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Abstract

Recent years have seen exciting advances in Computer Assisted Surgery (CAS). CAS systems
are currently in use which provide data to the surgeon, provide passive feedback and motion con-
straint, and even automate parts of the surgery by manipulating cutters and endoscopic cameras.

For most of these systems, accurate registration between the patient’s anatomy and the CAS
system is crucial: if the position of the surgical target is not known with sufficient accuracy, therapies
cannot be applied precisely, and treatment efficacy falls.

This thesis presents a system for recovering the position and orientation of the target anatomy
in 3D space based on iterative comparison of 2D planar radiographs with preoperative CT data.
More specifically, this system uses X-ray images acquired at the time of treatment, and iteratively
compares them with synthetic images, known as Digitally Reconstructed Radiographs (DRRS), in
order to estimate the position and orientation of the target anatomy.

An intermediate data representation called a Transgraph is presented. The Transgraph is sim-
ilar to the Lumigraph, or Light Field, and extends the computer graphics field daikegk-based
renderingto transmission imaging. This representation speeds up computation of DRRs by over an
order of magnitude compared to ray-casting techniques, without the use of special graphics hard-
ware.

A hardware based volume rendering technique is also presented. This approach is based on
new texture mapping techniques which enable DRR generation using off the shelf consumer grade
computer graphics hardware. These techniques permit computation of full resolution (512x512)
DRRs based on 256x256x256 CT data in roughly 70 ms.

The registration system is evaluated for application to frameless stereotactic radiosurgery, and
phantom studies are presented demonstrating accuracy comparable to current immobilization-based
systems. Additional phantom studies are presented in which the registration system is used to
measure implant orientation following total hip replacement surgery, improving on current practice
by a more than factor of two.
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Chapter 1

Introduction

Recent years have seen many exciting advances in Computer Assisted Surgery (CAS). Maturing
technologies in robotics, computer graphics, and data visualization have become directly applicable
in the operating room. Successful CAS systems are currently in use which provide data to the
surgeon through virtual fluoroscopy and virtual endoscopy. Other systems provide passive feedback
by constraining the position of drill guides and other surgical tools, and still other systems actually
automate parts of the surgery by manipulating cutters and endoscopic cameras.

In spite of these advances, registration between the patient's anatomy and the CAS system has
remained a difficult task. Accurate registration is crucial: if the position of the surgical target is not
known with sufficient accuracy, therapies cannot be applied precisely, and treatment efficacy falls.

This dissertation presents an algorithm for recovering the position and orientation of the target
anatomy in 3D space based on iterative comparison of 2D planar radiographs with preoperative
CT data. More specifically, this system uses X-ray transmission images acquired at the time of
treatment, and iteratively compares them with synthetic images, known as Digitally Reconstructed
Radiographs (DRRs) [50]. The DRRs are generated based on an estimate of the position and orien-
tation of the patient’s anatomy, and this estimate is progressively updated throughout the course of
the iteration. In this respect, our system is similar to several existing systems [18] [42] [56].

DRR generation is essentially a computer graphics problem, and involves rendering images
based on volumetric CT data. This is a computationally expensive process. The effectiveness of the
iterative registration algorithm depends on both the speed with which DRRs can be generated and
the methods by which they are compared to the input X-ray images. Our method differs from the
others in that we compute DRRs on the fly using novel adaptations of computer graphics techniques,
and in the method of image comparison.

This document presents an intermediate data representation called a Transgraph. The Trans-
graph is similar to the Lumigraph [20], or Light Field [36], and extends the computer graphics field

1



2 CHAPTER 1. INTRODUCTION

X-ray Image
X-ray Imager

Figure 1.1: The goal of X-ray/CT registration is to recover patient pose based on information from
one or more 2D radiographs and a preoperative CT scan.

calledview-based renderintp transmission imaging. This representation speeds up computation of
DRRs by over an order of magnitude compared to ray-casting techniques, without the use of special
graphics hardware.

We also present new texture mapping techniques which enable DRR generation using off the
shelf consumer grade computer graphics hardware. These techniques permit computation of full
resolution (512x512) DRRs based on 256x256x256 CT data in roughly 70ms. We anticipate a
further reduction of at least 10ms with the next vendor supplied driver release.

1.1 Iterative X-ray/CT registration

Figure 1.1 illustrates the idea of X-ray/CT registration. The patient’s anatomy, in this case a head,
is in an unknown position and orientation between a pair of X-ray imagers. Each imager generates
an image, shown at the right side of the figure. The goal is to deduce the pose of the surgical target
using information from the pair of X-ray images and from a preoperative CT scan.

We assume an initial guess of the patient pose which is accurate to within a few centimeters of
translation and approximately 10 degrees of rotation. Using this initial pose estimate, we compute a
series of DRRs, which we compare with the input X-ray images. Based on the results of each com-
parison, we update the pose estimate. We repeat this until the image similarity reaches a maximum,
and then return the updated pose estimate. This process is described in more detail in chapter 2.
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We anticipate that volume based X-ray/CT registration will have many applications in com-
puter assisted surgery, manufacturing, and product inspection. In this thesis, however, we consider
only computer assisted surgery applications. We specifically evaluate the registration algorithm for
application to frameless stereotactic intracranial radiosurgery, and to postoperative evaluation of ac-
etabular implant placement for total hip replacement surgery. The assumption of an approximate
initial estimate of patient pose is justified for radiosurgical applications by the existence of suffi-
ciently accurate non-stereotactic registration procedures [25]. We obtain initial pose estimates in
post-operative measurement of acetabular cup orientation using an interactive procedure which is
described in chapter 8.

In frameless stereotaxy experiments using an anthropomorphic head phantom, we currently per-
form volume based 6D registration using full patient anatomy and images similar to those in figure
1.1 with RMS 3D registration errors of approximately 1.25mm, and worst case 3D registration
errors of under 3mm. These results are comparable to the accuracy of stereotactic systems using
immobilization devices [25]. Similar experiments for postoperative measurement of acetabular cup
placement show RMS orientation errors on the ordez?pfignificantly improving on the current
state of the art [27] [28].

1.2 Prior Work

Current research in non- and minimally- invasive registration techniques applicable to CAS can
be roughly divided into three groups: techniques which rely on external fiducials or surface in-
formation; techniques which measure the position of patient anatomy using X-ray imaging; and
techniques which measure the position of patient anatomy using ultrasound imaging. The X-ray
based registration algorithms can be further divided in two categories: techniques which perform
feature based registration using local features such as curves, contours, or implanted fiducials; and
techniques which perform pixel based matching using intensity information from larger areas of the
image.

Several existing registration systems work by directly measuring external features or contours,
and matching the external shape to precomputed models. Grimson presents a registration system
which works by aligning a surface model of the patient’s face with data collected from a laser scan-
ner during treatment [21]. A conceptually similar technique is presented by Simon [51]. Taylor
describes a technique in which registration is established by matching the position of anatomical
features to corresponding coordinates in a preoperative CT scan [53]. We propose X-ray/CT reg-
istration as a supplement to these techniques, for those situations in which external anatomical
features do not reliably indicate the position of internal structures.

Other authors describe registration algorithms in which ultrasound data are acquired and matched



4 CHAPTER 1. INTRODUCTION

with preoperative models of underlying anatomy [13] [26]. Ultrasound based registration is an
emerging technology, and shows a lot of promise for clinical use. Each registration, however, de-
pends on several ultrasound images, and current systems require manual acquisition of these images,
making the registration procedure relatively slow.

Still other techniques rely on implanted fiducials which can be detected at the time of surgery.
Gall measures the position of a tumor during proton beam treatment of intra-cranial lesions by
tracking implanted radio-opaque fiducials[17], and Balter proposes the use of similar fiducials to
track prostate motion [6]. Fiducials are located using direct physical measurement by Taylor [54].
All of these methods require that the fiducials be placed surgically, increasing the invasiveness of
the procedure and in some cases requiring multiple surgical interventions.

Lavallée constructs a preoperative surface model of the relevant internal anatomy, which is local-
ized using intensity contours from X-ray images [34]. Other feature-based registration techniques
are described by Joskowicz [30] and Guéziec [22]. These technigues work well when the relevant
anatomical structures contrast well with surrounding tissue. When noisy, low contrast images are
used, however reliable contours and features are difficult to extract.

In many cases, resistance to image noise can be increased by considering large areas of the re-
covered images during the registration process. Adler implements a registration algorithm in which
live images are compared to a library of precomputed DRRs [4]. Each pair of DRRs in the library
corresponds to a known patient pose, and a pose estimate is recovered by interpolating in the neigh-
borhood of the best matches. The drawback of this approach is that the size of the required DRR
library becomes prohibitively large when 6 degree-of-freedom registration is attempted. Because of
this limitation, the Adler’s algorithm recovers only translational motion; rotation of the patient is
not measured.

A specialized system for registering 2D and 3D angiography images is presented by Kerrien
[31]. In this work, synthetic 2D images are generated from a 3D volume using maximum intensity
projection. Images are compared using normalized correlation, and pose estimates are updated
using a modified optical flow algorithm. Another specialized system which measures artificial joint
implant position using using X-ray fluoroscopy images is described by Sarojak [48]. This system
uses computer graphics hardware to generate silhouettes of the implant, and these silhouettes are
compared with the input image in a pose estimation procedure based on simulated annealing. This
system measures implant pose with respect to the imaging hardware. No attempt is made to recover
the implant pose with respect to the surrounding anatomy.

Lemieux proposes a method based on iterative optimization which is provides the foundation
for the work presented here [35]. We extend Lemieux’s work by providing fast ways of computing
DRRs, by proposing alternate image comparison metrics, and by using different search algorithms
in the optimization. These extensions significantly increase the speed of registration. Other mod-
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ifications to Lemieux’s approach have been proposed by Gilhuijs [18] and Weese [56]. Gilhuijs’
work describes an algorithm for fast DRR computation which restricts attention to specific regions
of the CT dataset, while Weese performs registration using sub-volumes corresponding to one or
more vertebral body. Murphy presents an algorithm where computation is performed only on small
areas of the X-ray image [42]. Our work builds on all of these by enabling X-ray CT registration
using full CT data over the entire image.

1.3 Dissertation Overview

The remainder of this dissertation is organized as follows:

Chapter 2 presents the iterative registration algorithm. Parameterizations of patient pose are
introduced, and the corresponding coordinate transformations are developed. Image comparison
functions are presented for measuring the similarity between input X-ray images and DRRs, and
methods are presented for computing the gradients of the similarity functions with respect to patient
pose parameters. Optimization routines are presented for finding the poses at which image similarity
is greatest.

The iterative registration algorithm involves repeatedly synthesizing DRRs for comparison with
the input X-ray images, leading to significant computational cost. Chapter 3 describes the DRR
generation process in more detail, and then introduces a software based method for accelerated
DRR generation based on a precomputed representation of the CT data. Implementation details are
presented, as well as a procedure for generating DRRs which correspond to a specific patient poses.

Chapter 4 describes hardware accelerated texture mapping operations, and proves that DRR
generation can be accelerated by simply accumulating the results of 2D texture operations. An
algorithm is presented for using graphics hardware to generate DRRs.

The algorithm presented in chapter 4 depends on a graphics featurehzatiedhre accelerated
accumulation bufferingwhich is very rarely implemented in PC graphics hardware. Chapter 5
presents a way of emulating hardware accelerated accumulation buffer operations using the texture
hardware of a very consumer level graphics card. The advantages and limitations of this approach
are discussed.

Chapter 6 describes the imaging hardware used in the experiments, and presents parameterized
models for the imaging process. Calibration routines are presented recover these parameters for two
specific types of imager.

Chapter 7 is the first experimental chapter. An existing image-guided radiosurgery system is
described, and an experiment is presented in which our registration algorithm was tested against an
independent measurement of patient pose. Registration errors are computed in several ways, and
the system accuracy is discussed.
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Chapter 8 discusses the use of X-ray/CT registration in measurement of acetabular cup orienta-
tion following total hip replacement surgery. An algorithm is developed in which the pelvis pose is
estimated using X-ray/CT registration, and then acetabular cup position is recovered with respect to
the pelvis using a contour-based registration. An experiment is presented, and results are compared
with an independent measurement of cup orientation.

Chapter 9 summarizes the contributions of this thesis, and discusses future research directions.



Chapter 2

lterative Registration

We estimate patient pose by iteratively comparing synthetic images, known as Digitally Recon-
structed Radiographs (DRRs), with actual X-ray images of the patient. With each comparison, the
estimate of patient pose is updated and a new set of DRRs is generated. This cycle repeats until
the real and synthetic images are maximally similar, or until some convergence criterion is satisfied.
This approach is illustrated in figure 2.1, and is described by the following steps:

1. Input images are acquired from one or more X-ray imagers and preprocessed, if necessary, to
remove geometric and intensity distortions. We associate an ineéth each imager, and
represent the corresponding un-distorted image as a 2D array of floating point nuinbers,

2. An initial pose estimatey, is generated based on user input, knowledge of the application,
or a pre-registration procedure. The initial estimates used in our experiments are generally
accurate to within 1.5 cm translation and® ¥6tation around the center of the CT volume.

3. Asetofone or more DRRs is generated based on the pose estjmaseh DRR corresponds
to one of the input images. We represent the DRR correspondig &s a 2D array of
floating point numberd;/;.

4. Each DRR is compared with the corresponding input image.

5. If significant differences exist, and convergence criteria are not satisfied, the pose egtimate
is modified and the process continues with step 3, above.

Methods for efficiently generating DRRs are presented in chapters 3 and 4, and we defer discussion
of the image preprocessing in step 1 until chapter 6. Step 2 calls for a pose estinvaéch we
represent using a vector of pose parameters. This chapter presents two possible pose parameteriza-
tions in section 2.1. Section 2.2 corresponds to step 4, above, and introduces ways of comparing

7
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ITERATIVE REGISTRATION

Input Images Pose Estimate
v v
L ol B ‘ L M . ‘
Preprocessing DRR Generation
v
. Image ~ Pose
> Comparison > Update =—@=p Recovered Pose

Figure 2.1: Registration is established by iteratively comparing DRRs with the input images. After
each set of comparisons, the patient pose estimate is updated.

DRRs with input images. Finally, section 2.3 introduces nonlinear optimization routines which
update the pose estimatg,in such a way that the space of pose parameters is searched efficiently.

2.1 Parameterization of Patient Pose

This section introduces the pose parameter vegtarhich describes the position and orientation of

the patient's anatomy. In other words, the elements gibecify a coordinate transformation which
maps coordinates from a stationary world coordinate system into a coordinate system associated
with the patient. Since our 3D representation of the patient is the preoperative CT volume, we gen-
erally define the the patient coordinate system to be coincident with the coordinate system of the
CT volume. It is convenient to write this coordinate transformation as a 4x4 transformation matrix,
T (7). This chapter presents two parameterization$'ff and describes how each parameteri-
zation defines the elements of the matrix. Please refer to appendix A for a brief introduction to 4x4
coordinate transformation matrices.

2.1.1 Euler Angles

One convenient representation of the rigid body transformation between the CT coordinate system
and the world coordinate system is the six parameter ve&tot,, t,, Oy, 0y, 6,]7, wheret,, ty,
andt, are orthogonal translations afig, 6, andé, represent consecutive rotations around each of
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Figure 2.2: The 6-element parameterization of patient pose comprises three consecutive rotations
around the three coordinate axes, followed by a 3D translation.

the three coordinate axes. Figure 2.2 illustrates the application of these rotations and translations.
This parameterization is minimal in the sense that the rigid body transformation, which has six
degrees of freedom, is represented using only six parameters. The relationship between this 6
parameter representation and the mattik, can be seen by writing the translation and each of

the rotations as a matrix, and then composing these matrices. The matrix represehtatictne

translation[ty, ty, t,] is

T(ty,ty,t,) =

10 0 t
01 0 t
00 1 ¢
000 1

2.1)

Similarly, the matricesk,, Ry, andRR,, which represent rotations around the X, Y, and Z axes, can

be written

1 0 0

0 cos(fx) —sin(by)

0 sin(fy) cos(by)

0 0 0

cos(fy) 0 sin(fy)
0 1 0

—sin(fy) 0 cos(by)
0 0 0

0
,) cos(f,) O
1
0

_ O O O = O O O

= o O O

(2.2)

(2.3)

(2.4)
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Composing these four matrices to fifid, gives
Ty = Tty ty,t,) * Ry(0,) * Ry(6y) * Ry(0x) (2.5)

CyCy  (8xSyCs — CxSz)  (CxSyCy + 5¢8,) 1t
CySy  (8x8ySz 4 €xC;)  (CxSySz — xCz) ty
t

(2.6)

—8y SxCy CxCy 2

0 0 0 1
sy = sin(fy), cx = cos(bx), sy = sin(fy), ¢y = cos(by), s, = sin(6,), ¢, = cos(6,).
A more detailed description of projective geometry and homogeneous coordinates is presented
in [14].

Referring to equations 2.6 and A.7, we see that a 3D g8int 'y, V2|7 in world coordinates
corresponds to the CT coordindtér, “ty, <tz]7 as follows:

cty ey (V) + (5xSyCs — x82) (V) + (cxSyCs + 5x8,) (W 2) + tx
Cy | = | cys,(Vx) + (5x8ys, + ex¢,) (YY) + (exSys, — sx¢z)(V2) + by (2.7)
ctz —sy(Vx) + sxey(Vy) + exey (V2) +

The disadvantage of this parameterization is that it suffers from degeneracies in certain areas of
the parameter space. To see this, consider what happenstwhemn /2 radians, and, = —m/2
radians. In this case, the rotatiof\sandf, are about the same physical axis. The degeneracy can
be seen by computing the derivatives of equation 2.7 with respect to the rotation parametgrs
andd,.

5 Cly [ (exSyCs 4 5x82) (YY) + (—8xSyCs + x5,) (Y 2)

g | Y| = | (s ) () (s, — ) (V2) (2.8)
i cty ] cxcy(wy) - chy(wz)

) [ cty ] [ —sye, (V@) + (8x0yr) (YY) + (exeye,) (Y 2)

g | | = | e+ s (D) + (s () (2.9)
|tz | —cy (V) = sxsy(My) — exsy(V2)

) [ ety ] [y, () = (sx8y8s 4 x0) (V) — (x8y 8, — 5x¢,) (V2)

gi | v = | eeln) + (sesyes = es) (M) + (exsye + sxs,)(Y2) | -(2.10)

ct 0

Whené, = =/2 radians, andy = — /2 radians, the derivatives in equations 2.8 and 2.10
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become identical, and the three rotation parameters no longer represent independent rotations.

o Ctx i Sz(wy) + CZ(WZ)

- ct — _ w w

00, Cty ¢ y)0+ 5,(V2) (2.11)

- o - x:%,ey:—g L a

9 [ ] [ 5,("y) + (c2)(V2) |
ct _ _ w w

00, | Y = c(My) +s.(V2) |- (2.12)
th 0

L . =T i L J
0x=5,0y=—3

This type of degeneracy is known gsnbal lockbecause it mimics a physical limitation is the me-
chanical rotational device known as a gimbal. Gimbal lock results in the loss of one rotational degree
of freedom at the degeneracy, and causes the parameterization to be unstable in the neighborhood
of the degeneracy.

The degeneracies in the, ty, t,, Ok, 0y, 6,)7 parameter space are of no consequence, pro-
vided the actual pose of the patient is known not to lie in the neighborhood of a degeneracy. This is
guaranteed whenever all three rotation angles are small, lessftHasay. This is not always the
case, so we present an alternative parameterization which does not suffer from degeneracies.

2.1.2 Unit Quaternion

For those situations in which the the parameter space must be free of degeneracies, it is often
convenient to use another representation of rotation known as a unit quaternion. A unit quaternion
can be thought of as a four-element vector having unit magnitude. Quaternions, and how they can
be used to represent rotation, are discussed in [33].

In this parameterization, we simply replace the three consecutive rotations of the previous pa-
rameterization with the four elements of a unit quaternion, and write the resulting seven-element
parameter vectoty, ty, t,, s, 1, J, k]T. The translational component 8fl}, is again represented
by the three orthogonal translatiofis t,, andt,.

We adopt the convention that a unit quaternjiani, j, k]* has a corresponding rotation matrix,

Ry:

(1—252—2k%)  2(ij — sk) 2(ik +sj) 0

. 2(ij + sk) (1—2i2 —2k%)  2(jk—si) 0
Ryls.igoh) = | 20+ o o 2.13)

2(ik — sj) 2(jk + s1) (1-2i—-25%) 0

0 0 0 1

This equation is valid only when the quaternion has unit magnitude. In practice, it is often inconve-
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nient to enforce this constraint during optimization, so we include an explicit normalization in our
parameterization oR,.

(1—257 -2k 2(i'j — s'K) 2(i'k' +8'5') 0
2(i'§' + sk’ 1 —2i? — 2k 2(5'K — '’ 0
Ri(s,ighy= | CUSHER) (2R 2RE) 2K s 0 g )
20’k — §'5") 25K +s'i") (1 —2i” —252) 0
0 0 0 1
where
s = i i = ! , (2.15)
V2 +i2 452+ k2 V2 +i2 452+ k2
] k
j = J , K= . (2.16)
V2 + i+ 2+ k2 V2 F i+ 2+ k2
Equivalently,
s24i%2—52—k? 2(ij—sk) 2(ik+sj) 0
82+Z‘2+j2+k2 82+Z‘2+j2+k2 82+i2+j2+k2
2(ij+sk) 52—i24452 k2 2(jk—si) 0
/ .. . 2+'2+'2+k2 2+'2+'2+k2 2+‘2+'2+k2
Rq(salvjv k) - * Q(ZZk_JSJ) s Q(Z]k_ﬁsz) ssQ—iZQ—QJjQ-i-kQ 0 (217)
82+Z'2+j2+k2 82+Z'2+j2+k2 52+i2+j2+k2
0 0 0 1
Using this rotation matrix, we can write
5242 —j2— k> 2(ij—sk) 2(ik+sj) +
82+Z‘2+j2+k2 82+i2+j2+l€2 82+i2+j2+k2 X
2(ij+sk) s2—i2442 k2 2(jk—si) "
t . . . 21,24 524 k2 21,24 24 k2 21,2424 k2 y
V() = Tt tysta) = Rils, i, K) = | TREIEE TENEE SRS
82+Z'2+j2+k2 52+i2+]’2+k2 82+i2+j2+]€2 VA
0 0 0 1
(2.18)

Transforming the world coordinatgz, Vy, 2|7 to a point[¢*x, ¢y, <'z]T in the CT coordinate
system using this matrix gives

t (22— 2) (") +2(i— ) (") +2ik+s)(2)
: i k) ("2 (5P g RNy 42(Gk)("2)
t _ ij+sk)(Vx)+(s*—i*+j°— Vy)+2(jk—st)(Vz
) Y N . . .82+i42+j2+k22 92 .9 2 + ty ' (219)
ct, 2(ik—s5j) (") +2(jk+s1) (Ty) (5777 HRT) (M)
52+i2+]’2+k2 Z

For a discussion of how unit quaternions relate to matrix transformations, and the computational
aspects of each, please refer to [16].
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Figure 2.3: Often, it is useful to compute the normalized correlation over a specific region in a pair
of images.

2.2 Image Comparison Functions

As discussed in the introduction of this chapter, a key part of our registration algorithm is the com-
parison between X-ray images and DRRs. The image comparison metric must reach an extremum
when the pose parameter estimate matches the actual pose of the patient. In other words, the image
comparison metric must measure how well the rendered images match the input X-ray images. The
image comparison metric must not be confused by image noise, unanticipated variations in image
brightness, and clutter from unmodeled anatomy, tools, or other structures in the field of view. In
our work we use two measures of image similarity: $hen of local normalized correlatiogfSLNC)

metric is described in section 2.2.2; and ttaiance-weighted sum of local normalized correlation
(VLNC) metric is described in section 2.2.3. Both of these similarity measures are extensions of the
normalized correlatiorsimilarity measure, which is described in section 2.2.1.

2.2.1 Normalized Correlation

Normalized correlations traditionally used in computer vision for applications such as template
comparison and stereo matching. In this context, the normalized correlation between two images is
often called thesorrelation coefficienfl4] [11]. A principle advantage of normalized correlation is

that it is invariant to linear changes in image intensity. That is, the normalized correlation between
two images is unchanged even if the pixel intensities in one or both of the images are multiplied by
a positive constant, or are increased or decreased by a constant.

Often we are concerned not with the normalized correlation of two complete images, but rather
with the normalized correlation between a smaller image and a specific region of a larger image, or
the normalized correlation between two image regions as shown in figure 2.3.

