA96] for any� 2 (��; 1]:Moreover, for

a given� 2 (��; 1] the function

J�(x) = min
i2fj j x2Rjg

fJ i�(x)g

is a Lyapunov function onR:
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Proof. For eachi; if J i� converges, it follows from the definition and propertiesJ i� discussed inx 4.3

that it is continuous in� and therefore there exists some��i 2 (0; 1) such that for all� 2 (��i ; 1] J
i
�

is a Lyapunov function for the closed-loop system under control lawi onRi: The theorem follows

by letting�� = max(��1; : : : ; �
�
M):

We now turn to the min-switching strategy using the neural network estimators. In the following we

assume the stability region estimators are all conservative, that is, for alli = 1; : : : ;M; R̂i � Ri:

Moreover, we assume all the stability region estimates are nonempty and connected. These assump-

tions are reasonable given the properties of neural network classifiers and the ability to initiate the

training for the stability region estimators based on a priori knowledge of the capabilities of the

given controllers.

Theorem 5.3. Suppose the assumptions of Theorem 5.2 are satisfied and the performance estimates

are computed using� 2 (��; 1]where�� is as specified in Theorem 5.2. Furthermore, supposeJ i� is

continuous onRi: If for some� > 0 the performance estimates satisfy

jĴ i�(x)� J i�(x)j < � for all x 2 R̂i; i = 1; : : : ;M (5.8)

and the min-switching strategy is applied for somexo 2 R̂ =
S
R̂i resulting in a state trajectory

such that there existsK 2 N for whichxk 2
T
R̂i; 8k > K; thenxk ! X� where

X� =
[
i

X i
� =

[
i

fx j J i�(x) � sup
~x2�i�

J i�(~x)g (5.9)

and

�i� = fx 2 Rij ��J i�(x) � 2�g:

with�J i�(x) given by(5.7).

Proof. See Appendix A.
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Fig. 5.2: Trajectory of the system illustrating convergence toX�:

Fig. 5.2 illustrates Theorem 5.3. The sets�i� andX i
� for the ith controller are displayed.�J i is the

supremum of the cost-to-go functionJ i� on�i�: Some contour lines for smaller values ofJ i� are also

shown. A trajectory is displayed, wherekj represents the time steps where the scheduler switches

to controlleri: When the controller algorithm switches to another controller atks; the system may

leaveX i
�; represented by the stepk; but must return toX i

� � X� for controlleri to be applied again.

Definition (5.9) indicates that a similar figure applies foreach of the controllers.

However, Theorem 5.3 does not guarantee the neighborhoodX� converges to the origin. Moreover,

the exact performance measures are not known in general, so the neighborhoods�i� could not be

computed even if the bound on the estimation errors was known. Using the error bound� it is

possible to find a conservative estimate forX�: First, we can find an estimate for�� if we write

�J i�(x) as

�J i�(x)
4
= J i�(F

i(x))� J i�(x) =
(1� �)
�

J i�(x)�
1

�
U(x)

Then, the condition for a point in the state space to belong to the set�i� can be written as

U(x)� (1� �)J i�(x) � 2�� (5.10)
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Even though (5.10) depends only on a particular state and not a trajectory, it is still not possible to

compute sinceJ i� is not known exactly. An approximate expression can be obtained by usingĴ i�

instead.

U(x)� (1� �)(Ĵ i�(x) + �) � U(x)� (1� �)J i�(x) � 2��

U(x)� (1� �)Ĵ i�(x) � �(1 + �)

Therefore, a conservative estimate for the set�i� is

�̂i� = fx 2 Rij U(x)� (1� �)Ĵ i�(x) � �(1 + �)g: (5.11)

A similar modification gives us the estimate of the convergence setX� as

X̂� =
[
i

X̂ i
� =

[
i

fx j Ĵ i�(x) � sup
~x2�̂i�

Ĵ i�(~x) + �g (5.12)

The estimation errors incurred by using (5.11) and (5.12) are eliminated when� = 1; however,

since in this case we have�J i�(x) = �U(x): In other words, when� = 1; the decrease in the exact

cost at each stage is determined entirely by the state cost function. This observation leads to the

following corollary.

Corollary 5.4. Under the assumptions of Theorem 5.3 with� = 1; if the min-switching strategy is

applied for somexo 2 R̂ =
S
R̂i resulting in a state trajectory such thatxk !

T
R̂i; then

xk ! fx 2 <n j U(x) � 2�g

This corollary makes a very intriguing claim and allows us to have a direct relationship between the

accuracy of the cost-to-go estimation with the size of the set to which the trajectories converge.

It is important also to note that Theorem 5.3 is a sort of worst-case result by establishing the set to

which the system converges upon infinite changes with the control scheduling algorithm. The more

likely case in which, after some time, a controller dominates over the rest will make the system
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to inherit the performance properties of that particular controller. In particular, the system will be

asymptotically stable if the switching rule stays with one of the controllers indefinitely.

