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Abstract

The class of underactuated systems is composed of a variety of mechanical as well as
biological systems. The term underactuation refers to the fact that not all joints or degrees-
of-freedom (DOFs) of the system are equipped with actuators, or are directly controllable.
The DOFs of an underactuated system are dynamically coupled, and their dynamic
equations are nonlinear and are constrained by nonholonomic differential equations. In this
dissertation, it is our goal to study these fundamental characteristics toward the aim of
developing modeling and control methods for underactuated systems, with focus on the

class of serial chain underactuated manipulators with joints connected by rigid links.

Although an underactuated manipulator can be structurally identical to a fully actuated one,
their dexterities differ because of the presence of unactuated joints. We quantify the
dexterity of underactuated manipulators, and propose an optimization index to determine
the positions of the unactuated joints which maximize the dexterity. Also differently from
a conventional manipulator, the unactuated joints of an underactuated manipulator can be
driven only indirectly through their coupling with the actuated ones. We present the
dynamic characteristics of underactuated manipulators, and propose the coupling index
concept to measure the dynamic coupling between thejoints. The coupling index is utilized

for the analysis, design, and optimal control of underactuated manipulators.

Parameter uncertainty and external disturbances interfere with the control of manipulators.
We propose a robust control method to control all joints of an underactuated manipulator
to an equilibrium point. We investigate the controllability of the system, and demonstrate
that controllability and the coupling index are related concepts. We also propose the
optimal control sequence of the unactuated joints to account for underactuated
manipulators with more unactuated than actuated joints. In practice, manipulators operate
in workspaces populated with obstacles. We propose a high-level motion planning method
that generates collision-free trajectories to be followed by the manipulator. The methods
proposed are implemented on a planar manipulator designed and built at the Space

Robotics Laboratory at Carnegie Mellon University.
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Chapter 1

Introduction

1.1 Motivation

The class of underactuated systems is composed of a variety of mechanical as well
as biological systems. The term underactuation refers to the fact that not all joints
or degrees-of-freedom (DOFs) of the system are equipped with actuators, or are
directly controllable. A classical example of an underactuated system is the movie
actor Bruce Lee, who is able to project the tip of a 3-link nunchuck at any point in
space. When one considers his arm as a set of links connected by controllable joints,
and the nunchuck as another set of links connected by unactuated joints, the system
formed by his arm and the nunchuck is underactuated. The presence of unactuated
DOFs makes underactuated systems fundamentally different from conventional,
fully actuated ones. It is our goal in this dissertation to model such kinds of systems
and to propose control and planning methods that allow them to be utilized in

practice.

A system becomes underactuated in three possible ways. First, a system may
become underactuated when one or more of its actuators fail to work properly. A
typical example is a conventional robot manipulator with failed joints. Usually,
these joints are locked and the manipulator resumes its task, whenever possible.

Control of this type of underactuated system is important from a fault-tolerance
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point-of-view, for sometimes it is necessary that the robot complete its task before repairs
can be performed (e.g., when the robot is mounted on a space structure and has to return to
its home position for stowage, or when the robot is manipulating nuclear waste and must

store it before humans can safely approach the robot).

A system may also become underactuated when it is specifically designed to be so, or
when the operator deliberately keeps one or more of the actuators available inoperative
during a task. One example is a hyper-redundant snake-like robot, which, because of its
high dexterity, is capable of moving in highly cluttered environments. Equipping all joints
of such robot with actuators makes it heavier and more bulky than is sometimes necessary.
By reducing the number of actuators without reducing the number of joints and by devising
the proper control system, one obtains a mechanism whose energy consumption is smaller,
yet whose dexterity is maintained. A biological system which can be considered
underactuated in this sense is the human body. When gymnasts perform acrobatic
maneuvers on a high bar, they are able to rotate about their wrists by actuating the muscles
on their hips and knees. The wrist is therefore ajoint kept unactuated, whose displacement
can be controlled by the actuation of other joints. Normal walking is yet another example
of how humans are able to control several DOFs with few actuators. There is evidence that,
in this situation, the knee is powered by the muscles at the hip, and its muscles are utilized

niainly for stopping the knee at the end of the swing [I0].

Finally, underactuation may be an inherent property of the system. A typical example
is a free-floating space satellite equipped with a conventional robot manipulator. While the
DOFs of the manipulator can be controlled by its own joint motors, the position and
orientation of the satellite in inertial space cannot. The satellite can be represented by the
end-effector of a virtual unactuated spherical joint [23}; therefore, the overall satellite rind
manipulator system is underactuated. A robot manipulator with flexible links is another
mechanical system inherently underactuated. While itsjoints can be controlled directly by
the actuators located there, the internal DOFs representing the flexibility of the links
cannot. It has been shown that such systems can be modeled as combinations of
conventional and unactuated joints, therefore, as underactuated systems [54].



I. INTRODUCTION 3

From the discussion above, it is clear that underactuated systems are abundant both as
mechanical as well as biological “machines.” Despite the large physical differences
between the existing underactuated systems with unactuated joints, they share several

common characteristics:

(1) dynamic coupling: the DOFs of an underactuated system are usually coupled by
dynamic forces. For example, the joints of a robot manipulator are coupled due to the
off-diagonal terms in their inertia matrix [22]; a robot manipulator mounted on a satellite
is dynamically coupled to its free-floating base [51]; and the human lower leg is coupled to
the thigh during walking [18]. Dynamic coupling is usually regarded as an undesirable
characteristic of regular robotic mechanisms, for it complicates the control of the DOFs
(22]. Control of underactuated systems, on the other hand, requires the existence of
dynamic coupling, because control of the unactuated DOFs can be performed only

indirectly through the application of forces at the actuated ones;

(2) controllability of the unactuated DOFs and sequential control: all DOFs of an
underactuated system can usually be controlled, although not concurrently, directly or
indirectly by the actuated DOFs. For example, unactuated joints of a robot manipulator can
be controlled to a fixed position via the application of torques at the actuated ones [34]; and
the attitude of a satellite can be controlled by motions of its on-board manipulator [29].
Consequently, it is usually possible to control all DOFs to an equilibrium position by the
use of a well-designed control sequence. By control sequence, we mean the sequential
control of some DOFs, followed by the control of some others, and so on, until all DOFs
have been controlled. When it is possible to prevent some or all of the DOFs from moving,
sequential control is facilitated, because the DOFs kept stationary do not interfere with the
ones being controlled. When this is not possible, sometimes it is still possible to control all
DOFs by forcing previously controlled ones to follow closed paths that bring them back to
their position. Sequential control has been successfully applied to automobiles [31], robot
manipulators with unactuated joints [11, [30], [47], [56] and space manipulators [29];
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(3) nonholonomic constraints: there usually exist nonholonomic constraints associated
with an underactuated system’s dynamic equations. The term holonomous, used to describe
a system whose generalized coordinates do not depend on their own time derivatives, was
coined by Hertz in 1894 [42]. These constraints arise naturally from the lack of actuation
of some of the DOFs. For example, free-floating space satellites must obey the law of
conservation of angular momentum (when no external momentum is applied to the system)
[8]; automobiles cannot usually drive sideways, a restriction that can be expressed as a
nonholonomic constraint {20]; and manipulators with unactuated joints cannot have all of
their joint accelerations controlled concurrently, another restriction which can be expressed
as a nonholonomic constraint [34]. These constraints usually do not allow one to apply
classical control techniques to the control of underactuated systems; on the other hand, it is
because of the nonholononiic constraints that one is able to control the unactuated DOFs of

underactuated systems such as automobiles [20] and space manipulators [297];

(4) nonlinearity and dependency on kinematic and dynamic parameters: the dynamic
equations of underactuated systems are in general nonlinear, and their kinematic and
dynamic models may depend not only on their structure but also on their inertial
characteristics. For example, the generalized Jacobian matrix of a space manipulator [49]
depends on the value of the links” length as well as on their mass and inertia. Consequently.
parameter uncertainty is more critical for this class of systems than for fully actuated ones.
It is the controller designer’s responsibility to guarantee robustness against uncertainties by

proper utilization of robust control laws.

In this dissertation, it is our goal to study these fundamental characteristics toward the
aim of developing modeling and control methods for underactuated systems. We focus on
the class of serial chain underactuated manipulators with joints connected by rigid links.
We assume that all joints are equipped with position sensors, and that the unactuated joints
are equipped with on-off brakes. The use of brakes facilitates the control of the
underactuated manipulator by allowing one to freeze some or all of the unactuated DOFs
while controlling others. In other words, we take advantage of mechanical hardware to

achieve precise control of an underactuated system.
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We study the kinematic and dynamic modeling of underactuated manipulators with
unactuated joints, including their dexterity and dynamic coupling between the actuated and
unactuated joints; study control methods to robustly drive all joints of an underactuated
manipulator to an equilibrium position, or a set of joints or Cartesian coordinates to follow
a desired trajectory; and study motion planning methods to drive an underactuated
manipulator to a desired configuration among obstacles in its workspace.

1.2 Literature review

The first topic that we studied in this dissertation related to the modeling and control of
underactuated manipulators is the dexterity of these mechanisms. Pradeep et al. [39]
analyzed qualitatively, but not quantitatively, the capabilities of three commercial
manipulators with a failed joint. Roberts [40] and Roberts and Maciejewsky [4 1] studied
the manipulability {53] and worst-case dexterity [26] of redundant manipulators with any
number of failed joints. Their objective was to determine optimal manipulator
configurations that would keep the manipulability or worst-case dexterity above a
prescribed minimum value were a joint (or joints) to fail. No work has yet considered
quantifying the dexterity of underactuated manipulators in a general sense, nor how to

maximize it by changing the positions of the unactuated joints,

The modeling of underactuated manipulators for control purposes, and the analysis of
the resulting dynamic equations, have been presented in different forms by several authors.
Arai and Tachi [1] derived an openloop relationship between the forces applied at the
actuated joints and the accelerations of the unactuated ones. With this relationship they
obtained a sufficient condition for controllability of the unactuated joints around
equilibrium points, but not over the entire state space of the unactuated joints’ positions and
velocities. Jain and Rodriguez extended their coordinate free spatial modeling method [16]
to underactuated manipulators [17]. Their analysis include the definition of an
underactuated manipulator’s generalized Jacobian, which relates Cartesian space

accelerations to accelerations of the actuated joints; and the disturbance Jacobian, which
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relates accelerations of the unactuated to those of the actuated joints. The disturbance
Jacobian was not quantitatively analyzed to yield a dynamic coupling measure for
underactuated manipulators. Finally, Mukherjee and Chen [30] modeled a
satellite-mounted underactuated manipulator utilizing Hamiltonian dynamics, which are
useful because the Hamiltonian of a dynamic system can be used as a basis for candidates

to Lyapunov functions.

It is in the area of control of underactuated manipulators that the majority of past
research concentrates. Past work can be broadly classified in two areas: (1) control of a
subset of the joints to equilibrium points or all joints to an equilibrium manifold, and (2)
control of all joints to an equilibrium point. In the first category, Berkemeier and Fearing
[5] proposed using the Acrobot, a 2-link underactuated manipulator, as a hopping machine.
Hauser and Murray [13] proposed a method to control the Acrobot in the neighborhood of
the manifold of inverted equilibrium positions. Meldrum et al. [28] proposed a control
method to make an underactuated manipulator follow a trajectory in Cartesian space (based
on Jain and Rodriguez’s modeling of underactuated manipulators [17]). Mukherjee and
Chen [30] proposed controlling the actuated joints of a space manipulator while
guaranteeing the stability of the unactuated joints and of the free-floating base. Nakakuki
et al. [32] showed how a 3-link mechanism with two actuators and no fixed base is able to
stand up, fall, and climb stairs. Oriolo and Nakamura’s pioneer work [34] demonstrated that
the nonholonomic constraints inherent to an underactuated manipulator generally involve
joint accelerations in addition to joint velocities. They also addressed the control of the
unactuated joints to an equilibrium position. Papadopoulos and Dubowsky [36] proposed
to control the failed joint of a space manipulator to an equilibrium point while guaranteeing
that the active joints and the base would come to arest at the end of the motion. Takashima
[48] demonstrated how a gymnast robot can perform acrobatic stunts. Perhaps most
interestingly of all, Saito et al. [43] built a brachiation-type robot that is able to swing along

horizontal parallel bars.

The second category of research on control of underactuated manipulators (control of
all joints to an equilibrium point) can be subdivided into two groups, namely, those which
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assume that the unactuated joints are completely free of actuation, and those which assume
they are equipped with brakes. Early work on control of underactuated manipulators with
completely free unactuated joints focussed mainly on the control of the double pendulum
and its variants (41, (45], [52]. More recently, focus has shifted to the control of all joints
of a manipulator with any number of links to an arbitrary equilibrium position. Research on
this area, though, is still in its infancy; it has thus far been demonstrated practically on a
2-link horizontally mounted arm by Suzuki et al. [47] and in simulation on a 3-link arm
with two actuators by Arai [3]. Chung et al. [6] proposed and built special nonholonomic
gears that allow one to drive all joints of a manipulator equipped with such gears to an

equilibrium point.