The normalized correlation of two image regions can be computed by first normalizing each
image region to have zero mean and unit variance, then multiplying each pixel in one image region
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by the corresponding pixel in the other image region, and summing the products. To express this
more precisely, we represent the two images using the 2D funcfidpg and /;(p), where the
parametep = [r, s]” is a point in 2D image coordinates. We describe the image region by defining

a set,P, of 2D points such that a poifit, s]” is included inP if and only if it corresponds to a pixel
location within the image region. Normalizing each image region is straightforward:

. _ 1 .
Ti(p) = Ii(p) [P] quP Ii(q) ’ (2.20)

o Egep 1@ — s (Sger @)

where;(p) is the original image value at pixel locatign |P| is the number of pixels in image
region P, and;(p) is the normalized value at pixel locatign The quantity‘—}j‘ >_qep Li(q) isthe

2
mean pixel value within regio®’, and the quantn;(%| > qep Ii(q)? — ﬁ (qup Ii(q)> > is
the variance of the pixel values in regigh The normalized correlation coefficient between the
region P in the two images is

NC(Io, I, P) = > _ To(p)Ti(p). (2.21)
peEP

Combining equations 2.20 and 2.21, the normalized correlation coefficient can be written directly
Yper Lo@)1(P) — 15 pep L0(P) Xpep 11(P)

\/ (zpep 1)~ 1 (Tper fo<p>)2) (z,,ep nLp— & (z,,eph<p>)2)

NC(Io, I1, P) = (2.22)

2.2.2 Sum of Local Normalized Correlation

Although normalized correlation is invariant to linear changes in image intensity, our experience is
that spatially varying intensity distortions, such as those introduced by image vignetting and non-
uniformity in the imager response, can significantly bias the result. To overcome this problem, we
present a modified image comparison method.

We assume that the intensity distortions can be described using two bias functions which vary
slowly over the image, and write

Ii(p) = Wi(p)Ii(p) + Bi(p), (2.23)

whereWV;(p) is a spatially varying multiplicative biag3; (p) is a spatially varying additive bias, and

I;(p) is the underlying unbiased signal. Approximatiig and B; using a Taylor series expansion
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Figure 2.4: The Sum of Local Normalized Correlation image comparison metric is computed by
adding the normalized correlation scores from many small image regions. The regions can be non-
overlapping, as shown here, or overlapping. In the limit, a region can be centered on each image
pixel.

[40], we write I; in the neighborhood gb,

Li(py+ Ap) = (Wilpy) + (VpWilpy)) Ap +...) Ii(p) (2.249)
+ (Bi(po) + (VpBi(py)) Ap +...), (2.25)

where the ellipses represent higher order term&jn If the spatial frequency of the bias functions
is low, and if we restrict our attention to a small neighborhooghgfwe can neglect all but the first
term of each Taylor series

Ii(py + Ap) = W;(py)L;(p) + Bi(py). (2.26)

Equation 2.26 states that under this approximation the effects of non-uniform image intensity
look locally like a simple linear scaling. This suggests that local application of normalized cor-
relation is appropriate. Accordingly, we define an image comparison metric which evaluates the
normalized correlation in a series of small neighborhoods which collectively span the images as
shown in figure 2.4.

SLNC(Iy, ) = 0l ZNC Iy, I, P(p)), (2.27)
peEQ
where( is a set of 2D pixel locations which span the region over which SLNC is to be computed,
P(p) is neighborhood surrounding the pomitand the functioNC() is defined in equation 2.22.
We divide the sum by@|, the number of points in the sét, to obtain SLNC values which range
from 1 (perfectly correlated) te-1 (perfectly anticorrelated).

In our work we chooseP(p) to be a square 7 pixel by 7 pixel or 11 pixel by 11 pixel window
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surroundingp, and( to be the set of all pixel locations for which the correspondit(g does not
extend past the edge of the image. Consequently, we end up computing the normalized correlation
between the two images over a dense grid of overlapping windows. This choice lends itself to a
particularly efficient implementation, since all of the necessary summations can be computed using
recursive filters [9]. Our current implementation computes the SLNC between a pair of 256x256
images, using an 11x11 pixel window centered at every pixel, in under 170 ms on a 933 MHz Pen-
tium Il machine. During registration, SLNC computation is somewhat faster, since summations
involving only the input image can be cached between iterations, and do not need to be recomputed.
In summary, we compute the SLNC between a DRR and the corresponding input image as
follows:

1. For each pixel in the DRR, we define a surrounding region of interest, for example a window
of 11x11 pixels or 7x7 pixels.

2. We compute the normalized correlation between each window and the corresponding region
of the input image. We do this for each pixel in the image, excepting those at which the region
of interest extends past the border of the image.

3. We compute the mean of these correlation values over all pixels.

Occasionally, one or more of the regions of interest in the input image has all pixels at the same
intensity. When this happens, the normalized correlation coefficient for that region is undefined,
and a correlation value of 0 is arbitrarily assigned.

The situation is more complicated when part of the DRR has uniform intensity. Since the DRR
changes from iteration to iteration, simply assigning a zero normalized correlation to these patches
would cause the SLNC function to be evaluated over different regions of the image at each iteration,
leading to discontinuities in the image comparison measure. This is avoided by generating a bias
image of small magnitude i.i.d. Gaussian noise and adding this bias to each DRR.

2.2.3 Variance-Weighted Sum of Local Normalized Correlation

The local normalized correlation metric presented above has one significant disadvantage in our
application. This disadvantage is that the normalized correlation values for all neighborhoods are
weighted equally. Figure 2.5 shows an input radiograph of a pelvis phantom and a corresponding
DRR. Two regions of interest are labeled in each image: region A overlaps the pelvis, while region
B does not. Clearly, region A provides more information about the pose of the pelvis than region B,
yet the SLNC image comparison weights these two regions equally. To overcome this disadvantage
we introduce thevariance-weighted sum of local normalized correlat{.NC) function.
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Figure 2.5: The variance-weighted sum of local normalized correlation function gives more weight
to region A, which contains part of the pelvis, than to region B, which does not.

We define VLNC to be similar to SLNC, except that normalized correlation value for each
neighborhood is scaled by the local variance of one of the two images. We call this image the
control image. This scaling effectively concentrates attention in those regions of the image where
the control image has high signal strength. Also, rather than simply computing the mean of these
scaled normalized correlation values, we compute a weighted average. Assumirdg ithale
control image, We write

ZpeQ C(Ilvllvp(p)) *NC(I()vIlvP(p))

VLNC(Iy, I1) =
(1o, 1) > peq C1, 11, P(p))

(2.28)

S L@h@-——s S e Y L), (229

2
qeP(p) |1P(p)] qcP(p) qeP(p)

where the functiorC(1y, I;, P(p)) computes the variance of the control image within the neigh-
borhoodP(p), and all terms are defined as in equation 2.27, above. As before, the VLNC function
value ranges fronm (perfectly correlated) te-1 (perfectly anticorrelated).

As with SLNC, we choosé’(p) to be a square 7 pixel by 7 pixel or 11 pixel by 11 pixel win-
dow surroundingp, and@ to be the set of all pixel locations for which the correspondit(gy does
not extend past the edge of the image. Computation times for the VLNC error function are nearly
identical to those of the SLNC function. Our implementation requires just under 170 ms to com-
pare two 256x256 images on a 933MHz Pentium Il test machine. Because the summations are
implemented using recursive filters, the computation time is nearly independent of the size of the
correlation windows.

In summary, we compute the VLNC between a DRR and the corresponding input image as
follows:
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1. For each pixel in the synthetic image, we define a surrounding region of interest. for example
a window of 11x11 pixels or 7x7 pixels.

2. We choose the DRR to be the control image, and compute its variance over each window,
excepting those windows which extend past the border of the image.

3. We compute the normalized correlation between each of the windows from step 2 and the
corresponding region of the input image. Note that the variance from step 2 can be used in
this computation, and need not be recomputed.

4. We scale each correlation value by the associated variance, and compute the weighted average
of the set.

Computation times for the VLNC error function are nearly identical to those of the SLNC function.
Our implementation requires just under 170 ms to compare two 256x256 images on our 933MHz
Pentium Ill test machine.

Occasionally, one or more of the regions of interest in the input image has all pixels at the same
intensity. When this happens, the normalized correlation coefficient for that window is undefined,
and a value of zero is substituted.

It is not necessary to bias the DRR with small magnitude noise as we did when computing
SLNC. We can see this by rewriting the numerator of equation 2.28

S C(IL, L P(p)) *NC(Ip, I, P(p) = 3

PEQ peEQ

(C(Io,l1,P(p)) C(h»flvp(?))> (2.30)
Cly. 1o, P(p)) -

where we have substituted fo¥C(1y, I, P(p)) using equation 2.22, and then simplified using
equation 2.29. Substituting equation 2.30 into equation 2.28, we see that the VLNC is well defined
as long as at the DRR has at least one non-uniform neighborhood.

2.2.4 Performance of Image Comparison Functions

We illustrate the differences between the three image comparison metrics with an example. Figure
2.6 shows four images of a pelvis. In each image, the pelvis is in the same position and orientation
with respect to the X-ray imager. Figure 2.6(a) is a very clean synthetic image showing only the
pelvis. Figure 2.6(b) is a copy of the image in figure 2.6(a) to which additive and multiplicative bias
has been added following equation 2.23. Figure 2.6(c) is a real image of a high density Sawbones
phantom. The phantom pelvis is surrounded by simulated soft tissue as described in chapter 8.
Figure 2.6(d) is a copy of the image in figure 2.6(c) to which image noise and clutter have been
added. The added noise consists of independent, zero mean, identically distributed uniform noise at
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each pixel, and a slowly varying additive bias. The clutter consists of other pelvis images, both AP
and Lateral, which were simply added to image.

For these images, the actual position and orientation of the pelvis are known with good preci-
sion. We call this position and orientation tterget pose A series of 101 DRRs were generated
corresponding to poses in the neighborhood of the target pose. The DRR series starts with the
pelvis a shifted 0.5cm to the patient’s left of the target pose. The pelvis was shifted back toward
the patient’s right by 0.099 mm prior to each successive DRR, so that the final DRR was generated
with the pelvis shifted 0.5 cm to the patient’s right. Displayed in sequence, these DRRs look like
a movie of the pelvis translating across the screen, with the DRR at the very middle of the movie
corresponding to the target pose. Figure 2.7 illustrates the direction of this motion.

Each DRR was compared to each of the four images using each of the three similarity measures,
and graphs were generated showing how the image similarity value changed throughout the series.
Figure 2.8 shows these graphs for the normalized correlation image comparison function. Figure
2.8(a) shows the normalized correlation results between the DRR sequence to the clean synthetic
image. This graph has a clear correlation peak as the pelvis moves past the target pose. Figure
2.8(b) shows a similar graph for the normalized correlation between the DRR sequence and the
image in figure 2.6(b). In this graph, the correlation peak has shifted off to the side by just over
1 mm. This shift would lead to an inaccuracy in registration. Figures 2.8(c) and 2.8(d) show even
more significant deviations from the target pose.

Figure 2.9 shows the results from image comparisons using the SLNC image comparison func-
tion. As before, figure 2.9(a) shows SLNC values between the DRR sequence and the clean synthetic
image. This graph has a clear peak at the target pose. SLNC values between the DRR sequence
and the biased image of figure of figure 2.6(b) are a significant improvement over the normalized
correlation values, as the peak now occurs within 0.2 mm of the target pose. This is to be expected,
since the SLNC function was designed to handle exactly this type of bias in the image. Figure 2.9(c)
shows a similar result for the phantom image of figure 2.6(c). The result deteriorates somewhat for
the cluttered image in figure 2.6(d), with a similarity peak almost 0.4 mm from the target pose.
Again, this is to be expected, since the image clutter violates the assumptions of equation 2.26.

Fortunately, the attention focusing characteristics of the VLNC image comparison function help
to filter out much of the clutter. Figure 2.10 shows the results from image comparisons using VLNC.
This figure shows similarity peaks within 0.15 mm of the target pose for both the phantom image of
figure 2.6(c) and the cluttered image of figure 2.6(d).
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(b)

(©) @

Figure 2.6: Four test images were used to illustrate the performance differences between the three
image comparison metrics: image (a) is simply a DRR; image (b) is the same as image (a), except
that a spatially varying bias has been applied; image (c) is a real input image from a phantom study;

and image (d) is the same as image (c), except that noise, clutter, and a spacially varying bias have
been added, almost completely obscuring the original view of the pelvis.



2.3. OPTIMIZATION 21

X-ray film

Direction
of motion

X-ray source

Figure 2.7. A series of DRRs were generated. Prior to each DRR, the pelvis was shifted slightly,
so that, viewed in sequence, the entire series looks like a movie of the pelvis translating across the
field of view.

2.3 Optimization

Once a parameterization of patient pose and an image comparison function have been selected,
an algorithm must be chosen for finding the patient pose which maximizes image similarity. Ex-
haustively sampling the 6 or 7 dimensional pose space is out of the question, since the number of
samples required would be prohibitively high. Accordingly we conduct the search using iterative
nonlinear optimization routines. These routines work by iteratively adjusting a vector of parameters
in order to minimize a scalar valuaibjective function The objective function takes the vector of
parameters as an argument, and returns a single floating point value. In our case, the vector of pa-
rameters is simply the pose parameter vectpgnd the scalar return value is simply an indication

of how well the pose parameter vector matches the input images. We define scalar valued objective
functions based on the SLNC and VLNC image comparison metrics in section 2.3.1, while section
2.3.2 presents the actual optimization routines.

2.3.1 Objective Functions

The image comparison metrics described in section 2.2 measure the similarity between pairs of im-
ages. During registration, we may need to combine the information from more than one image pair.
For example, the image-guided radiosurgery system presented in chapter 7 has two X-ray imagers,
and the images from both are used simultaneously to determine patient position. Accordingly, we
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Figure 2.8: These graphs show how the normalized correlation value changes as the pelvis pose
estimate is translated from left to right. The four graphs correspond to the four images in figure 2.6.
The correlation peak diverges significantly from the ideal position (0 mm translation) for all except
the clean synthetic image shown in figure 2.6(a).
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Figure 2.9: These graphs show how the sum of local normalized correlation value changes as the
pelvis pose estimate is translated from left to right. The four graphs correspond to the four images
in figure 2.6. The similarity peak diverges significantly from the ideal position only for the cluttered
image shown in figure 2.6(d).
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Figure 2.10: These graphs show how the variance-weighted sum of local normalized correlation
value changes as the pelvis pose estimate is translated from left to right. The four graphs correspond
to the four images in figure 2.6. The similarity peak matches the ideal position (0 mm translation)
well for all four images.
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define objective functions which can combine the SLNC or VLNC values from more than one image
pair.

Prior to registration, input images are processed to remove geometric and intensity distortions
so that at the processed image matches the actual X-ray attenuation as closely as possible, resulting
in one or more processed images. We represen'thprocessed image using the 2D functich
The values of each imadé; reflect the attenuation of X-rays as they pass from the radiation source
to the surface of the imager. For a given pose estimatee denote the DRR corresponding to the
j™ input image byU; (7).

We define the SLNC objective function

R-1

Fane(y) =1- Y, SLNC(U; Uj() 231)

whereR is the number of input X-ray images. The value of this objective function lies in the range
[0, 2], with smaller values indicating better matching between image pairs. Similarly, we define the
VLNC obijective function

1 R-1

Evine(y) =1- = jz; VLNC(U;, Uj(7))- (2.32)

As before, this function takes on values in the raf@e], with smaller values indicating better
matching between image pairs.

2.3.2 Specific Optimization Algorithms

Once an objective function is defined, we apply nonlinear optimizations methods from the litera-
ture to find its minimum. The most straightforward way to conduct this search is to use Brent’s
method, nonlinear simplex search, or some other non-gradient-based optimization routine to min-
imize the objective function directly. This is the approach chosen by Lemieux [35], Gilhuijs [19],
and others. The principal disadvantage of this strategy is that non-gradient-based nonlinear opti-
mization routines typically require many function evaluations in order to converge to a minimum.
In our experiments, 6D registrations using the downhill simplex method of Nelder and Mead (as
described in [45]) often require as many as three hundred function evaluations to converge, leading
to unacceptably long registration times.

Fortunately, it is often possible to compute the first derivative of DRR pixel intensity with re-
spect to the patient pose parameters, either by symbolic computation or by finite differences. By
symbolically differentiating the objective function with respect to the DRR pixel values, and then
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applying the chain rule, it is possible to compute the gradient of the objective function with respect
to the patient pose parameters. This gradient information greatly speeds up the optimization by
permitting the use of gradient based optimization routines.

Essentially, having gradient information makes it possible to update the pose estimate more
intelligently, and decreases the number of function evaluations necessary before convergence. In our
experiments, we minimize both the SLNC objective function and the VLNC objective function using
the quasi-Newton method of Broyden, Fletcher, Goldfarb, and Shanno [45]. Using this method it
is common for the 7D optimization to converge after fewer than 60 function evaluations and 20
gradient computations.

Quasi-Newton minimization requires that the first derivative of the objective function be com-
puted. Repeated application of the chain rule to equations 2.22, 2.27, 2.29, and 2.31 gives us the
first derivative of the SLNC objective function.

OBsine  1%= @ ,
5~ R go 5 SLNC(U;, U (7)) (2.33)
0
5y, SINC(U;. Uj (v |Q‘ Z 5, NCWU,U; (), P(p) (2.34)

o = C<UJ»U§( ) (p))

NC(Ujv Uj/'('Y)v P(p)) =

o ¢0<Uj,Uj,P<p>>c<U;<v>,U;<v>,P<p>>
003050 Pp)) € (U;.U;. P(p)) :C (U (). Ué<v>,zﬂ(<2y%g)
2 (C(U;, U, P@)CU)(0), Uj(7), P(p))
P C (U0 PD) = s 3 Ul Uila-— o Y Ula) S 5-Ujlann)
i P (épip) Vi PP 1 &p) gcP(p) "

(2.36)

where~; is theit! element of the pose parameter vecioiU;(q) is the value of imagé/; at
pixel locationg, U;(q, ~) is the value of imagéfj’-(y) at pixel locationg, and all other variables are
defined as in equations 2.20, 2.27, and 2.31.

To aid in differentiatingEvnc, we refer to equation 2.30 and define

C(lo, 1, P(p))V/C(L, I, P(p))

S (Io, I, P(p)) = C(Iy, In, P(p))

(2.37)
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Repeated application of the chain rule to equations 2.32, 2.37, and 2.28 gives

Obvine 1 0
s =~ 2 5 VINC(U; Uj () (2.38)

O VINC(W;. Uly) =

i >_peq CU;, Uj(7), P(p))
_ pea S Uj0), P(P)) Epeq £, Uj0). PR)),
(Speq UL U, Pl0))
5 (W, Uj(0). P()) \[CW; (). Uj (), P(p))
— S(U;, U =
v, ( J ]() P(p)) \/ (U],U],P(p))

C(U;,Uj(7), P(p)) 52
_l’_
2\/0 U;,U;, P(p

C(UI(7),U(»), P(p))
> (UI(7),Uj(), P(p))

(2.40)

where, as before, all variables are defined as in equations 2.20, 2.27, and 2.31.

2.4 Discussion

This chapter describes how the X-ray/CT registration process is cast as an iterative nonlinear opti-
mization problem. Finding the optimal patient pose is reduced to a problem of finding the vector of
pose parameters which minimize an objective function.

Sections 2.1.1 and 2.1.2 present ways of representing patient pose as a vector of parameters,
section 2.2 presents image comparison metrics which are efficiently computable and accurate even
when image noise is quite high, and section 2.3.1 presents objective functions which take pose
parameters as arguments and return scalar values indicating how well the pose parameters describe
the input X-ray images. These objective functions are computed by rendering DRRs and then
comparing the DRRs to the input images using image comparison metrics described in section
2.2. Section 2.3.2 presents the specific optimization functions used to do the minimization.
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Chapter 3

Volume Rendering Using Transgraph

In our system, on-line DRRs are iteratively compared with X-ray images in order to estimate the
position of the patient. Since DRRs must be recomputed at each iteration, the speed of the regis-
tration algorithm depends directly on how quickly DRRs can be generated. This chapter presents
a software-only method of accelerated DRR generation based on a data structure which we call a
Transgraph. The Transgraph is itself based on a data structure called a Lumigraph [20] or Light Field
[36], which is part of the computer graphics field calleew-based renderingrhe Lumigraph was
originally conceived to allow fast generation of reflectance images and we extend this idea to trans-
mission imaging. This representation permits rapid generation of DRRs using data from the entire
CT volume. One further advantage is that using the Transgraph permits easy differentiation of DRR
pixel intensity with respect to patient pose parameters. These derivatives often permit differentia-
tion of the image comparison metric. This, in turn, allows the use of gradient-based optimization
routines in our registration algorithm, greatly speeding convergence.

This chapter begins by describing a ray-casting algorithm for DRR generation in section 3.1.
Section 3.2 introduces the Transgraph, and section 3.3 presents a more detailed description of how
the Transgraph is organized and used.

3.1 Computing DRRs by Ray Casting

We can model the diagnostic energy X-ray imaging process as a linear attenuation of X-rays as
they pass through the patient’s body. Under the linear attenuation model, each type of tissue has
an associatetinear attenuation coefficieni:, which describes the likelihood that a photon will be
attenuated as it passes through the tissue. Imagine that number of phgtgrenters a uniformly

thick slab of tissue as shown in figure 3.1. If the tissue has uniform linear attenuation coefficient,

29
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in out

Figure 3.1: Only some of the photons which enter a slab of attenuating tissue continue on their path.
In this illustration a number of photong/;,, enters a slab of attenuating mater having thickness
Some of the photons are attenuated, and the remainggy, continue on their path.

we can describe the attenuation through the slab
Nout = Ninelwa (31)

whereN,, is the number of unattenuated photons, afglthe thickness of the slab [29]. In general,
patients are not made of uniformly thick slabs of tissue, and so the quantityequation 3.1 will

be replaced with a more complicated expression, such as a line integral. We call this quantity the
log total attenuationand represent it with the symbbl

Nouwt = NigeV. (3.2)

When generating a DRR, we know (or hypothesize) the geometry of the X-ray imaging system,
the patient pose, and other imaging parameters. The DRR is intended to answer the question “if
we were to take an actual X-ray image, what would it look like?” We think of each ray as starting
at the radiation source, and passing through space to a particular point on the imager as shown in
figure 3.2. In other words, if we could trace a line from the radiation source to a point on the imager,
and “add up” the attenuation of the ray at each point along the line, then we could predict the total
attenuation of the radiation incident on that part of the imager. We assume here that the effects of
scatter and differential absorption across the energy spectrum of the X-rays (beam hardening) are
insignificant.

For now, assume that the geometry of the imaging system and the specifics of the imaging
radiation are known. Assume also that the position and orientation of the patient are specified
by a parameter vectof;. The 3D structure of the patient, and the approximate linear attenuation
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Figure 3.2: Path of a single ray from radiation source to imager. The box indicates the volume in
space which is represented by the CT datgsgandp, represent the points at which the ray enters
and exits this volume.

coefficients of the component tissues, are available from preoperative CT. We predict an entire x-
ray image by considering each pixel independently and computing the log total attenuation along
the ray which joins the corresponding point on the surface of the imager to the x-ray source. This
process can be broken into steps as follows.

1. The point on the surface of the imager which corresponds to the center of the current pixel is
found. This point is labeleg; in figure 3.2.

2. The ray is computed which connects the location of the X-ray sopgcevith p;.

3. Calculations are performed to find the poiptsandp,, at which the ray from step 2 enters
and exits the volume described by the CT dataset. Note that these points depeng,pn
andps, and could be writtem, (py, p3,y) andps(py, Ps, ). We omit the parameterization
simply to make the expression easier to write.

4. Numerical integration is performed along the length of the ray. The quantity integrated is the
linear attenuation coefficient at each point along the ray. The linear attenuation coefficient
at a given point depends on both the type of tissue at that part of the patient and the energy
of the X-rays emitted from the X-ray source [24], however it can be closely approximated
by linearly scaling the CT value. For points outside the CT volume, the linear attenuation
coefficient of air should be used.

Uiot(P3,7) = [IP1 — Poll ttair + ||P3 — Pol| tair + Uct (D1, P2), (3.3)
llpo—p11|
Uct(p17p2) = / ,uct(p(svplvp2))d8' (3.4)
0
Dy — P
p(87p17p2) = P1 + ‘9# (35)

llps — Pyl
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whereUyq (ps,y) is the log total attenuation (see equations 3.1 and 3.2) along the path from
the X-ray source tg,, give pose parameters The constanj,;, is the linear attenuation
coefficient of air, and...(p) is the linear attenuation coefficient derived from the CT value
at pointp. The functionp(s, p;, p,) is a parameterization of the line segment which passes
from p; to py. Uiot(ps,y) determines the reduction in beam intensity along the ray which
passes fronp, to p;. For nearly all practical cases,;, is equal to zero [24], so we have

Utot (P3,7) = Uet(P1, P2): (3.6)

5. The photon fluence at the surface of the imager is computed by substituting the result of step
4 into an exponential attenuation rule [29][18]:

r

2
701)0”) €$p(_Utot(p377))a (37)

f(p3:7) = fo (Ilpg —

wheref(ps,~) is the photon fluence at poipt, and f, is the unattenuated photon fluence at
a known distancey from the X-ray source.

6. Using the photon fluence from step 5, the output pixel value is computed according the the
characteristics of the imaging system.