The results of Chapter 4 on the estimation of performance indices by neural networks suggests that it

is possible to improve the estimation of the performance indices for each controller while the system

is running. Since only one controller is running at a time, the on-line training should be done only

with the current controller. Applying the training algorithms described in Chapter 4, the error bound

� with respect to the true value of the cost-to-go function becomes a nonincreasing sequence. This

change does not affect the proof in Theorem 5.3 and implies an improvement in the convergence

result. An estimation for the bound of the error in the estimation of the cost-to-go functions for each

controller can be computed using the confidence interval computation introduced inx 2.6.5.

5.4 Computational issues

There are several issues concerning the implementation of the controller scheduler algorithm. The

implementation is structured in three parts: the estimation of the stability region foreach controller,

the estimation of the performance indices for each controller, and the scheduler algorithm given

by (5.4) and (5.5). For the first two parts, we can differentiate two different stages, the learning

and evaluation procedures. The learning stage is the most expensive one, in terms of memory and

computation time, while the evaluation stage is much faster. As discussed in Chapters 3 and 4,

the computation time and memory depends on the size of the networks and training patterns to

use. The last part of the controller scheduler computation, the scheduler algorithm in itself, is the

least expensive one because it requires only to keep memory of the previous bounds, the admissible

controller set and previous controller applied, and a comparison of the performance indices to select

the controller to use at each stage.

If we eliminate the on-line learning procedure for the neural network estimates, the whole controller

scheduler process takes a computational effort that is roughly linear on the number of weights of the
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networks used. If we keep the learning process on-line, that number grows roughly proportional to

the square of the number of weights times the number of points retained for training in the window

of on-line data.

In a real-time system it may not be possible to allocate all those computational resources to the

controller scheduler process. Since it may be important to keep the learning procedures while in

operation, they can be executed in another loop that run at a different rate and with different priority,

and update its results to the on-line estimators.

5.5 Discussion

Looking back at Chapter 2 we can discuss the improvements and trade-offs gained by using the

method explained in this chapter with respect to the controller scheduler methods described there.

The method developed by Morse [Mor96] for supervisory control presents all of its results on the

basis of a family of linear systems while we can manage a framework for a class of nonlinear sys-

tems. With respect to the approach by Kolmanovsky and Gilbert [KG97] we present an estimation

for the stability regions, which are invariant, and also an estimate of a performance for the con-

trollers rather than using a possible arbitrary order of preference for them. Malmborg [MBA96] and

Branicky [Bra94b] stated sufficient conditions for stability in the sense of Lyapunov but no further

considerations with respect to performance are made.

In Chapters 6 and 7 two examples are worked out to show the properties of this approach to con-

troller scheduling.



Chapter 6

Example: Inverted pendulum

6.1 Introduction

As an example of the methods developed in the previous chapters we consider the well known

inverted pendulum (IP) problem. We use a physical IP that has served as a standard laboratory

example for theSIMPLEX architecture described inx 2.7. In this chapter we present results of the

neural network estimation of the stability region and performance indices, and controller scheduling

experiments for three different controllers based on data from a simulation model.

6.2 Description

Fig. 6.1 shows a model scheme for a standard IP. The IP model equations used are:

Jt�x+
1
2 ml cos� ��+ Br _x� 1

2 ml sin� _�2 = F

1
2 mcos� �x+ 1

3ml��� 1
2 mg sin� = 0

(6.1)
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α

x

F

Fig. 6.1: Inverted pendulum model scheme.

with the following constraints:

jF j � Fmax

jxj � xmax

j _xj � vmax

where� is the angle of the pendulum,x is the position of the pendulum base,m is the effective

mass at the end of the pendulum,l is the pendulum length,Jt is the inertia of the base,Br is the

friction coefficient for the base, andg is the gravitational acceleration.

The parameters of the model were determined through identification experiments performed on the

physical system situated at the SEI. The forceF is implemented by an electrical motor. In these

experiments, the dynamic of the motor is neglected since it has a time constant at least two orders

of magnitude smaller than the mechanical time constant. Therefore, the approximation used is that

F is proportional to the electrical current in the motor with constantKi: The system parameters are

given in Table 6.1.

Controllers

The main purpose of this example is to demonstrate how the neural networks are used in the schedul-

ing algorithm. Towards this end, three controllers were designed to achieve stabilization of the pen-

dulum around the origin, each one designed to work differently and in such a way that from the
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Jt 0:6650 Kg

m 0:21 Kg

l 0:61 m

Ki 4:47 N=Amp

Br 0:1 Kg=s

g 9:8 m=s2

Fmax 2 N

xmax 2:0 m

vmax 3:0 m=s

Table 6.1: IP model parameters.

combination of the controllers we expect to get better performance than just by the application of

any one of them.