Research on manipulators with unactuated joints equipped with brakes has been
receiving a great deal of attention lately. Arai and Tachi [1] were the first to propose a
2-phase method to control all joints of an underactuated manipulator to an equilibrium
position. In the first phase, the unactuated joints are controlled via their dynamic coupling
with the actuated ones to a desired joint position, and are subsequently locked. In the
sccond phase, the actuated joints are controlled as if the manipulator were a fully actuated
one. Because this method can be used to position the manipulator’s end-effector at a desired
Cartesian position at the end of the two control phases, the authors named it point-to-point
control, or PTP. A shortcoming of this method is that it can handle only manipulators with
more actuated than unactuatedjoints. Arai et al. [2] later extended the method to make the
end-effector follow a trajectory in Cartesian space, using the PTP control method to
accelerate the end-effector in the direction of the trajectory. Yu et al. [56] proposed the PTP
control of a 2-link manipulator with one unactuated joint via the first integral approach; this
method, however, is based on the integral of the nonholonomic constraints and cannot be
applied to general underactuated manipulators. Finally, Mukherjee and Chen {30} proposed
PTP motion of a space mounted underactuated manipulator with the 2-phase control
method of [1]; they did not, however, address the problem of controlling the satellite’s

orientation while driving the manipulator. A
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To this date there are no published works on the motion planning of underactuated
manipulators. A large number of authors have proposed methods to plan the collision-free
motion of velocity constrained nonholonomic systems among obstacles [9], [20], [31],
[35], [44], [50]. These results, however, cannot be directly extended to the motion planning
of underactuated manipulators because these systems’ nonholonomic constraints involve

joint accelerations in addition tojoint velocities.

Despite all the work on control of underactuated manipulators, some topics remain to
be addressed: the robust control of all joints to an equilibrium point in the presence of
modeling error and external disturbances; the control of manipulators with more unactuated
than actuated joints; and a method to plan collision-free trajectories for underactuated

manipulators operating in a workspace populated with obstacles.

1.3 Overview

In this dissertation we discuss important problems related to the modeling and control of
underactuated manipulators that have not been studied in any other work so far. Although
an underactuated manipulator can be structurally identical to a fully actuated one, their
dexterities differ because of the presence of unactuated joints. Furthermore, the dexterity
of an underactuated manipulator varies as do the positions of the unactuated joints. We
quantify the dexterity of underactuated manipulators, performing an analysis that is valid
for any serial link manipulator, and for any dexterity measure. Because dexterity is a
kinematic property of robot manipulators, we assume that the unactuated joints are locked
in an arbitrary position within their joint limits. Noting that such locking position can be
modified using the control methods we propose in this work (or one of the control methods
described in Section 1.2), we propose an optimization index to determine the locking
positions of the unactuated joints which maximize the dexterity of an underactuated
manipulator. With this approach we intend to demonstrate that it is possible to operate a
manipulator with less actuators than joints while maintaining a minimal amount of

dexterity throughout the task execution.



1. INTRODUCTION 9

To be able to control all the joints of an underactuated manipulator, one must derive its
dynamic model and analyze the dynamic coupling between the actuated and the unactuated
joints. This is important because the unactuated joints can be driven only indirectly, through
their coupling with the actuated ones. We present the joint and Cartesian space models that
will be utilized for model-based control, following closely the treatment of Arai and Tachi
[L]. Based on the dynamic equations we propose the coupling index concept, to measure
the dynamic coupling between the joints. The coupling index is used for analysis and
design of underactuated manipulators, and for the optimal control of the unactuated joints.

Parameter uncertainty and external disturbances often interfere with the control of
dynamic systems, and underactuated manipulators are not the exception. We propose a
2-phase robust controller to control all joints of an underactuated manipulator to an
equilibrium point, assuming that the manipulator operates in a workspace free of obstacles.
We investigate the controllability of the system, and demonstrate that controllability and the
coupling index are related concepts. When the underactuated manipulator has more
unactuated than actuated joints, the 2-phase control method is insufficient to allow one to
control all joints to an equilibrium point. We propose an optimal control sequence of the

unactuated joints to account for this case.

In practice, manipulators operate in workspaces populated with obstacles. For this
reason, we propose a high-level motion planning method that generates collision-free
trajectories to be followed by the manipulator. The method is valid for manipulators
operating on gravity-free environments, or when the unactuated joints are not acted upon

by gravitational forces.

1.4 Noinenclature

Consider an n-link, fixed-base, open chain, serial robot manipulator with rigid links. The
joints and links are numbered from 1 to nn, with joint 1 and link 1 being the closest to the

base. We use ¢ to represent the robot’s 2 x 1 joint vector, and 1 to represent its # x 1 torque
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vector. The dynamic parameters of link i, namely, its mass and inertia, are represented by
m; and 7;, respectively. The kinematic parameters length and location of the center of mass

are represented by /; and /_ , respectively.

Assume that n_ < n joints of the manipulator are equipped with actuators, and that the
remaining n, =n-n, onesare equipped with on-off brakes. Let |, = {a,,...,anu} be
the set of indices corresponding to the location of the actuators among all » joints, and
similarly let 1,, = {p,, ...,p”p} be the set of indices corresponding to the location of the
brakes. We refer to the joints equipped with actuators as the active joints, and to the ones
equipped with brakes as the passive joints. To distinguish between the active and passive

joints we rewrite the joint vector ¢ as:

g =|% (1.1)
qp

where ¢, is the n, x 1 vector representing the position of the active joints, and ¢, is the
n, x 1 vector representing the position of the passive ones. To further distinguish among
the passive joints that are locked or unlocked at a certain instant, we partition the vector q,

dS:

q, = T (1.2)
qy

We also partition the set of indices 1, into two sets 1,,and |,, respectively corresponding to
the location of the unlocked and the locked passive joints. While the sets I, and I, do not
change for a given underactuated manipulator structure, the sets |,,and /; are modified every
time a passive joint is locked or unlocked. At any given instant, the relations |,,~ I, = O
and 1,, w7, = |, must be satisfied. We graphically represent the active, locked passive,
and unlocked passive joints with the color convention of Figure 1.1.
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91 Bl active joint

[ ] locked passive joint
[ ] unlocked passive joint

Figure 1.1: Graphical representation of an underactuated manipulator and its active,
unlocked passive, and locked passive joints.

1.5 List of Symbols

[x] dimension of the vector x
o,A) i-th singular value of the matrix A

A% pseudo-inverse of the matrix A
(A);  i-th column of matrix A

sin(g,+qg,.+...)

cos(g,.+q,+...)

m; mass of the i-th link

I inertia of the i-th link

I; length of the i-th link

l. distance between the i-thjoint and the center of mass of the i-th link
J Jacobian matrix

K pseudo-inverse of the Jacobian matrix
M inertia matrix

w inverse of the inertia matrix

C matrix of Coriolis and centrifugal forces
G vector of gravitational forces

F vector of frictional forces

~

! number of joints

I3
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number of active joints

number of passive joints

number of unlocked passive joints

number of locked passive joints

joint vector

active joint vector

passive joint vector

unlocked passive joint vector

locked passive joint vector

set of indices corresponding to the location of the active joints

set of indices corresponding to the location of the passive joints

set of indices corresponding to the location of the unlocked passive joints
set of indices corresponding to the location of the locked passive joints
vector of Cartesian coordinates

vector of active Cartesian coordinates

vector of passive Cartesian coordinates

volume of the manipulator’s workspace

manipulability index

desired (set-point) value of the vector x

time-varying error between the desired and the current value of the vector x
sliding surface

sliding surface’s time constant

variable structure controller’s gain

variable structure controller’s boundary layer width



Chapter 2

Dexterity of Underactuated
Manipulators

In this chapter, we quantify the kinematic dexterity of an underactuated manipulator
with an arbitrary number of passive joints, and compare it to the dexterity of a
redundant fully actuated manipulator. We then propose an optimization index that
allows us to determine the positions at which the passive joints should be locked for
the sake of maximizing the underactuated manipulator’s dexterity. The optimization
is performed with respect to the locking positions of the passive joints, for which
analytical methods or an exhaustive search quickly yield the global optimal
solution. We consider here three important dexterity measures: the volume of the
reachable workspace, the capability of reaching a set of points in Cartesian space,

and the nianipulability index [53].

2.1 Dexterity analysis and optimization

Although the kinematic structure of an underactuated manipulator is identical to
that of a similar fully actuated one, in general their dexterities are different. This is
due to the presence of locked passive joints, which may reduce the dexterity. Study
of the dexterity of underactuated manipulators is important to determine whether

such manipulators possess sufficient dexterity to perform their assigned tasks
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despite the presence of passive joints in their mechanisms. Early work by Pradeep et al. [39]
analyzed the capabilities of three different commercial manipulators with a locked failed
joint. The analysis is qualitative in nature and is not valid for a general manipulator-. More
recently, Roberts [40] and Roberts and Maciejewski [41] discussed the decrease in a
manipulator’s kinematic manipulability index and worst-case dexterity due to the failure
and locking of one or more of its joints. In their work the authors were concerned with
finding pre-failure optimal manipulator configurations that guarantee that the post-failure
manipulability is maximized. The difference between their work and the analysis in this
chapter is that we are concerned with measuring dexterity as a general quantity, and in

determining the positions of the passive joints which maximize the dexterity.

Let D(g) represent the dexterity measure of an n-link redundant fully actuated
manipulator locally evaluated at the configuration g. Suppose now that joints p,, ..., Pa,
in the set /, are passive joints locked at an arbitrary position within their joint limits. We
represent by D,p(q) the dexterity of the corresponding underactuated manipulator at the

configuration ¢. The relative dexterity loss is defined as:

D, (q)

D;(q) = 1~ D’(’q) (2.1

The relative dexterity loss measures the decrease in dexterity of the fully actuated
manipulator when one or more of its joints fail or are intentionally designed as passive
joints. This index allows one to verify whether the underactuated manipulator’s dexterity is

sufficiently large for completion of the manipulator’s assigned task.

Ideally, one would wish that the relative dexterity loss be as small as possible, as this
would imply that the presence of passive joints has little affect on the manipulator’s
capabilities. One might be interested in determining the positions at which the passive
joints should be locked for the sake of minimizing the relative dexterity loss. This problem
can be cast as an optimization problem, with the optimization index given by the value of

the relative dexterity loss:
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*

q, = argmin[J, (q)]= arg min[[)/r(q)] (2.2)
‘,

Global minimization of the optimization index JD (q)W|th respect to the positions of
the passive joints yields the global minimum value of the underactuated manipulator’s
relative dexterity loss. At times, the relative dexterity loss may depend on the positions of
the active joints as well as on the positions of the passive ones. Consequently, minimization
of JDIP with respect to g, only is an ill-defined problem. One possible solution is to average
the optimization function with respect to the positions of the active joints, and then

minimize the resulting averaged optimization function:

_ JJDI (Q)dqn
Jp, (q,) = —F—— (2.3)
D’n ! qu(’

2.2 \Workspace

Being able to reach a large number of points in Cartesian space is usually a design criterion
and a desirable characteristic of a robot manipulator. When the manipulator has both active
and passive joints, it is important to guarantee that the number of reachable points (which
compose the reachable workspace) is as large as possible. Denote by V the volume or area
of a fully actuated manipulator’s workspace. This quantity does not depend on the local
configuration of the manipulator and therefore is not a function of 4. Denote by V,p the
volume or area of the corresponding underactuated manipulator. This quantity depends
only on the positions where the passive joints are locked, and is therefore a function of g,,.

The relative workspace loss is defined as:

V]p((],,)

v (2.4)

Vi(q,) = 1-

Clearly, V # 0 and the relative workspace loss varies between O and 1. If it is equal to zero,

the presence of passive joints does not incur reduction of the manipulator’s workspace; the
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closer the loss gets to 1, the smaller the volume (or area) of the underactuated manipulator’s
workspace. The relative workspace loss has been mentioned in the literature [39], but there

has not been a quantitative analysis of it so far.

To compute the angle at which joints g, should be locked for relative workspace loss

minimization we minimize the following optimization function:

v, (q,) s
JV,p(q[)) - l - V ( . )
Example 2.1 Consider a 3-link planar rotary manipulator with link lengths |, =0.3 m,

i =1, 2,3,as shown in Figure 2.1. We assume without loss of generality that all joint limits
are equal to £ nt rd; different joint limits can be easily considered by simply limiting the
search for the global minimum of Jy, to the angles between the new joint limits. The

manipulator’s original workspace has an area equal to:

V= n(l,+l,+1;)° = 08ltm’ (2.6)

Figure 2.1: Three-link planar rotary manipulator.