3.2 The Transgraph

In practice, 3D datasets based on CT are often quite large, and computing one DRR may involve
integrating through millions of voxels. This process can be very slow, especially if an attempt
is made to accurately interpolate the sampled CT data. In our experiments, the computation of
a 256x256 DRR using a 512x512x100 voxel CT volume requires 10-15 seconds on an SGI 02
R10000, even under the assumption of uniform linear attenuation coefficient within each voxel.
The ray tracing and numerical integration for this computation were implemented using the fast
voxel traversal algorithm of Amanatides and Woo [5]. Because of its high computational cost, the
naive DRR generation procedure outlined above is too slow for interactive computation of DRRs,
when computation times of a fraction of a second may be required. This is especially true in the
context of our iterative registration algorithm, which requires many DRRs to be generated.

If we could precompute the line integrals described in step 4, above, then DRR generation could
be much faster. The integration and interpolation of CT values could be done off-line, and the
result stored. Later, during DRR generation, the precomputed values could be rapidly assembled to
produce the desired image.
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In other words, equation 3.4 defines a scalar function whose parameters are related to the entry
and exit points on the surface of the CT volume. We can speed up the generation of DRRs by
densely sampling this function, and recording its value at each sample point. When a value is
needed for DRR generation, we simply interpolate among the stored values. Since this interpolation
can be executed much more quickly than the actual line integral, we speed up DRR generation
tremendously. We call this database of function values a Transgraph. For comparison, the DRR
mentioned above, which requires 10-15 seconds to compute by ray-casting, can be generated in
roughly 0.2 seconds using the Transgraph.

Note that storing a database of line integral values is very different from storing a library of
precomputed DRRs. In order to be useful for registration, a DRR library must contain entries
reflecting the entire range of expected patient motion. For six degrees-of-freedom registration, this
requires an unreasonably large library. For example, a uniformly sampled six-dimensional DRR
library having only ten sample points along each axis would reqLifeDRRs, and use many
gigabytes of storage. For this reason, it is not practical to precompute a 6D database of images.

We will show in section 3.2.1 that a line integral database of only 4 dimensions is sufficient to
reconstruct the full set DRRs required for registration.

3.2.1 A 4D Database

In equation 3.40.(p;, p-) is parameterized by two points in 3D spagg,andp,. Each point

has three degrees of freedom, so the total dimensionality of the fungtjois six. The fact that
both p, andp, are constrained to lie on the boundary of the CT volume is not reflected in this
parameterization. For example, poigig and p; lie on the same line as poings, and p,, and
therefore correspond to the same path through the CT volume (and the same V@lueyet the
pairs(p;, p,) and(p,, p;) represent different points in this six-dimensional parameter space. If we
are to sample and reconstrudt; efficiently, we must not over-parameterize in this way.

In fact, we can represent the database using a lookup table of only four dimensions. To see
this, consider figure 3.3, where we have defined two parallel coordinate planesidC;. Any
trajectory through the CT volume, with the exception of trajectories which are parallglandC’,
can be represented kgy andq; , its points of intersection with these coordinate planes. Sjg@nd
g, are 2D points in the coordinate system&ifandC’ respectively, the total dimensionality of this
parameterization is 4. Horizontal rays cannot be represented using this particular parameterization,
but this could easily be remedied by defining a more sophisticated indexing scheme, and is of no
consequence in our application, where incident rays fall over a well defined set of orientations. This
indexing scheme is attractive because of its simplicity, and because it is computationally inexpensive
to compute the intersection of a given ray with each indexing plane. This makes it easy to compute
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2 _ Path of X-ray

Volume Described by CT
Coordinate Planes

Figure 3.3: Two coordinate planes can be used to parameterize the Transgraph.

..
. X-ray
. Source

Volume described
K by CT dataset

Imager

Figure 3.4: One possible Transgraph coordinate plane configuration

Transgraph indices during DRR generation, when time is at a premium.

Since we cannot represent rays which lie parallel to the indexing planes, it is important to choose
the indexing planes carefully. The choice of indexing planes depends on the expected range patient
poses with respect to the imaging hardware.

We select the indexing planes by first defining a nominal patient pose. One convenient way to
generate this nominal pose is to represent the extrema of the expected pose parameters as points in
parameter space, and choose the mean of these points. Once the nominal pose has been selected,
we note the orientation of the imager surface with respect to the CT volume, and choose indexing
planeC) to be parallel to the imager surface. We also consifgito pass through the exact center
of the CT volume, although this choice is somewhat arbitrary. The second indexing @laris,
chosen to lie parallel t@’y, but offset by a small amount, which we denate In our work we
choosez; = 1 mm, although this choice is again arbitrary. For illustration, possible positio6% of
andC are shown in figure 3.4.

Note that it is not necessary to precompute every possible line integral. It is only necessary to
precompute those which lie in regions of the Transgraph that we expect to use for DRR generation.
The Transgraphs used in this study contain roughty10” samples, and consume abdQtMB of
memory.
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Possible Position
of X-ray Source

Figure 3.5: The Transgraph is implemented as a 2D array of 2D arrays. Each element of the first
array corresponds to a poigt, in the Cj coordinate plane, and contains a 2D sub-array which
describes a region of th&; coordinate plane.

3.3 Implementation Details

The Transgraph is implemented as a nested data structure. The top-level structure is a 2D array.
The indices of this array correspond to coordinates indheoordinate frame (see figures 3.3 and

3.4). Each element in this array is itself a 2D array, and the indices in each sub-array correspond to
coordinates in thé'; coordinate frame. Each element of a particular sub-array is a numerical value
representing the total attenuation along the corresponding ray.

Put another way, each element of the top-level 2D array corresponds to agp@mt, and
is itself a 2D array describing the set of ray trajectories which pass thrgggEach element of
the sub-array corresponds to some paintin C7, and contains a numeric value representing the
attenuation of an X-ray as it passes through the CT volume along the line which inteérsextig,
and intersect§’; atq,. This is illustrated in figure 3.5.

The total attenuation along the path from the X-ray source to the imager surface depends on
both the attenuation due to to the CT volume and the attenuation due to air. In most cases, the
linear attenuation coefficient of air is effectively zero, and this second term can be disregarded.
When the linear attenuation coefficient of air is not zero, the total attenuation due to air can be
conveniently computed by subtracting the distance traveled through the CT volume from the total
distance between the X-ray source and the imaging surface (see equation 3.3). In these cases, it
is useful to precompute the "distance through the CT volume" for each ray in the Transgraph, and
store this value along with the numerical attenuation value.
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3.3.1 Minimizing Storage Space

The effectiveness of the Transgraph depends entirely on which samples are included in the database.
These samples must be chosen so that they completely cover the regions of 4D ray-space which
will be needed during image generation. Furthermore, the sampling density must be sufficient to
accurately reproduce the 4D function throughout this range.

The relevant region of the 4D space can be calculated based on the expected range of patient
poses. To help with this calculation, we define a 3D coordinate system associated with the Trans-
graph. The origin of this coordinate system is coincident with the origin ofC(theoordinate
system, and itsX andY axes are parallel to th& andY axes of theCy coordinate system. The
position and orientation of this coordinate system are fixed with respect to the coordinate system of
the CT volume, and we define a 4x4 transformation ma#ix; which transforms coordinates in
the coordinate system of the CT volume to coordinates in the coordinate system of the Transgraph.

Any given pose of the patient with respect to the imaging system corresponds to a transformation
matrix °*T%,, which transforms coordinates in the coordinate system of the imager to coordinates in
the coordinate system of the CT volume.

The two coordinate transformation$,7,; and T}, can be composed to find the coordinate
transformatiori®T},,, which relates the Transgraph coordinate system to the X-ray imager coordinate
system. Under this coordinate transformation, the rectangular imager surface projects to a tetragonal
region of theC|, coordinate plane. This tetragon is always convex, and each of its vertices is the
projection of one of the four corners of the rectangular imaging surface. Similarly, the volume
described by the CT dataset projects into a convex polygonal region @ftleordinate plane.

These projections are illustrated in figure 3.6. As the CT volume and Transgraph traverse the 6D
space of patient poses, these two projections change position and shape. The intersection of these
two polygons is the region af’y where which contributes to DRR computation at that particular
pose. The union of these regions over all possible poses defines the red@igniich must be
populated with samples. We call this thetive regionof Cy.

In the current Transgraph implementation, we represent the active region @f gwordinate

plane not as an arbitrary polygon, but rather as a rectangular area. This choice is convenient because
the rectangula€’, region is easily represented using a 2D array. The active region is chosen to be a
rectangle which bounds the convex hull of the projected CT corners, where the projection is taken
over the set of possible CT poses. We compute this rectangle by coarsely sampling the space of
pose parameters, projecting each CT corner at each sample pose, and computing the minimum and
maximumCjy coordinates of the projected vertices over all of the sample poses. Finally, a safety
margin is added to the minimum and maximum coordinates to account for poses which were not
included in the sample set.
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X-ray
Source ..o

Figure 3.6: The the imaging surface and the volume described by the CT both project into convex
polygons in the”y coordinate plane. The shape and location of these polygons depend on the pose
of the CT with respect to the imagét I}, and the pose of the Transgraph with respect to the CT
volume, '8 T;.

In addition to selecting the active region of thg coordinate plane, a similar determination must
be made for each of th€; sub-planes. In the current implementation, after fieactive region
has been selected, the imager surface is reprojected at each of the sample poses. The minimum
and maximunC; coordinates over the set of poses are recorded for €acub-plane, and th€;
coordinate sub-plane bounding boxes are chosen accordingly.

3.3.2 Quadrilinear Interpolation

During image synthesis, the values drawn from the Transgraph are recovered by interpolating among
the precomputed samples. In the interest of computational speed, we currently use quadrilinear
interpolation.

Quadrilinear interpolation is straightforward to implement. We define the 4D discrete function
T, which represents the sampled values in the Transgrdpis. defined only for integer indices.
That is,T'[0,0,0,0], 7'[0,0,0, 1], andT'[4, 3, 6, 2] represent valid samples in the Transgraph, while
T[2,3,1.2,0] does not. We can write the interpolated value at general coordiffatess,t) as
follows:
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+ab(l —c)d*T[|s| +1,|t] + 1, |u],|v] +1]
+abe(l —d) = T[|s] + 1, [t] + 1, |u] + 1, |v]]
+abed * T[|s] + 1, [t] + 1, [u] + 1, [v] +1].

The interpolation coefficients, b, ¢, andd are defined simply

(3.8)

(3.9)

This formulation of quadrilinear interpolation is simple to write, but is computationally ineffi-
cient. As written, each interpolation requires 48 multiplications and 46 additions in addition to the
overhead is required to compute the 16 sets of indices (sudkjag¢| + 1, |u], |v] + 1]), and to
actually index into the Transgraph data structure at each of the 16 locations. By making use of the

identity

(1—a)x+ay =aly —x) + =z,

(3.10)
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equation 3.8 can be rearranged to give

f(S,t,U,U) = a(TO - Tl) +7r1
ri = b(q2i+1 — q2i) + 2, 0<1<2
q; = c(qaiy1 — q2i) —q2i,  0<i<A4

p; = d(02i41 — 02;) +02i, 0<i <8,

where thep; are the actual Transgraph elements, as follows:

oo =T[[s],[t],[u],[v
=T([s],[t], [u] +1,|v
o4 =T[|s],[t] +1,|u],|v
o = T[ls], [t] +1, [u] +1, v
og =T[ls] + 1, [t],|u],[v
I
I
I

S

Il
Il
s] L
]

T
T
T
T
T

010 = [I_SJ + 1 I_tJ I_UJ + 1, v
o2 =T([s] + 1, [t] + 1, |u],
oua =T[|s| +1,[t] +1,|ul +1,|v

T
v T
T

1l I
1l I
il I
il I
il I
il [
il [
il [

s|o [t], [u), [v] +1]
t], lu] + 1, [v] +
)+ 1, [u), o] +1]
sl [t + 1, [u) +1, [v] +1]
s|+ 1 [t], [ul, [v] +1]
Is|+1,[t],|u] +1,|v] +1]

Is|+1,[t] +1, |ul,|v]+1]

ls] +1,[t] + 1, u] +1,|v] +1].

1]
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(3.11)
(3.12)
(3.13)
(3.14)

(3.15)

Equation 3.11 can be evaluated with only 15 multiplications and 30 additions, plus the same index-

ing and lookup overhead.

3.3.3 Computing Derivatives

During registration (see chapter 2), it will be useful to evaluate the first derivatif€) @fith respect
to the parameters, v, s, andt. For quadrilinear interpolation, these derivatives can be found by
computing additional linear combinations of the same 16 neighboring samples in the Transgraph.

Specifically, we write:

(3.16)
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8f 8?”0 67“1 67“0
hU Al ) 3.17
o~ o )t (3.17)
87%' ob .
EZ(Q%H—%)E, 0<i<?2
ob
af . 8r0 8’!”1 87”0
a0~ "B ") T (3.18)
or; 0q2i41  0q2i, . 0q2i+1 .
v — <
ou o ou 8u)+ Oou ’ 0<i<2
dq; Jc .
i A <
8U (pQ’LJrl pzl)auu O <1< 4
Oc
W 1, c¢#|c]
Gf . 67“0 8?”1 8?”0
o T T (3.19)
or; 0q2iv1  Oqai, . Oqoiy1 ‘
ori _ <
ov o ov 8v)+ ov ' 0<si<2
0g; ap2¢+1 Opai 8p2i+1 .
g _ - <i<d
Ov o Ov ov ) ov '’ O<e<
Opi ad .
8’1) = (OQ’iJrl - O2i)%7 0 S 1<8
od

These quantities can be efficiently calculated with an additional computational cost of only 11
multiplications and 22 additions. We ignore the degenerate ecases$a|, b = [b], c = |¢|, and
d=|d].

3.3.4 Optimizing Access to Transgraph Elements

The interpolation equations above require access to 16 Transgraph elements for each recovered
attenuation value. A typical 2D indexing operation requires one multiplication and one addition.
Since the Transgraph is implemented as a 2D array of 2D arrays, each 4D indexing operation in-
volves two multiplications, two additions, and some dereferencing overhead. The straightforward
implementation incurs this cost for each of the 16 samples. We can reduce this overhead by ob-
serving that elements are always accessed in a 2D neighborhood of four 2D neighborhoods, each
comprising four adjacent Transgraph elements. Consequently, it is not necessary to independently
locate each element. Our current implementation spends 5 multiplications and 20 additions, plus
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overhead for pointer dereferencing and memory access, to recover all 16 values. We currently make
no attempt to model and optimize cache performance.

3.4 Generating DRRs using the Transgraph

Once a parameterization for patient pose has been selected, the position and orientation of the CT
volume with respect to the X-ray imagers can be written as a function of the pose parameters. Since
the position and orientation of the indexing planes are known with respect to the CT volume, the
position of the X-ray source can be found relative to the two indexing planes.

Similarly, an array of pixel locations on the imaging surface can be defined, and the position
of each pixel location can be found relative to the two indexing planes. Line segments are defined
which connect the X-ray source to each pixel location, just as a line segment is defined connecting
pointsp, andps in figure 3.2. The points where this line segment intersects the two indexing planes
correspond to the points labelgg andg; in figure 3.3. These points determine a unique 4D point
in the parameter space of the Transgraph. The DRR generation process can be broken into steps, as
follows.

1. Find the pointp;, on the surface of the imager which corresponds to the center of the current
pixel.

2. Find the line segment which connects the location of the X-ray sopgc&ith ps.

3. Calculate the 2D pointg, andq,, at which the ray from step 2 intersects thg and C;
planes of the Transgraph.

4. Using the pointg, andg; from step 3, compute the corresponding indi¢esv, s, t) into
the 4D Transgraph.

5. Find the total attenuation along the ray by quadrilinear interpolation.
Uct(Qanl) = f(um,s,t), (320)
wheref(u, v, s, t) is the value recovered from the Transgraph as defined in equation 3.11.

6. If desired, apply further processing as described in steps 5 and 6 of section 3.1.

We address steps 1 and 2 in section 3.4.1, and describe the remaining steps in section 3.4.2.
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Coord. System
of Imager

Figure 3.7: The patient pose parameters specify the position and orientation of the CT volume
with respect to the world coordinate system, W. The world coordinate system which is defined with
respect to the coordinate system of the imager.

3.4.1 Defining Line Segments in Transgraph Coordinates

Typically, we specify the position and orientation of the CT volume with respect to a stationary
world coordinatesystem,)¥/. The coordinate transformation relating the world coordinate system
with the 3D coordinate system of each imager is assumed to be known, so that the position and
orientation of the CT volume can be found with respect to each imager as shown in figure 3.7.

Following step 1 above, we define an array of pixel positions in the 3D coordinate system
each imager. Referring to figure 3.7, we see that the 3D pixel positions in each imager are easily
transformed into the world coordinate system. We write these transformed points

Ti
"Pyi=| v | (3.21)

Zq

where the additional subscriptindicates that this is th&" pixel location, and the left superscript
w indicates that the point is expressed in world coordinates. Similarly, we represent the position of
the imager X-ray source in world coordinates

Do . (3.22)
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In order to recover attenuation values from the Transgraph, we need to find the points at which
the line segment connectiritp; ; and" p,, intersects the Transgraph coordinate plafigandC’.
We write this line segment parametrically

x T, —
YIi(A) =V py+ A (WPS,Z' Vo)=YV | +r| ui—¥ |, (3.23)
2 2z — 2

0<A<1

where the line line segmehts parameterized b¥. This equation can be rewritten in homogeneous
coordinates

x4+ Nz — ')
w Y+ My —
Ly = | YY) (3.24)
2+ ANz — 2
1

3.4.2 Recovering Transgraph Coordinates

The coordinate transformatidAT,; is defined in section 3.3. Here, we represent each row of the
4x4 matrix representation &$7.; as a four element vector:

Rg;
RT
t, 1
8T, — r . (3.25)

00 01
Composing*Ty () of from section 2.1 witHe T, we have
BT (7) =8 Ty + T (7) (3.26)

For the remainder of this chapter, we assume that patient pose is described by the seven element
parameterizationty, ty, t,, s, i, j, k)T (see section 2.1.2). The following discussion is, however,
easily extended to other parameterizations. Under this assumption, equation 2.18 can be substituted
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into equation 3.26, to give

RY RFAy REA, RTAy REA;
— R{ | RfAy RTA, RTA; RTA;
Bim = T * [ Ao A A A3 | = T T T T
0 001 0 0 0 1
(3.27)
1 — _ 20242k _ 20j=sk)
82+i2+j2+l€2 52+i2+j2+k2
22(1‘2j+52k:) _ . 22i§+2§2 ,
B P e B TR
A= | TELESE | A= | T (3:28)
0 0
2(ik+s5)
TR ARE tx
2(jk—si) ¢
Ay = 82“2;;3]’?5 As=1| 7V |. (3.29)
l = wime ta
0 1

Where the four vectorsly, A1, A2, and Az are introduced to simplify the notation. Note that the
A; implicitly depend on the pose parameter vectpralthough this dependence is not reflected in
the notation.

Transforming™;(\) into the Transgraph coordinate system gives the homogeneous equation
Bl ) =" Twly) «" 1L;(N) (3.30)

Rngx/ + RgAly' + RgAQZI + A(Rng(xz — x') + RgA1 (yi - y') + RgAQ (Zz - Zl)) + RgAg

R{onl + RTAly/ + R,{AQZ/ + )\(RTAo(xz — x’) + RTA1 (yi - y/) + R,{AQ (Zz - Z/)) + RTAg

R,Qer.%'/ + R;Alyl + R;Azzl + A(R;Ao(:cl — :Cl) + R;fh(yz - y') + R;AQ (ZZ — Zl)) + R;Ag
1

(3.31)
In section 3.2.1, thé’y coordinate system is defined to lieat= 0 in the Transgraph coordinate
system, while the”; coordinate system is defined to lieat= z;. The intersection ofé/;(\,~)
with each coordinate plane can be found by setting:ztlveordinate to the appropriate value and
solving for A. That s, forCy

Rngx/ =+ R5A1y/ =+ RgAQZ/ + )\o(Rng(mz - .%',) + RgTAl(yl - y') + RgAQ(Zl - Z’)) + R§A3 =0 (332)

3 R} Aoz’ + Ry Ay’ + R A2z’ + R3 As (3.33)

R Ao(wi — @) + R3 Ar(yi — y') + R3 Aa(zi — ') '
where )\ is the value of the parameterat which*/;(),~) intersects the”; coordinate plane.
Similarly, A; can be found according to

Ao =

RgAQ.T/ + R;Aly/ + REAQZI =+ )\1(R§Ao (.Tz — x') =+ R3A1 (yi — y') =+ R2TA2 (Zz — Zl)) =+ R2TA3 = 2z (334)
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RT Aoz’ + R A1y’ + RYAs2' + RY A3 — 2
" RTAo(xi — ') + REAi(ys — y') + R As(z: — 2')
Substituting)\y and A into equation 3.31 gives the following expression for the intersection of the
line segment with the two coordinate planes

A =

(3.35)

i Rngx' + RgAly’ + REAQZ, + RgAg + )\o(Rng(xz — .T,) + RgAl(yi — y') + RgAQ(Zz — Z’)) 1
g — R Aoz’ + RT A1y’ + RT A2z’ + RT As + Xo(R{ Ao(zi — @) + R{ A1(yi — y') + R Az(zi — 7))
0,2 —
’ 0

1 i
(3.36)
and

i Rngm' + RgAly’ + REAQZ, =+ RgAg + Al(Rng(xl - .%',) + RgAl(yl - y') + RgAQ(Zl - Z’)) 1
tgq . R?Ao.%‘/ + R{Aly/ + R{AQZ/ =+ R?Ag + )\1(R,{Ao(xz — .T/) + R{Al(yi — y/) + R{AQ(ZI — Z/))

1,6 =
Zt

1

(3.37)
wheretgqovi is the point of intersection with th€, coordinate system, arféqu is the point of
intersection with the”; coordinate system, both expressed in Transgraph coordinates. The X and
Y coordinates Ofgqoyz- and'#q, ; are substituted into the interpolation equations of section 3.3 to
recover the linear attenuation associated with pixel

3.4.3 Computing Derivatives

As noted above, registration can be much faster if the first derivative of the synthesized pixel in-
tensities with respect to the patient pose parameters are known. We can write these derivatives
simply
[ V»Y(REA():E/ + RgAly/ + REAQZI + RgAg + )\Q(REAQ(IZ' — :t/) -+ RgAl(yi - y/) -+ RgAQ(Zi - Z/))) ]
V»Y(R?Aoztl + RTAly/ + R,{AQZ/ + R{Ag + )\O(R,{Ao(xi — :t,) -+ R?Al(yi - y/) -+ R,{AQ(Zi - Z’)))
0
0

Vv(tg%,i) =

(3.38)

[ Vy(RET Aoz’ + R A1y’ + RY Asz' + RY Az + M (RY Ao(z; — o) + R Ar(yi — y') + RE Az (2 — 2')))
Vo (RT Aoz’ + RT A1y’ + RT Aoz’ + RT A + M (RT Ao(z; — 2') + RT A1(yi — ') + RT Aa(z; — 2')))

0

0

Vv(tg%,i) =

(3.39)
With the exception of\y, A1, and theA,, all of the variables in these two equations are independent
of the pose parameter vector. The gradientd oére easily computed from equations 3.28 and 3.29

00 0 25(252 +2k2) 2i(252 +2k2) —4jm+25(252+2k%)  —4km42k(25%242k%)
m2 m2 m2 m2
2km—4s(ij+sk) 2jm—4i(ij+sk) 2im—45(ij+sk) 2sm—4k(ij+sk)
VA= |0 00 m m m? m2 (3.40)
v40 = 00 0 —2jm—4s(ik—sj) 2km—4i(ik—sj) —2sm—4j(ik—sj) 2im—4k(ik—sj) :
m2 m2 m2 m2
0 0 O 0 0 0 0
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0 0 0 —2km—4s(ij—sk) 2jm—4i(ij—sk) 2im—4j(ij—sk) —2sm—4k(ij—sk)
m2 m2 m2 m
0 0 0 25(2i° +2k2) —4im+2i(2i24+2k2) 25(2i° +2k2) —4km+2k(2i%+2k2)
V, A = 2 74"1(2,]6 ) om2 omZ omZ (3.41)
0 0 0 im—4s(jk+si) 2sm—4i(jk+si) 2km—45(jk+s1) 2jm—4k(jk+si)
2m 2m 2m 2m
0 0 O 0 0 0 0
0 0 0 2jm—4ii(2ik+sj) 2km—j:;(;’k+sj) 2.9m—éii(2ik+sj) 2im—47i(2ik+sj)
0 0 0 —2im—4s(jk—s1) —2sm—4i(jk—si) 2km—4j(jk—si) 2jm—4k(jk—si)
V»YAQ = 2 (2.22712 ) A sz .2 A Qm .2 .2 ,22m .2 (342)
0 0 0 5(26°+2j ) 47,m+27.('21 +25°) 4]m+2j('21 +25°) 2k(2:%425%)
mz mz mz m2
0 0 O 0 0 0 0
1 0 0 0 0O 0 O
01 0 0 0 0 O
V,As = 3.43
7o 0100 0 0 (3.43)
00 0 0 0 0 O
It is useful (and efficient) to define the scalar intermediate variables
T
Gpq =R, VA4, (3.44)
Applying the chain rule to equations 3.33 and 3.35, we find
Vo) — Go0%' + Ga1Y' + Go22' + Ga3 3.45
7( 0) - T T ] / T ] / T ] / ( : )
R2A0(xz_x)+R2A1(yz _y)+R2A2(Zz _z)
n Mo(Go0(xi —2') + Go1(ys — ') + Goo(2zi — 7))
RY Ao(zi — 2') + Ry A1(yi — o) + RS Ag(z; — 2)
Go00" + Gopy' + Gopz' + Ga3
V,(\) = ’ ’ ’ ’ (3.46)

" RTAg(z; —2') + RTA (i — /) + RT Ay(z — 2)
M(Gop(xi —2') + Goi(yi — Y') + Goo(zi — 7))

+R2TA0(%‘ — ')+ REA (yi — ') + RY Ag(z — 2)’
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a7

Which we substitute into equations 3.38 and 3.39

Vv(tg%,z')

[ Go,0" + Go1y' + Go27' + Go3

Giox' + G111y + G122 + G
1,0 + G111y + G122 + G 3 (3.47)

VW()\())(R?A()(%Z' - IL‘/) + R?Al(yz - y’) + R?AQ(ZZ — Z/))

[ Goox' + Gopy' + Gozz' + Gos

Grox + Gy + G122 + G
1,02 + G111y + G122 + G133 (3.48)

Composing these derivatives with equations 3.16, 3.17, 3.18, and 3.19 from section 3.3.3 gives
a symbolic expression for the first derivative of pixel intensity with respect to pose parameters.