The first control algorithm applied is a standard LQR controller for the linearized model of the IP

around the origin. The matricesQ andR selected are:

R = 1; Q =

2
6666664

10 0 0 0

0 1 0 0

0 0 50 0

0 0 0 1

3
7777775

The feedback control law obtained is then

u = Kx;

K = [10:0 12:60 48:33 9:09]

x = [x _x � _�]T

The LQR controller does not have a very large domain of stability since it is based on a linearization

of the dynamics. Therefore, a sliding mode (SM) controller is designed to bring� to zero as fast

as possible using a nonlinear switching rule and saturating control. The sliding surface is simply

defined as

s(t) =

�
d

dt
+ �

�
�
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Furthermore, to avoid chattering the saturation function of bandwidth� is used instead of a sign

function. The SM controller takes the form

u = û(x; �)+ 
sat

�
s(t)

�

�

whereû is the nominal control action that satisfies the equation_s(t) = 0 and

� = 5; � = 0:1; 
 = 20

The SM controller is designed to bring the pendulum angle to zero. However, it may do so with

a nonzero terminal base speed. Therefore, a third controller is designed to bring the base to rest,

although not necessarily atx = 0: This controller is just another LQR feedback controller but with

the gain for the base position set to zero, so we call it thevelocity feedback(VF) controller. The

control law is given by

u = Kx; K = [0 30:92 87:63 20:40]:

6.3 Stability region estimation

In this section we present results of the neural network estimation of the stability region, for the

LQR controller defined in the previous section, based on data from a simulation model. It should

be noted that the SM controller only controls the angle�; so its region of stability was determined

without considering the track position and velocity. The VF controller is a stable controller but not

asymptotically stable. Its region of stability was determined the same way as for the LQR controller.

First, we show results and comparison with the stability region determined experimentally on the

physical system. Afterwards, a comparison with a LMI approach described inx 2.3.2 is presented

based on simulation models.

The methods developed in Chapter 3 were used to train a neural network to estimate the region

of stability for the IP system. Table 6.2 summarizes some parameters calculated for the network
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and some results obtained on the simulator. Figures 6.2 and 6.3 show some cross-sections of the

region found for the model described inx 6.2, compared to the best region based on constraints for

individual state variables, calculated by maximizing the volume of the hypercube defined by the

constraints. One motive for this comparison lies in the fact that a hypercube of this sort was used in

the experimental model at the SEI to approximate the stability region. As expected, there is a large

difference between the regions in favor of the neural network estimate.

Training samples: 1000

Testing samples: 300

Units in each layer: 4 - 12 - 6 - 2

Training set MSE: 0.01

Test set MSE: 0.05

�; � : 1.8 / 0.9

Table 6.2: Network estimation results
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Fig. 6.2: State space cut showing the estimated stable region in the(x; �) plane for _x = _� = 0:

solid neural network estimation.

dashed: best hypercube constraints.
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Fig. 6.3: State space cut showing the estimated stable region in the( _x; �) plane forx = _� = 0:

solid neural network estimation.

dashed: best hypercube constraints.

6.3.1 Comparison with a LMI method

An LMI procedure has been recently implemented by Seto and Sha to look for a conservative

stability region of an inverted pendulum and a double-inverted pendulum in development at the

SEI. Based on the model equations (6.1), but with other parameter values coming from a different

physical system, the LMI procedure described inx 2.3.2 is carried out. Figures 6.4 and 6.5 show

two different two-dimensional cross-sections of the four-dimensional state space with a comparison

of the ellipsoid generated by the LMI procedure and the neural network stability region estimate.

As expected the LMI approach gives a more conservative region than the neural network, although

the gap is greatly reduced with respect to the hypercube example shown in the first comparison.

Fig. 6.6 gives a comparison in three dimensions. In this case we cut the four-dimensional space

with the hyperplanex = 0 since we are looking at taking the system to the origin.

The stability region approximation shows that a neural network can have a better approximation than
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Fig. 6.4: Slice of the state space showing NN

and LMI estimates.
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Fig. 6.5: Slice of the state space showing NN

and LMI estimates.

the LMI estimation based on a linearization method. However, the LMI method is computationally

very fast relative to the neural network training.
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Fig. 6.6: Three dimensional plot (forx = 0 ) comparing NN and LMI estimates

for the stability region.
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6.4 Performance index estimation

Given the three controllers described inx 6.2, three neural networks were trained to approximate

the cost-to-go function of each controller. Training was performed off-line in each case using 5000

random trajectories, followed by continued on-line during the simulated control experiments using

HDP. The discount factor� and the cost matrixP chosen were

� = 0:5; P =

2
6666664

1 0 0 0

0 1 0 0

0 0 5 0

0 0 0 1

3
7777775

Multilayer feedforward networks were used together with conjugate gradient optimization methods.

Figures 6.7, 6.8 and 6.9 show slices of the approximated performance measure in a 3D plot for each

of the controllers with the angle rate and base position set to zero. Note that these relative index

measures are intuitive in their shapes for each controller, and the relative values are also intuitive in

that the SM controller obtains a better performance for larger values of�; but is not as good as the

LQR controller for smaller angles.
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Fig. 6.7: Cut of the neural network estimation for the performance of the LQR

controller (LQR).
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Fig. 6.8: Cut of the neural network estimation for the performance of the sliding

controller (SM).
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Fig. 6.9: Cut of the neural network estimation for the performance of the veloc-

ity feedback controller (VF).
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6.5 Controller scheduling experiments

Having the estimates setup for the stability region and performance index foreach controller imple-

mented, the controller scheduling experiments using the strategy developed in Chapter 5 are shown.

Different types of simulation experiments were run on the system. In the first experiments the initial

condition used in the trajectory simulation is� = 0:5: All other state variables equal zero initially.