If the manipulator is equipped with one passive joint at joint p, which is kept locked
during, e.g., manipulation tasks, the manipulator is reduced in practice to a 2-link
mechanism with a reduced workspace. The underactuated manipulator workspace’s is an

annulus with inner and outer radii Ri(g,,) and R(q,,), respectively. Its area is equal to:
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2 2
Vp(qp) = n[R()(qp)'—R[ ((/p)] (27)

Table 2.1 presents the expressions for R;, R, and V,, for p = 1,2, 3 . The quantity /;, is the
distance between the first and third joints and /55 is the distance between the second joint

and the end-effector:

L, = 2+ 12420 L,c0s(g,) o8

2 2
lyy = ,\/12 15+ 21,1 cos(q5)

Table 2.1: Boundary radii and workspace areas for all possible locations of one passive

joint on a 3-link planar manipulator.

passive joint R,‘(Qp) R(,(q/,) V,,((/,,)
1 |1, = 13| I+ 14 4nl,l,
2 ]]12"13I I, + 15 dnl 15
3 lll - 123l [, + 153 4nl 1y,

Figure 2.2 presents the value of the relative workspace loss for all possible locations of
the passive joint, as the passive joint's angle varies from ~x to r rd. Figure 2.3 presents both
the original workspace V (a circle with radius 3 ) and the workspace V, when joint 2 is
passive and is locked at a few selected angles. A& conclude from these figures that,
whenever joints 2 or 3 are passive, they must be locked at O rd if the underactuated
manipulator's workspace is to be maximized. One can also conclude from Figure 2.2 that
the closer to « rd joints 2 or 3 are locked, the smaller the workspace, which vanishes at that
angle (see also the lower right graph in Figure 2.3, which shows that, when ¢, is locked at
7 rd, the workspace is a circumference with zero area). On the other hand, when joint 1 is
the passive one, the workspace area is constant, independent of the locking angle. In this
case one might choose to lock the firstjoint at the angle g, that maximizes another dexterity

measure.
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Figure 2.2: Relative workspace loss for all possible locations of a 3-link planar

manipulator’s passive joint.

2.3 Reachability

Another important design criterion of a robot manipulator is its capability to reach a
number of pre-defined points in Cartesian space for manipulation tasks. This property is not
guaranteed to exist when the manipulator contains a passive joint. even if the passive joint
is locked at the angle which maximizes the manipulator’s workspace volume. To
understand this, consider again Figure 2.3; if joint 2 is locked at g, =0 rd, then points close
to the robot’s base cannot be reached. On the other hand, locking joint 2 at g, =27/3 rd does
allow the end-effector to reach those points. We propose to measure the reachability of the
underactuated manipulator by computing the sum of the individual distances between all
points that must be reached by the manipulator’s end-effector and the respective closest
point in the workspace boundary:
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Figure 2.3: Workspace of a 3-link planar manipulator with joint 2 passive. The outermost
circle represents the boundary of the corresponding fully actuated manipulator's
workspace.

(a) The workspace has maximum area when joint 2 is locked at g, =0 rd;

(b), (c) as the locking angle increases, the area, as well as the location of the workspace,

vary;
(d) ifjoint 2 is locked at g, =7:rd the workspace reduces {o a circumference with zero area.
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=)
d; (q,) = 3, |X;-Biq,)| (2.9

i=|

In Equation (2.9), P is the number of Cartesian points to be reached, X; are the coordinates
of the i-th point, and B;(g,) is the point in the workspace boundary closest to X;. The
coordinates of B; depend on the positions where the passive joints are locked, because the
location of the workspace in inertial space varies as g, varies. Since workspace boundaries
are directly related to kinematic singularities, a large reachability implies that the
pre-defined Cartesian points will, with a greater probability, be reached at nonsingular

configurations of the manipulator.

Usually more than one locking angle will allow the end-effector to reach a set of
pre-defined points in Cartesian space. To compute the optimal one, we propose to minimize

the relative reachability 10ss defined as:

p
X.-B.
_ d] (qp) .;l " t ,(qp)"
di(g,) = 1=~ = 115 (2.10)

d P
> [X:-Bj

(=1

The denominator, 4, in the righthand side of (2.10) is the reachability of the corresponding
fully actuated manipulator. The quantity d is independent of the local configuration of the
manipulator and, therefore, is constant. Clearly, if « = 0, then all pre-defined Cartesian
points are situated at the boundary of the workspace. Consequently, if the manipulator is
equipped with passive joints, then either dlr = 0, or one or more of the Cartesian points

will not be reachable by the end-effector. We must then consider only the case ¢ # 0.

The relative reachability loss indicates, on a O to 1 scale, how much closer to a
workspace boundary a Cartesian point becomes when passive joints are present in the
manipulator. It is important to mention that the minimization of Zl,p(qp) is carried only

over the joint angles q,, for which all points X; are actually reachable. If any of the X; is
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not reachable for all possible g, then the underactuated manipulator cannot complete its
task because of the presence of the passive joints, and is defined as non-fault tolerant [38].
Minimization of El,p(q,,) effectively leads one to choose the optimal workspace whose
boundaries are as far as possible from the desired Cartesian points.

Example 2.2 Consider the 3-link manipulator in Figure 2.1, programmed to reach the
Cartesian point X = (0.3,0.3). Suppose that joint 1 is passive. As its locking angle varies,
so does the location of the reachable workspace. Figure 2.4 shows the value of (q,) asa
function of g,. As expected, this is a continuous function, which attains the value 1 at the
angles for which the Cartesian point is exactly at the boundary of the workspace. It can be
seen that the Cartesian point (0.3, 0.3) cannot be reached whenever joint 1 is locked outside
the range [-65°,155°]. Inside this range, the Cartesian point is optimally reached (i.c., it is

farthest from the workspace boundary) when q,* =n/4rd.

Figitre 2.5 presents results for the set of Cartesian points X = {(-0.3,0.3), (-0.3,0.6),
(-0.6,0.3), (-0.6,0.6)).The optimal locking angle is now ¢, = 3n / 4 rd. Figure 2.6
presents the optimal workspace that enables the manipulator to reach all four desired

Cartesian points.

One will note that the curve in Figure 2.4 is continuous, while that in Figure 2.5 is not.
This is due to the fact that, when several Cartesian points have to be reached, one cannot
expect that in general all of them will be located at the workspace boundary for sonic

position of the passive joint (and consequently yield ¢, = 0).

2.4 Manipulability

The manipulability index introduced by Yoshikawa [53] is a measure of the dexterity of a
robot manipulator, which geometrically defines how far from a kinematic singularity a
manipulator is. The manipulability index has been used for years as a tool for posture
optimization, niotion planning, and singularity avoidance of manipulators. One of the most

commonly used manipulability indices is defined as:
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Figure 2.4: Relative reachability loss of the 3-link planar manipulator evaluated for the
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Figure 2.6: Optimal workspace for the set of Cartesian points
X ={(-0.3,0.3), (-0.3, 0.6), (-0.6, 0.3), (-0.6, 0.6) }.

wia) = detlJ(aVJ(a) (2.11)

where J(q) is the position-dependent manipulator’s Jacobian, which transforms velocities

in Cartesian space to joint velocities according to the well-known linear equation

v = J(g)q.

Let j, represent the i-th column of J. When the manipulator is equipped with a set of
locked passive joints, located atjoints I, ={p,, ..., p, }, its new Jacobian is obtained by
.

deleting from J all columns corresponding to the set of passive joints /,,:

le = [J] oee jP|—l jl71+1 voe jp" _1 J e 1 s (212)

The manipulability of the resulting underactuated manipulator is computed as:
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wy (@) = Jdetl]; (@)7,,(a)] (2.13)

The relative manipulability 10ss is defined as the complement in [0, 1] of the relative

manipulability index [41]:

. w; (q)

Wy () = l_wIET (2.14)
The relative manipulability loss indicates, on aOto 1scale, how much closer to a singularity
a manipulator at configuration q becomes when some of its joints are passive. If the
manipulability index is zero, we can consider instead the constrained manipulability index
[41], which is equal to the product of the non-zero singular values of J. In this case the
relative manipulability loss will indicate how much further the dexterity of the manipulator

decreases when passive joints are present.

To compute the joint angles g, which minimize v, , and therefore minimize the
P

manipulability loss, we propose to minimize the optimization function:

Wy (q)

2.1
w(q) (2.15)

Jy (@) = 1-
Iz

Usually the Jacobian, and therefore the manipulability, depends on the values of all joint
angles. Consequently, minimization of J,, with respect to g, only is an ill-defined problem.
When this is the case we choose to minimize the averaged optimization index as given by
Equation (2.3).

Example 2.3 Consider again the 3-link manipulator in Figure 2.1. Its Jacobian is equal

to:

—1s,~1,8,,—1,5 — 1 5,5 = Ilss -I.5
J = 151 = 6812 = 1353 2512 135123 35123 (2.16)
Licy+ ¢+ 13¢5 Loy +15¢ 03 I3¢193
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and its manipulability index is given by:

2 2 2
w = Nf(lylys3)" + (Lhlysy + [113553)" + ({1559 + 11135,3) (2.17)

Assume that one of the joints is passive; according to the location of this passive joint,

the Jacobian reduces to:

.y ~1 -~/
J, = 25127135123 35123 (2.18)
Ly + 15613 l3¢123

J, = —lys =S58y [y (2.19)
Ly + e+ 1505 l3¢123

—lys, =135, ~ 135 ~ 158, =158
R R B B RO PRk RO b 2512 7 135123
Jy = (2.20)
heytlep+izeny Lo +iey

Accordingly, the manipulability indices are given by:

W, = |1213s3+lll3sz3| (2.22)
wy = [L1ysy + 1, 13| (2.23)

It is interesting to note the geometric significance of the manipulability index of
underactuated manipulators. For example, w, is numerically equal to twice the area formed
by links 2 and 3 (see Figure 2.7). When these links are aligned, the area is zero, and so is
the manipulability. Because this triangle’s area is not a f\unction of ¢,, ifjoint I is passive
it can be locked arbitrarily within its allowable range for the sake of minimization of the

relative manipulability loss. As for i, it is equal to twice the sum of the area of the triangle
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formed by links 2 and 3 and that of an imaginary triangle formed by links I and 3, if link 3

were located at the end of link 1. An analogous interpretation is valid for 5.

area = w,/2

area = wo/2

Figure 2.7: Geometric interpretation of the manipulability of underactuated manipulators.

The manipulability when joint 2 is passive is a function of both ¢, and ¢5. To find the

minimum of J,, (¢,) we use Equation (2.3):

- .
« _ J J . (42, q3)dq5
g, = argmin(J,. (g,)] = arg min| —=— (2.24)

[

Figure 2.8 presents the value of J,, (¢,) as a function of ¢,, as well as the value of J,. (¢5)
as a function of ¢5. Clearly, the relative manipulability loss is minimized when joint 2 is
locked at ¢, = 0. An analogous result is obtained when one computes the ¢; that
minimizes Ty namely, q: = 0. These results indicate that, for the sake of maximizing
the manipulability of a 3-link planar manipulator with one passive joint located at either

joints 2 or 3, one must lock the passive joint at its maximum extended position.

Although we presented only examples of underactuated manipulators with one passive
joint, the method proposed accommodates the presence of several passive joints. When
optimizing the workspace or the reachability of iinderactuated manipulators, one has to
search for the global minimum of the optimization functions through the 1,-dimensional

space consisting of all passive joints’ positions. When optimizing the manipulability, one
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Figure 2.8: Average relative manipulability loss of a 3-link planar manipulator

when joint 2 orjoint 3 are passive.

first has to delete from the Jacobian matrix all columns corresponding to all passive joints,
and then proceed to search for the global minimum on an n,-dimensional space. Of course,
as more passive joints are added to the manipulator, analytical and exhaustive search
solutions become more and more difficult to obtain because of the larger dimension of the
search space. If that is the case, one may resort to numerical optimization techniques to

compute the optimal locking angle of the passive joints.






Chapter 3

Dynamic Modeling of
Underactuated Manipulators

In the previous chapter, we studied the dexterity properties of underactuated
manipulators. In this chapter, we will model their dynamic characteristics. Based on
the dynamic models, we define a coupling index to measure the dynamic coupling
between the active and the passive joints. The coupling index characterizes an
important property of underactuated manipulators, and will be used for analysis and
design of underactuated manipulators, as well as controllability analysis and

control.

3.1 Joint space modeling

Underactuated manipulators differ from fully actuated ones in that the former are
equipped with a number of actuators that is always smaller than the number of
degrees-of-freedom (DOFs). Therefore, not all DOFs can be actively controlled
concurrently. For example, with a 3-link planar manipulator equipped with two
actuators, one can control concurrently two of the manipulator’s joints, but not all
of them. To control all joints of an underactuated manipulator, one must exchange
the joints being controlled. This principle was first proved by Arai and Tachi [1]
using linearized dynamics arguments, and is the basis for the joint and Cartesian
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spaces modeling that we will present in the sequel. Because at most n, generalized
coordinates (e.g., joint angles or Cartesian variables) can be controlled at any given instant,
the vector of generalized coordinates is divided into two subsets, respectively representing
the active generalized coordinates (i.e., the ones being controlled at any given instant) and
the passive generalized coordinates (i.e., the remaining ones). A second-order differential
equation relates the accelerations of the active and the passive generalized coordinates, and

will be made explicit as we develop the dynamic models.