3.5 Discussion

This chapter has presented a software-only method of accelerated volume rendering for transmission
imaging. DRR generation is reduced to a sequence of 4D interpolations, with the consequence that
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the time required to generate a DRR is independent of the size of the original CT dataset. The key
component of this rendering method is a data structure which we call a Transgraph. The Transgraph
is itself based on a data structure called a Lumigraph [20] or Light Field [36], which is part of the
computer graphics field calladew-based rendering

The Transgraph permits efficient differentiation of DRR pixel intensity with respect to patient
pose parameters. As deiscussed in chapter 2, these derivatives can be used to greatly improve
convergence of our registration algorithm.



Chapter 4

Volume Rendering Using 2D Textures

Chapter 3 introduces a software-based algorithm for rendering transmission images. While this
approach gives a significant speedup over ray-casting, image generation is still a bottleneck in
the registration process. In this chapter, we introduce techniques which permit the rapid genera-
tion of DRRs using consumer-grade computer graphics hardware. In particular, we use a GeForce
based card from NVIDIA Corporation to generate 512x512 images from CT volumes of up to
256x256x256 voxels at rates of roughly 14 Hz. Smaller 200x200 images, such as those required in
our image-guided radiosurgery application can be computed at rates of over 40Hz. Both of these
benchmarks are significantly affected by shortcomings in the current vendor supplied driver release,
and we expect significant further speedups in the coming month.

To permit this computation, we have developed a new method of carrying bits between 8 bit
color channels in order to perform higher precision (e.g. 16 bit) operations. This method permits
emulation of hardware accelerated accumulation buffer operations on cards which do not implement
a hardware accelerated accumulation buffer, and is presented in detail in chapter 5.

Our current implementation of hardware accelerated DRR generation suffers from one major
drawback: the derivatives of pixel intensity with respect to patient pose parameters cannot be re-
liably computed. This limitation is discussed in section 4.4.1. Section 5.2.1 presents a technique
which addresses this problem, but requires features which are only available in the next genera-
tion of the graphics chipset. Pending release of this new hardware (NVIDIA GeForce3, projected
availability in late May, 2001) the hardware-based DRR generation algorithm is suitable for non-
gradient-based optimization algorithms only.
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(a (b)

Figure 4.1: Back-to-front alpha blending results in images which look like semi-transparent vol-
umes, as shown in (a). These images differ from transmission images (b) in that they exhibit occlu-
sion effects. Features at the back of the object, far from the viewer, are obscured by nearby anatomy.
Note how the esophagus is visible in image (b), but not in image (a). Both of these renderings are
of an anthropomorphic Rando phantom. The slicing visible at the base of the neck in image (b) is
an actual gap in the phantom, not a rendering artifact.

4.1 Background

There is already considerable work in accelerated volume rendering. Notably, Levoy [37] presents
a factorization of the viewing transform which lends itself well to implementation using 2D texture
mapping hardware, and extends this work with Lacroute [32]. Rezk-Salama [46] presents a hard-
ware implementation of 3D volume rendering based on this factorization. Dachille [8] describes a
volume rendering approach which combines texture hardware with host-based processing to render
high quality volume images, and Eckel [12] describes a programming library which implements
volume rendering using 3D texture mapping operations.

Most of the existing work, however, addresses rendering of reflectance images with opacity.
Techniques such as back-to-front alpha blending are used to compose the individual texture contri-
butions, with the result that voxels in the foreground occlude those in the background as shown in
figure 4.1(a). The resulting images do not reflect the physics of transmission imaging. A simulated
transmission image is shown in figure 4.1(b).

Cabral [7] describes an implementation of volume rendering using texture mapping and accu-
mulation buffer hardware which results in realistic transmission images and is very similar to the
algorithm presented here. We cannot implement Cabral’s technique directly, however, since hard-
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Figure 4.2: Here is a cross section of the CT, with object-aligned slices.

ware accelerated accumulation buffering is not implemented on most PC graphics cards.

This chapter introduces the concepts of hardware accelerated volume rendering using 2D texture
mapping in section 4.2, and explains the role of accumulation operations in section 4.3. Section
4.4 describes relates the techniques of section 4.2 to the problem of DRR generation based on
parameterized patient pose. Detailed discussion of our accumulation algorithm is deferred until
chapter 5.

4.2 2D Texture Mapping

In order to use 2D texture mapping in volume rendering, we think of the CT volume as being made
up of a collection of parallel slices. As X-rays pass from the radiation source to the imaging surface,
they pass through each of these slices. We imagine the boundaries of these slices to lie exactly on
the sample planes of the CT volume. If the CT sample density is high compared to the spatial
frequency of the patients anatomy, we can assume linear interpolation between slices, and write the
approximate log total attenuation as a ray passes through one slice

vatoor) = [ o+ (1o e e [ @
ct \Pis P; = ct \P; - c i S, .
t \Psi> Pita o ”pi+1 — pZ” Hect \P. ||pi+1 — pZ” Het \Pit1

wherep, andp; ; are 3D points on either side of the slice, as shown in figure4.2x) is the
linear attenuation coefficient corresponding to the CT value at pgiaind Uy (pl-,piﬂ) is the
log total attenuation through the slice from pgmtto pointp,  ; as described in section 3.1. Note

that the expressios/ ||p;,, — p;|| varies from 0 to 1 over the course of the integral, so the entire
expression in square brackets is simply a linear interpolation betwgép,) and y. (piﬂ). We
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separate the two terms in the integral
Hp7,+1 pz” S
Ust (i Piy1) = / 7 (ttet (Py) — pret (Pig1)) ds (4.2)
0 HPHl - ZH

||pi+1*1’i||
+/ Het (pi+1) ds,
0

and integrate to solve fd¥.; (p;, p; 1)

1
Ut (i Piy1) = m (ttet (P;) — et (Pig1)) s ‘HPZH i (4.3)
it1 — Pj
+ Lhet (pzﬂ) S ]”p”l il
1
= HPHl PZH < et (P;) + 2Mct (Pz+1)> (4.4)

The distance|p,,; — p;|| depends on the spacind, between adjacent slices, and the angle,
between the ray and the surface of the slice:

d
cos(9)’

Assuming uniform slice spacing, the entire line integral through the CT volume can be written as a

[|pis1 —pi|| = (4.5)

summation,
d /1 1
Uet (Po:Pn) = s Z<§th (i) + S Het (pm)) (4.6)
i=0
d 1 1
= s (§Mct (Po) + o Het (P ) cos(d Zuct p). (47)

wheren is the total number of slices.

In order to evaluate equation 4.7, it is necessary to compytat the pointsp;, where the
ray intersects each plane of the CT. Assuming that the CT volume has be preprocessed so that the
voxel values reflect..¢, this computation is equivalent to projecting each CT plane onto the imaging
surface, as shown in figure 4.3, and then interpolating in the neighborhood of each pixel location.
This projection is conveniently implemented as a 2D texture mapping operation. Most 2D texture
hardware implements accelerated bilinear interpolation, making computation of the paltpg)
very fast.
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Figure 4.3. The correspondence between CT values and image pixels is easy found by texture
mapping.

4.2.1 Projection Matrices

Our implementation of texture based volume rendering uses a graphics API called OpenGL 1.2.1
[49]. OpenGL maintains a pair of 4x4 matrices which are used to transform object coordinates be-
fore they are rendered to the screen. The matrices are calletbithelview matridand theprojection

matrix. When a 3D poin{™z, ™y, ™2]7 is rendered, its coordinates are projected first using the
modelview matrix, and then using the projection matrix.

C m

x T
“y Ty

=Px M % , (4.8)
€z m
‘w 1

where P is the projection matrix, and/ is the modelview matrix. We say th&tz, My, mz]7

is expressed imbject coordinatesand the 3D homogeneous poifit, ¢y, ¢z, “w|’ is the corre-
sponding point irclip coordinates. OpenGL rendering is performed in such a way as to discard any
vertices which do not satisfy the inequalities

‘< g <€ 4.9
—‘w< gy <€ (4.10)
—Cw< e < (4.11)
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Finally, the OpenGL specification states that perspective division is performed to obtain normalized
device coordinate§'x, dy]”

d, —

(4.12)

g [Le s

d

y = (4.13)

Normalized device coordinates are rendered to the screen so that thé-phint1]” maps to the
lower left corner of the viewport, and the pojnt 1]7 maps to the upper right corner of the viewport.

In order to project a CT slice onto the image plane as shown in figure 4.3, we first define a scale
matrix which maps image coordinates into clip coordinates so that pixels within the boundary of the
image will map to clip coordinates which satisfy equations 4.9, 4.10, and 4.11

— (l’max +73min)

2
Tmax —Tmin O O (%max*xmin))
0 2 0 —(Ymax+Ymin
S — Ymax —Ymin Ymax —Ymin , (414)
0 0 1 0
0 0 0 1

wherez i, andz,., are the minimum and maximum imagecoordinates. AlSOymin andymax
are the minimum and maximum imagecoordinates.

Next, we write a 3x4 matrix describing the projection from 3D coordinates to 2D coordinates in
the image plane. For the work in this thesis, this matrix generally has the form of pinhole camera
projection

ka 0 i) 0
P =1 0 fk y 0], (4.15)
0 0 1 0

where P’ is the camera projection matrix (different from the OpenGL projection matrix), and the
constantsf, k., ky, xo, andy, are the cameratrinsic parameterd14]. We define a minimum
and maximum for the 3> coordinates which will be projected into the image, and add a third
row to the camera projection matrix so that this range wélues will project to normalized device
coordinates betweenl and 1,

ka 0 xo 0
0 fk Yo 0
" __ Y
P o O Zmin+2Zmax —2ZminZmax ’ (416)

Zmin —Zmax Zmin —“max

0 0 1 0
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wherezpyin andzpax are the minimum and maximum expectedoordinates.
Finally, we set the OpenGL projection matrix to the productatnd P”,

P =spP". (4.17)

This is easily done using the OpenGL commagtsadldentity()andgiMultMatrixd().

Generally, the CT slices are specified in a coordinate system which is different from that of the
pinhole camera. We set the OpenGL modelview matrix to a 4x4 transformation matrix which takes
coordinates from the CT coordinate system to the camera coordinate system. The slices are then
rendered by specifying rectangular polygons in CT coordinates and texture mapping them with the
appropriate texture.

glBegin(GL_QUADS);

glTexCoord2d(0.0, 0.0);
glVertex3d(coord0.x(), coord0.y(), coord0.z());
glTexCoord2d(0.0, 1.0);
glVertex3d(coord1.x(), coordl.y(), coordl.z());
glTexCoord2d(1.0, 1.0);
glVertex3d(coord2.x(), coord2.y(), coord2.z());
glTexCoord2d(1.0, 0.0);
glVertex3d(coord3.x(), coord3.y(), coord3.z());
glEnd();

where the variablesoordQ coordl, coord2 andcoord3are expressed in the CT coordinate system,
and the appropriate texture has been previously bound g#BigdTexture()

Texture mapping hardware gives us an efficient way to compute the terms of the summation in
equation 4.7, however the actual summation remains a problem. PC graphics hardware typically
represents image pixels with a maximum of only 8 bits per channel. These 8-bit values quickly
overflow with the addition of subsequent slices. The process of successively rendering textures to
the framebuffer and adding their values is knownaasumulation and is discussed in the next
section.

4.3 Accumulation

In order to overcome the precision limits of the framebuffer, some high-end graphics hardware
provides araccumulation bufferThe accumulation buffer is a separate region of memory in which
pixels are represented with a higher resolution than they are in the frame buffer. After an image
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Figure 4.4: Three stacks of textures are generated by slicing the CT along each of the three major
axes. The texture stacks used in this research have between 100 and 256 slices.

is rendered to the frame buffer, it can be copied to the accumulation buffer, where it may add to,
subtract from, or replace the existing accumulation buffer contents.

If a hardware accelerated accumulation buffer is available, the sum in equation 4.7 can be com-
puted by rendering each texture in turn, and then adding it to the accumulation buffer. When each
CT slice has been rendered and added, the accumulation buffer contents are scaled appropriately
and copied back to the frame buffer.

Unfortunately, nearly all PC graphics hardware does not support hardware accelerated accumu-
lation buffering. For these cards, all accumulation operations are done using the host processor. This
makes the accumulation buffer too slow for use in interactive rendering. Even with hardware accel-
erated accumulation buffering, the cost of copying data from the frame buffer to the accumulation
buffer is significant, and can noticeably increase the time required to synthesize an image.

Chapter 5 describes a technique for emulating a 16 bit monochrome accumulation buffer by
using the three 8 bit color channels in concert. This technique relies on the NV_register_combiners
OpenGL extension and currently enables accumulation operations to run in ledg4h&hof the
time required for equivalent operations using the vendor supplied library calls. We expect to see fur-
ther performance gains as the available hardware drivers mature. For monochrome applications, we
anticipate that our emulated accumulation buffer will soon be faster than the equivalent operations
on a card which natively supports hardware accelerated accumulation buffering.

4.4 Generating DRRs Using Texture Hardware

In order to generate DRRs using texture hardware, data from the CT volume is first used to create
three sets of 2D textures. Each set represents a slicing of the CT volume along one axis, as illustrated
in figure 4.4. In this work, we set the slice spacing equal to the voxel spacing in the CT volume, and
use each plane of voxels to define one 2D texture. Along with each slice, we record the location of
its four corners in CT coordinates.
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To render an image, the pose parameter vecisiused to compute a 4x4 transformation matrix
which takes coordinates in the CT coordinate system to coordinates in the 3D coordinate system of
the imager. This transformation, and the imager calibration parameters from chapter 6, are used to
set the OpenGL projection and modelview matrices as described in section 4.2.1. Each texture is
rendered in turn, and the accumulated image is copied from the frame bufferglRieadPixels()

4.4.1 Computing Derivatives

Modern graphics hardware is very fast. The NVIDIA GeForce2 Ultra based hardware used in this
research is capable of sustained fill rates of over 250 million pixels per second. Consequently it
is reasonable to compute pixel intensity gradients by the method of finite differences. In order to
compute the first derivative of pixel intensity with respect to tfeelement ofy, we proceed as
follows:

1. First, a baseline image is rendered, corresponding to the 2D pose parametety vadies
image is read from the frame buffer into an array in host memory.

2. A new parameter vectot, is defined. The elements of are identical to those of, except
that the:*® element ofy’ is incremented by a small amouat,

3. Another image is generated, corresponding to the parameter wyécldns image is also read
from the frame buffer.

4. The baseline image from step 1 is subtracted from the newly read image, and the difference
divided bye. The resulting array contains an approximation of the first derivative of pixel
intensity with respect to thé" element ofy.

Steps 2—4 are repeated for each element

At the time of publication our accumulation technique suffers from one major drawback: it
interferes with texture interpolation during rendering. The rendered images are sufficiently realistic
to permit accurate registration, but the lack of interpolation interferes with gradient computation.
Consequently, we currently use hardware accelerated volume rendering in conjunction with non-
gradient based registration methods. We anticipate that the method described in section 5.2.1 will
resolve this problem as soon as GeForce 3 based hardware becomes available. The details of this
drawback are described in section 5.2.1.
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Chapter 5

Hardware Accelerated Accumulation

Chapter 4 presents an algorithm for rendering DRRs using 2D texture hardware. This algorithm
depends heavily upon a set of graphics features knovatasmulation buffering Unfortunately,
hardware accelerated accumulation buffer operations are extremely rare among PC graphics cards.
In nearly all currently available hardware, accumulation buffer operations are performed using the
host CPU over the system bus, resulting in very slow performance.

This chapter describes how to emulate hardware accelerated accumulation operations using re-
cently released graphics hardware from NVIDIA. This implementation avoids much of the data
transfer associated with traditional accumulation buffering, resulting in 16-bit accumulation at very
nearly the maximum texture fill-rate of the cdrd.

This technique relies on the NV_register_combiners OpenGL extension, and currently provides
more than a 40 times speedup over software accumulation buffering. We expect to see further per-
formance gains as the vendor supplied driver matures. For monochrome applications, we anticipate
that our emulated accumulation buffer will soon be faster than the equivalent operations on a card
which natively supports hardware accelerated accumulation buffering.

In this chapter, section 5.1 introduces accumulation buffer operations and describes our emula-
tion strategy, while section 5.2 provides details of the implementation.

Note that NV_register_combiners ivandor specifiextension to OpenGL. In other words, the
techniques described here are not portable to graphics hardware from other vendors.

1The current implementation runs considerably slower than this, due to slow glCopyTexSublmage2d() performance
in version 0.96 of the vendor supplied driver. We expect this performance to improve dramatically in subsequent driver
releases.

59



60 CHAPTER 5. HARDWARE ACCELERATED ACCUMULATION

5.1 Accumulation Buffer Concept

The OpenGL 1.2.1 specification defines tiiaccum()function, which copies pixels between the
framebuffer and a separatecumulation buffer[49] Pixels in the accumulation buffer are typically
represented with higher precision than pixels in the framebuffer. For example, accumulation buffer
pixels may have 16-bit red, green, and blue values, while framebuffer pixels may have only 8 bits
per channel. A 16-bit accumulation buffer can be used to sum or average as many as 257 8-bit
images with no loss of precision.

Unfortunately, hardware accelerated accumulation buffer operations are frequently not imple-
mented by graphics vendors and driver writers. Most PC graphics card/driver combinations imple-
ment a host-based accumulation buffer which is too slow to be useful in our application.

The GeForce family of graphics processors introduce the NV_register_combiners OpenGL ex-
tension [3]. The following sections describe how this extension allows single-channel data to be
accumulated directly to the framebuffer. Single channel accumulation can be generalized to RGB
data by accumulating each channel independently, and finally combining the result from each chan-
nel.

The NV_register_combiners extension is important in this scheme since it provides a convenient
way of transferring bits from one channel to another. This allows the three color channels to be used
in concert, representing numbers with more bits than the native framebuffer precision. The rest of
this section describes how the color channels can be used together.

5.1.1 Channel-Distributed Representation

The GeForce frame buffer uses an 8-bit fixed point format, which represents numbers uniformly
distributed in the range [0, 1.0). For example, a byte containing the binary nuhb&p000
(decimal240) corresponds to the fixed point numk%g = 0.9735. The maximum representable
number is% = 0.99609375, and the minimum representable numbe%@ = 0.0. In order to
emphasize this representation, we will frequently write 8-bit fixed point numbers as fractions with
the numerator and denominator expressed in hexadecimal notation. Continuing the example above,
we write the fixed point number.9735 using the fraction((f(—ff?.

Suppose that a single-channel, 8-bit image is split into two 4-bit images and rendered to the
Blue and Green channels with the four low-order bits going into the low-order nibble of the Blue
channel, and the four high-order bits going into the low-order nibble of the Green channel as shown
in figure 5.1. Subsequent images can be similarly split and simply added to the frame buffer. Since
the largest possible four-bit number%%‘;f—f = 0.05859375, a total of 17 images can be accumulated
in this way without risk of overflowing the Blue and Green channels. After tfi& ih7age has been

rendered, the four high-order bits of the Green channel can be carried into the low-order bits of the
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Figure 5.1: In one accumulation scheme, the four high-order bits of each pixel are rendered to the
Green channel while the four low-order bits are rendered to the Blue channel.
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Figure 5.2: In the accumulation scheme of figure 5.1, a carry operation clears the four high-order
bits of the Green channel, adding them to the low-order bits of the Red channel, and then clears the
four high-order bits of the Blue channel, adding them to the low-order bits of the Green channel.

Red channel, and the four high-order bits of the Blue channel can be carried into (and added to)
the four low-order bits of the Green channel. This carry operation is illustrated in figure 5.2. Once
the carry operation has been completed, another 15 images can be accumulated before the Green
channel is in danger of overflow and a second carry is required.

Under this scheme, a total of 257 8-bit images can be accumulated before the Red channel is in
danger of overflowing. The value of the accumulated sum is represented by the contents of all three
color channels. We call thishannel-distributed representation

The key idea is to distribute the bits of an image between framebuffer channels. Exactly how
the bits should be distributed depends on the application. Figure 5.3 shows two other accumulation
schemes. One of these schemes distributes 2 bits to the Red channel, 3 bits to the Green channel, and
3 bits to the Blue channel. Splitting the bits in this way decreases the effective size of the accumu-
lation buffer to 14 bits, but allows 36 images to be accumulated before the first carry. Still another
scheme distributes 3 bits to the Green channel, and the remaining 5 bits to the Blue channel. This
increases the effective size of the accumulation buffer to 20 bits, but requires carries after the 8th
image, and after every subsequent 7th image. It is good to minimize the number of carries required,
since although the carry operation is hardware accelerated, it still has non-zero computational cost.
In particular, the carry operation involves a callgiCopyTexSubimage2d(At the time of publi-
cation, glCopyTexSublmage2d() requires nearly 10 ms for a 512x512 image on our test machine,
possibly due to a data transfer over the AGP bus. It is our understanding that pending releases of
the NVIDIA drivers will significantly speed up this call.

For the rest of this report, we discuss the 0-4-4 distribution scheme of figure 5.1 only. Most of
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Figure 5.3: Other accumulator bit assignments are useful as well, providing either greater precision,
or less frequent carry operations.
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Figure 5.4: The accumulated value from figures 5.1 and 5.2 depends on all three Channels. The
8-bit Red, Green, and Blue channels are used in concert to represent a 16-bit accumulator.

the discussion will generalize to other distribution schemes.

5.1.2 Interpreting Channel-Distributed Numbers

After a number of images have been accumulated in channel-distributed representation, and before
the result is displayed on the screen, the information in the three color channels must be combined
to recover a single channel result. This can be done by appropriately scaling the Red, Green, and
Blue channels of the frame buffer, and then adding the scaled values. The accumulated sum can be
recovered by computing the sum= 256 *« Red + 16 x Green + Blue, as shown in figure 5.4. Often

it is useful to scale this recombined sum so as not to overflow the 8-bit frame buffer. For example, if
N images have been accumulated, the average image is simply Our current implementation
permits scaling only by powers of two, however we anticipate that more general scaling will be
straightforward to implement.

5.2 Accumulation Buffer Implementation Using Register Combiners

The NV _register_combiners extension bypasses the normal OpenGL texture pipeline, replacing it
with a series of configurable texture processing units cajéateral register combinerfollowed by



5.2. ACCUMULATION BUFFER IMPLEMENTATION USING REGISTER COMBINERS 63

From OpenGL Rasterizatioa—‘

Register Set
{

General Combiner 0

r_combiner:

gistel

NV_re

Register Set

General Combiner 1

Register Set

— Texture Operations

Final Combiner
\—> To OpenGL Per-Fragment Operations

Figure 5.5: The NV_register_combiners extension replaces the standard OpenGL texture pipeline.
Implementations provide at least two general combiners.

a singlefinal combiner The general structure of the register combiners pipeline is shown in figure
5.5.

Input textures, fragment primary and secondary color, fog color, and several other values are
made available to each combiner through a set of registers. The general combiner takes four inputs,
which can be drawn from any of the available registers, and computes up to three output values,
which are written back to the register set. The actual computations performed by the general register
combiner are controlled through the NV_register_combiners API, and can include summations,
multiplications, and dot-product operations. Each general combiner is applied in turn, and modifies
the set of register values available to the next combiner. A schematic representation of a general
combiner is shown in figure 5.6.

The final combiner takes up to seven inputs, which are also drawn from the register set. The
output of the final combiner is an RGBA texture, which is sent for standard OpenGL per-fragment
processing. The final combiner is illustrated in figure 5.7.

For more information on the structure and programming of the NV_register_combiners inter-
face, please refer to the NVIDIA website, http://www.nvidia.com.