As shown in Fig. 6.10, for this initial state: the LQR controller cannot stabilize the system; if the

SM controller is applied alone, the angle goes to zero, but the final base speed is nonzero; and the

VF controller will not drive the base position to zero, even if it can stabilize the pendulum and bring

the base to rest.
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Fig. 6.10:Arbitrary trajectory showing the system being controlled by each designed con-

troller by itself.

Fig. 6.11 shows the position trajectory from the same initial condition along with the corresponding

switches between controllers when the minimum switching rule is applied to the system. In this

experiment the scheduler simply chooses the controller corresponding to the minimum cost with-

out applying the constraintsLk : The noise in the state measurements plus the neural estimation
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and switching scheme applying the controller with the minimum performance estimation lead to

the chattering observed in the controller selection. Note that the controller scheduling obtains an

asymptotically stable behavior for a situation in which none of the controllers is acceptable by it-

self but the performance is very poor. Fig. 6.12 shows the result of the simulation when we use a
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Fig. 6.11:Arbitrary trajectory showing the system behavior under the minimum switch-

ing rule control scheme.

dwell-time in the switching scheme to reduce chattering. The delay parameters are tuned to reduce

the chattering. There are some trade-offs in the selection of these values. The parameterkm looks

into reducing the frequency of chattering whilekl tries to avoid switches related to estimation er-

rors in the cost function approximation. Large values for the parameters may cause the system to

have large oscillations around the slide surface or not to switch at all. The final values chosen are:

km = 4, kl = 2:We observe that the chatter has been reduced as expected. We also can see that the

evolution of the combine cost-to-go estimate is not monotonically decreasing for all time.

In the next simulation we introduce the full controller scheduling rules developed in Chapter 5,

including theLk terms. Fig. 6.13 shows the position of the cart, the angle of the pendulum and the

switches between the controllers for a simulation experiment when using the controller scheduling
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Fig. 6.12:Trajectory showing system behavior with inclusion of a chattering reduction mechanism

and performance index for each controller. (km = 4; kl = 2)

algorithm described inx 5.2. Fig. 6.14 shows the evolution of the performance index estimates for

each controller in the run.
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Fig. 6.13:Simulation using the neural network controller scheduling rule.

For the controller scheduling experiments, we compare the results of the proposed algorithm with
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Fig. 6.14:Evolution of the performance indices for each controller for the neural network

controller scheduling approach.

themin-switchingrule of Malmborg et al. and even introducing a dwell-time to improve the chatter-

ing. Comparing the simulation experiments of the previous sections we observe that the new con-

troller scheduling approach reduces the chattering problem in the switches. This advantage seems

to come from the restriction to use a controller that is in the admissible controller setI(x) defined

in (5.5) at each time step. Computationally, there is no much overhead added to the controller

code, just a memory to keep track of the previous decision and the admissible set of controllers at

the current time step. In all experiments, the scheduler settles with the LQR controller so that the

asymptotic behavior is that of the LQR controller.





Chapter 7

Example: Submerged vessel

7.1 Description

A second example to demonstrate the abilities of the proposed controller scheduling approach is

taken from another laboratory system at the SEI. Fig. 7.1 shows a schematic of the Bubble-system

designed at the SEI. Fig. 7.2 shows a diagram of the bubble system including the main variables

involved in the system. The goal is to stabilize the diver to an arbitrary position inside the water tank

by modifying the size of the bubble in the diver using a piston. One characteristic of this system is

that any equilibrium position is open-loop unstable since the bubble inside the diver tends to grow

when the diver is going up by differential pressure and vice versa, creating a positive feedback.

There is also a significant time delay in the response due to the long tube connecting the piston with

the bubble, which acts as a transmission line. The long tube connecting the diver with the piston

also introduces a variable reacting force depending on its shape during any particular run. Another

setup characteristic is the friction between the diver and the central bar that maintains the diver in a

vertical movement. This static friction causes oscillations around the setpoints.



92 Chap. 7. Example: Submerged vessel

The model for such system is,

�y = � 1
he
j _yj _y � g

he
h� fr(y; _y)

_h = ��(y; h)� �(y; h)u(t� �)
(7.1)

with

fr( _y) = f1 _y + f2 sgn( _y) e
�f3j _yj

�(y; h) = pat�gVo
pat�gVo(1+

Ac
At

)+p2a

�(y; h) =
App2a

pat�gVo(1+
Ac
At

)+p2a

he = m
�Ac

pa = pat + �g(y+ he � ze +Hc + h(1 + Ac

At
)

(7.2)

wherey is the position of the diver with respect to the water level andh is the height of the bubble.

Table 7.1 explains the rest of the parameters in (7.1) and (7.2). The parameters of the model (7.1)

were determined through experimentation or direct measurement. The estimated values in SI units

are shown in Table 7.1. For the first equation governingy; the position of the diver, the first term of

the right hand side is the water resistance, the second term reflects Archimedes’ principle, and the

last term is the Newtonian static and dynamic friction. The input is the velocity of the piston that

pushes the air between the diver and the cylinder.

This equipment is controlled using the real-timeSIMPLEX architecture described inx 2.7. The

current configuration of theSIMPLEX has heuristic rules to solve the switching problem between

controllers which are very difficult to create and maintain, even for small systems.