Consider an n-link, open chain, serial, underactuated robot manipulator with rigid links.
Let ¢ represent its joint vector and T represent its torque vector. The dynamic equations of

tlie manipulator are found in closed-form via the classical Lagrangian approach as [7]:
T = M(q)§+C(q,4)g+G(q)+F(q,q) (3.1)

In Equation (3.1), M is the n x n symmetric, positive-definite inertia matrix, C is the
n xn matrix of Coriolis and centrifugal terms, G is the n x 1 vector of gravitational
torques, and F is the nx 1 vector of frictional torques. The inertia matrix and the
gravitational torques are functions only of the manipulator's joint positions, while the
matrix of Coriolis and centrifugal terms and the frictional torques are functions of the joint
positions and velocities. For convenience, we combine tlie vectors in the right-hand side of

(3.1), except for M¢, in the vector of noninertial torques b:
T = M(q)§+0b(q, q) (3.2)

To distinguish among the motions and torques of the active and passive joints, we

partition Equation (3.2) as:

Ta = Maa Map ('ja + ba (3 3)

1:[7 Mp(l M]?[I q[} bp
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where the subscripts a and p denote quantities related to the active and passive joints,

respectively.

The sole difference between this manipulator and a structurally identical, fully actuated
one is that the elements of t,, corresponding to the passive joints' torques, cannot be
directly controlled. In fact, these elements can assume only the values O or 1, ;, where 1, ; is
the i-th passive joint's nominal brake torque, assumed to be exactly the torque necessary to
keep passive joint i locked despite the motion of all other joints. To further distinguish
among the passive joints that are locked or unlocked at a certain instant, we partition

Equation (3.3) as:

T Maa Mau Mal éja ba
1 = Mua Muu Mul éju + bu (34)
T M, My, Myl 4, 1[5

where 1, = 0 because no torque is applied at the unlocked passive joints, and ¢, = O
because the locked passive joints do not move when their brakes are engaged. In practice,
the torque at the locked joints T, counteracts the inertial and noninertial torques on the right-
hand side of the third line of the dynamic equation (3.4). Therefore, that line can be

eliminated from the equation, and we will not carry it over in subsequent paragraphs.

For reasons that will become obvious in Chapter 4. the dimension of the vector of
unlocked passive joints is limited to the number of actuators, i.e., [¢,] = n,<n,. Briefly,
the reason is that one can control at most only n,, joints at a time; therefore, no more than

n, passive joints should be unlocked for control purposes at any given instant.

An important equation to be considered is the second line of (3.4):

M +M,4,+b,=0 (3.5)

uaqa

This second-order differential equation represents the constraints imposed on the system by

the unlocked passive joints. It is a second-order nonholonomic constraint which, in general,
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cannot be integrated to yield a relationship between the velocities or positions of the active

and passive joints [34].

Recall that, at most, n, joints can be controlled at any given instant. These joints can be
either the active ones, a subset of n, passive ones (when n, 2 n,,), or acombination of some
active and some passive joints. For control purposes, it is helpful to rewrite the dynamic
equation (3.4) in a form where one can easily distinguish which joints are being controlled

from the remaining ones.

We will refer to the joints being controlled at a given instant as the controlled joints and
group them in the n, x 1 vector ¢.. The positions of the joints in ¢ . are controlled at the
expense of not controlling directly the positions of all other joints. We group the remaining
joints in the vector g, . We do not include the locked passive joints ¢, in the vector ¢,
because these do not contribute to the motion of the system. Therefore, the dimension of g,
is, at most, equal to n,. The dynamic equation of the underactuated manipulator can be

rewritten in terms of ¢, and ¢, as:

T([ = M{l(' M(ll' éj(‘ + b(l (3_6)
M, M, |lq| |b

uc unr u

and the nonholonomic constraints (3.5) as:

M, G, +M,i.+b, =0 (3.7)

ur

3.2 Properties of the dynamic equations

The dynamic equations of an underactuated manipulator possess important properties

which are summarized in this section. N

Property 1: The inertia matrix M is symmetric and positive-definite.



3. DYNAMIC MODELING OF UNDERACTUATED MANIPULATORS 32

Proof: The inertia matrix, M, is obtained from that of a fully actuated manipulator, A, by
the rearrangement of its rows and columns. Initially, suppose that only one row/column
exchange is performed, and that these are row/column i and j. Mathematically, this

corresponds to:
i J (3.8)

where T, j is the following n x n elementary matrix (the elements not shown are zero):

0 1 -— oW i
Ti.j = ! (3:9)

1 0 -€— [0Wj

! 1

cqumni? ?columnj

The matrix T, is elementary, symmetric, and positive definite; consequently, M is
similar to M, - Now it is a well-known fact that the inertia matrix of a fully actuated
manipulator is positive definite [22]; consequently, M is also positive definite. This proves
that positive definiteness is invariant with respect to an exchange of rows and columns ; and

J. Additionally,
T 1.7
M = (T, ;M,T; ;) =M (3.10)

which shows that symmetry is also preserved when one row/column exchange is
performed. Naturally, if another exchange of, say, rows and columns & and [ is performed,
the same proofs can be used to guarantee that the resulting matrix is still positive definite
and symmetric. In conclusion, no matter how many row/column exchanges are pet-formed

in M, for obtaining M, the latter will be always positive definite and symmetric. [ |
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Property 2: The n xn matrix N(q,q) = M(q) -2C(q, q) is skew-symmetric.

Proof: The matrix C is defined as [22]:

. 1(aM(k, j) aM(k,i)_aM(i,j) ..
Ck ) = 22( G ot A O N

Each element of the derivative of the inertia matrix is given by:

M) = 3 B g (3.12)

i=1

The elements of N can be computed using (3.11) and (3.12):

N(k, j) = M(k, j)-2C(k, j) =

- {E)M(k, j)__[aM(k, j) , Mk, i) _ M, j)}}q(i) _

0q (i) dq (i) dq(j)  9q(k) (3.13)
- (aM(f, j)_ Mk, z‘))q( .
= \og(k)y 9q())
Recalling that the matrix A is symmetric, it is straightforward to deduce that:
N(k, j) = =N(j, k) (3.14)
which proofs that N is skew-symmetric. Mathematically, this is equivalent to:
»TNX = 0,VxE R” (3.15)

Property 3: The time derivative of the manipulator’s kinetic energy K does not depend
on the centrifugal and Coriolis torques:
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. T T
K = 41 [Ta - Ga] -4y Gu (316)

Proof: The kinetic energy's time derivative can be computed as:

; dil.r
= —|l=g Magl=
K dt(2q ‘1)
.7, .
= qTMc'j+§qTMq =
= qu:T—G—Cc}+-1—Mq':’ =
2 (3.17)
.T L .. .
=g [I—G+§(M—2C)qj| -
= 4"[c-Gl+3d"Ng
=§'[t~G]
The torque vector T and the joint vector g can be decomposed into three parts,

corresponding to the active, unlocked passive, and locked passive joints. The time

clerivative of the kinetic energy can then be expressed as:

K=4'[t-G] =
T(I_G(l
= [qT gl qﬂ 1,-G,| = (3.18)
T,-G

T .
9a [Ta - Ga] - ql'{Gll

where the facts g, = 0 and T, = O were used. [

Property 1 allows one to develop model-based controllers via feedback linearization, as
will be shown in Chapter 4. Property 2 clarifies the relationship between the inertial torques
and the Coriolis and centrifugal ones, stating that the latter are dependent on the elements

of the inertia matrix. Property 3 states that the fictitious forces N(q, ¢)¢ do no work, and
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that the only power inputs to the underactuated manipulator are the torques generated at the
active joints and the gravitational forces acting on the active and unlocked passive joints.

3.3 Dynamic coupling

The positions of an underactuated manipulator's passivejoints cannot be directly controlled
because these joints are not equipped with actuators. The passive joints, however, are
dynamically coupled to the active joints because of the presence of non-zero off-diagonal
elements in the inertia matrix. To be able to efficiently utilize underactuated manipulators
for manipulation operations such as object placement or inspection, one must quantify the
dynamic coupling to measure and to control the motion of the passive joints. In this section,
we present an approach to determine the acceleration of the unlocked passive joints due to

the accelerations or torques of the active ones.

3.3.1 Acceleration coupling index

Recall Equation (3.5):
Mll(l(.j(l + Muu(.j“ + b“ = O (3 19)

Because M is positive definite, so is M,,,. We can then write:

G, = -M\M__ G —M.b (3.20)

wieya9a — My, Oy
The second term on the righthand side of (3.20) is a function only of ¢ and ¢, and as such
is completely determined once measurements of these variables are available. We focus on
the acceleration relationship between the active and the passive joints, and rewrite equation
(3.20)as:

o -1 .. ..
qu = -M Mll(lq(lEGllllqll (321)

u
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where

o .. ~1

qu = qu+Muubu (3'22)
The acceleration g, can be viewed as a virtual acceleration of the unlocked passive joints,
generated by the acceleration of the active ones, and by the nonlinear torques due to

velocity effects.

Equation (3.21) is important in the understanding of how an underactuated manipulator
works. Torques can be applied only at the active joints. These torques produce the
accelerations ¢, which indirectly produce the accelerations ¢, at the unlocked passive
joints. The unlocked passive joints’ accelerations can be controlled only if tlie ., x n,
acceleration gain matrix G,, possesses a structure that allows the active joints’
accelerations to be transmitted reasonably “well” (in a sense to be defined later) to tlie
passive joints. Thus, the study of this matrix is of fundamental importance for the design

and control of underactuated manipulators.

Jain and Rodriguez [17] called the acceleration gain matrix the disturbance Jacobian.
In their work, they did not consider utilizing the disturbance Jacobian for analysis and
design of underactuated manipulators. Their intent was simply to quantify the motion of the

passive joints via (3.21) when the active ones are being controlled.

Example 3.1: Consider a 2-link underactuated manipulator as shown in Figure 3.1.
Joint 1 rotates around the Z axis, while joint 2 rotates around an axis perpendicular to the

first joint’s axis. The inertia matrix M for this nianipulator is:

2 . 2
m,l. sin +1,+1, 0
y = "N (3.23)

2
0 ’"2lc2 +1,

=0,M,, = 1;12[(2,7 '|'12 ,and

Assume that joint 1is active and joint 2 is passive; then M

ua

G,,,, = 0. This indicates that it is not possible to control 4, via its coupling with ¢, . Thus,
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this underactuated system would not be useful for practical purposes. Were joint 1 passive
and joint 2 active, the result would be the same, as M,,, would still be zero. We conclude
that this manipulator's structure decouples the accelerations of the active and passive joints,
independently of the location of the actuator and brake. This does not imply that the joints
do not have any coupling at all. In fact, the second term in the right-hand side of (3.20) is
generally non-zero, and the passive joint will be driven by those torques.

Figure 3.1: Two-link underactuated manipulator; joint 1 is active and joint 2 is passive.

Consider now the 2-link planar manipulator shown in Figure 3.2. Its inertia matrix is

given by:

myle gl + 1+ 201 eyl + 1+ 1, L

+11]C C7]+1q
M = 2 2SS (3.24)

2 2
1112[lrz+1110202]+12 mzl(,:+12

N
Figure 3.2: Two-link planar underactuated manipulator;

joint 1 is active and joint 2 is passive.
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When joint 1is active andjoint 2 is passive, we have:

2
Mua = mZ[lcz + lllcch] + 12’ Muu = le;Z + 12 (325)
mylil, ¢,
G,, = -[1 P (3.26)
’"21c2 +1,

This manipulator’s structure does not decouple the accelerations of the active and
passive joints as in the previous case (except at the configurations where the term inside the

brackets is zero). ]

To quantify the coupling between the active and the unlocked passive joints, it is natural
to think of the singular values of G,,,, which quantify the degree to which it can be inverted
[21], [51], and thus its capacity to “transmit” the accelerations from the active to the passive

joints. We define the acceleration coupling index of the underactuated manipulator as:

Pa(9) = J] oG, (3.27)

i=1

The acceleration coupling index provides a local measure of how well active joint
accelerations are transmitted to the unlocked passive joints, because the elements of G,,,
are functions of the manipulator’s current position ¢g. When the manipulator has both rotary
and prismatic joints, one should first normalize the elements of the gain matrix G,,, in order

to compute a coupling index with physically meaningful units.

The acceleration coupling index can be defined between a subset of the active and the
unlocked passive joints. In this case, one must keep only the rows of C,,, corresponding to
the active joints in a given subset of 7,, and the columns corresponding to the passive joints
in a given subset of 7,,. The new singular values must be recomputed and the coupling index

can be computed as in (3.27), with the upper limit in the product replaced by the appropriate



3. DYNAMIC MODELING OF UNDERACTUATED MANIPULATORS 39

number. For example, the acceleration coupling index between active joint «; and passive

joint p; is equal to the absolute value of G,,(iy).

The acceleration coupling index can also be defined over the entire (or part of the)

manipulator’s workspace [11]:

[poae

Py = — (3.25)
[ES
(O]

In (3.28) the squared value of p,, is utilized to facilitate the analytical computation of the
global coupling index, because the singular values of G,,, are equal to the square root of the
TG .The global acceleration coupling index provides a measure of how

ua = ua

eigenvalues of G
well the active joint accelerations are transmitted to the unlocked passive joints on the

average over the joint space region O.

The acceleration coupling index is a useful mathematical tool for the analysis and

design of underactuated manipulators, as shown in the next few examples.

Example 3.2: Consider a 3-link planar nianipulator with rotary joints, obtained by

adding one link to the 2-link manipulator in Figure 3.2. Its inertia matrix is given by:

My My My
M = \M, My, My (3.29)
M3 M3, M

where:
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X
i

M, =M, = mz([:'.