5.2.1 Rendering

When a series of images is to be rendered to the emulated accumulation buffer, these images must
be modified so that their Red, Green, and Blue colors match the bit patterns described in section

5.1.1. Thatis, the rendered images must reach the framebuffer in channel-distributed representation.
This chapter describes how to configure the hardware so that the rendered images are converted to
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Figure 5.6: General combiner stages can perform flexible operations on both RGB and Alpha values.
RGB and Alpha processing are controlled independently.

Zero —o

Constant Color 0——o
oA Input Map|—

Constant Color 1}——o

Fog | o B Input Map|—

C
Primary Color—— & ° | Input Map—|—>
|_
Secondary Colo S Pl input Ma AB + (1-A)C+D Output RGB
o S
pare Input Map
Spare 1| °

. F

Texture O —° Input Map

Texture 1= G Input Map Output Alpha
\::@40
ﬁ%@—o

il

Figure 5.7: The final combiner stage performs a fixed computation, and sends the output value to
the standard OpenGL per-fragment operations.
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channel-distributed representation automatically during rendering. For the rest of this chapter, we
assume that the rendered images consist of 8-bit intensity data. When full RGB data must be
rendered, the Red, Green, and Blue channels must be accumulated independently, and recombined
after all accumulation operations are completed.

Graphics cards based on the GeForce 3 chipset implement 8 general combiner stages. This pro-
vides enough flexibility to perform normal texturing operations while reserving 3 general combiner
stages for the job of converting the rendered image to channel-distributed representation. This con-
version breaks down into two distinct tasks: selecting the four high-order bits of the pixel intensity,
right-shifting them, and rendering to the Green channel; and selecting the four low-order bits of the
pixel intensity for rendering to the Blue channel.

In general, the NV_register_combiners extension does not support bit selection, however the
current hardware implementation uses a 9-bit signed fixed point representation which can be ex-
ploited to perform these operatioAsSimply multiplying the intensity value by /16 very nearly
accomplishes the high-order bit selection and right-shifting simultaneously. Unfortunately, the fixed
point register values are rounded to the nearest representable value, which introduces a rounding er-
ror. We defeat the rounding by subtracting32 from the pixel intensity before multiplying by
1/16. Selecting the low-order bits can be done by left shifting this result 4 bits (multiplying by 16),
and subtracting the left shifted bits from the original intensity value. These operations require three
general combiner stages, which are configured as follows:

1. In the first of the three general combiner stages, we need to subtract a bias vajs of
(0x08/0xft, corresponding to an unsigned integer value of 8) from the pixel intensity value,
and multiply the sum byl /16. We observe that this is equivalent to computifg —

& (35) = ST — 90 (%08) "and compute this quantity using the combiner's sum out-
put.

2. The result of step 1 is passed to the second of the three general combiner stages through a
register. This truncates the four low-order bits, which have been shifted below the resolution
of the 9-bit signed fixed point representation.

3. The second combiner stages is configured to multiply the truncated intensity value by 8. This
rescaled value is passed to the third combiner through a second register.

4. The intensity value from step 3 must be multiplied by a further factor of two before being sub-
tracted from the original intensity value. Rather than use another general combiner stage for

2The NV_register_combiners documentation explicitly states that the 9-bit signed fixed point representation is not
part of the extension specification. In other words, future implementations of NV_register_combiners may not use this
representation, and this approach may not be portable to future versions of the card.



66 CHAPTER 5. HARDWARE ACCELERATED ACCUMULATION

this operation, the original intensity value is multiplied bs2, the subtraction is performed,

and the result is scaled by two on output from the general combiner stage. There is no loss of
precision through this operation, since the arithmetic units of the combiner maintain several
bits of precision below the 9-bit threshold. This is an important distinction: strict 9-bit trun-
cation occurs when passing values through the registers, while arithmetic operations maintain
several additional bits of precision.

5. The final combiner stage is configured to multiply the truncated, shifted value from step 1 by
(0, 1, 0), to multiply the masked value from step 4 by (0, 0, 1), and to pass the sum of these
two products to the frame buffer.

This configuration is illustrated in figure 5.8.

At the time of publication, GeForce 3 cards are not yet available for testing. Consequently
the algorithm described in this section has not been fully tested. The following section presents
methods for directly specifying channel-distributed colors. These methods work for chipsets prior
to the GeForce 3, however their use requires that bilinear color interpolation be disabled during
rendering of distributed colors. Section 5.2.2 describes this drawback more fully.

Direct specification of channel-distributed colors.

When GeForce 3 hardware is not available, channel distributed colors can be directly specified
using the OpenGL API.. Finding the correct values is especially easy because the routines which
set color silently convert unsigned integers to the corresponding fixed point values. For example, if
the primary color is 0.203125, which corresponds to an 8-bit unsigned value of 52, the appropriate
channel-distributed color can be set usgiGolor3i().

glColor3i(0, (52 & 0x00f0) >> 4, 52 & 0x000f);
If desired, lookup tables can be used to simplify color assignment.

unsigned int i;
GLuint redMap044[255], greenMap044[255], blueMap044[255];
fori = 0; i < 256; ++i) {
redMap044][i] = 0;
greenMap044[i] = (i & 0x00f0) >> 4;
blueMap044Ji] = i & 0x000f;
}
[...]
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Figure 5.8: The NV _register_combiners extension can be used to render channel-distributed images.
Note that the use of more than two general combiner stages means this configuration is not appropri-
ate for GeForce 2 and lower. The register variallesstant Color GandConstant Color take on
different values at different stages of the pipeline. This is supported in the NV_register_combiners2
extension, which is available on GeForce 3 cards.
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glShadeModel(GL_FLAT);
glColor3i(redMap044[52], greenMap044[52],
blueMap044[52));

The call toglShadeModel(}s explained in section 5.2.2.

Similarly, RGB textures can be specified by explicitly mapping the input intensities to dis-
tributed RGB colors before callinglTeximage*() but it is often more convenient to use the
EXT_paletted_textures extension. [3] Under this extension, single-channel textures are used to in-
dex into colormap. Values from the colormap are then passed to the texture pipeline. This extension
is accessed through tiggColorTableEXT()API call.

unsigned int i;
GLubyte paletteRGBA[255 * 4];
fori = 0; 1 < 4 * 256; i += 4) {

paletteRGBA[i] = 0;

paletteRGBA[i + 1] = (i & 0x00f0) >> 4;

paletteRGBA[i + 2 ] =i & 0x000f;

paletteRGBA[i + 3] = 1,
}
glColorTableEXT(GL_TEXTURE_2D, GL_RGBA, 256, ...,

(GLvoid*)paletteRGBA);

[...]
gIBindTexture(GL_TEXTURE_2D, ...);
glTexParameteri(GL_TEXTURE_2D, GL_TEXTURE_MAG_FILTER, GL_NEAREST);
glTexParameteri(GL_TEXTURE_2D, GL_TEXTURE_MIN_FILTER, GL_NEAREST);
glTexlmage2D(..., GL_COLOR_INDEX_8 EXT, ...);

If more than one texture must be specified, the EXT_shared_texture palette extension gives even
more convenience and savings in texture memory by allowing multiple textures to use the same
color table.

The calls tayITexParameteri()n this example are important. Setting GL_TEXTURE_MIN_FILTER
or GL_TEXTURE_MIN_FILTER to GL_LINEAR can lead to interpolation artifacts as described
in section 5.2.2.

5.2.2 A Note About Interpolation

Explicitly setting the drawing color to channel-distributed representation using the direct specifi-
cation methods of section 5.2.1 has one major drawback. Unless the shade model is explicitly set
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(a) (b)

Figure 5.9: (a) Explicitly setting a channel-distributed rendering color can lead to color interpolation
artifacts as described in section 5.2.2, and as shown in this image of a single quadrilateral. The color
of the quadrilateral should vary smoothly and almost imperceptibly from left to right as described
in the text. (b) The same image, this time rendered without explicitly setting a channel-distributed
rendering color, and without interpolation artifacts.

to GL_FLAT using theglShadeModel()xommand and bilinear texture interpolation is disabled,
OpenGL linearly interpolates colors between vertices and texture pixels. If a color is converted to
channel-distributed representation before this linear interpolation takes place, the high- and low-
order nibbles will be interpolated independently, introducing artifacts to the image. These artifacts
are illustrated in figure 5.9(a), which shows a rendering of a single quadrilateral. The two vertices
at the left side of the image have a primary color one grey-level brighter than the two vertices at the
right side of the image. Figure 5.9(b) shows the same quadrilateral without interpolation artifacts.

These interpolation artifacts mean that bilinear texture interpolation cannot be enabled on pre-
GeForce 3 cards during DRR generation. Lack of bilinear interpolation during 2D texture mapping
results in quantization artifacts, as shown in figure 5.10. More importantly, though, this lack inter-
feres with the forward differences computation of section 4.4.1, and currently precludes the use of
(GeForce2) hardware generated DRRs in gradient-based optimization.

5.2.3 Carrying
Accessing the texture hardware

The carry operation differ from the rendering operation described above in that the rendered colors
depend on what is already in the framebuffer. That is, in order to carry the high-order bits of the
Green channel into the Red channel, it is necessary to first inspect the Green channel and deter-
mine what needs carrying. Since the inspection and carry operations are implemented using the
NV _register_combiners extension, this means that the framebuffer contents must be made accessi-
ble at the beginning of the texture pipeline.

The framebuffer contents are made available to the texture pipeline. usigtiiygy TexSublm-
age2D()function. This function copies the specified region from the framebuffer into texture mem-



70 CHAPTER 5. HARDWARE ACCELERATED ACCUMULATION

(a (b)

Figure 5.10: Lack of bilinear interpolation using current GeForce hardware leads to quantization
artifacts, which are particularly visible in the forehead of the skull in (a). A rendering with bilinear
interpolation (b) does not show these artifacts.

ory2 This texture can then be manipulated using the texture hardware, and rendered back to the
framebuffer. In order to make the rendered texture overlay the original exactly, it is important to
choose the texture coordinates with care. For the remainder of this report we make the simplifying
assumption that the framebuffer is 512x512 pixels in size. Other sizes can be accommodated by
carefully choosing texture coordinates and texture sizes.

Masking high-order bits using glLogicOp()

Once the framebuffer contents have be copied into a texture object, the high-order bits of the Green
and Blue channels must be cleared. The most straightforward way to do this iglisiagcOp()

glMatrixMode(GL_MODELVIEW);
glPushMatrix();

glLoadldentity();
glMatrixMode(GL_PROJECTION);
glPushMatrix();

glLoadldentity();

glColor3i(0x00ff, 0x000f, 0x000f);
glEnable(GL_COLOR_LOGIC_OP);
glLogicOp(GL_AND);

3At the time of publication, the implementation giCopyTexSublmage2Di§ quite slow, requiring approximagely
13ms per megabyte of image data on our 550MHz test machine (2x AGP bus, NVIDIA drivers version 0.96). It is our
understanding that pending driver releases will significantly speed up texture copying performance.
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gIBegin(GL_QUADS);
glVertex3f(-1.0, -1.0, 0.0);
glVertex3f(-1.0, 1.0, 0.0);
glVertex3f(1.0, 1.0, 0.0);
glVertex3f(1.0, -1.0, 0.0);
glEnd();
glDisable(GL_COLOR_LOGIC_OP);
gIMatrixMode(GL_MODELVIEW);
glPopMatrix();
gIMatrixMode(GL_PROJECTION);
glPopMatrix();

Unfortunately, at the time of publication, hardware accelerated logical operations do not appear to
be supported on GeForce hardware.

Masking high-order bits without using glLogicOp()

When glLogicOp() is too slow to be useful, high-order bits can be be zeroed by carefully ex-
ploiting the fixed point representation used in the GeForce texture hardware, and by using the
EXT_blend_subtract OpenGL extension. The approach is to render the texture from section 5.2.3
into the framebuffer so that it exactly overlays the original data. During the rendering pass, the
texture is processed so that the low-order bits are set to zero. The remaining high-order bits are sub-
tracted from the framebuffer. The texture processing requires two general register combiner stages,
and proceeds as follows:

1. The first general combiner is configured to multiply Red, Green, and Blue by16, and
1/16 respectively. This effectively zeros the Red channel, while right shifting the Green
and Blue channels by 4 bits. As in section 5.2.1 a bias terry/82 is needed to eliminate
rounding errors.

2. Theresult of step 1 is passed to the second general combiner through a register. This truncates
the four low-order bits, which have been shifted below the resolution of the 9-bit signed fixed
point representatiof.

3. The second general combiner and final combiner are configured to scale Green and Blue by a
factor of 16. This shifts the four high-order bits back to their original places, so that they can
be subtracted from the framebuffer.

“Please see footnote 2 on page 65.
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This process is illustrated in figure 5.11.

Transferring data between channels

Once the high-order bits of the framebuffer have been zeroed, the carry is completed by adding
the carry bits to the appropriate channels. This is done by again rendering the texture from section
5.2.3 into the framebuffer so that it exactly overlays the original data. As before, the texture values
are right shifted four bits, but this time the NV_register_combiners dot-product operation is used to
transfer the data between the color channels.

1. The the first general combiner is configured to multiply Red, Green, and Bluelpy®),and
1/16 respectively. As described in section 5.2.1, the green and blue channels are biased by
—1/32 prior to the multiplication in order to avoid rounding errors. This effectively zeros the
Red channel, while right shifting the Green and Blue channels by 4 bits.

2. Theresult of step 1 is passed to the second general combiner through a register. This truncates
the four low-order bits, which have been shifted below the resolution of the 9-bit signed fixed
point representation.

3. The second general combiner is configured to compute the dot product of the scaled texture
with the {Red, Green, Blue} triple {0.0, 1.0, 0.0}. This combiner is further configured to
simultaneously compute the dot product of the scaled texture with {0.0, 0.0, 1.0}. The first
dot product effectively distributes the scaled Green component across all three channels. The
second dot product distributes the Blue component across all three channels.

4. The final combiner stage is configured to multiply the two dot-products from step 3 by the
RGB triples {1.0, 0.0, 0.0} and {0.0, 1.0, 0.0} respectively. This zeros the unwanted channels
in each dot-product, leaving only the carry bits. The final combiner stage is further configured
to add these two results into one RGB triple.

5. The resulting value is added to the frame bugflend()

This process is illustrated in figure 5.12.

5.2.4 Recovering Accumulated Data

Once the accumulation has been carried out in channel-distributed representation, the result must
be converted back into RGB format. Since the different channels of the distributed representation

SPlease see footnote 2 on page 65.
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Figure 5.11: The high-order bits of the framebuffer can be selected by exploiting NVIDIA's fixed
point texture representation.
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Figure 5.12: Bits are carried from one channel to another using the dot-product operation. The two
dot-product outputs of of the second combiner are as follows: Spare0 = ((Green & 0xf0/0xff) >>
4, (Green & 0xf0/0xff) >> 4, (Green & 0xf0/0xff) >> 4); and Sparel = ((Blue & 0xf0/0xff) >> 4,

(Blue & 0xf0/0xff) >> 4, (Blue & 0xfO/Oxff) >> 4).
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correspond to specific bit ranges in the accumulated value, the recovery amounts to scaling each
channel by a different amount and summing the results. The 16-bit accumulated value will be
returned to the 8-bit frame buffer, and it is therefor important to scale the result during the recover
operation. This scaling essentially selects which part of the 16-bit range will map to representable
RGB values. We describe a combiner configuration here which recovers the 16 bit accumulated
value and copies the high order byte to the frame buffer.

1. The first step in the process is to make sure a carry operation has been performed. This clears
the high-order bits of the Green and Blue channels, and prevents overflow in the subsequent
steps.

2. The first general combiner stage is configured subtrag¢8abias term from the Blue channel
as described in section 5.2.1.

3. The second general combiner is configured to compute the dot product of the result from step
2 with the scale vectofl, 1/16, 1/256). The resulting value is passed to the final combiner
for rendering to the framebuffer.

This is illustrated in figure 5.13.

5.3 Other Accumulation Buffer Operations

The OpenGL 1.2.1 specification defines five accumulation buffer operations. The emulated accu-
mulation buffer described here allows a subset of these operations.

GL_ACCUM This operation adds data to the accumulation buffer after first scaling the data by
a user specified floating point factor. In the scheme described here, data is added to
the framebuffer usinglBlend() operations. No direct way of scaling the data is im-
plemented. Some scaling effects can be emulated by manipulating the color table of
palletted textures, but this has no effect on primary color, fog, and lighting effects.

GL_LOAD This operation is similar to GL_ACCUM in that it scales rendered data and trans-
fers it to the accumulation buffer. The GL_LOAD operation is different from
GL_ACCUM in that the scaled data replaces the contents of the accumulation buffer,
instead of being added to them. This action can be emulated by specif\Biend-
Func(GL_ONE, GL_ZERQ, but as before arbitrary scaling is not implemented.

GL_RETURN This operation transfers data from the accumulation buffer back to the framebuffer,
and corresponds to the step described in section 5.2.4.
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Figure 5.13: The distributed representation is consolidated using a dot-product operation. Scaling
by factors of 2, 4, 8, 16, and 32 can be implemented using the register combiners input/output

mappings.
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GL_MULT This operation simply scales each value in the accumulation buffer by a user specified

GL_ADD

floating point factor. Scale factors which are integer powers of two can be implemented
by shifting the frame buffer contents left or right, carrying bits as appropriate, but I'm
not going to write this up until after | defend my thesis.

This is like GL_MULT, except that instead of scaling data in the accumulation buffer it
simply adds a user specified constant. To emulate this, the user must render a constant
value image to the framebuffer after settigi@lendFunc(Xo produce the desired result.
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Chapter 6

Imager Calibration

Chapter 3 describe models for the attenuation of X-rays as they pass from a radiation source to

the surface of an imager. It does not, however, describe how X-rays at the surface of the imager are
converted to digital images. This image generation process is characterized by geometric distortions
and intensity mappings specific to the imaging hardware and software. Some kinds of distortion can

confuse the image comparison measures which are part of our registration process, so it is important
to identify and correct these types of distortion. This section presents models for representing and

correcting geometric distortions and intensity mappings.

The registration algorithms described in this thesis have been applied to two distinct types of X-
ray imagers: the first type of imager is a fixed X-ray imager used in image guided radiosurgery; and
the second kind of imager is a conventional film system. These two types of imagers are discussed
in sections 6.1 and 6.2 respectively.

6.1 Fixed X-ray Imager

Chapter 7 describes the application of the 2D/3D registration algorithm to an image guided radio-
surgery system. This system includes a pair of nearly orthogonal X-ray imagers. Each imager has
its own diagnostic level X-ray source, which transmits radiation through the patient to a fluorescent
screen. Energy from the X-rays causes the screen to fluoresce, and the resulting pattern of fluores-
cence is captured using an image intensified CCD camera and digitizer. The physical layout of the
system is illustrated in figure 6.1.

We model this type of imager using three distinct sets of parameters: the first set of parameters
describes the geometric mapping from 2D coordinates at the imaging surface to 2D coordinates in
the output image; the second set of parameters describes the projection from 3D space onto the
imaging surface; and the third set of parameters describes the intensity response of the system.

79
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Phosphor
Screen

Digitizer/
Frame-grabbel

Calibration methods for these three sets of parameters are described in sections 6.1.1, 6.1.2, and
6.1.3 respectively.

Prior to all three of these calibrations, we define coordinate systems associated with the image
and with the imager. We define a 3D coordinate system (X, Y, Z) associated with each imager so
that the X-Y plane is parallel to the surface of the phosphor screen. The origin of this coordinate
system is at the location of the corresponding X-ray source, and the Z axis points away from the
imager. We define a 2D coordinate system (R, S) which describes positions in the image plane of
the imager. This R axis is parallel to the X axis of the 3D coordinate system, and the S axis is
parallel to the Y axis of the 3D coordinate system. Finally, we define a 2D coordinate system (U,
V) associated with the image. Points in this coordinate system correspond to pixel locations in the
digitized image. All three of these coordinate systems are shown in figure 6.1.

6.1.1 2D« 2D Parameters

The first step in calibrating the fixed X-ray imager is to characterize the mapping between (R, S)
coordinates at the surface of the imager and (U, V) coordinates in the output image. This mapping
reflects any projections and distortions in the imaging chain between the phosphor screen and the
output image. We model this mapping using two parts:

e Radial distortion, reflecting the characteristics of the focusing lens in the CCD camera.
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¢ Projective transformation, reflecting the relative positions of the phosphor screen, mirrors,
image intensifier and CCD camera.

Following Tsai [55], we model radial distortion as a function which takes pdints]” in the
image coordinate system to pojnf, +']” in an intermediate coordinate system. Tsai expresses the
function in terms of distance from a central pojag, vj]”

d/

d (1 + HdH2) (6.1)
_ [ o ] (6.2)
20

- [2]z)
(Y Vo

wherex, ug, andyg are are the three parameters describing the radial distortion. The parargeter
called thefirst-order radial distortion coefficientWe rewrite equation 6.1 to make the relationship
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where the eight parameteks; ;) describe the the projection.

Image-intensified radiographic imagers are subject to another type of distortion, known as S-
distortion, which varies depending on the characteristics of the local magnetic field. S-distortion
is problematic for mobile fluoroscopic imagers because of its dependence on the the position and
orientation of the imager. In our application, the imagers are rigidly attached to the operating room
floor, and distortions remain consistent from image to image. In fact, the two components described
above model the observed projection very well: the image pixel size is roughly 1mm, and RMS
Residuals for the calibration routine described below are under 0.2mm, which is consistent with the
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Figure 6.2: The geometric distortion calibration target holds 0.25in steel ball bearings in relative
position. The force of gravity causes each ball bearing to rest against the downward edge of its hole.

expected observation noise. Consequently we do not model the effects of S-distortion for this type
of imager.

Calibration Target

The mapping between (R, S) coordinates and (U, V) coordinates was calibrated using a plastic
panel having dimensions of 11.25” x 10.5" x 0.375". The panel had 77 holes of approximately 0.3"
diameter drilled through it at regularly spaced intervals. During calibration, the panel was placed
flat against the face of imager, and 0.25” ball bearings were placed in the holes so that each rested
flush against the surface of the phosphor screen. One hole was left empty so that the orientation
of the target could be easily determined in the X-ray image. Although the holes in the panel were
of larger diameter than the ball-bearings, each ball-bearing was pulled by gravity to the lowest
position within its respective hole. This, together with the slant of the imager face, ensured that the
relative positions of the ball-bearings reflected the actual drilled pattern, as shown in figure 6.2. An
image was acquired, in which the ball bearings stood out clearly against the radiolucent plastic, and
each ball bearing was located in the resulting image by fitting a series of concentric circles. These
locations were used to calibrate the system as described in the next section.

Calibration Algorithm

Referring to equations 6.4 and 6.5, we see that our model of the mapping between (R, S) coordinates
and (U, V) coordinates has eleven geometric parameters. The first three parameigrsand

yo describe the radial distortion, and the remaining eight parameters describe the homography in
equation 6.5.
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We cast the recovery of these eleven parameters as a nonlinear optimization problem. It is
not necessary, however, to optimize in an eleven-dimensional space. The calibration is instead
performed as an optimization over the three radial distortion parameters. The objective function for
the optimization is computed as follows:

1. At each step of the optimization, the radial distortion parameters are applied to the observed
positions of the calibration target fiducials equation 6.4.

2. Once equation 6.4 has been applied, the best fit homography can be approximated by solving
a system of linear equations. We are looking for the eight parameter values which most nearly
satisfy equation 6.5. This equation can be rearranged to give

Tn(h(2,0)tn + R nyv, +1)
sn(h@,0)tn + he1yvy +1)

_ | (hoyun +Phoyvn + o) (6.6)
(haoyty +ha v +hao) |

where the point$u/,, v/,]” are drawn from the result of step 1, above, and the pdints:,,|”

are the corresponding (known) 2D positions of the ball bearings in the calibration target. We
use the subscript to indicate that this equation holds for each of the 76 ball bearings in the
image. A further rearrangement gives
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Combining equation 6.7 over all the observed fiducials gives an overconstrained system of
linear equations, which is easily solved using the Moore-Penrose pseudoinverse [43] [44].

3. Using the parameter valugs,, ,,, recovered in step 2, the radially undistorted points from
step 1 are projected into the (R, S) coordinate system. The objective function value is the
RMS residual between these projected points and the known positions of the ball bearings in
the calibration target.

We define an objective function which returns the RMS residual from step 3, and then estimate the
optimal calibration parameters using the downhill simplex method of Nelder and Mead to minimize
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this residual. [45]

Note that using the pseudoinverse in step 2, abdeesn'tgive values forh; ;) which are
least-squares optimal. This is because the algebraic manipulation in equation 6.6 weights each of
the original equations by the quantity, o)u,, + h(21yv;, + 1. If necessary, the estimate of the
parameters:; ;) can be refined iteratively by solving the system of equations 6.7, then weighting
each equation by/(h 0yu;, + h 1yv;, + 1), and re-solving.

The Geometry Corrected 2D Image

Once we have recovered the mapping between (R, S) coordinates at the surface of the imager and
(U, V) coordinates in the output image, we define a funcgian??> — R2 which implements this
mapping. In other words, the functigr() takes points in (U, V) coordinates as arguments, and
returns the corresponding points in (R, S) coordinates. The implementation of this function follows
from equations 6.4 and 6.5.