Controllers

In order to control the position of the diver in the tank, two state feedback controllers were designed.

It is very difficult to come up with one single controller that works well in the whole range of

operation. Because of that, one controller was designed to work well under small perturbations
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Fig. 7.1: Sketch of the components

of the submerged vessel

system.

Fig. 7.2: Physical parameters for the

submerged vessel system.

of the system from the setpoint while the other controller should handle large deviations from the

setpoint.

Both controllers are linear state feedback controllers used in the originalSIMPLEX architecture

implementation. One controller, which we calledu1; has an acceptable performance close to the set

point while the second controlleru2 performs better in a larger operating region using a bang-bang

action, but with unacceptable oscillations near the set point.

Both controllers are designed by linearizing the model (7.1) around the setpoint valueyref and use
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he 0.018 m equilibrium bubble size

� 0.3 s time delay

m 0.108 Kg diver cup net weight

� 1000 Kg m�3 water density

�p 1190 Kg m�3 plexiglass density

pat 101250 Pa atmospheric pressure

g 9.8 m=s2 gravity acceleration

Ac 0.00597 m2 diver cup cross-section

At 0.0670 m2 water tank cross-section

ze 0.0127 m water level with respect to tank

Hc 0.127 m diver cup height

f1 0.1 Ns=m dynamic friction coefficient

f2 0.5 N static friction coefficient

f3 20 s=m static friction coefficient

Table 7.1: Bubble system model parameters.

LQR design. The controllers can be expressed by

u
i = sat(Ki

x; um); i = 1; 2

x = [y _y h ]T

K1 = [0:1 0:12278 � 8:3964]T

K2 = [0:81623 0:41854 � 30:62843]T

um = 1:25

wheresat() is the linear function with saturation at�um: The larger gains of controlleru2 cause

the control to saturate faster than controlleru
1; turning into a bang-bang control not far away from

the setpoint.
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7.2 Stability region estimation

For each controller, the stability region was estimated using the methods developed in Chapter 3.

The trajectories were generated based on the model described inx 7.1. The setpoint value for the

diver cupyref was added as an additional input to the neural network to be able to handle different

setpoints.

Table 7.2 summarizes the results of the training procedures. Fig. 7.3 shows a section of the stability

region for a setpoint valueyref = 25 in; for controller1; designed to work on a smaller region of

the state space. Fig. 7.4 shows the stability region for controller2: The same setpoint and slice of

the state space is selected for both figures.

Controller: Ctrl 1 Ctrl 2

Training samples: 2000 2000

Testing samples: 400 400

Units in each layer: 4/10/10/2 4/10/10/2

Training set MSE: 0.01 0.01

Test set MSE: 0.071 0.048

�; � : 1.7 / 9.0 1.6 / 5.6

�v : 5 % 5 %

Table 7.2: Network estimation results for the stability region.

Both estimators were trained to a similar accuracy. The estimates of the stability regions are more

conservative than in the simple examples of Chapter 3 because the confidence intervals are generated

with larger values for the variances of the errors in the states of the bubble system. The value for the

variance�v for the states of the bubble is computed from trajectory data from the physical system.

We note that controller 1 presents a larger stability region than controller 2. It can be explained as
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Fig. 7.3: State space cut showing the estimated stable region in the(y; h) plane for _y = 0 and

yref = 25 in when using controller 1.

solid: stability region from model.

dashed: neural network estimation.

an effect of the delay over the closed-loop behavior. The delay may cause the larger control values

to overshoot the system and reducing its applicability on the edges of the stability region.

On the other hand, the larger gains may lead to a faster controller and then, preferable to use, when

possible, to close on the setpoint faster.

7.3 Controller scheduling approach

The experiments were set up using a computer controlled system under theSIMPLEX architecture

that is running under Lynx, a real-time operating system. The base sample time for control was 100

ms although a faster rate was used (10 times) to obtain more accurate measurements and to compute

the velocity of the diver. A set point ofyref = 25 in. was selected. The two controllers described in

x 7.1 were used to test the switching strategy.
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Fig. 7.4: State space cut showing the estimated stable region in the(y; h) plane for _y = 0 and

yref = 25 in when using controller 2.

solid: stability region from model.

dashed: neural network estimation.

Data was collected from the system to be used in the off-line neural network training procedures.

In this example we work inside the regions of stability of both controllers so that it is not necessary

to use the stability region estimators. Estimation of the performance indices for� = 0:5 by the

methods explained in Chapter 4 was carried out and used to manage the switching between these

two controllers.

The analytical model was used for initial training of the neural network. Experimental data from

twenty different runs were used to adapt the parameters of the neural networks to estimate the perfor-

mance indices of both controllers. Fig. 7.5 shows a typical data profile to estimate the performance

index of one of the controllers and Fig. 7.6 shows a slice of the resulting performance estimate.

During the experiments the neural networks were kept fixed. This was due primarily to the fact

that the computer setup did not have enough power to do training on-line. It was noted that the

SIMPLEX code in itself, which handles the communication between processes and with the physical
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Fig. 7.5: Data obtained from the physical system under controller 1.
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Fig. 7.6: Performance index estimate for controller 1.

system already takes a big part of the cpu time making a little more difficult to do long computations

inside one process that does not have high priority among all the processes involve in theSIMPLEX

architecture.