2
Mz = My, my (!,

L ) g+ Lo + L Ley + L] eyy + 2Dl c3) + 1y + I

7t I‘ICBC23 + Izlc,ca) +1,

My, = myls +my(l3+ I3 + 20, c3) + I, + I

2
My = My = my(l + Ll c3) + 13

M, = m3[f3 +1,

40

2 2 2 2 2
my 7 4 (04 0 201 cg) + my(] + G+ £+ 20 ey + 201 ey + 2l c) + 1y + 15+ 1y

(3.30)

The kinematic and dynamic parameters adopted for the manipulator’s links are given in

Table 3.1.

Table 3.1: Kinematic and dynamic parameters of a 3-link planar underactuated

manipulator.
link m; (Kg) I, (Kg m?) ; (m) l; (m)
1 1.0 0.1 0.3 0.15
2 10 0.1 0.3 0.15
3 1.0 0.1 0.3 0.15

Assume that n2, = 2, i.e., there are two actuators to be placed either onjoints | and 2, 1

and 3, or 2 and 3. Figure 3.3 shows the value of p, ,, 7 = 1,2, 3 (with the indices I. 2, and

3 used to differentiate each case) as a function of both ¢, and g5. A careful consideration

of these figures shows that, for most values of the joint angles, p , , is the greatest index of

all three. This can be verified by the values in Table 3.2. In none of the cases does p,, ,

become zero. This indicates that, for this manipulator, acceleration is always transmitted

directly from the active to the passive joints everywhere inside the manipulator’s

workspace. Additionally, the choice of joint 3 as the passive joint increases the average
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acceleration coupling index and, therefore, the acceleration transmission, important for

control purposes.

Table 3.2: Maximum, minimum, average and standard deviation values attained by the

acceleration coupling index.

1 Ia Ip maX(pa)i) min(pa,i) avg(pa,i) Std(p(l,i)
1 {1,2} {3} 2.2088 0.6860 1.4137 0.4060
2 {1,3} {2} 1.4776 0.6807 1.0581 0.2740
3 {2,3} {1} 0.7454 0.4619 0.5682 0.0712

The decision to place the two available actuators at joints 1 and 2 can be more easily
reached with the computation of the global coupling index. In the following calculations,
we considered that the joints can rotate freely around their respective axis from - to « rd.
If there are physical joint limits, these can be taken into account in the calculation of the
integrals in (3.28). For cases 1, 2, and 3 we have the results shown in Table 3.3. We
conclude that case 1 is the one which provides greater dynamic coupling between the active

and the passive joints in a global sense. n

Table 3.3: Global acceleration coupling index in Example 3.2.

i I, 1/, pf’_'i

| {1,2} {3} 2.2106
2 {1,3} {2} 1.2200
3 {2,3} {1} 0.3300

Example 3.3: The coupling index is useful for the purpose of designing the links of an

underactuated mechanism. The 2-link planar manipulator of Figure 3.2, with joint 1 active

and joint 2 passive, has the following parameters: m, = 1 Kg, I, = 0.1 Kg m?, [y =1m.
: . R . P

Suppose we want to determine 1. to maximize the global coupling index p, . The global

coupling index varies with respect to the value of 1. according to:
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Figure 3.3: Acceleration coupling index for a 3-link planar underactuated manipulator

with two actuators for the three possible locations of the actuators.

Figure 3.4 presents the global coupling index as a function of |,

Pa =

2 4
1+701, + 100/,

(3.31)

1 +2012 +1007%

. The index attains the

maximum value pf; = 2.250 when I, =03l6m. This example shows how the global

coupling index can be used for design issues other than actuator placement. |

3.3.2 Torque to acceleration coupling

In some cases, one may be interested in the relationship between passive joints

accelerations and physical variables other than active joints accelerations. For example,

energy minimization requires study of the relationship to the torques at the actuators. Since

acceleration in a complex nonlinear mechanism such as a manipulator is not necessarily

proportional to torque (and hence to energy consumption), we cannot claim that a large
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Figure 3.4: Global acceleration coupling index as a function of the location of the center

of mass of a 2-link underactuated manipulator.

acceleration coupling index as defined previously implies low energy spending. To support

this claim in subsequent chapters, we define an alternative coupling index.

Factoring ¢, in the first line of (3.4)we obtain:

- 32)

. I ..
qq = M (Ta_Mauqu_ba) (3.

53

Substituting this expression on the second line of (3.4), the following relationship between

the acceleration of the passive joints and the torques applied at the active ones is obtained:

. -1 -1
9, = = w MuaMaaTa +W (MuaMaaba - bu) (3.33)

e i

where the n, x n,, matrix W,,,, is the inverse of the Schur complement of A/, in M [19]:

4 =M, - MuaMt_u]zM )

i (31

(3.34)

(lll)
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The matrix W,

uu

is positive definite, because it is equal to the lower diagonal block of the

inverse of the inertia matrix.

We focus on the relationship between the accelerations of the passive joints and the

active joints’ torques, and rewrite equation (3.33) as:
KX -1
qu = —-WuuMuaMaaTa = Wuata (335)

where

(M, M,'b, ~b) (3.36)

qu = (‘jll_ Wuu ua' aa”a

As before, the vector g,, can be considered as a virtual acceleration of the unlocked passive
joints, generated by the active torques and the nonlinear torques due to velocity and
gravitational effects. We define the following torque t0 acceleration coupling index

(henceforth referred to as torque coupling index for simplicity’s sake):

pe = J]o:(W,0) (3.37)

Here, too, the elements of the matrix W,

ua

must be normalized if the manipulator has both

rotary and prismatic joints.

The torque coupling index can also be computed for a subset of the active and unlocked

passive joints, and over part or the entire workspace of the manipulator:

[pza@
pr = 2

3.38
o (3.38)
©
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The torque coupling index will be utilized in Chapter 4 as an optimization index for the
optimal control sequence of underactuated manipulators equipped with more passive joints

than actuators.

3.4 Cartesian space modeling

The n, generalized coordinates that can be controlled with an n,-actuator underactuated
manipulator do not need to be a subset of the joint vector. In this section, we cast the
dynamic model in Cartesian space form. The Cartesian variables (position and orientation)
are divided, as before, into two subsets, namely, the active Cartesian variables and the
passive Cartesian variables. In the next chapter, a robust controller will be proposed for the

control of the active Cartesian variables.

To obtain the dynamic model of an underactuated manipulator in Cartesian space, we
start with the joint space model and use kinematic relationships to map joint space

quantities into Cartesian space quantities. From (3.4) we can write:
M /
I:T[J — a (-1-+ 2a (339)

Since control is to be performed in Cartesian space, and the torques commanding the
manipulator are applied at the joints, a forward kinematic analysis must be performed in
order to map the motion in joint space to that in Cartesian space. This mapping can be
described by the position-dependent Jacobian matrix, that transforms velocities in joint

space, ¢ , into velocities in Cartesian space, X :
X =J(g)qg (3.40)

The Cartesian space variables are represented by the n x 1 vector X. Computing the
time derivative of (3.40), an expression for the acceleration of the joint angles is obtained

ds?
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G = Ki-KJg (3.41)
where K(q) represents the pseudo-inverse of the Jacobian matrix.

Since the underactuated manipulator has only n, actuators, it is possible to control the
positions of at most n, Cartesian variables at a time. These variables will be called the
active Cartesian variables, and represented by x,. The other n,, ones cannot be controlled,
and will be called the passive Carresian variables, represented by x,. The vector x can be
partitioned as X = [x,” x,7)7. Similarly, the matrix K can be partitioned as K = [K,, K,].

Equation (3.41) can be rewritten as:
G = K, +K,%, -KJq (3.42)

Substitution of (3.42) into (3.39) provides the relationship between Cartesian accelerations

and joint torques:

M K MK |[|X M , b
Ta| _ ata a®pl{*a _ aKjg+| 9 (3.43)
0 MK, M“Kp ¥ M b

n u u

Equation (3.43) is the basis for the derivation of the actuability index, which measures
the transmission between the active torques and the accelerations of the active Cartesian
variables [21]. The actuability index is similar in nature to the coupling index, and can be
used for the analysis and design of underactuated manipulators. We refer the reader to [21]

for further details.






Chapter 4

Control of Underactuated
Manipulators

In the previous chapter, we investigated the dynamic modeling of underactuated
manipulators. In this chapter, we utilize the dynamic model developed to propose a
robust model-based controller for underactuated manipulators. We start by
discussing the concepts of feedback linearization and controllability, and then
present a controller able to control all joints of the manipulator to an equilibrium
point while operating in joint space. When the number of passive joints is greater
than the number of active ones, a high-level optimization method is invoked to
determine the optimal control sequence of the passive joints. We then present a
controller able to control the active Cartesian variables to an equilibrium point or to

follow a time-varying trajectory while operating in Cartesian space.

4.1 Joint space control

The following is the problem we study in the first part of this chapter: Given an
underactuated manipulator with n, actuators and n, brakes, and initial and final
desired configurations denoted by g(zy) and q° respectively, drive all the joints so
that after some time T > 0, g(T) = ¢<.
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This poirzt-to-point (PTP) control problem was first posed by Arai and Tachi [1]. The
term point-to-point refers to the fact that, by controlling the positions of all joints to a
desired joint vector, one is able to position the manipulator’s end-effector at a desired point
in Cartesian space. Arai and Tachi demonstrated that, at every instant, the positions of no
more than n, joints of an underactuated manipulator can be controlled concurrently. Their

solution to the control problem above is valid for the case n = n ,and consists of driving

the joints of the manipulator in two distinct phases (see Figure 4.5). First, the passive joints
are driven to their set-points via their dynamic coupling with the active ones. Each passive
joint is locked as it reaches its set-point. After all passive joints reach the desired positions
and are locked, the second phase takes place, namely, control of the active joints to their
set-points. Because the passive joints are locked during the second phase, the manipulator
is as easily controlled as if it were fully actuated. Arai and Tachi addressed the
controllability of the passive joints when driven by the active ones, and were able to obtain

a condition sufficient for controllability around equilibrium points.

control active joints

Figure 4.1: Flow diagram of the method proposed in [13to control all joints of an

underactuated manipulator with more active than passive joints.

Other researchers followed up on Arai’s work and proposed similar control methods
[30], [36]. These works, including Arai’s, have the following limitations: (i) controllability
of the passive joints over the entire state space is not addressed; (ii) the outer-loop controller
utilized is a PID controller, which has been experimentally verified, on the underactuated
manipulator described in Section 4.8, not to be robust against modeling errors or external
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disturbances; and (iii) the control methods do not handle manipulators with more passive

joints than actuators.

The purpose of this chapter is to present our proposed solutions to the limitations
described above. We begin with a description of the dynamic equations of the
underactuated manipulator in terms of the joints that are being controlled at a given instant

and their open-loop relationship to the torques applied at the actuators.

4.2 Feedback linearization

In Chapter 3, we presented the dynamic equation of the underactuated manipulator written

in terms of the controlled joints g, and the remaining joints ¢, as:

Tal = Mo Mar| |4 + by (4.1)
M, . M,|l4d,| b

uc ur

There are three possible ways of forming the n  x 1 vector g, each one leading to a
different control strategy for the underactuated manipulator. First, g. may contain only
active joints. When this is the case, we choose to keep all other joints (i.e., the passive
joints) locked in place. This choice allows us to control the active joints as if the
manipulator were fully actuated. Second, ¢. may contain only passive joints (which is only
possible when the number of passive joints is at least equal to 2,,). In this case, we choose
to keep all other passive joints, if any, locked while ¢, is controlled. This choice guarantees
that the passive joints not being controlled do not move and do not introduce dynamic
disturbances on the joints being controlled. Third, the vector ¢. may contain both active and
passive joints. In this case, too, we choose to keep all other passive joints, if any, locked, to
guarantee that they do not move.
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We will refer to the first case as control strategy A, because only active joints are being
controlled. In this case, 4, = 4, ,the dimension of g, is zero, and the dynamic equation
(4.1) reduces to:

T, = Maaqa + ba (4.2)
We will refer to the motion of the underactuated manipulator in joint space when control

strategy A is executed as an A motion. During an A motion, the nonholonomic constraints

3.5) disappear because the dimension of q,, is zero.

We will refer to the second case as control strategy P, because only passive joints are
being controlled. In this case, 4, = 4,4, =4, and the dynamic equation (4.1)can be

written as:

al = att aa i + a (43)

0 MHH Mll(l fja bll

When control strategy P is utilized, we say that the manipulator performs a 7 motion.
During a P motion the nonholonomic constraints (3.5) dictate the behavior of the motion

of the active joints.

Factoring out ¢, in the second line of (4.3) and substituting the result back on its first

line, we obtain the open-loop relationship between 4, and 1;:

-1 .. -1
Ta = (Mau—MaaMuaMuu)qu_MaaM b, +b (4.4)

a ua u a

an issue that we will

Ha

Equation (4.4)yequires the inversion of the n, xn_, matrix M,

discuss in a subsequent section.