It is also useful to compute the inverse mappipg!, from points in (R, S) back to points in (U,
V). The inverse of equation 6.5 is found by expressing the equality in homogeneous coordinates

ar hoo ho1 hoz o
as = hLO h171 h172 ’U/ . (68)
o h270 h271 1 1

Inverting this homogeneous equation gives

-1

pu’ hoo hoi hoz r
pv | = | hio hig hi s (6.9)
B hoo hep 1 1

The corresponding values ferands are easily foundr = gr /3, ands = 3s/0.

We invert equation 6.4 through a straightforward application of Newton-Raphson iteration, how-
ever a closed form solution can be found using the cubic formula [45].

The significance op~! is that it allows us, for any point in (R, S), to determine the correspond-
ing point in (U, V). We can determine the image intensity at the corresponding (U, V) point by
bilinear interpolation among the image pixels. In other wogds, lets us remap the output image
intensity values into (R, S) coordinates. We call the result of this mappingebmetry-corrected
image, and write

I'(r,s)=1 (p_1 (r,s)), (6.10)

wherel (u,v) is the actual output image, adf{r, s) is the geometry-corrected image. Figure
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@ (b)

Figure 6.3: An image of the geometric distortion calibration target is shown in (a) and contains
some small geometric distortions. The geometry-corrected image was sampled on a regular pixel
grid, and is shown in (b).

6.1.2 3D« 2D Parameters

The image guided radiosurgery system includes two fixed X-ray imagers. We must characterize
the relative positions and orientations of these imagers, as well as the 3D projection geometry of
imager.

As before, we use a fiducial-based calibration technique. Figure 6.5 shows one fiducial, at
position (z¢, y¢, 2¢) being projected onto the imaging surface. We define the scalar parafrieter
be the Z coordinate at which the Z axis intersects the surface of the imager, and wehefigle
to be the location of this intersection in (R, S) coordinates. Using similar triangles, we see that the
following two equations hold

e —Tro ¢
- 6.11
7 m (6.11)

st — S0 Y
S5 _ U 6.12
f 2f (6.12)

wherelr, s¢] is the 2D point in (R, S) coordinates to which the fiducial projects. Rearranging these
two equations, we can write a general homogeneous equation which relates the projection from 3D
imager coordinates to 2D imager coordinates

ar f 0 rg O *

as =10 f s 0|7/, (6.13)
z

0" 0 0 1 O
1

where the scale factar is easily factored out. This is a simplified form of the standard pinhole
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Figure 6.4: The treatment room contains two fixed X-ray imagers. The positions and orientations
of these two imagers are related by the coordinate transform&tify). For each imager, the
projection from 3D coordinates to 2D coordinates depends on the position of the X-ray source with
respect to the imager.
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Figure 6.5: Projection geometry for 3D fiducials. A fiducial(at, y¢, z¢) projects to a coordinate
(r¢, s¢) at the imager surface.
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Figure 6.6: The calibration target for imager 3D geometry was constructed by attaching 58 steel
ball bearings to the surface of a plastic six-pack cooler.

camera model discussed in [14]. Accordingly, we describe the projection using three intrinsic pa-
rameters: focal lengthy;, and center of projectiofr, so.

The final component of the 3D calibration is a coordinate transformation describing the relative
position of the two imagers. This coordinate transformation is represented using a 4 by 4 transfor-
mation matrix>° T, , which takes coordinates from the 3D coordinate system of the one imager to
the 3D coordinate system of the other, as shown in figure 6.4.

Calibration Target

A geometric calibration target was constructed from a plastic six-pack cooler, manufactured by Rub-
bermaid, Incorporated, and measuring approximately 23cm x 20cm x 15cm. 58 steel ball bearings,
each having 0.5in diameter were seated into the surface of the cooler by heating the plastic. After
suitable surface preparation, each ball bearing was secured to its seat using epoxy.

An arbitrary coordinate system was defined by attaching an optical tracking beacon to the sur-
face of the cooler. We call this tharget coordinate syster. The position of each ball bearing was
measured relative to the target coordinate system using an optically tracked pointer as described in
appendix B.3, and the tracking beacon was removed from the cooler. A photograph of the completed
target is shown in figure 6.6.

The calibration target was placed so that it lay within the field of view of both imagers, and a pair
of images was acquired. This is illustrated in figure 6.7. This figure also illustrates two unknown
coordinate transformatior$ 7y, and®: 7. These two coordinate transformations take coordinates
in the target coordinate system to the corresponding points in the 3D coordinate systems of the
two imagers. The positions of the calibration target fiducials were detected in each image and
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Figure 6.7: The 3D calibration target is viewed simultaneously with both imagers.

transformed using the nonlinear transformatidin (page 84) in order to recover the corresponding
positions in the 2D imager coordinate system (R, S) of each imager.

Calibration Algorithm

We parameterized the two coordinate transformatién®g and 1 7q, using the seven element
parameterization described in section 2.1.2. In addition, each imager has the three projection pa-
rametersf, rg, andsg, for a total of ten parameters per imager. This part of the calibration is done
for each imager independently. The calibration is cast as a nonlinear optimization over the seven
elements in the parameterization“ofly, wherej is 0 or 1, depending on which imager is being
calibrated. The objective function for the optimization is computed as follows:

1. The transformation matri% Tt is recovered from the seven element parameter vector fol-
lowing equation 2.18.

2. The known 3D positions of the calibration fiducials in the target coordinate system are trans-
formed into the 3D coordinate system of imageausing®s Tg. We write these transformed
points (x;, s, ), where the subscriptindicates that this coordinate corresponds toithe
fiducial.
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3. We are looking for the projection parametgrs,, andsy which most nearly satisfy equation
6.13 for each fiducial. By rearranging this equation and factoringxpute have

TiZg
SiZq

where(r;, s;) is the observed position of th&" fiducial in the (R, S) coordinate system of
imagerj. A further rearrangement gives

/
[xi “ O] ro _[”’Zi ] (6.15)

(6.14)

fx; + 1oz
fyi + s0zi

v 0z SiZi
S0
Combining equation 6.15 over all of the 3D fiducials gives an overconstrained system of
linear equations, which is easily solved using the Moore-Penrose pseudoinverse [43] [44].

4. Using the values fof, ry, andsg computed in step 3, each 3D fiducial is projected into the
(R, S) plane, and the RMS residual is computed between the projected 3D fiducials and the
geometry-corrected observed fiducial positions. This residual is returned as the value of the
objective function.

We define an objective function which returns the RMS residual from step 4, and then minimize
this function using the downhill simplex method of Nelder and Mead [45]. After completing this
minimization for each imager we have estimates for the two coordinate transform&tiGpsnd
S1 Tq, and for the two sets of projection parametérs,, ands.

Note that using the pseudoinverse in step 3, abdeesn’'tgive values off, ry, andsy which
are least-squares optimal. This is because the algebraic manipulation in equation 6.14 essentially
weights each of the original equations by the quanijtylf necessary, the estimate can be refined
by iteratively solving the system of equations 6.15, then weighting each equatibfelhyand re-
solving. In practice, the; values are all relatively similar, and we do not do this reweighting.

6.1.3 Intensity Parameters

Figure 6.10 shows a pair of “blank” images acquired using the fixed X-ray imaging hardware. These
images show significant spatial variation in intensity. Although some of this variation may be due

to non-uniformity in the X-ray source, much of it is a result of non-uniform response in the imaging
chain. This is clear because the spatial variation persists even when the phosphor screen is replaced
with uniformly illuminated translucent plastic plate.



90 CHAPTER 6. IMAGER CALIBRATION

foln) f1(r NG 14(r
—={ Attenuating matter 10 »| Phosphor screen o »| Imageintensifier 10

15(r) 13(r)
— CCDcamera  —— | Framegrabber

Figure 6.8: The gain characteristic of the fixed imager can be viewed as the composition of the
characteristics of its components.

In order to represent this spatial variation, we model the imager as an array of independent
gain elements. Each gain element corresponds to one pixel in the geometry-corrected image, and
the corresponding intensity response reflects the combined characteristics of the phosphor screen,
image intensifier, CCD camera, and frame grabber. The imaging chain is represented schematically
in figure 6.8. We model the CCD camera and frame grabber as spatially uniform linear gains.

Ir(r) = acamI1(7) + beam, (6.16)

Ig(’!‘) = (IfgIQ(’I‘) + bfg, (617)

whereacam, andbc.r, are parameters describing the gain of the CCD camgyandb;, are parame-
ters describing the gain of the frame grabber, and [r, 5|7 is a position in 2D imager coordinates.
The image intensifier is modeled as a linear gain as well, however it is assumed to have spatially
varying characteristics
Ii(r) = aii(r)Io(r) + bii(r), (6.18)

where the functions;;(r) andb;;(r) describe the spatially varying gain of the image intensifier.
We model the response of the phosphor as a uniform linear function of the incident photon
fluence

Io(r) = ap fi(r), (6.19)

whereaq, is the single parameter describing the linear gain, Ard) is the photon fluence at the
surface of the imager. When attenuating matter is present in the image, photon fluence at the surface
of the phosphor screen decreases following an exponential attenuation law as described in section
3.1

fi(r) = fo(r)e kol ), (6.20)

whereU (r) is the log total attenuation between the radiation source and thespoimthe surface of
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the phosphor screen, arfigl(r) is the unattenuated photon fluence. In other wofg&;) describes
the photon fluence at the surface when no attenuating matter is present. The donistamtiuded
to account for any scaling errors in our estimaté/df-).

Composing these gains gives

I3(r) = agg (acam (aii(r)apfo(r)e_koU(r) + bﬁ(r)) + bcam) +bg = atot(T)fo(T)e_koU(r)+bt0t(7“),
(6.21)
whereaot (1) = aggcam@ii(r)ap, andbyo; = agg (acambii(r) + beam) + bg. FOr convenience of
notation, we defindy,(r) = aot () fo(r), and express the gain characteristic of the entire system
as
Iy(r) = In(r)e V™) 4 by (r). (6.22)

The unknown parameters in equation 6.22 &ér), ko, andb(r). Given these, and the
total linear attenuatiod/ () we can predict the pixel intensity; () at any pixel in the geometry-
corrected image. Note thay is not spatially varying. The same value & is used for each pixel
in the image.

One additional gain is not accounted for in this model. The image intensifier/CCD system
incorporates an automatic gain adjustment to handle large changes in image input image brightness.
It is possible to disable this variable gain, however the established treatment protocols do not do so.
In practice, the range of input brightnesses for our images is fairly small, and our model fit very
well even without modeling this gain.

Calibration Target

In order to measure the intensity response of each imager, a series of phantoms were constructed
using uniformly thick sheets of Solid Water. Solid Water is a commercial plastic, available from
Gammex RMI, and has a known linear attenuation coefficient at diagnostic energies. These sheets
were placed so that they occluded the entire phosphor screen as shown in figure 6.9.

Images of each phantom were acquired, and the image intdpéitywas measured. We denote
the thicknesses of each phantomsdyy0 < i < N, whereN is the number of phantoms used.
Each observation ofs(r) was recorded as a vectdf;, where each element corresponds to one
pixel in the correspondinds; image.

Calibration Algorithm

The point of the intensity calibration targets is to provide known valué$(ef in equation 6.22. It
is clear from figure 6.9 that the distance a ray travels through the attenuating phanttepends
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Figure 6.9: The constant density phantoms provide known valuds(faiz)).
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whered, [, ¢, andf are dimensions as indicated in figure 6.9. For the imager in questi®apout

3m, while c reaches a maximum of about@s, or 0.25n. Substituting these numbers into equation
6.23, we see thatranges fromd to aboutl.003d. In other words, the attenuation of photon fluence

is very nearly uniform across the surface of the imager. Accordingly, we assume that each intensity
calibration target introduces a constant attenuation over the surface of the imager having value

U(r) = puwdi, (6.24)

wherey.,, is the linear attenuation coefficient of the target material,&rnislthe thickness of thg"
calibration target. Under this assumption, equation 6.22 becomes

I3(r) = Iy(r)e Forwdi 4 p (1), (6.25)

Note thate—*o#+?i js a scalar. Remember that the the observatiirare simply measurements of
I3
T; = vec (Ib(r)e*ko“wdi + btot(r)> . (6.26)

This implies that the observatiors lie on a line in high-dimensional space with direction vector
vec(Ip)

equal ez, -

The best fit line for the observatiorfs is computed simply. We define the sample covariance

matrix K which describes the distribution @f

K=[To-T|T\ =T | .| Tnr =T [To=T | Ty =T | .. | Ty_1 —T]"

, (6.27)

N-1

— 1
T= Z T;. (6.28)

1=
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and compute the eigenvectbr corresponding to largest eigenvaluefof The best fit line for the
observations of; lies parallel to this vector, and can be written parametrically:

S(\) =T + \V, (6.29)

We define a 1D coordinate system with its origirifaand its axis in the direction df, and project
each of the observations into this coordinate system.

L= (T,-T)-V, (6.30)

wheret; is the 1D coordinate corresponding to the projected observatioReferring to equation
6.22, we denote the projection ofc(1;,) into this coordinate system as and the projection of
vec(b) asf3, and we can write

t; = ce Forwdi 4 3 (6.31)

In this system of nonlinear equations there are three unknowyrsg;, ands. Currently we find the
solution using an iterative nonlinear solver to minimize the quantity

E=Y" (ce_ko’““di Ty ti)Q . (6.32)

After solution, the newly discovered constamteindb are projected back into high dimensional
space to recovek, (z) andb. (z) respectively

vec(l,) = T+cV (6.33)
VeC(tht) = T‘|‘5V (634)

Once the the gain parameters have been recovered, equation 6.22 can be inverted to give

—log (I3(r) — bt (7)) /I (7)) (6.35)

Utot(’l") = kjo .

The quantityU,..(r) will be used in the registration algorithm.

Figure 6.11 shows a pair of geometry-corrected intensity images taken directly from the image
processing system. These images were processed using equation 6.35, and the tésulng
graphically represented in figure 6.12. For comparison, corresponding images were constructed
using a transgraph, and are shown in figure 6.13.
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Figure 6.10: These images were collected with only air in the field of view of the imagers.

.-

Figure 6.11: Sample geometry-corrected images from the X-ray imagers..

A .

Figure 6.12: Recovered attenuation images after correction of geometric and intensity distortions.
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i

Figure 6.13: Synthetic images corresponding to the attenuation images of figure 6.12.

6.2 Film/Digitizer System

Our registration algorithm was tested with a second type of imager. This is a conventional radio-
graphic imager which obtains images using X-ray film. Each image is acquired and developed using
traditional radiological techniques. After development the film is digitized using an optical scanner,
and the resulting digital images are used as input to the registration algorithm. The layout of this
system is illustrated in figure 6.14.

6.2.1 Geometric Calibration

As with the fixed X-ray imager, we define three coordinate systems to help with calibration. We
define a 3D coordinate system (X, Y, Z) which is attached to the to the X-ray source, and has its
X-Y plane parallel to the film surface. The 2D coordinate system (R, S) lies in the plane of the film,
and has its R axis parallel to the X axis of the 3D coordinate system. The S axis is parallel to the Y
axis of the 3D coordinate system. Finally, we define a 2D coordinate system (U, V) associated with
the output image. All three of these coordinate systems are shown in figure 6.14. The arrangement
of these coordinate systems differs from that of the fixed X-ray imager only in that Z axis of the (X,

Y, Z) coordinate system points towards the imaging surface, rather than away.

This projection geometry exactly matches the discussion in section 6.1.2. Accordingly, we write
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Figure 6.14: Schematic of the film/digitizer imaging system

the projection from 3D to 2D using homogeneous coordinates.

ar f 0 r O ’

as =10 f s 0| |7/, (6.36)
z

a 001 0]

where the scale factar is easily factored out.

We assume that the film is dimensionally stable, and introduces no geometric distortions. The
scanning and digitizing process introduces a 2D rigid transformation (rotation + translation) to the
image, as well as rescaling along both axes. Accordingly, we can write the transformation from 2D
film coordinates to 2D screen coordinates as

u ke, 0 0 cos(f) —sin(0) wug T
v | =10 kyw O sin(f) cos(f) v s |- (6.37)
1 0 0 1 0 0 1 1

wheref, ug, andvgy describe the transformation introduced by the scanner. The pararhgtarsd
k. describe the spatial resolution of the final image along the U and V axes, respectively. Composing
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equations 6.36 and 6.37 gives

ou ke 0 0 cos(f) —sin(f) wuo f 0 r O v

av | =1 0 k O sin(#) cos(0) v 0 f s9 O 4 (6.38)
z

« 0 0 1 0 0 1 0 0 1 O 1

Note that the choice of X-Y orientation for the imager coordinate system is completely arbitrary.
The X and Y axes of this coordinate system need not correspond to any physical direction. Ac-
cordingly, we introduce a 3D rotation about the Z axis, having the same magnitude as the rotation
introduced by the scanner,

) 0) sin(d) 0 O x
au ka 0 O cos(f) —sin(f) wuo f 0 rn O CO,S(
av]=|: 0 kv 0] |:sin(¢9) cos(6)  wo ] |:0 f so 0] —5151(6) COSO(B) (1) 8 Y )
a 0 0 1 0 0 1 00 1 0 z
0 0 0 1 1
(6.39)
which simplifies to:
ou k.« 0 0 f 0 dy O !
aw =0 k o|lo0 fda of|?], (6.40)
a 0 0 1]]0o0 1 0 'i

whered,, = cos(6)rg —sin(#)so + up andd,, = cos(0)rq + sin(0)sg + v define theeffective center
of projectionof the imaging system. Under this model, the imaging system has five geometric
parametersf, d,, dy, ky, andks.

Calibration target

A calibration target was constructed of 0.375" Lexan sheet. The Lexan was used to build a cube
measuring 9" on each side. A total of 18 steel ball bearings were implanted in the top and bottom
faces of the cube, 9 bearings per face on 3.625" centers. The ball bearings have a diameter of 0.125",
and are clearly visible in X-ray images of the cube. The completed assembly is shown in figure 6.15.

Calibration algorithm

The five geometric calibration parameteyfs,d,, d., ku, andk,, are recovered in straightforward
fashion. The pixel resolution of the output image is a function of the digitization process, and is
controlled by the scanning hardware to be one of several standard values. The medical digitizer
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Figure 6.15: Calibration cube for film based imaging system.

used in these studies was configured to produce images with isotropic pixel spacing of 72 pixels per
inch. This corresponds th, = k, = 3.528 * 10~° meters per pixel. Onck, andk, are known,
equation 6.40 can be rearranged to give

o F0d, ol|"”
ku u
2l=lofa ofl”
a 00 1 0
1

To calibrate the remaining parameters, the Lexan target was held in the field of view of the imager
during image acquisition, and the projected positions of the ball bearings were measured in the
output image. The calibration procedure is identical to that of section 6.1.2, except that equation

6.15 is replaced with
T, Z4 0 f Uz 24
dy | = . (6.41)
vi 0 %z ;

An equivalent objective function was defined, and the downbhill simplex method of Nelder and Mead
was to recover the three remaining calibration paramefers,, andd, .
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6.2.2 Intensity Parameters

The intensity response of X-ray film has been studied in detail. Unfortunately, the intensity response
varies depending on the specific type of X-ray film used. Even worse, substantial variations have
been observed even between samples of the same film type. To address this problem, we do not
explicitly model the intensity response of the film/digitizer imaging system, and instead choose
image comparison metrics which are robust to nonlinearities in image intensity.
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Chapter 7

Image-guided Radiosurgery

In intracranial radiosurgery, cancer cells inside a patient’s head are killed using a beam of ionizing
radiation. Registration is traditionally performed using a stereotactic frame. Traditional stereotactic
frames provide accurate registration, however their use is uncomfortable for the patient, relatively
invasive, and requires that preoperative CT scan, treatment planning, and surgical procedure all be
performed within a short period of time.

The system described in this thesis permits registration without the use of a stereotactic frame.
This allows much greater flexibility in scheduling treatments. Therapeutic radiation can be delivered
in a series of small doses over the course of weeks. t€hiporal fractionatiorof treatment is often
correlated with better surgical outcomes [1]. In addition, we anticipate that the ability to register the
patient without the use of a stereotactic frame will open the door to accurate extracranial registration
for treatment of tumors in the neck and abdomen.

We have evaluated the X-ray/CT registration system using data from an existing image-guided
radiosurgery system. This system uses high-energy therapeutic radiation from a source external to
the patient to kill cancer cells located inside the patient. In order to minimize damage to healthy
tissue, therapeutic radiation is applied in several beams which overlap only in the vicinity of the
tumor. The positions and orientations of these beams, as well as their intensities, durations, and
other parameters, are specified in a presurgical plan, which is generated by a medical physicist. The
goal of the presurgical plan is to maximize the radiation dose delivered to the tumor and minimize
the dose delivered to normal tissues. Ideally, the diseased tissue is exposed to the combined radiation
from all of the beams, while nearby healthy tissue receives a much smaller dose. This is illustrated
in figure 7.1.

Precise intra-operative delivery of the specified beams requires that the patient and the treatment
device be registered to a common coordinate system. For radiosurgical applications involving intra-
cranial tumors, this registration is typically performed using a stereotactic frame. For thoracic

101
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Figure 7.1: Treatment beams overlap at the tumor

and abdominal tumors, such as prostate and lung tumors, registration is traditionally performed
by manually aligning the patient so that tattooed skin markings coincide with three laser beams
which project from the sides and ceiling of the treatment room. Laser alignment is non-invasive
and permits scheduling flexibility, but typically results in significant registration errors. Standard
deviations in registration accuracy as high as 5mm are not uncommon [47] [25]. Large registration
errors necessitate large treatment margins, which in turn increase the total radiation dose to the
patient.

This chapter describes experiments in which we estimate registration errors using an anthropo-
morphic head phantom. We demonstrate relative registration errors of less than 1mm RMS, and
worst case 3D registration errors of approximately 3mm. Section 7.1 describes the radiosurgery
system on which the registration algorithm was tested, section 7.2 describes an experiment using an
anthropomorphic phantom, and section 7.3 presents the results of this experiment.

7.1 Hardware

We tested our system using images from a Neurotron 1000 Cyberknife (N1000), manufactured by
Accuray, Inc. of Sunnyvale, California. The N1000 is currently undergoing clinical trials at the
University of Pittsburgh Medical Center in Pittsburgh, PA, as well as several other sites around the
United States.

The N1000 consists of a six-axis robotic manipulator which carries a 6 MV X-ray producing
linear accelerator. The patient lies still on a treatment couch, while the robotic manipulator moves
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Figure 7.2: The Accuray Cyberknife

the radiation source around him. The manipulator pauses at a sequéregroént nodew deliver
therapeutic radiation in accordance with the presurgical plan. The physical layout of the system is
illustrated in figure 7.2.

The current Accuray registration system includes two nearly orthogonal diagnostic level X-ray
imagers. Each imager has its own X-ray source, which transmits radiation through the patient to a
fluorescent screen. Energy from the X-rays causes the screen to fluoresce, and the resulting pattern
of fluorescence is captured using an image-intensified CCD camera and digitizer. This imager is
described more fully in chapter 6, and is illustrated in figure 6.1.

Before the high energy therapeutic beam is applied from each treatment node, a pair of low
energy X-ray images is acquired from each camera and used to measure the position of the patient.
The registration system supplied with the N1000 is described in [4]. It measures patient translation
by comparing the X-ray images with a catalog of synthetic X-ray images (DRRs), which have been
computed off-line using a presurgically acquired CT scan. but does not measure patient rotation,
and consequently requires the use of an external fixation device. This limitation of the existing
system motivates the application of our registration algorithm to this hardware.
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7.2 Experiment

An anthropomorphic Ran@® head phantom, manufactured by The Phantom Laboratory, Incor-
porated, was tracked through a sequence of poses using both our registration algorithm and an
independent optical tracking device. A photograph of the experimental setup is shown in figure 7.3,
along with a labeled schematic. The head was packed in low-density alpha-cradle foam, and placed
on a movable table to approximate the position of a patient’'s head during treatment. An LED marker
was attached to the foam in such a way that it was outside of the field of view of the X-ray imagers
during the entire experiment. This marker is labeled “A” in the schematic. A second LED marker
was attached to the housing of one of the X-ray imagers so as to provide a reference frame during
the experiment. This marker is labeled “B” in the schematic. Because marker A was attached to the
phantom, it had a fixed position with respect to the CT coordinate system, which is labeled “C” in
the schematic. Similarly, marker B had a fixed position with respect to the imager to which it was
attached, and consequently with respect to the world coordinate system, W, which was associated
with the treatment room, and chosen to be roughly aligned with coordinate system B. The position
and orientation of this coordinate system were specified with respect to the 3D coordinate system of
the rightmost imager, which is labelé in figure 7.3(b). We represent the position and orientation

of coordinate systerfil” with respect to thes, coordinate system using the matrix transformation
Wk, .

The two imagers were calibrated as described in section 6.1. This calibration measures the
geometric and intensity characteristics of each imager, and also estimates the relative positions and
orientations of the two 3D imager coordinate systefiasand S;.