Figures 7.7 and 7.8 show a switching experiment for a step change in the setpoint value foryst

from 13 to 25 inches. Fig. 7.9 shows the estimated performance indices during the run. From
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the figure we observe that controller 2 is preferred for larger values ofy: After approximately 5.5

seconds, when the system is getting close to the desired setpoint,Ĵ1� becomes smaller than̂J2� and

the scheduler switches to controller 1.
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Fig. 7.7: Level position of the vessel during a switching experiment.
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Fig. 7.8: Bubble size during a switching experiment.
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Fig. 7.9: Performance indices estimates for controllers for the submerged vessel during a switching

experiment.

The control scheduling experiment gives a very satisfactory result. Based on the estimates for the

controller’s stability region and cost-to-go performance, the controller scheduler algorithm makes

its decision on which one to apply to the system in the next sample. The decision taken by the

scheduler in the sample experiment is intuitive. It selects the fastest controller to get closer to the

setpoint and then switches to a slower but more effective controller around the setpoint.
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Conclusions

8.1 Summary of contributions

In summary, the principal contributions of this thesis are:

� Development of a generic non-model-based method to find regions of stability for dynamical

systems using neural networks plus specific decision rules to make a conservative estimation.

� A general approach to estimate performance indices for dynamical systems. Neural networks

are used as estimators with neurodynamic programming training techniques.

� A new application of neural networks for controller scheduling with guaranteed stability and

performance. It combines the good properties of neural networks with Lyapunov analysis

to generate a suitable framework for controller scheduling of complex nonlinear dynamical

systems.

� The first implementation of an autonomous evolvable system using theSIMPLEX architecture

that learns the switching rules. This was a strong motivation for this work and a reasonable

scenario for a neural network type of architecture.
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It should be noticed that theSIMPLEX architecture also addresses other issues that are not being

taken into consideration here. The controller scheduling algorithm described in Chapter 5 provides

a method to select the controllers on a stability and performance basis which the current version of

SIMPLEX lacks. Moreover, the stability region estimation method developed in Chapter 3 and used

in the controller scheduling algorithm can be applied by itself to prevent any break downs by com-

puting the switching surface to go back to thesafetycontroller. However, theSIMPLEX architecture

also considers taking measures to guarantee software and communications failure recovery.

8.2 Recommendations for future work

The suggestions on future research lines is divided in sections directly related to each major topics

addressed in this thesis.

8.2.1 On the stability region analysis

Many lines of research are still open for the estimation of the region of attraction of a nonlinear

system. In many cases the key issue in finding the right region of attraction lies in the constraints

impose on the states or control inputs of the dynamical system being studied. A method like the

one described inx 3.3.1 puts all the burden in the designer to find the regions A,B and C. Moreover,

since the final classification only indicates whether the system is inside or outside the region of

attraction, any modification in the constraints, would involve retraining the network again and again.

Therefore, it would make sense to try to estimate the decision variable or variables that set up the

regions A, B and C.

In the case in which the constraints on the states are the ones which determine the region of at-

traction, one possible option is to try to estimate how far away the system would get from the

equilibrium state and use that information for the decision. This could be done with the function
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d : <n ! <
n such that

d(xo) = sup
k2Z+

jxik � xieq j; i = 1; : : : ; n (8.1)

wherexik represents theith component of the state vector at time stepk andxieq stands for theith

component of the equilibrium state. This definition is easily generalizable to use measures other

than the absolute value. For example, any other function of the state vector that might be desirable

could be used. This type of information would be better to handle trajectory tracking problems.

Another possible approach to estimate stability regions is to use recurrent neural networks. A re-

current neural network architecture is a dynamic system in itself and not just a static mapping,

suggesting more basic questions of approximating a region of attraction of one nonlinear system by

another nonlinear dynamic system and how close and conservative the approximation can be. These

two dynamic systems may not be similar in the overall behavior but should have similar stability

regions.

8.2.2 On the performance estimates

There are several ways to improve the estimation procedures. Presently, we can handle theoretical

results in the case in which we can express the estimate as a linear combination of basis functions.

Bertsekas and Tsitsiklis shown that convergence is not guaranteed with nonlinear estimates, but

there are no conclusive results concerning neural network estimators yet [BT96]. Obviously, as

long as we only adapt the output layer, the convergence results we obtained can be applied to neural

networks. A direction to go with linear estimators would be the use of wavelets as a way to optimize

the number and shape of the necessary basis functions.

From the comparisons between the different estimation procedures in Chapter 4 one can think of

combining the higher-order method with the embedded filtering method to gain in accuracy and

also regularization. Research efforts should be directed in the direction of improving the embedded

filtering algorithm to make possible its combination with the higher-order method.
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As mentioned inx 8.2.1, the use of recurrent neural networks should also be analyzed for this type

of estimators. Recurrent networks have a potential to store values as attractors to be exploited in

solution of the recursive equation.

8.2.3 On the controller scheduler strategy

One limitation of the proposed algorithms is that the on-line training techniques can be applied only

to the actual closed-loop dynamics, i.e. at any point in time we are updating one and only one

stability region and performance index estimate. A way to get around this is by having a model

of the system. A model of the system would allow us to predict the future values for states and

generate the training patterns for the neural networks associated to the controllers not in use at that

moment.