Finally, we will refer to the third case as an AP control strategy, because both active and

passive joints are being controlled. The vector ¢, will contain all elements from ¢, and
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some elements from ¢, while g, will contain the remaining elements from g, not in ¢,.. An

open-loop relationship similar to (4.4) can be obtained in this case as:

-1 3 -1
T = (Mac - MarMurMuc)qc - MarMurbu * ba (4.5)
Motions resulting from the execution of the AP control strategy will be referred to as AP
motions. During AP motions, the nonholonomic constraints (3.5) take on the form (3.7).

With this categorization of the possible control strategies for underactuated
manipulators, the sequential control method of Figure 4.1 can be described as follows: first,
aP or AP motion is executed so that all passive joints (and perhaps some active joints, when
n, > np) are controlled to their desired set-points. Then an A motion is executed to bring
the remaining active joints to their desired position. In other words, underactuated
manipulators with more active than passive joints can be controlled to an equilibrium point
in two phases, P-A or AP-A, provided, of course, that the passive joints are controllable via
their dynamic coupling with the active ones. (This issue will be investigated in the next

section.)

All three control strategies above lead to open-loop relationships between g, and 1, of
the form:

T, =M, §.+b, (4.6)

Table 4.1 summarizes the expressions of Mac and Ea for the three control strategies.

The resemblance of dynamic equation (4.6) with that of a fully actuated manipulator
led Arai and Tachi [1] to choose a feedback linearization controller to control the joints in
¢, Feedback linearization controllers have been extensively used in the control of robot
manipulators [22]. The method consists of defining an auxiliary input «, with

T =M, u+b, (4.7)

a
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Table 4.1: Relationship between the acceleration of the controlled joints and the active
torques for all possible control strategies.

Control stmtegy M, b,
A M a ba
-1 -1
P Mau - MaaMuaMuu - MaaMuabu + ba
-1 -1
AP Mac—MarMurMuc _MarMurbu"Lba

such that, when A_/iac is invertible,
g, = u @.8)

The effect of the feedback linearization controller (4.7) is to decouple and linearize the
nonlinear system (4.6). In the absence of modeling errors and external disturbances,

substitution of « in (4.7) by a PID-like controller of the form
L d d td
u =G, +Ky(d, -9+ K (4.~ q )+ K[ (q.—q)di (4.9)
0

guarantees that ¢, will follow a desired trajectory qi{(t). A block diagram of the feedback

linearization technique is presented in Figure 4.2.

In practice, however, modeling errors and external disturbances are common. We
present in the sequence a robust controller to force the controlled joints to follow q‘ci(t)
despite the presence of modeling errors or disturbances. (Another possible approach to
cope with parameter uncertainties would be via the use of adaptive control techniques, as
done by Gu and Xu [12].) Before presenting the proposed controller, we study the
controllability of the nonlinear system (4.6) and obtain a sufficient condition under which

g, is controllable.
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linearized dynamic system

r-"- """ -""-—-"""--"""—"""-""—=""-=""=—-= -/ -/ — |
— | |
g NEAR !ul \l FEEDBACK © 1 |\ ANIPULATOR '
oo |  LINEA — ' LINEARIZATION —p] L
K_l— | ] -. |
| |
‘ L — — ¥

Figure 4.2: Block diagram of the feedback linearization controller plus linear controller

proposed by Arai and Tachi [1].

4.3 Controllability

In this section we study the controllability of the joints in the vector g,.. By controllability
we understand the possibility to transfer the joints in ¢, from any initial position to any final

position in finite time through the application of forces at the active joints.

Our controllability study will be divided into three parts, corresponding to the three
control strategies, A, P, and AP, that we defined earlier. We assume that the dynamic model
of the underactuated manipulator is known precisely, and that no external disturbances act
on the system. Appendix A presents the differential geometry definitions and results that

we will utilize in this section.

When control strategy A is utilized, the manipulator behaves as a fully actuated one, for
which controllability has been shown in the past [22]. It rests then to consider control
strategies P and AP. We start with control strategy P, and our objective is to find a condition
that guarantees that ¢, is controllable via application 01: torques at the active joints. The
dynamic relationship between g, and T, can be found by factoring out q, in the first line
of (4.3)and substituting the result into its second line:
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4, = WuaTa - W,ila - W, .0, (4.10)
where
-1 -1
Wi = ¢ wu~MyaMaq aw) (4.11)
and
Wia = _WuuMuaM;(]I (4.12)

Because the manipulator’s inertia matrix is positive definite, the matrix M, is positive

definite. The matrix W, too is positive definite, because it is equal to the lower diagonal

block of the inverse of the inertia matrix. Consequently ([19], pp. 55):

rank(W“a) = rank(M ) (4.13)

ua

To study the controllability of (4.10) we rewrite it in state-space form. Let Xy =4q,,
x, = ¢, and the state x be given by

x= | = (4.14)

Equation (4.10)can be rewritten as:
¥ = fx) tegt, (4.15)

where:
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) )
f(x) = _ (4.16)
—W b b a“(xl, X2, qa, qa)

-W
ua a wuu

IlaXIla

g(x) = (4.17)
Wua(xl’ qa)
The control vector fields g; correspond to the columns of the matrix g:
Ona X 1 .
8; = , =1, S (4.18)
(W,
ua’y

where (W ). represents the i-th column of W .- Each g; is a function of x; but not of x»,
]

and the Lie bracket of any two g; is equal to the null vector:
(g, gJ;] =0,1<1,j<na (4.19)

Theorem 4.1: The nonlinear system (4.15) has vector relative degree at the state x

i M is a full rank matrix at x.

ta

Proof: Since we are interested in controlling the joints grouped in ¢,, we naturally choose

the output function
y = h(x) = x (4.20)
Compute the following derivatives of the output function:

0 axl
h = — 0 I<jsn, (4.21)

0
L.h=h= = =
frEREEe Ly = grep =00 s
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Llh—a—hf—x L Llh—?iz- = (W ) 1<j<n (4.22)
oo T 8 f° - axgj— ua’ =J= a '

From Definition A.7 in Appendix A, it follows that the system (4.15) has a vector relative
degree r = {2, ..., 2). [ ]

Theorem 4.2: The nonlinear system (4.15) is controllable around the state x if M,

is a full rank matrix at x.

Proof: Assume that rank(M ) = n, at some state x. From Theorem 4.1, we know that
the system has a vector relative degree at x, and from (4.13), it follows that
rank(W ) =n, atx Consequently, from (4.17) the matrix g(x) has rank 1, at x. Compute

0 0
Ay = span{g;} = span v oyl v ) (4.23)
ua’y

ua’

Because W, is full rank, it follows that A, is regular at x; furthermore, (4.19) implies that

A, is involutive. Compute now

Al = span{gj, [8i,gj], [f,gj], 1.<_i,jSIl(.} =

0 0 -(W

) ~( Wua),,a (4.24)
( ua)l T (Wua),,a A )

span

where we used (4.19) to eliminate the ternis [g,, gi] and

) IW,o),  da,

A = Xy —

{ dx, 2 8x7(‘v”“)i (4.25)
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Once again, the full rank of W,,, implies that A, is regular at x, and, more importantly, that
the dimension of A, is equal to 21,. Consequently, the conditions of Theorem A.1 in
Appendix A are fulfilled and the nonlinear system (4.15) can be linearized via an
appropriate change of coordinates and feedback control law.

To find the equivalent linear version of (4.15), we choose the (trivial) change of

coordinates z = x and the feedback

o= -W o 4 W (4.26)

a ua u ua

The resulting linear system is Z = Az T Bu with

A= Onaxnu In“Xn“ (4.27)
0

, ”a X Ila n, X ”q

and
B = (4.28)

which is controllable at x, since the rank of its controllability matrix is 212, Consequently,

the nonlinear system (4.15) is also controllable at x. ]

We now turn our attention to the controllability of g. under control strategy AP. The
dynamic relationship between g, and T, can be found by factoring out 4. in the first line
of (4.1)and substituting the result into the second line:

. =W W b -W b (4.99)

T —
ur a ur a uc u

where
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#

Wie = (M= MuerrMac) (4.30)
and
W = =W, My, (@31
We may now state the following theorem:
Theorem 4.3: The nonlinear system (4.29) is controllable around the state x if M,,,

is a full rank matrix at x.

Proof: The proof is identical to the one presented for control strategy P and will be omitted
for brevity. [ |

Arai and Tachi [1] demonstrated that the nonlinear system (4.15) is locally controllable
around equilibrium points whenever M, is a full rank matrix. It is important to note that
our result extends theirs, for we showed that this is also a sufficient condition for local
controllability around any point in the entire state space of the controlled joints' positions
and velocities. This result is important. for example. in showing that these joints can be

controlled not only to equilibrium positions but also to follow arbitrary trajectories.

4.4 Controllability and dynamic coupling

The controllability condition studied above allows one to determine whether a particular
configuration of the manipulator will render the controlled joints uncontrollable. It does not
provide, however, a measure of controllability at every configuration of the manipulator, a
feature which is useful for control and planning purposes. In this section, we demonstrate

that the controlled joints are controllable whenever the torque coupling index is non-zero.
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We start with control strategy P, and recall the torque coupling index definition (3.37),
with the upper limit of the summation replaced by 1, to reflect the fact that 2, passive joints

are being controlled:

pe(q) = [ o;(W,) (4.32)

i=1
The definition of the coupling index implies:

rank(W ) = n, & pT;tO (4.33)

ia
Because rank( W, ,) = rank(M ), wecan also write:

) =n = pt¢0 (4.34)

a

rank(M

ua

Combining (4.34) and the result of Theorem 4.2 we obtain:

p,#0 = system (4.15)is controllable (4.35)

A similar result can be obtained for control strategy AP. Equation (4.35) allows one to
utilize the torque coupling index as a measure of the controllability of the controlled joints

at any configuration of the manipulator.

4.5 Robust joint control

In this section, we present a feedback control law that guarantees asymptotic convergence
of the controlled joints to their set-points. The control law consists.of an inner loop
feedback linearization controller as proposed in [1], and-an outer loop robust controller, as

shown in Figure 4.3.
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Figure 4.3: Block diagram of the feedback linearization controller plus robust controller.

The controller chosen for this work is the variable structure controller (VSC) [14]. The
VSC has been successfully utilized for more than two decades for the control of nonlinear
systems. Its most valuable characteristic is its robustness to model uncertainty and to
external disturbances. The VSC achieves such robustness by forcing the system’s state
trajectory to follow a pre-defined sliding surface in the state space. The resulting state
trajectory is known as the sliding mode. The state trajectory from the initial state to the
sliding surface is known as the reaching phase (see Figure 4.4). Because the description of
the sliding surface is independent of the system’skinematic and dynamic parameters, errors
in these gquantities do not affect the behavior of the system while in the sliding mode. It is
the controller designer’s responsibility to guarantee that the sliding mode begins after a
finite time since the beginning of the state*s motion. Let s(x) = O describe the sliding
surface as a function of the system’s state x. Then the sliding surface is guaranteed to be
reached in finite time if [14]

5:8,<0 (4.36)

for all elements of s.

Recall Equation (4.7), which defines the feedback linearization controller:



4_ CONTROL OF UNDERACTUATED MANIPULATORS 61

A"
initial state
>
sliding reaching phase
mode
s(x)=0

Figure 4.4: Graphical representation of the reaching phase and the sliding mode for a

dynamic system whose state-space is 2-dimensional.

T, = Myu +ba (4.37)

The matrix Mac depends on which control strategy is being used, as shown in Table 4.1. In
Table 4.2, we summarize the conditions under which A_/IaC is invertible for each of the

control strategies A, P, and AP.

.. . ——1 . ..
Table 4.2: Condition for existence of M , . according to the control strategy utilized.

= 1
Control strategy M, Existence of M ;. guaranteed when
A M, always
P M -M M_IM M,,, is invertible
atl aa ua i
AP M -M M—lM M, is invertible
ac ar ur uc

We assume that sufficient dynamic coupling exists between the active and the

controlled joints everywhere inside the manipulator's workspace, regardless of the control



4. CONTROL OF UNDERACTUATED MANIPULATORS 62

strategy utilized. Consequently, controllability is guaranteed by the result of Section 4.4

-1

and Mac 1s invertible. The auxiliary input « is chosen as:

~ d
u=T_qc +ch +P sgn(s,) (4.38)

where q‘f is the desired acceleration of the controlled joints, and I'; and P are n, xn,

diagonal gain matrices with positive elements.

Define the following sliding surface:
s.=T.g,+4qc (4.39)

Using (4.8)and (4.38)one can verify that:

§ . =
c,i’c, i

S

| <0 (4.40)

..|s :
ci il i

where Se. i is the i-th element of s, and Pc,‘, i is the i-th diagonal element of P,.. Condition
(4.40)guarantees that the state trajectory reaches the surface S, = 0 in a finite time. Once
the sliding surface is reached, the dynamic behavior of (g, q.) is dictated by
S, = I“Cc}c +4. = 0, independently of modeling errors or dynamic disturbances. Because
this represents a first-order linear system, an appropriate choice of I' . guarantees

exponential convergence of (Z]C, q¢.) 10 (0,0) or, equivalently, of q, 0 the desired qzi :

The use of the sign function in (4.38) introduces chattering in the state trajectory. To
eliminate this chattering and avoid the excitation of unmodelled high-frequency dynamic

components, we utilize instead the saturation function defined as

sat(x) :{ sgn(x), x>& (4.41)
X/ €, x<Ee
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where E is the width of the so-called boundary /ayer. The value of e must be chosen by the

controller designer as a compromise between steady state accuracy and the amount of
chattering acceptable.