Several aluminum spheres of 1cm diameter were attached to the outside of the alpha-cradle.
These fiducials were used to establish ground truth measurements of the phantom position and
orientation as described in section 7.2.1. The phantom was moved through a series of 358 poses
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spanning roughly 3cm of translation along each axis and approximatelgft6tation around each

axis. At each pose, a pair of X-ray images was acquired, and the positions of the LED markers
were recorded using a Northern Digital Optotrak 3D sensing device. A CT scan of the phantom
was acquired, having an in-slice pixel size of approximately 1 mm and an inter-slice spacing of
3 mm. Using this CT volume, the pose of the phantom was estimated from each pair of images
using the gradient based registration algorithm of section 2.3, and the recovered pose estimates
were compared with the Optotrak measurements.

7.2.1 Ground Truth

The registration algorithm provides an estimate of the position and orientation of the CT coordi-
nate system with respect to the world coordinate system. This estimate is illustrated with an arrow
between coordinate systems W and C in figure 7.3. We represent this coordinate transformation
using the 4x4 matriX' Ty . The Optotrak provides a measurement of the coordinate transformation
between the two LED markers B and A. This transformation is illustrated with an arrow connecting
A and B in figure 7.3, and represented using the 4x4 matii. Transformation§' Ty and* Ty

are related in that the both reflect the same motions: coordinate system A is rigidly attached to coor-
dinate system C, while coordinate system B is rigidly attached to coordinate system W. They differ,
however, in that the coordinate system associated with the LED marker A is not coincident with the
coordinate system of the CT volume, while the coordinate system of marker B is not coincident with
the world coordinate system, W. Before the ground truth measurements can be directly compared
with the pose estimates, it is necessary to find the transformation between coordinate systems A
and C, and also the transformation between coordinate systems W and B. These coordinate trans-
formations correspond to the two dotted arrows in figure 7.3. We represent them using the matrices
€T, andBTy. OnceCT, andBTyw have been recovered, they can be composed with the Optotrak
measurement} Ty, to provide a ground truth measurement of the transformation from coordinate
system W to coordinate system C. This ground truth is an independent estintafg afhich can

be directly compared to the 2D/3D registration result. We call ¢bimparison of absolute motion

Why absolute motion is important

When T, and BTy are not known, direct comparison 6y andT% is not possible, and the

study can only evaluate threlative motionreported by the registration system and by the Optotrak.

For example, if the phantom is moved in a straight line, then the corresponding pose estimates
can be fit to a line, and the relative spacing of the two sequences of translations can be compared.
Murphy [42] uses this approach to evaluate a 2D/3D registration system, plotting relative errors for
each of six pose parameters. In general, the computation of relative motion error involves implicitly
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Figure 7.4: Aluminum fiducials have roughly the density of bone, and can be located in both the CT
coordinate system and the coordinate system of the optical marker.

or explicitly fixing some of the unknown parameters at their best fit values for the observed data.

If the actual system geometry differs from the hypothesized values, actual registration errors will
be higher than that reported by relative motion comparisons. Unless it is clear that the best fit
parameters reflect the actual system geometry, relative motion results should be used as a measure
of “best case” registration accuracy only.

Recovering®Ty

The coordinate transformation matfiZ’y, was measured using several spherical aluminum fidu-
cials, which were attached to the phantom prior to the experiment, as illustrated in figure 7.4. The
3D locations with respect to the CT coordinate system were found by local center-of-mass cal-
culations in the CT volume. The accuracy of this center of mass measurement was improved by
acquiring a supplemental CT scan in the neighborhood of each fiducial. This supplemental scan had
an in-slice voxel size of approximately 1 mm and an inter-slice spacing of 1 mm, and was not used
in any other part of the experiment.

The local center of mass computation was initialized based on a priori knowledge of the CT
orientation and the initial fiducial placement. A volume of interest was defined around each approx-
imate fiducial position, and the enclosed voxels were compared against an intensity threshold. The
fiducial location in CT coordinates was computed by a weighed average of those voxels passing the
threshold

_ Seen Heiee -
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Figure 7.5: The cup shaped pointer tip mates with the spherical fiducials in a repeatable way.

wherep; is the location of the'! fiducial, R; is the set of voxel coordinates which make up the
volume of interest surrounding thi&* fiducial,  is a 3D vector describing the CT coordinates of a
particular voxelp(x) is the CT value at voxet, andk(x) is defined below:

{ 1, co <v(x) < (7.2)

0, otherwise

wherecy ande; are thresholds which depend on the density of the fiducials and the specifics of the
CT scan. We select these thresholds empirically.

The positions of the fiducials in the coordinate frame of LED marker A were found using an
optically tracked pointer. The tip of the pointer was cup shaped, so that when the cup is placed
against the surface of a spherical fiducial, the rim of the cup engaged the surface of the sphere in
a repeatable way, as shown in figure 7.5. The pointer was was calibrated as described in appendix
B.3.

Once the positions of the aluminum spheres were known in both coordinate sylsterd
coordinate system C, the coordinate transformation méitfix was found by a rigid registration
using Horn’s method [23].

Recovering® Ty

One of the verification procedures for the Cyberknife radiosurgery system involves a vertical alu-
minum post which attaches to the floor of the treatment room. The top end of this post is a truncated
cone, and its image is visible in both of the X-ray imagers. This post is shown schematically in
figure 7.6(a). The truncated cone projects into the X-ray images as a triangle with one of its corners
cut off, as shown in figure 7.6(b).



108 CHAPTER 7. IMAGE-GUIDED RADIOSURGERY

Calibrated
Pointer .
| & |
.V ‘
VA 3 . ¥

() (b)

Figure 7.6: (a) The stationary coordinate system W can be registered with the coordinate system
of the Optotrak marker, B, based on measurements with a calibrated pointer. The pointer is used
to locate pointy and to trace lined,; and Lo. (b) The tip of the cone can be found in both X-ray
images by fitting lines to the sides of its projection and computing the intersection of those lines.

An image was acquired from each imager in which the truncated cone was clearly visible. Each
image was remapped as described in section 6.1.1 to correct geometric distortions, and line segments
were fit to the two sides of the triangle adjacent to the missing vertex. These lines are illustrated
in figure 7.6(b). The missing vertex was located by finding the intersection of the two lines in each
image.

The location of each missing vertex was back-projected into 3D space as illustrated in figure
7.7, and the 3D position of the vertex of the truncated cone was found as follows: Two 3x4 matrices
Pj and P] were defined

Py = R (V1)) (7.3)

Pl P, <SOT§11> (WT§J1) , (7.4)

whereWT, is the 4x4 matrix transformation which describes the position of coordinate system
W with respect to the 3D imager coordinate syst8gm and is defined on page 104975, is a

4x4 matrix transformation relating the 3D coordinate systems of the two imagers, and is defined in
section 6.1.2. The two 3x4 projection matricBsand P, describe the projection geometry of the

two imagers, and are taken from equation 6.13 on page 85. We know that the 3D position of the
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Figure 7.7: The position of the cone vertex is found with respect to coordinate system W by back-
projecting from the two images.

cone vertex satisfies the homogeneous equations

arg = Pjv (7.5)
pri = Plv, (7.6)

whererg andr; are the 2D homogeneous positions of the projected vertex in the images from im-
ager 0 and imager 1 respectively, ané the 3D homogeneous position of the cone vertex in world
coordinates. Expanding equations 7.5 and 7.6, and multiplying through dyd 5 respectively,
gives a system of linear equations which is easily solvedsforhis gives the position of the cone
vertex with respect to coordinate system W.

To find the position of the cone vertex with respect to coordinate system B, an optically tracked
pointer having a sharp tip was constructed and calibrated as described in appendix B.3. This pointer
was used to record the coordinates of a set of points on the surface of the cone, and a least squares
fit of a conical surface was used to determine the position iofthe coordinate system of marker
B.

The position of the cone vertex provides an absolute point of reference in both coordinate sys-
tems, and fixes the relationship between the two coordinate systems up to a rotation.

During calibration of the imaging system, the 3D coordinate sysigmas defined with respect
to the imaging phosphor of imager A. Consequently, its X and Y axes are parallel to edges of the
phosphor screen. These edges are labBleahd L, in figure 7.4(b). The orientation of coordinate
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system W was established by tracing these two edges with the calibrated pointer and fitting line
segments to the two trajectories.

7.3 Results

At each pose in the study, the registration algorithm was used to estimate the position and orientation
of the CT volume with respect to coordinate system W. Image comparison was done using the SLNC
metric of section 2.2.2, and DRRs were generated using the software based technique of chapter
3. Optimization was done using the Quasi-Newton method of Broyden, Fletcher, Goldfarb, and
Shanno [45]. Incorrect convergence of the optimization was detected and remedied by discarding
any optimizations which terminated with a final value more than three standard deviations above
the group mean. These cases were marked as poorly convergent and discarded from the sample set.
From the original group of 358 poses, 6 cases showed incorrect convergence.

For the remaining 352 poses, corresponding ground truth measurements were made by compos-
ing the Optotrak measurements with the transformations recovered in section 7.2.1. The registration
results and ground truth measurements were compared as described in the following sections.

7.3.1 Pose Parameter Error

The ground truth measurements and and pose estimates were both represented as six element vectors
of translations and rotations as described in section in section 2.1.1, with the exception that rotations
were expressed around a point inside the head, rather than around the origin of the CT coordinate
system. We write this pose parameter ve¢tory, z, 6y, 6y, 6,]. The physical interpretation of this

vector is thatr, i, andz represent the position of the rotation center in the world coordinate system,
while 0y, 6y, andd,, are rotations around the X, Y, and Z axes respectively. Figure 7.8 shows the
ground truth measurements for each pose, and figure 7.9 shows the corresponding pose estimates
generated by our algorithm. For each pose, the difference between the pose estimate and ground
truth measurement was computed, as shown in figure 7.10.

RMS translation errors were 0.39 mm, 0.18 mm, and 0.48 mm along the X, Y, and Z axes re-
spectively, while RMS rotation errors wefe22°, 0.99°, and0.34° around the X, Y, and Z axes
respectively. There is some bias in the rotation estimates: mean rotation error8.&b&, 0.97°,
and—0.31° around the X, Y, and Z axes respectively.

This bias suggests a systematic error. Some of this is almost certainly due to errors in the
estimation of the two transforms in section 7.2.1 during recovery of the ground truth. Accordingly,
we also present relative motion results, which are not dependent on these measurements.

A set of 25 poses was randomly selected, and new estimates of for the coordinate transfor-
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Figure 7.8: Pose parameters returned by the independent ground truth measurement for each pose
in the test sequence. The center of rotation is inside the head at a plausible tumor location.
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mations©T and BTy were generated. These new transforms were chosen using a non-linear
optimization routine so as to minimize the difference between the ground truth and the pose esti-
mates for the selected poses. Pose parameter error was recomputed for the entire dataset using the
new estimates of 7, and BTy, as shown in figure 7.11. We call these results a comparison of
relative motion since they indicate the extent to which the registration results are consistent with
the ground truth. RMS relative translation errors were 0.42 mm, 0.22 mm, and 0.50mm along the
X, Y, and Z axes respectively, and RMS rotation errors were?Q @217, and 0.13 around the X,

Y, and Z axes respectively. It is important to stress that accurate relative motion results do not imply
accurate registration. It is very possible that the mean errors of 7.3.1 reflect biases in the estimation
procedure, rather than biases in the ground truth computation. They do, however indicate the extent
to which the measured poses are consistent with the ground truth, and provide an idea of best case
accuracy, assuming all biases to be due to errors in estimafihgand 1.

7.3.2 Limitations of Pose Parameter Error

It is important to use caution when interpreting registration errors such as those presented in section
7.3.1. Since the actual registration errors vary spatially, the reported X, y, and z translation errors
are very much depend on the choice of center of rotation[52]. To see this, consider figure 7.12.
Both plots in this figure represents a 6cm x 6¢cm region of interest drawn from one slice of the CT
volume. Each arrow in the plots represents the 3D registration error at one point within the region
of interest. The plot on the left has a clear rotational component, while the plot on the right appears
to show almost purely translational error. In fact, the errors in the plot on the right can be accurately
described as a pure rotation (zero translational error) about a point which lies some distance below
and to the left of the graph.

To see why this is important, consider the absolute pose parameter errors shown in figure 7.13.
These graphs describe exactly the same registration errors as the graphs in figure 7.10, but now the
rotation is expressed around a different point in CT coordinates. With this change, RMS translation
errors increase to 1.9mm, 0.69 mm, and 1.11 mm along the X, Y, and Z axes respectively, while
RMS rotation errors remain @t 22°, 0.99°, and0.34° around the X, Y, and Z axes respectively.
Clearly, choice of rotation center has a marked effect on the apparent accuracy of the registration
when errors are reported in this space.

Although pose parameter error does fully describe 3D registration error, the dependence on rota-
tion center makes it difficult to interpret the results. Pose parameterizations suchyas, 6y, 6y, 6,7
can be especially confusing, since the pose parameters are expressed in units which have familiar
geometric interpretations but have no direct mapping to the actual 3D registration errors. Results
based solely on comparison of pose parameters should be used only when their physical meaning
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Figure 7.12: Actual registration errors vary spatially within the volume of interest.

is clear, or when followed by a clear geometric interpretation. Accordingly, we present an alternate

measurement of registration accuracy.

7.3.3 Physically Meaningful Registration Errors

A 6cm x 6 cm x 6 cm volume of interest was defined, roughly centered in the cranium. Within the
volume of interest, 8000 regularly spaced sample points were defined. For each pose, the position
of each sample point was calculated with respect to coordinate system W based on the registration
result, and again using the ground truth measurement. For each point, the difference between the
two calculated positions is a vector in 3D space, which we calBeaegistration errorat that

point. We call the magnitude of this vector theagnitude of registration erroat that point. This
measure of registration error is related to theyet registration errordescribed by Fitzpatrick[15].

It is independent of the choice of rotation center, and provides an intuitive, physically meaningful
representation of the registration accuracy. For each pose, both the RMS registration error magni-
tude and maximum registration error magnitude were computed over the set of sample points. These
values are shown in figure 7.14. In addition, the RMS magnitude of absolute registration error was
computed over all sample points in all poses, and found to be 1.3 mm. The maximum magnitude of
absolute registration error over all sample points in all poses was 3.1 mm in one corner of thé (6 cm)
volume of interest at pose number 336. This pose corresponds to pose parameters,., 6, 0.]

= [-29.79mm, 7.75mm, —1.87mm, 2.7°, —3.42°, 0.35°], as illustrated in figure 7.8. For com-
parison of relative motion, the RMS magnitude of registration error over all sample points in all
poses was 0.72 mm, and the maximum was 1.66 mm.

To facilitate interpretation of these results, a histogram of registration error magnitude was com-
puted over all of the sample points and all of the measured poses. That s, for each of the 8000 points
within the volume of interest, the magnitude of registration error was computed at each of the 352
poses, and all of these values were used to construct a histogram. These histogram values were
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Figure 7.13: These plots show exactly the same errors as those of figure 7.10, with the exception
that rotations are now expressed around a different point in the CT volume. Note that the apparent
translation error is dramatically increased.
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Figure 7.15: (a) Normalized histograms of registration error magnitude for both relative and abso-
lute motion comparison. These histograms are computed over all of the 8000 target points and all
of the 352 correctly converged test poses. (b) Corresponding cumulative distribution functions.

rescaled to approximate the probability distribution of the registration error magnitude, as shown
in figure 7.15(a), and reformatted as a cumulative distribution function (CDF) as shown in figure
7.15(b). From this CDF , we can estimate the probability that the magnitude of registration errors at
an arbitrary point within the volume of interest will be below a particular threshold. For example,
we estimate that absolute registration error at an arbitrary point will be below 1.5 mm with proba-
bility 0.72, and below 2 mm with probability 0.95. Similarly, we estimate that relative registration
error will be below 1.0 mm with probability 0.91 and below 1.3 mm with probability 0.99.

7.4 Discussion

This chapter describes an anthropomorphic phantom study evaluating our X-ray/CT registrations
system for application to image guided frameless stereotaxy. Evaluating 3D registration errors
within 6cm x 6cm x 6 cm volume of interest inside the phantom cranium, and over 352 distinct
poses, we find an RMS error magnitude of 1.3 mm. The actual error measurements vary consider-
ably, with an observed maximum of 3.1 mm in one instance.

Some of the registration error is doubtless due to specific inaccuracies in the ground truth com-
putation. In particular, we hypothesize that more accurate measurement of two specific coordinate
transformations would reduce the size of the observed registration errors. We establish an upper
bound on the magnitude of this reduction by computing a second selatif/e results, and show
that re-measurement of the two coordinate transforms would at best reduce RMS error magnitude
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to 0.72 mm, and maximum error magnitude to 1.66 mm.
Finally, we show that the choice of error space profoundly affects the apparent registration
accuracy, and argue for the use of error measurements with clear geometric interpretations.



Chapter 8

Post-operative Measurement of
Acetabular Cup Position

The importance of postoperative feedback in computer assisted orthopedic surgery has increased
dramatically with the introduction of computer assisted preoperative planning and treatment deliv-
ery methods[10]. In this chapter, we discuss the application of the X-ray/CT registration system to
measurement of acetabular cup orientation following total hip replacement surgery. Postoperative
measurement of implant orientation is important for several reasons: implant orientation has been
shown to be predictive of postoperative outcome, and of complications such as dislocation[38][41];
accurate feedback permits the surgeon to refine his or her technique, in order to more effectively
follow the preoperative plan; and reliable measurements allow information from follow-up stud-
ies to be correlated with the actual implant placement, ultimately leading to improved presurgical
planning.

Postoperative measurements of acetabular cup orientation must be completely non-invasive.
This makes it difficult to accurately estimate cup placement with respect to the pelvis. Implant
orientation is traditionally measured using anterior-posterior (AP) X-ray images, and the result-
ing measurements have typically have very high variance [27]. Despite recent improvements in
computer-assisted measurement technique, state of the art measurements still have &rge (
error margins[28], in large part due to unknown pelvic flexion at the time of X-ray acquisition.

In our system we begin by using X-ray/CT registration to explicitly recover the pose of the
pelvis, thus removing a major source of measurement error. This pose is expressed as a rigid trans-
formation between the imager coordinate system and the coordinate system of the preoperative CT
volume. Next, the pose of the implant is recovered with respect to the coordinate system of the CT
volume using a projection-based algorithm similar to that of Sarojak [48]. After both of these reg-
istrations are complete, an anatomically based pelvis coordinate system is defined through the use

121
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of stable anatomical landmarks. The pose of the implant is transformed into this coordinate system
in order to provide clinically meaningful results.

We present a phantom studies in which pose estimates are generated using images of a high-
density pelvis phantom. These estimates are compared with ground truth results obtained using the
HipNav image guided system for total hip replacement surgery[10], and show RMS measurement
errors on the order ¢f.

8.1 Problem Description

During postoperative evaluation of implant position, the pose of the acetabular implant must be
determined with respect to the pelvis. AP and lateral X-ray images are acquired with known source-
to-film distances. The approximate projection centers of each X-ray image are known, but the pose
of the patient is not. In particular, the images are not known to be true AP or lateral views, and each
image may be acquired with the patient either lying or standing. In addition to the X-ray images, a
preoperative pelvic CT volume and a triangulated surface model of the implanted cup are available.
Although the AP and lateral X-ray images are not acquired simultaneously, it is assumed that
the position of the cup with respect to the pelvis does not change between acquisitions. A schematic
drawing of this scenario is shown in figure 8.1. There are three unknown rigid body transforma-
tions in this figure: the transformation from the coordinate system of the acetabular cup to the CT
coordinate system, which is label€d?.,,; the transformation from the CT coordinate system to
the coordinate system of the X-ray imager at the time of AP image acquisition, latglgdand
the transformation from the CT coordinate system to the coordinate system of the X-ray imager at
the time of lateral image acquisition, labelédl.;. We describe each of these coordinate trans-
formations using the seven-element parameterization of section 2.1.2, for a total of 21 unknown
parameters.

8.2 Approach
The problem is broken down into four steps:

1. All parameters are initialized to reasonable starting values using input from the user.

2. The pose of the pelvis is estimated with respect to each imager using the iterative 2D/3D
registration scheme described in chapter 2.

3. The pose of the acetabular implant is estimated with respect to the coordinate system of the
CT volume by simultaneously matching the projection of of the implant surface model to
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Figure 8.1. The pose of the acetabular implant is measured with respect to the pelvis using a pair
of X-ray images. The position of each X-ray source at the time of image acquisition is known only
approximately.

contours in each X-ray image.

4. The anatomically based pelvis coordinate system is defined by manually selecting landmarks
in the CT volume, and the result from step 3 is further transformed so that the pose of the
acetabular cup is represented in this coordinate system.

These four steps are discussed in sections 8.2.1, 8.2.2, 8.2.3, and 8.2.4 respectively.

8.2.1 Initialization

The 21 unknown degrees of freedom are initialized to reasonable starting values by user input. To
initialize the coordinate transformationsT,, and>' 7., the user indicates the approximate posi-
tions of at least three anatomical landmarks in each radiograph, and then enters the corresponding
3D coordinates from the CT volume. The initial transformations are then estimated using a point
based 2D/3D registration.

The initial pose of the acetabular cup implant with respect to the CT volume is approximately
known from the preoperative plan. In addition, the user provides the image positions of several
points on the border of the cup in each image as shown in figure 8.2. These points are used to
further constrain the position of the cup as described in section 8.2.3.

8.2.2 X-ray/CT registration

The pose of the pelvis with respect to the X-ray imaging apparatus is recovered for each image by
iterative comparison between the input images and Digitally Reconstructed Radiographs (DRRS).
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Figure 8.2: The user clicks several points on the boundary of the acetabular cup to initialize the
contour-based registration process.

The DRRs are generated using the Transgraph-based technique described in chapter 3, and the
images are compared using the VLNC correlation measure of section 2.2.3. The objective function
of equation 2.32 is minimized using the quasi-Newton algorithm of Broyden, Fletcher, Goldfarb
and Shanno, as described in [45]. The minimization is run once for each input image, to estimate
the coordinate transformatiofisZ,; and>! Ty;.

8.2.3 Determination of Cup Position

Once the pose of the pelvis has been estimated in both images, the pose of the acetabular cup implant
is estimated with respect to the coordinate system of the CT volume. This is done by simultaneously
matching the projection of the implant surface model to contours in the two X-ray images.

For a given pose, the silhouette of the surface model is projected into each image as a collection
of points, and an error measure is computed based on the image positions of the projected points.
This error measure is then minimized over the parameter space of the rigid body transformation
“Teup- The first subsection below describes how the silhouette is computed, the second describes a
rough point-based registration used to approximate the actual cup position, and the third describes
a final minimization which increases the registration accuracy.

Silhouette Generation.

To generate the silhouette of the cup, the vertices of the cup surface model are projected into each
image. The projected vertices define a set of 2D triangles corresponding to the 3D triangles of the
surface model. The silhouette is generated by culling those vertices which lie interior to any of

the projected triangles. To speed this culling process, the projected triangles are organized into a
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guadtree data structure, and each vertex is compared against only those triangles which lie in or
intersect its cell in the quadtree. We denote the set of points which make up the silhouette of the
cup in the AP image afly. Similarly, we denote the set of points which make up the silhouette of
the cup in the lateral image ds;.

Approximate Solution.

The pose of the cup is initially computed based on the image coordinates supplied by the user during
manual initialization. We define the objective function

1 . 1 .

1) = i ;téﬁ%)w —t+ g ses“énf’lﬁﬂ(”s —ul), (8.1)
where~ is the vector of parameters describing the rigid body transformétifin,,, R is the set of
user-supplied initialization points in the AP image, ai is the number of points in this sef. is
the set of user-supplied initialization points in the lateral image,|&ih@ the number of points in
this set. Hy(7) is the set of points comprising the silhouette of the cup in the AP image at the pose
specified byy, and H; () is the set of points comprising the silhouette in the lateral image. The
notation||z|| denotes the magnitude of vectar

The objective function in equation 8.1 reaches a minimum of zero when every user supplied
point is exactly overlapped by one of the points on the silhouette of the projected model. In practice,
this minimum is nearly met when the boundaries of the projected surface model lie close to the edges
of the cup in the X-ray images. The objective function is minimized using the downhill simplex
method of Nelder and Mead, as described in [45].

Refinement of Approximate Solution.

The minimization above gives a good approximation to the pose of the acetabular cup. There are,
however, small inaccuracies. This is because the initialization points may not lie exactly on the

boundaries of the implant in the X-ray images, and because these points may not match well with
the points which make up the silhouette of the projected cup. Therefore we use this estimate only
to initialize a more precise search.

The gradient of pixel intensity with respect to pixel coordinatesndv is computed for each
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input image, and an objective function is defined

1 ) ) T
g(v) = Go-— m te%:@) [%UO (t), %UO (t)] (8.2)
1 o d T
+G1 - m tEHzl(’y) |:% Ul (t) ) %Ul (t):| )

where~ is the vector of parameters describifi@.,,, |Ho(7y)| is the number of points in the cup
silhouette projected into the AP image, ddd, ()| is the number of points in the cup silhouette
projected into the lateral imag%%Ui(t) is the first derivative of imagé/; with respect to image
coordinateu, evaluated at image poiht and%Ui(t) is the first derivative of imag¥; with respect
to image coordinate, evaluated at image poitt Gy andG; are chosen so that the value «ify)
is guaranteed to be non-negative

) , (8.3)

The objective function of equation 8.2 reaches a minimum when the points of the silhouette lie
in high gradient regions of the image. Since the image contours of the acetabular implant have very
high gradientg() decreases as the silhouette becomes more closely aligned with the contours of
the acetabular cup. As before, this function is minimized using the downhill simplex method of
Nelder and Mead.