Another requirement for the strategy to work is that the controllers must stabilize the plant. The

example in Chapter 6 shows that the requirement could be relaxed if there is way to estimate if there

exists a region in which the application of one controller may lead the system to the stability region

of another controller.

The controller scheduling approach designed in Chapter 5 assumes the controllers are given. A

further step in the process would involve the introduction of a controller design based on the infor-

mation collected by the estimators. One possible way of doing this would be to use a Q-learning

approach, i.e. to approximate a Q-function from the performance estimates gathered from each

controller, setting up a new controller that would be the best combination of the controllers already

specified for the system. That approach would ultimately generate an optimal controller.

In this thesis we considered the full information case, i.e. we assume it is possible to measure

all state variables. The inclusion of an observer into the algorithm is the next step to take. It is

necessary to investigate how this extra dynamics affects the estimation and scheduling process. The

control scheduling problem solved in Chapter 5 involves only the stabilization of a plant around an
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equilibrium point. The next step is to extend this approach to consider also a tracking problem.

8.2.4 Algorithm improvements

It is a very important to study and improve the numerical algorithms for this approach to be consid-

ered for a practical application. The main problem appears when on-line training is needed. In this

case, the computation increases by a factor proportional to the number of parameters of the network

with respect to the off-line learning together with on-line evaluation only. Algorithms for training

are already well optimized, so it does not seem likely we can reduce the order of the computations

in this case. One way to decreased the necessary computations to estimate those functions on-line,

would be to optimize the parameters of the networks off-line as much as possible.

As usual, computational speed can be improved by orders of magnitudes with the advances in

microprocessor speed or the use of neural network chips instead of neural network software.

8.2.5 Application environments

Time constraints allowed the application of this algorithm only to a couple of example problems

that can be considered low-order, slow systems. This approach though has the potential to be used

for high-order and faster systems given enough computation power.

Chemical processes may in general be a suitable type of system to use this approach. They are

usually high order, highly nonlinear systems, for which an accurate model is very difficult to obtain.

Usually, the dynamics of such processes are slow, so that computation time is not the most important

issue.
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8.2.6 Stochastic approach

The motivation to look for safety issues on the application part was one of the motivations to choose

deterministic rather than stochastic models. As mentioned in the background chapter, there are some

important results in the stochastic domain. It has an advantage that the uncertainty on the system is

introduced in a systematic way into the approach at the expense of the more involved mathematics.

It would be valuable to translate some of our approaches to the stochastic framework to combine

the results.
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Appendix A

Theorem proofs

Theorem 4.5

Proof. We define a Lyapunov function for the neural parameters as,

V ( ~W ) = k ~Wk2 = ~WT ~W; ~W = W � Ŵ (A.1)

Using equations (4.7), (4.10) and (4.11) and rearranging terms the adaptive algorithm for the weights

Ŵ is

Ŵk+1 = Ŵk � �(U(xk) + ŴT
k (�	(xk+1)�	(xk))) � (�	(xk+1)�	(xk))

~Wk+1 = ~Wk + �(U(xk) + ŴT
k (�	(xk+1)�	(xk))) � (�	(xk+1)�	(xk))

= ~Wk � � ~WT
k (�	(xk+1)� 	(xk)) � (�	(xk+1)� 	(xk))

= ~Wk +�k

Computing the difference of the Lyapunov function (A.1)

�Vk = ~WT
k+1

~Wk+1 � ~WT
k

~Wk

= 2 ~WT
k �k +�T

k �k
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Substituting for�k and collecting terms we ended up with

�Vk = � ( ~WT
k (�	(xk+1)� 	(xk)))

2 (� k�	(xk+1)�	(xk)k2 � 2)

� � (1 + �)2 k ~Wk2 	2
M (� (1 + �2)	2

M � 2)

Using condition (4.12) we conclude that

�Vk

8<
: = 0 if ~WT

k (�	(xk+1)�	(xk)) = 0

< 0 otherwise

Theorem 4.6

Proof. To simplify notation, the superscripti will be dropped in the understanding that we are

dealing with a closed loop system for a given controller. Using the definitions for�k; �k and'k

from equations (4.17) and (4.18) the error term to adapt the network parameters is given by

"k = Ĵ�(xk+1)� 'k+1

= Ĵ�(xk+1)� �kĴ�(xk)� �k'k + 
U(xk)

'k+1 = �kĴ�(xk) + �k'k � 
U(xk)

with 
 = 1=�: SubstitutingĴ�(xk) by its linear estimates (4.11)

"k = ŴT
k (	(xk+1)� �k	(xk))� �k'k + 
U(xk)

= ŴT
k �� � �k'k + 
U(xk) (A.2)

To apply (4.9) with the new error"k defined we need to computerŴ "k

rŴ "k = �� � �krŴ 'k
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If we denote�k = rŴ 'k then

rŴ "k = �� � �k�k (A.3)

�k+1 = �k�k + �k	(xk) (A.4)

Combining (4.9), (A.2), (A.3) and (A.4) we obtain equations (4.19).