The VSC guarantees convergence of all controlled joints in g, to their set-points.
(Because the sliding surface considered also takes into account the error in the controlled
joints' velocities, the VSC controller allows ¢, to also follow a time-varying trajectory). By
exchanging the elements of g, or by switching between control strategies, we can control

other joints as well, as long as the rank condition of Theorem 4.2 (or 4.3) is always met.

Example 4.1: Consider the 2-link underactuated manipulator shown in Figure 3.2,

with joint I active and joint 2 passive. For its kinematic and dynamic parameters, we adopt
the values shown in Table 4.3.

Table 4.3: Kinematic and dynamic parameters of a 2-link underactuated manipulator.

link m; (Kg) I (Kg m?) [; (m) lei(m)
1 0.994 0.0270 0.262 0.108
2 0.932 0.0322 0.464 0.237

The objective in this example is to drive the manipulator from ¢(zy) = [0", 0] to g? =
[90°, 90°]. According to the theory presented in this and the preceding sections. this
objective is attainable by executing control strategy P followed by strategy A. Table 4.4
presents the VSC controller parameters adopted during each control strategy.

Control strategy rs™h P E(rds™h

P 10 20 0.2
A 10 20 0.2
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the joint angles history, the torque applied at the joints, the configuration space trajectory
(i.e., the trajectory in the plane g x ¢, ), and the phase plane trajectory. The X' marks on
the last two graphs indicate the initial and final positions of the manipulator. The phase
plane plot is, perhaps, the most interesting of all, for it clearly shows the reaching phase and
the sliding mode of both joint angles, as in Figure 4.4Thejoint angles graph clearly shows
that joint 1 drives joint 2 to its set-point, which is reached at ¢+ = 1.43s. At that instant,
joint 2 is locked, and joint 1 converges quickly to its own set-point, which is reached at
t = 3.22 s.The steady-state error is equal to [0.0013°, 0.0200°].

To verify the robustness of the VSC with respect to parameter uncertainty, we adopted
two sets of kinematic and dynamic parameters, one for the controller and one to represent
the manipulator. The manipulator parameters were kept at their nominal values, given in
Table 4.3 The controller parameters were chosen as a multiple 6 of the nominal ones. The
new joint angles history and phase plane trajectory are shown in Figure 4.6 poth for 6 =2
and 6 = 0.5. One can clearly see that, despite the large parameter uncertainty, the
performances are very similar to those presented in Figure 4.5. Table 4.5summarizes the
results of these three simulated motions, showing that the time instants when both joints
reach their set-points and the final steady-state error are not adversely affected by parameter

uncertainty.

Table 45: Comparison of the performance of the VSC under different parameter

uncertainty conditions.

Time to reach set-point (s) Steady-state error (°)
Joint
6=1 =2 6=0.5 6=1 6=2 6=0.5
1 3.22 3.14 3.10 0.0013 0.0015 0.0005
2 1.43 1.32 1.59 0.0200 0.0151 0.0200

Assume now that the manipulator is placed vertically, under the influence of the
gravitational acceleration of 9.8 m/s2. Figure 4.7 presents the simulated motion of the
manipulator starting from two different initial conditions, namely, from the stable

equilibrium point ¢(ry) = [-90°, 0°), and from the unstable one, ¢(1p) = [90°, 0°]. The set-
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Figure 4.5: Simulated control of a 2-link underactuated manipulator.
Top: joint angles history; middle: torque history; bottom left: configuration space

trajectory; bottom right: phase plane trajectory.
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Figure 4.6: Simulated control of a 2-link underactuated manipulator with parameter

uncertainty. Top: joint angles and phase plane trajectory for 6 =2;

bottom: joint angles and phase plane trajectory for 6 =0.5.

point in both cases is g¢ =[90°, 90°]. Table 4.6 presents the new control gains adopted, and

Table 4.7 summarizes the results obtained. One can see that, even under the influence of

gravity, the VSC is able to control the underactuated manipulator to a desired configuration.

Example 4.2:

Consider now a 3-link planar underactuated manipulator with rotary

joints, operating on a horizontal plane, with 7, = {1,3}, I,=1{2} and parameters as in Table

4.8.
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Figure 4.7: Simulated control of a 2-link underactuated manipulator on a vertical plane.

Top: joint angles for g(7y) = [-90°, 0°];

bottom: joint angles for ¢(zy) =[90°, 0°].

Control strategy r s P (sh E(rds™h
P 10 20 0.2
A 30 60 0.2
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Table 4.7: Performance of the VSC under influence of gravitational acceleration.

Initial configuration (°)

Joint

Time to reach set-point (s)

Steady-state error (°)

AV VR AV]

| 1.43 0.0200
361 0.0736

90
143 0.0200

Table 45: Kinematic and dynamic parameters of a 3-link underactuated manipulator.

link m; (Kg) I, (Kgm?) I (m) lei (m)
1 0.994 0.0270 0.262 0.108
2 0.564 0.0167 0.208 0.150
3 0.368 0.0155 0.256 0.161

strategy A. During the execution of control strategy AP, we chose to control joints 1 and 2.

Table 4.9 presents the VSC controller parameters adopted during each control strategy.

Figure 4.8 presents the joint angles history, again obtained with the simulation

environment, for 6 =1 and 6 =2. One can see that during the execution of control strategy

AP, joints 1and 2 converge to the their set-points driven by joints 1 and 3. When the passive

joint (joint 2) reaches its set-point, it is locked and control strategy A starts. Table 4.10

summarizes the results, again showing that the VSC is able to maintain the manipulator's

performance despite large parameter uncertainty.

4.6 Optimal control sequence of the passive joints

When the underactuated manipulator has more passive joints than actuators, not all passive

joints' positions can be controlled concurrently to a desired value. It is possible, however,

to control a subset of (at most) nz,, passive joints at a time, while keeping the other ones

locked. After the first subset is controlled, so can be a second, third, etc., until all passive
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Figure 4.8: Simulated control of a 3-link underactuated manipulator.

Top: joint angles for § = 1; bottom: joint angles for & = 2.
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Table 4.10: Comparison of the performance of the VSC under different parameter
uncertainty conditions.

Time to reach set-point (s) Steady-state error (°)
Joint
6=1 6=2 6=1 6=2
1 2.09 2.44 0.0001 0.0000
2 1.63 1.53 -0.0199 -0.0408
3 5.36 5.54 0.0553 0.0575

joints reach their set-points. If one then proceeds to control the active joints, then it is
possible to drive all of the manipulator's joints to a desired equilibrium point. In terms of
the control strategies we defined previously, this control sequence amounts to executing a

series a P motions, followed by one (or none) AP motion, followed by a final A motion.

The niethodology just described is not fully specified until one decides which passive
joints to control first, second, etc. Because it is possible to group the passive joints in many
ways, a high-level controller must be devised to assign the order in which the passive joints
will be controlled. This is done off-line before control is executed. We present in this
section a method to optimally group the passive joints with the objective of maximizing the

dynamic coupling between the active and passive joints.

We denote by p the number of groups of passive joints formed by grouping the m,
passive joints in groups of 1 joints each (note that the last group may contain fewer than
n,, passive joints). The flow diagram of the proposed control method is shown in Figure
4.9.From it one can see that, in p+1 control phases, the manipulator reaches its final desired

configuration.

Consider first the case n, =1, n, =n- 1. To facilitate the comprehension of the
following paragraphs, consider Figure 4.10, where a 4-link planar manipulator with one
actuator is to be controlled from g(1y) =[0°, 0°, 0°, 0°] to ¢ =[90°, 90°, 90°, 90°]. Starting
from the top, that figure shows all possible ways of attaining the desired objective. For
example, if one follows the left-most path, then the joints are controlled in this order: {4, 3,
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High-level divide passive joints
inp groups of n, joints each
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lock passive joints
ingroups k # i
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control passive joints
VSC controller in group /
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lyes
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Figure 4.9: Flow diagram of the proposed method to control 2 joints of an underactuate

manipulator with more passive than active joints.

2, 1}. Note that control from ¢(z,) to q" requires f= 4 phases, three of them for the control
of the passive joints. Note also that there is a total of nine different configurations of the
manipulator, and six possible ways of reaching ¢¢ from g(tp). More generally, the case
n, = 1 requires n control phases, for a total of 2’1” + 1 different configurations, and np'.

possible ways of reaching qd from g(1y). A
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Figure 4.10: An underactuated manipulator with four links and one actuator can be

controlled from an initial to a final configuration in six different ways.

72
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We formulate the problem of selecting the optimal locking strategy among the np'.
possible ones as an optimization problem. Consider the state transition diagram in Figure
4.11, where each state corresponds to the configurations in Figure 4.10. If we assign to all
possible transitions a cost directly related to a critical optimization index, subsequent
searching of the tree for the minimum cost path between the top-most and the bottom-most
states will yield the locking strategy that is globally optimal with respect to the optimization
index chosen. A very important index to be minimized, and the one we adopt in this work,

is energy consumption, critical, for example, in space manipulation.

o
ogolc
AKX

&

Figure 4.11: State transition diagram corresponding to the configurations in Figure 4.10.

We propose to use the sum of the reciprocal of the torque coupling indices at the
configurations before and after the transition as the transition cost. To see why this is
reasonable, recall the torque history of Figure 4.5 for r < 1.4s. Note that the active joint
“kicks” the passive one toward the desired position, and then “kicks” it in the other

direction to prevent it from overshooting the set-point. From Equation (3.35), one can see
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that the larger the norm of W,,,, the smaller the norm of T has to be for the same unit-norm
acceleration g, (after the noninertial and gravitational effects are compensated for). In
other words, the larger the norm of W,,, and, consequently, the magnitude of p,, the smaller
the torque we have to supply to the actuators to produce the same motion. Furthermore,
from Figure 4.5 one can see that the largest part of the torque is applied at the very
beginning and closer to the end of the motion. If the torque coupling index at these instants
is maximized, the spikes in the torque curve will be smaller and energy consumption will

be reduced.

Even though it looks promising, the proposed optimization cost is not obvious to
compute when p. is a function of both g, and ¢,. When control strategies P or AP are
executed, we control g, at the expense of not controlling g, directly. Consequently, we
cannot predict the value of g, either before or after any transition (except, of course, before
the first and after the last one). Therefore, it is impossible to compute P (4, qp). To
overcome this difficulty, we propose to average the value of p. with respect to all possible

values of the active joints” angles:

polg,) = (4.42)

The use of p_ as the transition cost instead of p; may lead us to eventually choose a
minimum cost path that does not attain the greatest possible energy consumption
minimization. We can expect, however, that in the long run operation of the manipulator
(i.e., for several different pairs of initial and final positions) energy minimization will be

attained. The numerical results presented in the sequence confirm this expectation.

We consider now the last transition in the diagram in Figure 4.1 1. This is the step during
which the active joints are controlled, with all passive ones locked. No matter what number
we choose for this transition’s cost, it will add equally to the cost of all possible control
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strategies (since all of them necessarily go through this transition to reach the final desired

configuration). Consequently, we can arbitrarily set this transition’s cost to zero.

After computing all transitions’ costs, we search the corresponding tree for the
minimum cost path. This can be done via exhaustive search, dynamic programming, or with
tree-search algorithms such as A*. Any of these choices will find the path that is globally
optimum with respect to the optimization index chosen.

We now discuss the case n, # 1,which is an extension of the previous case. Two sub-

cases can be distinguished:

(i) 1), is a multiple of n”(np = kn_ ,with k 22 an integer number): in this case, the passive
joints are controlled in groups of n, joints each; k phases are necessary for their control,
before the active ones can be controlled. The total number of phases, f, different
configurations, ¢, and possible ways of reaching the desired configuration from the initial

position, r, are respectively equal to:

[
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Note that these numbers respectively reduce ton, 2 ” + 1 ,and nt whenn = 1

(i) n, is not a multiple of n,, (nP =kyn,+ky, k22, ky<n,, with k; and &, integer
numbers): in this case, we first control ko, passive joints in groups of 1, joints each, using
k control phases; then we control the remaining k, passive joints in one phase, and finally

we control the active ones in one phase. The parameters f, ¢, and r in this case are equal to:
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Example 4.3: Consider a 3-link planar underactuated manipulator with rotary joints,

operating on a horizontal plane, with 7, = {1}, /, = {2,3} and parameters as in Table 4.8.
The objective is to drive the manipulator from g(z5) = [0°, 0°, 0°] to ¢% = [90°, 90°, 90°].
According to the discussion in this section, this objective is attainable by executing control
strategy P twice, followed by control strategy A. Table 4.11 presents the VSC controller
parameters adopted during each control strategy.

Table 4.11: VSC controller parameters.