G; = max (“ [(%Ui (t), %Ui (t)r

where the maximum is taken over all of the pixeldin

8.2.4 Pelvis Coordinate System

The pelvis coordinate system used by the HipNav system is defined with respect to several points
on the pelvis. This coordinate system is different from the CT coordinate system in which we have
located the acetabular implant. We define a 4x4 coordinate transforniéfipmvhich transforms
coordinates in the pelvis coordinate system to the CT coordinate system.

The anatomical landmarks used to define the pelvis coordinate system are shown in figure 8.3.
The two pubic symphisys points and the locations of the two anterior iliac spines are identified by
inspection in the CT volume. Point A is found by simply averaging the two pubic symphisys points.
We define direction vectors,, ey, ande, in the CT coordinate system which point in the same
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Figure 8.3: The pelvis coordinate system is defined relative to four anatomical landmarks. The
Origin of the coordinate system lies at a point midway between the two pubic symphises. This
point is labeled A in the figure. The X axis of the pelvis coordinate system is parallel to the line
connecting the right and left iliac spines, which are labeled B and C. The Y axis lies in the plane of
the points A, B, and C.

directions as the pelvis X, Y, and Z axes. These three vectors are simply defined as

C-B
e = D 8.4
Ic B (8.4)
. (C—A)—((C—A)-ex)ex 8.5
YT O A —(C—A) e (68:5)
e, = ez Xey. (8.6)

The expression foi*T;, follows directly

- , 8.7
0 0 0 1 (8.7)

p=

ctp [ex ey e, A

and the pose of the cup with respect to the pelvis coordinate system is found using this transform

Lo = (VT57) (“Toay). 89

8.3 Experiment

A preliminary study was conducted using phantom data to evaluate the performance of the registra-
tion algorithm. A 62mm diameter VerSys Acetabular cup (Zimmer, Inc.) was fitted to a high density
pelvis phantom. A CT dataset was acquired, having an intra-slice pixel spacing of approximately
0.74mm, a slice thickness of 1mm, and an inter-slice spacing of Imm.

The pelvis coordinate system was defined with respect to the left and right anterior iliac spines,
and the left and right pubic symphisis points as described in section 8.2.4. These points were marked
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on the model with 1 mm diameter fiducial markers. The fiducials were manually identified in the
CT and used to compute the coordinate transformation between the pelvis coordinate system and
the CT coordinate system.

Three series of images were acquired. In each series, AP films were taken with an approximate
source-to-film distance of 40 inches, while lateral films were taken with an approximate source-to-
film distance of 72 inches. In order to prevent the 1 mm fiducial markers from biasing the X-ray/CT
registration, an image manipulation program was used to paint out any visible markers in the X-ray
images.

The first image series involved 3 AP images and 3 lateral images. Each image was acquired
from a slightly different angle, and in four of the six images, household objects were placed in the
field of view in order to simulate occluding patient anatomy as shown in Fig. 8.4(a). For the second
and third series of images, a simulated torso, surrounding the pelvis, was constructed out of plastic
film and filled with oats to simulate soft tissue. Small balloons were inserted into the oats to simulate
the effects of bowel gas and soft tissue inhomogeneity. These two series differ in the arrangement of
the soft tissue and in the placement of the bowel gas. In addition, the acetabular cup was removed
prior to acquisition of the third series, and re-attached in a different orientation. As before, each
image was taken from a slightly different angle. The AP images spanned roughig #6xion,
while the lateral images spanned a range of roughly ddation around the superior-inferior axis.
Typical images from the these series are shown in figures 8.4(b).

Ground truth measurements were performed using the HipNav system [10]. Repeated measure-
ments of the implant orientation for the first two series had a mean abduction éfafila mean
flexion of 10.24, with standard deviations of 0.45and 0.22 respectively. After repositioning for
the third series, the cup was measured to have an orientation éf&#i@ction and 48%flexion.

All of the films were digitized and resampled to resolution of 36 dpi, giving a final image size
of 621x512 pixels. The center of projection for each image was assumed to lie at pixel coordinates
(310, 255.5). No further attempt was made to calibrate the X-ray imaging system. The images from
each series were grouped into pairs, each consisting of one AP image and one lateral image and
the registration algorithm was run using each pair as input to recover the pose of the acetabular cup
implant with respect to the coordinate system of the CT. This transformation was composed with
the CT-to-pelvis coordinate transformation, and flexion/abduction measurements were calculated.

8.4 Results

Abduction and flexion measurements are presented in table 8.1. The recovered cup orientation
matches the measured ground truth to withfreBduction and Bflexion in all except one of the
trial cases. This incorrectly converged case is labeled 7(a) in the table, and is discussed in the
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(b)

Figure 8.4: (a) A pair of input images from the first series of radiographs. The inset shows recovered
cup position, and a peanut butter jar is visible in each image. (b) A pair of input images from
the second series of radiographs, showing simulated soft tissue. In the lateral image, the superior
boundary of the simulated torso runs almost parallel to the superior edges of the iliac crests. The
bright line running superior-inferior in this image is a lexan plate to which the pelvis is attached.
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Ground Truth Pose Estimate Error
Abduction | Flexion || Abduction | Flexion || Abduction | Flexion
Series 1
Case 1l 45.2 10.# 45.3 13.00 0.1° 2.6
Case 2 45.7 10.# 45.¢ 13.1° 0.4 2.7
Case 3 452 10.# 45.2 12.3 0.0 1.9
Series 2
Case 4 452 10.# 46.2 11.9 1.0 1.5
Case 5 452 10.# 45.4 10.2 0.2 -0.I°
Case 6 452 10.# 45.8 10.8 0.6 0.4
Series 3
Case 7(a)) 52.¢ 48.9 59.3 -10.7 6.7 -59.@
Case 7(b)] 52.¢ 48.9 50.7 50.8 1.9 1.
Case 8 52.¢ 48.9 52.8 47.¢ 0.0 1.9
Case 9 52.¢ 48.9 50.8 50.2 -1.8 1.2

Table 8.1: Registration results for measurement of acetabular implant orientation. Erratic conver-
gence in case 7(a) was resolved by using a lateral image having an oblique component (case 7(b))
as discussed in the text.

following paragraphs. RMS error among the correctly converged cases wéasab@éction and
1.7@ flexion.

Although the X-ray/CT registration algorithm converges reliably for AP images, convergence
was erratic for the lateral image in case 7(a), which shows large errors in estimated cup orientation.
We attribute this erratic convergence to the bilateral symmetry of the pelvis, which leads to pose
ambiguity when the view direction is very nearly lateral. The image in question was very nearly a
direct lateral shot, and is shown in figure 8.5(a).

Since the pelvis is bilaterally symmetric, the projections of the left and right sides of the pelvis
look similar. In a direct lateral image, these similar projections are very close to one another. This
makes registration more difficult, since features on one half of the pelvis may match well with
the image of the other half of the pelvis. If the spurious matches are good enough, they can lead
to incorrect local minima in the image comparison function. To illustrate these local minima, a
rotation axis was defined running vertically, inferior to superior through the center of the pelvis. A
series of objective function values were computed in the neighborhood of the global minimum by
rotating around the vertical axis as shown in figure 8.6. Figure 8.5(b) shows the resulting plot and
local minima.

The erratic convergence was rectified by replacing the direct lateral image in case 7(a) with a
slightly oblique view. The new image is shown in figure 8.7(a). The oblique component of the view
makes the two sides of the pelvis project to positions which are offset from one another. Conse-
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Figure 8.5: In a true lateral image (a) the left and right halves of the pelvis project in such a way that
similar features from the two sides are very close together. This similarity leads to local minima

during registration, as features from the left and right sides are easily confused with one another.
These local minima are seen by plotting the value of the objective function (b) while rotating the

pelvis pose estimate as illustrated in figure 8.6. The vertical while line in (a) is an edge-on view

of the lexan sheet to which the pelvis was mounted after CT acquisition. The white cloud and

inhomogeneities surrounding the pelvis are simulated soft tissue.

X-ra
source

ay film

Figure 8.6: The pose estimate was rotated around a vertical axis running through the center of the
pelvis. Objective function values were computed in the neighborhood of the global minimum, and
are plotted in figure 8.5(b) for a true lateral image, and in figure 8.7(b) for a lateral image with a
significant oblique component.
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Figure 8.7: Lateral images which have an oblique component (a) are much less vulnerable to pose
ambiguity due to bilateral symmetry. The objective function value (b) is much more well behaved
than true lateral images.

guently, spurious feature matches are less common, and the objective function is more well behaved,
as shown in figure 8.7(b). Convergence with this new image is reliable, and revised registration er-
rors are shown in case 7(b) of table 8.1.

8.5 Discussion

This chapter presents a registration procedure for recovering the orientation of the acetabular cup
implant with respect to the pelvis following total hip replacement surgery. The algorithm is tested
using data from a phantom study, giving registration results improve on the current state of the art
by a factor of more than 3. The data further suggest that registration convergence is most reliable
when lateral images are acquired with a slightly obligue component. We anticipate that these results
will extend to experiments using real patient data, and such a study is currently underway.



Chapter 9

Conclusion

This chapter summarizes the work presented in the thesis, lists contributions, and suggests directions
for continued work.

9.1 Summary

This thesis presents an algorithm for registering 2D X-ray images with 3D CT data. This algorithm
was developed in the context of patient pose estimation for computer assisted medical applications.
Our approach is to iteratively refine an estimate of patient pose based on comparison between the
2D X-ray images synthetic X-ray images known as DRRs. The DRRs are computed based on
preoperative CT data, and the patient pose is updated until the DRRs and input images are maximally
similar.

Image comparison is performed using two different metrics, which wesaall of local normal-
ized correlationandvariance-weighted sum of local normalized correlati@oth of these metrics
are computed efficiently using recursive filters, and are robust to noise, inhomogeneity and clutter
in the input images.

The most computationally expensive step of the iterative registration process is DRR generation.
This is essentially a computer graphics operation in which the 3D CT volume must be used to gener-
ate simulated X-ray images. Two methods for accelerated volume rendering are presented. The first
method uses no graphics hardware, speeds up DRR generation by over an order of magnitude, and
permits efficient differentiation of DRR pixel intensity with respect to patient pose parameters. The
second method affords nearly another order of magnitude speedup using consumer grade computer
graphics hardware.

Phantom studies are presented which evaluate the registration algorithm for application to image
guided stereotactic radiosurgery and post-operative measurement of acetabular implant orientation.
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CHAPTER 9. CONCLUSION

Frameless stereotactic registration results are comparable in accuracy to current systems which use
immobilization devices, while the accuracy of implant orientation measurement significantly im-
proves on the current state of the art.

9.2 Contributions

This work constitutes a concrete contribution to the literature in several respects:

. We present an extension of image based rendering techniques to transmission imaging, en-

abling accelerated computation of DRRs using software based methods. Using this method,
256 pixel by 256 pixel DRRs can be computed based on arbitrarily large CT volumes at speeds
of roughly 5Hz. This method further enables the efficient computation of pixel intensity
derivatives with respect to patient pose parameters. These derivatives in turn greatly improve
the convergence properties of our 2D/3D registration algorithm.

We present a new accumulation algorithm which runs on inexpensive, commonly available
graphics hardware, and permits hardware accelerated rendering of DRRs. Using this method,
full sized (512 pixel by 512 pixel) DRRs can be computed based on large (256x256x256) vol-
umes at speeds of roughly 14 Hz, and smaller 256 pixel by 256 pixel DRRs can be generated
at speeds of roughly 40 Hz.

. We derive a two image comparison metrics, calach of local normalized correlatioand

variance-weighted sum of local normalized correlatighich permit accurate image compar-
ison even with noisy radiographs which contain clutter and inhomogeneity.

. We develop calibration models for geometric and intensity distortions in one class of fixed

fluoroscopic imager, and present algorithms for recovering imager calibration parameters.

. We develop a method for principled comparison of registration results with independently

measured ground truth. We present registration results of sufficient accuracy for application
to frameless stereotactic radiosurgery.

. We apply our registration system to post-operative measurement of acetabular implant posi-

tion, and demonstrate results in phantom studies which improve on the state of the art by a
factor of more than two.
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9.3 Future Work

The work in this thesis suggests several extension, which we address individually:

Object ordered Transgraph indexing: The Transgraph implementation presented in chapter
3 is organized in an intuitive and straightforward way. Recovering data from the Transgraph incurs
an indexing overhead of 5 multiplications and 20 additions for each pixel lookup, plus 15 multi-
plications and 30 additions for bilinear interpolation. A lot of this overhead can be eliminated by
first computing an intermediate image aligned with hieTransgraph coordinate plane, and then
projecting this image onto the imaging surface. This strategy is simply an extension of the shear-
warp factorization [37] [32] to image based rendering. An additional shortcoming of the current
implementation is that the data organization makes no effort to preserve locality of reference during
image generation, and cache performance is consequently quite poor. We expect that reorganizing
the data with an eye to cache performance would further reduce computation times.

Evaluation of GeForce3 Hardware: Chapter 5 introduces a rendering technique which re-
quires graphics hardware which is still pre-release. One direction for future work is to implement
this technique once the hardware becomes available.

Extension of variance weighted sum of local normalized correlationThe registration algo-
rithm estimates patient pose by finding the minimum of the objective functions defined in chapter 2.
Currently the search for this minimum is implemented using a quasi-Newton nonlinear optimization
routine. Quasi-Newton methods iteratively build up an estimate of the inverse Hessian matrix of the
objective function, and use this information to speed convergence. There are classes of function,
for example Sum of Squared Difference functions, for which the inverse Hessian matrix can be
trivially approximated in the neighborhood of the global minimum, and this enables methods like
Levenberg-Marquardt nonlinear least-squares optimization to achieve nearly quadratic convergence
[39]. We anticipate that, with suitable pre-processing, an objective function could be found with
good resistance to image noise and image clutter, and also with an easily approximated inverse Hes-
sian.

In vivo studies of acetabular implant orientation: Chapter 8 presents a phantom study which
evaluates the X-ray/CT registration system for postoperative measurement of acetabular implant
orientation. A similar study is underway using in vivo data from patients who have had bilateral
total hip replacement. The preoperative CT for the second hip replacement will be analyzed to
obtain ground-truth measurements for the study.
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Non-rigid registration: This thesis addresses the problem of registering one or more rigid
objects in X-ray images. It does not address the problem of deformation in patient anatomy. We
anticipate that registration of non-rigid objects will be an exciting and fruitful research area.



Appendix A

Homogeneous coordinates

Throughout this document, we find it useful to represent points using 2- and 3-dimensional projec-
tive spaces. Projective geometry is a rich area, and we present only a few details here. For a more
complete description, please refer to [14].

A.1 Projective Spaces

Points in an n-dimensional projective space are represented by vectors with n+1 elements. A point
in a three dimensional projective space is represented by a four element vector, and a point in a two
dimensional projective space is represented by a 3 element vector. The mapping between points
and vectors is not one to one; each point in a projective space can be represented by many different
vectors. Vectors in a projective space are considered to represent the same point if they are scalar
multiples of each other. That is to say, the 3 dimensional projective vectors [1, 2, 4, 1]T and [3, 6,
12, 3]T are considered equivalent. We call the fi+arameter th@rojective scaleof the vector,

and represent it using the symhol

One way to visualize the relationship between points and vectors in projective space is to imag-
ine that the points are mapped onto an n dimensional hyperplane described by the equation
Collinear vectors are considered equivalent, and represent a point corresponding to their intersec-
tion with this hyperplane. This is illustrated in figure A.1, which shows such an intersection in a 2D
projective space. When a point is represented in this way, we say is is expressgddgeneous
coordinates

We can make the correspondence between points in n-dimensional space and rays in n-dimensiona
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Xy, 1

Figure A.1: The 2D poinfz, y] corresponds to the ray in 2D projective space which passes through
[z,y,1]7.

projective space explicit by writing, for example,

aT

ay
az

(07

wherep is a point in 3D projective space which corresponds to the 3D peint 2] . It is conven-
tional, however, to omit the free parametewhenever possible, and instead write

(A.2)

— N < 8

A.2 Homogeneous Transformation

We represent linear transformations in projective spaces using matrices, as we do in linear spaces.
We transform a vector in the usual way: by left multiplying it using a transformation matrix. A linear
transformation from n dimensional projective space to n dimensional projective space is represented
with an n+1 by n+1 matrix. As is the case with projective vectors, two such transformation matrices
are equivalent if they are scalar multiples of each other. As with vectors, it is conventional to fix the
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projective scale so that the last element is equal to one whenever possible. We write

ap,0 ap,1 ag,2 @o,3

aio Qi1 ai2 a3

)

(A.3)
a0 Q21 G292 a23

)

azo az1 azz 1

We call this a homogeneous transformation matrix, and use it to transform homogeneous coordi-
nates. For example, in 3D homogeneous coordinates we write

AT i)
Wl —al (A.4)
Az 20

« 1

In order to preserve the strict equality, it is necessary to explicitly represent the projectiverscale
on the left side of equation A.4. When using the more compact representation of equation A.2, itis
conventional to omit this scale factor as well, writing

p1 = Apy (A.5)

and understanding the symback” to representprojective equality that is equality up to a scale
factor.

Writing the elements ofl explicitly we have

axy ap,0 @o,1 Qo2 Qo3 Zo
ayy _ a0 aii1 ai12 a3 Yo . (A.6)
azy azo G231 a2 a3 20

« as.o a371 a372 1 1

We note from this equation that = a3 gz + a3;1y0 + a3220 + 1. This allows us to easily write
the corresponding equation in 3D hon-homogeneous coordinates

ap,0T0+a0,1Y0+a0,220+ao,3

L1 as,0zo+as,1yo+as,2z0+1

_ @1,0Z0+a1,1Y0+a1,220+ai1,3
o= a3,0z0+a3,1yo+az,2z0+1 : (A7)
21 a2,0Z0+a2,1yo+az,220+az,3

a3,0zo+as,1yo+as,2z0+1
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Figure A.2: The location of poinp can be expressed with respect to both coordinate syStemd
coordinate systert.

A.3 3D Rigid Transformations

In this document, we are particularly concerned with a class of 4x4 matrices called 3D rigid transfor-
mation matrices. These are matrices which transform points from one coordinate frame to another.
For example, figure A.2 shows a poipt,and two sets of 3D coordinate axes, which are labéled

andC'. The position of point p can be written with respect to either of the two coordinate systems.
For example, it might have X, Y, and Z coordinates of 5, 2, and 2 respectively in coordinate system
B, but X, Y, and Z coordinates 6, 7, and -1 respectively in coordinate syStelvhen we refer to

a point which is represented in more than one coordinate system using homogeneous coordinates,
we need to specify which coordinate system is used to define its coordinates. We do this using a left
superscript containing the name of the coordinate system:

p= . (A.8)

os}
=N N Ot
Q

Similarly, when a 4x4 transformation matrix takes coordinates from one coordinate system to
another, we indicate this using a left superscript and a right subscript

Bp = (B1¢) (°p), (A.9)

where the 4x4 matrix transformatidii ¢ transforms points from coordinate syst€hto coordinate

systemB.
3D rigid transformations correspond to homogeneous transformation matrices which have the
form
R t
BT = ] , (A.10)
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where R is a 3x3 rotation matrix, and is a three dimensional translation vector. Because the
bottom row of a rigid transformation is uniformly zero except for a 1 in the rightmost element, these
transformations can be written without concern for the scale factdve can see this by expanding
equation A.9

R t
, (A.11)
000 1||-1

= NN Ot

which is a strict equality.

A.4  Summary

This appendix presents only a very brief overview of homogeneous coordinates, introducing the
ideas of projective scale, homogeneous transformations and projective equality. For a more thor-
ough introduction to projective geometry, the reader is referred to [14].
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Appendix B

Optically Tracked Pointers

During calibration and experimental procedures, it is frequently necessary to measure the position
of fiducials, imager components, etc. with respect to a reference coordinate system. We do this
using optically tracked pointers. This appendix describes the optical tracking device used, and how
the pointers are constructed and calibrated.

B.1 Optical Tracking Device

We use an optical tracking device called an Optotrak. The Optotrak is manufactured by Northern
Digital, Incorporated, and consists of three 1D infrared sensitive CCD cameras. Each camera is
equipped with a cylindrical lens, which causes the entire field of view to project onto a single line.
The cameras are arranged so that if a feature is visible in all three cameras, its 3D position with
respect to the Optotrak can be found by triangulation.

The Optotrak is used to to measure the position of infrared light emitting diodes (LEDs). When
an LED is in the field of view, it causes a distinct intensity peak in the 1D image from each camera,
and these peaks are used to triangulate the location of the LED. If more than one LED is in the field
of view, the LEDs must be activated in turn so that intensity peaks from one LED do not interfere
with the triangulation of the others. LED activation and camera measurements are synchronized by
a piece of external hardware called a strober. The strober contains LED drivers, and timing circuitry
to ensure that only one LED is active at any given time. Northern Digital’s published specifications
claim RMS LED tracking accuracies of 0.2mm or better along each axis [2].

Northern Digital supplies tracking markers, which are rigid assemblies, roughly 2"x4”. Each
tracking marker has an associated coordinate system, and houses 6 infrared LEDs at known po-
sitions within this coordinate system. The programming API for the Optotrak includes functions
which calculate and return the 4x4 transformation matrix which relates the coordinate system of
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Optotrak

LED Markers

Strober

Figure B.1: The optical tracking system measures the position and orientation of LED markers.

each tracking marker with the coordinate system of the Optotrak itself. If desired, these trans-
formations can be composed to find the coordinate transformation which relates the positions and
orientations of two tracking markers. An illustration of the Optotrak system is shown in figure B.1.

B.2 Pointer Construction

We construct each pointer by attaching a probe tip to a Northern Digital tracking marker. In our
research we use two kinds of probe: sharp tipped probes are good for touching point features and
surfaces, while cup tipped probes are good for locating spherical fiducials.

Each probe is calibrated as described in the next section. Sharp tipped probes are calibrated
so that the location of the probe tip is known with respect to the coordinate system of the tracking
marker, while cup tipped probes are calibrated so that when the tip is mated with a spherical fiducial
of standard radius, the center of the fiducial lies at a known point in the coordinate system of the
tracking marker. Figure B.2 illustrates both kinds of probes.

B.3 Pointer Calibration

Our pointer calibration procedure involves two tracking markers. The first marker is the pointer be
calibrated, while the second marker defines a reference coordinate system. The reference marker
is rigidly attached to a calibration structure having an attached spherical fiducial, or a well defined
punch-point which can be probed repeatably. We call this punch point or fiducitdrdet of the
calibration. The probe is used to touch the target from many different angles, and at each angle we
use the Optotrak to record the 4x4 matrix transformation which relates the coordinate system of the
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Coordinate System Coordinate System
of Pointer of Pointer
o 0 o 0
o o o o
Optical Tracking Optical Tracking
© O |Marker © O |Marker
Cup Shaped Tip
Sharp Tip 5 3 Spherical

Fiducia

Figure B.2: Optically tracked probes are constructed by attaching sharp or cup-shaped tips to LED
markers.

probe to the coordinate system of the reference marker.

Since the reference marker is rigidly attached to the calibration structure, the target does not
move with respect to the coordinate system of the reference marker. We write the position of
the target in the coordinate system of the reference marker using the 3D nhon-homogeneous vector
[z0, 0, 20] . Similarly, the probe tip is designed so that each time the target is probed the center of
the fiducial or the location of the punch point is brought to the same place in the coordinate system
of the pointer. We write the position of the target in the coordinate system of the pointer using the
3D non-homogeneous vectpr;, y1, 21]. Since the two coordinate systems are related by a rigid
transformation, the 4x4 matrix transformations returned by the Optotrak have the canonical form

R; t;
, B.1
000 1] (B4

whereT; corresponds to thé" probing, R; is a 3x3 rotation matrix, and; is a 3 element trans-
lation vector. By definition,I; transforms points from the coordinate system of the pointer to the
coordinate system of the reference marker, so we can write the 3D homogeneous equation

i) T
Yo | _ T, n , (B.2)
20 21
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or equivalently, in non-homogeneous coordinates

Zo €1
20 21

This equation can be rearranged to group the unknown parameters into one vector

z1

Y1
{Ri _1} x: = —t;, (B.4)

Yo
20

wherel is the 3x3 identity matrix.

Combining equation B.4 over many observations gives an overconstrained system of linear
equations which we solve using the Moore-Penrose pseudoinverse [43] [44]. The recovered 3D
point [z1, y1, 1] is recorded and associated with the pointer.

In practice, we try to make the range of different angles from which we probe the target as wide
as possible. We typically use between 70 and 100 observations, and see RMS residuals on the order
of 0.2mm with a 6 inch probe tip.
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