To analyze the convergence of the algorithm we introduce the true weight vector

J�(x) = WT	(x) (4.10)

and the new training state variables

~Wk = W � Ŵk (A.5)

~'k = WT	(xk)� 'k (A.6)

~�k = 	(xk)� �k (A.7)

into the training equations (4.19) leading to

~Wk+1 = (I � �k(�
 � �k ~�k)�
T
� ) ~Wk + �k�k(�
 � �k ~�k) ~'k

~'k+1 = �k ~W
T
k 	(xk) + �k ~'k

~�k+1 = �k ~�k � �


with �
 = 	(xk+1)� 
	(x): In matrix notation it can be expressed as

Zk+1 = Ak(Zk) Zk +Bk (A.8)

ZT
k = [ ~WT

k ~'k ~�T
k ] (A.9)

Ak =

2
6664
I � �k(�
 � �k ~�k)�

T
� �k�k(�
 � �k ~�k) 0

�k	(xk)T �k 0

0 0 �kI

3
7775

BT
k = [0 0 ��T


 ]
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If we choose�k < 1 the sequence~�k is bounded. A sufficient condition to have convergence for

~Wk and ~'k is to imposeAk to be contractive, i.e.kAkk < 1: However, because of the structure

of Ak; and in particular the upper-leftA11 submatrix, it is not possible to makeAk contractive

independently of the trajectoryxk being followed. In fact, it is easy to see thatAk has always a

singular value greater or equal to 1. If we choose a vectorv orthogonal to�� then

Ak

2
6664
v

0

0

3
7775 =

2
6664

v

�k	(xk)
T
v

0

3
7775

Therefore, at each time step k the values of�k; �k and�k have to be optimized to give a contractive

mapping in the direction of the trajectory of the state vectorZk:

Theorem 4.8

Proof. From (4.10) and (4.11) and the definition of�i�r;k we get,

�i�r;k = �T (xik)Wk

�̂i�r;k = �T (xik)Ŵk

with �T
k = �T (xik) = [ 	(xik) 	(x

i
k+1) : : : 	(x

i
k+r�1) ]

T : Using the expressions for the higher

order HDP given by (4.26)-(4.28) and following the same line of reasoning as in Theorem 4.5 it is

straight forward to find that the expression for the error term�k is

�k = (�T
k �A�r�k+1) ~Wk (A.10)
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where ~Wk = W � Ŵk is the error in the weight parameters. The rest of the proof is analogous to

the proof in Theorem 4.5 noting that

k�kk � r	M

kA�r�
T
k+1k � (r � 1)	M +

 
rX

i=1

�2i �
2i

!1=2

	M

Theorem 5.3

Proof. For a givenxo 2 R̂; let ik be the sequence of controllers selected by the min-switching rule.

If there exists someK andl 2 f1; : : : ;Mg such thatik = l for all k > K; the theorem is true

since the origin is a stable equilibrium for controllerl:On the other hand, if the controller switches

infinitely often, there must be one controllerl which is selected infinitely often. Let the sequence

of time indices0 < k1 < k2 : : : be an infinite sequence of sampling instants when controllerl is

selected withxk 2
T
R̂i; 8 k > k1: The min-switching rule implies

Ĵ l�(xkj+1) < Ĵ l�(xkj); 8j

because of the limitsLkj : Since theĴ l�(xkj) are bounded from below, the sequenceĴ l�(xkj) con-

verges to some constantC:

For eachi = 1; : : : ;M let �i(x) denote the error in theith performance estimate at statex where

it is assumedj�i(x)j � � for some� > 0: This implies that when theith controller is applied at a

statex 2 R̂i;

�Ĵ i�(x)
4
= Ĵ i�(F

i(x))� Ĵ i�(x)
= �J i�(x) + �i(F i(x))� �i(x)

� �J i�(x) + 2�:
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SinceJ i� is a Lyapunov function for the system under controlleri; �J i�(x) � 0: Returning to the

specific controllerl; suppose that there are an infinite number of thexkj that remain a finite distance

from the set

�l� = fx 2 Rl j ��J l�(x) � 2�g:

This would imply the sequence�Ĵ l�(xkj) is negative and bounded away from zero infinitely often,

contradictingĴ l�(xkj) ! C: Therefore,xkj ! X l
�: More precisely, given any~� > 0; there exists

someKl
~� such that the distanced(xkj ; �

l
�) < ~� for all kj > Kl

~�: This is illustrated in Fig. 5.2.

While controllerl is applied,J l�(xk) is monotone non-increasing sinceJ l� is a Lyapunov function

for the system. Therefore,J l�(xk) � J l�(xkj); for k � kj until another controller becomes active

(see Fig. A.1). DefineIl = fk 2 N jik = lg and �J l� = sup
~x2�l�

J l�(~x): Then, for any given� > 0 we

Fig. A.1: Trajectory of the system illustrating convergence toX�:

have

J l�(xk) � sup
kj

J l�(xkj) � �J l� + � 8k 2 Il; k > Kl
~�

because of the continuity assumption onJ l�(x):Since this has to be true for anyl; after a finiteK in
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which all the controllers that are not used infinite number of times do not become active any more,

the sequencexk is arbitrarily close toX�:
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