Control strategy re P(s™h e (rds7h)
P, 10 10 0.2
Py 10 10 0.2
A 10 10 0.2

To control the manipulator from ¢(#g) to g, two control sequences are possible, namely,
{3,2,1} and {2,3,1}. They are shown in Figure 4.12. The numbers beside the arrows
indicate the cost of each transition. The simplicity of this tree allows us to determine by
inspection that, for thispair [g(tg), qd], the optimal control sequence is {2,3,1}. Figure 4.13
presents the simulated motion of the manipulator, and Table 4.12 summarizes the results.

When the manipulator is mounted vertically, and the control gains are adopted as in
Table 4.13, the resulting motion is that shown in Figure 4.14. The initial configuration is
q(ty) = [-90°, 0°, 0°] and set-point is g¢ = [90°, 90°, 90°]. The VSC performance is

summarized in Table 4.14. |
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Figure 4.12: The two possible control sequences of an underactuated manipulator

r

0.0298
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with three links and two passive joints.

Table 4.12: Performance of the VSC.

Joint

Time to reach set-point (s)

Steady-state error (°)

8.70
2.15
4.30

N

0.0014
0.0200
0.0202
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Figure 4.13: Simulated control of a 3-link underactuated manipulator

with two passive joints.
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Figure 4.14: Simulated control of a 3-link underactuated manipulator

with two passive joints under the influence of gravitational acceleration.

Example 4.4: We illustrate our claim that the optimal control strategy provides energy
minimization in the long run operation of the manipulator (rather than on every individual
PTP motion). Suppose the 3-link robot of the previous example is mounted on a space
structure, and that it has to move in a PTP fashion to inspect bolts located at the sct of

Cartesian points shown in Figure 4.15, in the order shown. Set A consists of 20 PTP
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Table 4.13: VSC controller parameters when the 3-link manipulator is mounted

vertically.
Control strategy rsh P(s™h E(rds™)
P, 10 10 0.2
P, 10 10 0.2
A 30 60 0.2

Joint Time to reach set-point (s) Steady-state error (°)
1 4.56 0.0709
2 215 0.0199
3 4.42 ~0.0039
Cartesian point 1to 2, 2 to 3, and so on.
1 1
010
e ra' &9 o6} 816 017 ®18
13 6 a8
04{ 1 e a7 0.4} 813 ®t14 015
E €
w 02k 5O &6 L’,_‘j 02t ol &2
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é 0[» % ot 83 ®10
o o
§-0.2\» 16 O as §_02L ®7 &8
> . >
-04 7o s ~0.4}1 ®4 @5 86
18 # a3
-06" 19 O a2 -0.6F 81 @2 &3
20 ® -3
08 -08
i . . _1 . . .
-1 -05 0 05 1 -05 0 05

X COORDINATE (m) X COORDINATE (m)

SET A SET B

Figure 4.15: Two sets of Cartesian points to be reached by the 3-link manipulator.
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We simulate the motion of the manipulator between each pair of Cartesian points i and
i+l using both control sequences {3,2,1} and {2,3,1}, and measure the amount of energy
spent during each PTP motion as the sum of the absolute values of the torques applied at
the firstjoint at every time step:

W, = X[t (kA ' (4.45)
k

When the actuator is a DC motor, W; is directly proportional to the current applied to the
motor and, therefore, to the actual electric energy spent on the motion.

Tables 4:15 and 4.16 present the amount of energy W; spent for each sequence, the true
optimal sequence, and the sequence chosen according to the optimal control method, as a
function of the pairs of Cartesian points in sets A and B (due to the symmetry of the points
in set A, we have to present only the data relative to points 1 through 5; the data repeats
itself for the other points). As one can see, out of 37 PTP motions, our method led us to
choose only one incorrect sequence (set B, motion from point 6 to 7). This incorrect choice
was due to the fact that joint 1 ended up situated further from its set-point after controlling

the passive ones when control sequence S, was executed. u

Table 4.15: Energy spent to drive the 3-link manipulator with two passive joints along the

Cartesian points in set A.

Initial and | W; for {3,2,1} | W, for {2,3,1} True optimal
_ Strategy chosen
final points (N m) (N m) Strategy
1to2 1078.0 1146.7 S AY
2t03 846.0 907.2 S S|
3 to4 832.5 924.0 S| S|
4t05 1208.1 1350.6 S AY
5t06 696.0 696.0 S S
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Table4.16: Energy spent to drive the 3-link manipulator with two passive joints along the

Cartesian points in set B.

initial and | W; for {3,2,1} | W for {2,3,1}|  True optimal
final points (N m) (N m) strategy Strategy chosen
1t0 2 1049.2 1192.0 S S,
2103 806.7 997.3 S| S|
3to4 2382.1 1099.0 So S,
4105 1187.8 1668.0 S, S|
5t06 1232.7 1671.2 S S
6to7 2007.2 2407.3 Sy A%
7t08 1948.9 2288.3 S| S|
8to9 2285.7 1090.5 Sy S5
91010 1095.7 1182.2 S S
10to 11 996.4 973.0 S, S5
111to 12 1185.7 1344.7 S \Y
12to 13 1299.7 3333.1 Y S
13to0 14 2094.7 1572.4 S, S5
14 to 15 1149.9 1153.4 S, S,
15t0 16 1042.5 1387.7 S, S,
16to 17 1402.4 1268.6 AYS S,
1710 18 1054.2 1058.7 S, S,
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4.7 Cartesian control

As mentioned in Chapter 3, one is able to command an underactuated manipulator to follow
not only an n,-dimensional trajectory in joint space, but in Cartesian space as well. This
task is achieved by first obtaining an open-loop relationship between the accelerations of
the active Cartesian coordinates and the active torques, and by then designing a controller
to force these coordinates to follow a desired trajectory. The open-loop relationship

between x  and 1, is found from (3.43); factoringout x| in the second line of that equation

P
and substituting the result on its first line we obtain:

-l 3 - -
T, = (M, = MaKp(MPK' )" M J(K %, ~ KJG) - MK (MPKP) b +b, (4.46)

a

Following areasoning similar to that presented in Section 4.3, one may verify that the active
Cartesian coordinates are controllable if A7,K,, is a full rank matrix and the manipulator is

not in a singular configuration.

Define the following n,-dimensional sliding surface:

=T x +x, (4.47)

S
a a da

where r, is an n,xn, diagonal positive-definite matrix. As before, we replace v in

(4.46) by
u =T %+ ,\Z +P_sgn(s,) (4.48)

to guarantee that x, converges to its desired set-point or follows a desired trajectory.

Example 4.5: Consider again the 2-link underactuated manipulator of Example 4.1,
operating on a gravity-free environment. Because this manipulator has only one actuator,

we can control only one Cartesian coordinate. Let the active Cartesian coordinate be the x
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coordinate, and its desired trajectory be sinusoidal, with amplitude 0.26 m and period 1 s.
Figures 4.
well as the error along the trajectory, when the robust control method is utilized with & =1
and 6 = 1.3. One can see that, because of the parameter uncertainty the error along the

trajectory

ACTIVE CARTESIAN COMPONENT (m)

X COORDINATE - POSITION ERROR (m)

Figure 4.16: Simulated motion of a 2-link underactuated manipulator following a

16 and 4.17 present the desired and the simulated motion of x,, respectively, as

is amplified, nonetheless, the performance is still acceptable.

0.45 T T T —T T T T ) —

0.35

0.3

Q.25

-1 s 1t 1 1 1 i A

o 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
TIME (s)

trajectory in the active Cartesian spa»e, with 6 =1,

Top: active Cartesian coordinate; bottom: error along the trajectory.
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Figure 4.17: Simulated motion of a 2-link underactuated manipulator following a
trajectory in the active Cartesian space, with § = 1.3.
Top: active Cartesian coordinate; bottom: error along the trajectory.
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4.8 UARM testbed

To verify in practice the validity of the control method proposed, we built a 3-link planar
rotary underactuated manipulator equipped with one actuator and two brakes. In this
section, we present the details of this mechanism, which is called the UnderActuated Robot
Manipulator (UARM).

4.8.1 Mechanical design and components

The UARM is pictured in Figure 4.18, and shown schematically in Figure 4.19. All joints
are equipped with incremental encoders that provide angular position information. The
angular velocities are obtained via numerical differentiation and low-pass filtering. The first

joint is actuated by a DC motor, and the second and third joints are equipped with brakes.

Figure 4.18: Underactuated robot manipulator (UARM).
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Encoder

Figure 4.19: Schematic representation of UARM.

The UARM’s kinematic and dynamic parameters were obtained from the niechanical

drawings and the measurement of most of its parts. These parameters are given in Table

4.17. To simulate the control of a 2-link underactuated manipulator using the UARM, we

keep the third joint locked at its extended position. The second and third links are then

combined into one single, larger link. The resulting kinematic and dynamic parameters of

this 2-link manipulator are given in Table 4.18.

link m; (Kg) I,(Kg m?) l; (m) lo; (m)
1 0.994 0.0270 0.262 0.108
2 0.564 0.0167 0.208 0.150
3 0.368 0.0155 0.256 0.161

The actuator at the firstjoint is a DC motor with a 60: 1 reduction gear mechanism. Its

excursion is limited by the hardware, which turns off the power to the motor when the joint

angle is outside the range [-120°, 120°). This eliminates the need for a mechanical joint

limiter. The brakes used in the second and third joints are on/off brakes with rated static
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Table 4.18: Dynamic parameters of the UARM when joint 3 is locked
at its extended position.

link m; (Kg) I, (Kg mz) l;(m) lej(m)
1 0.994 0.0270 0.262 0.108
2 0.932 0.0322 0.464 0.237

torque 50 Ib-in, operating on a 24 VDC voltage. The brakes are manufactured by Inertia
Dynamics (model number FB-22). In order to avoid damage to the manipulator, a
mechanical joint limiter was devised for the second and third joints; it gives these joints an
excursion of 240° degrees (from —120° to +120°). The encoders mounted at each joint are
manufactured by Hewlett Packard, model HEDS 5540, and generate 1024 counts for each
complete joint revolution. Additional hardware logic is utilized to provide a resolution of

4096 counts per revolution.

4.8.2 Control software

The UARM runs a software control system based on the Chimera 3.2 operating system, a
multiprocessor real-time operating system which supports software written as a group of
independent modules [46]. The basic architecture of the control software was taken from
the DM? robot, also developed at the Space Robotics Laboratory at Carnegie Mellon
University, but the modular design of this software made the adaptation straightforward.

The software architecture consists of two levels — a high-level system which interprets
commands from a host workstation and monitors the execution of these commands, and a
low-level system in which the basic control system is built from communication between a

set of independent real-time software modules.

The low-level real-time modules each run as one (or more) separate threads, cycle at
independent frequencies, and can be allocated at runtime to any of the processors on the
system without modification. Modules can communicate through a variety of means, but

real-time control modules generally exchange data at the beginning and end of each
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execution cycle through Chimera’s state variable table mechanism. For example, a
trajectory-generation module will typically output reference joint positions to a state
variable at the end of each cycle; and a controller module like that shown in Figure 4.20
will input state variables representing reference and measured joint positions, and output
actuator torque values to a state variable at the end of each cycle. The high-level system
communicates with these modules through a high-speed message-passing system.

communication with high-
4 level control systems via

_ desired | asynchronous messages
joint position |

o desirled_ ;
oint velocit >
J Y —l—’ arm

—— torques

measured | — controller |
joint position ; !
|

measured |
joint velocity =™ " .

(state variables for communication
with other real-time modules)

Figure 4.20: Arm controller module’s inputs and outputs.

The purpose of the low-level real-time controller modules is to provide strong controller
performance while insulating higher-level modules from the details of robot’s hardware
configuration. The UARM uses a simple arrangement of these modules, shown in Figure
4.21. The modules which interface to the robot hardware are the encoder and actuator
modules. The encoder module writes joint positions to the state variable table, and the
actuator module writes torque values from the state variable table to the joint actuator and
the joint brakes. A trajectory-generation module provides reference values for the joint
positions and velocities, and the controller module reads measured and reference joint
positions from the state variable table and outputs torque values to the table.
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i
! Modules
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positions and velocities
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Figure 4.21: Real-time control architecture: combination of modules
for control of UARM.

Both the trajectory-generator module and the controller module operate by using a set
of control-objects which are selected from a library of objects at runtime. Trajectory-
generation objects can correspond 'to functions such as set-point generators, linear-
interpolators, or cubic spline followers. Real-time controllers can be created through
combinations of control objects such as PID controllers, variable structure controllers, and
torque limiters. By indicating which control objects to use, a high-level system is able to
specify which trajectory-generation or control strategies to use at a particular time. Default
controllers and the parameters of these controllers are specified in a configuration file which

is read at the beginning of the software's execution.

Creation of new control-objects is facilitated by a code-generation tool which reads
information about the controller from the developer and then uses this information to create
a source-code skeleton from a template file. Filling in the code skeleton to produce a
functional control-object takes just a few minutes. Two lines of code are needed to interface
the new object to the library of usable control-objects for a given module.
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High level control within the software system is provided by a software library
consisting of a text-based command-parser and a separate thread which executes these
commands and checks their status at a fixed cycle rate.

This library is designed as a framework for high-level code to exist within a Chimera
program. The command parser allows a user to specify tasks for the robot to perform. These
commands are grouped recursively into lists of commands that are to be executed either
sequentially or in parallel. This way of scheduling tasks allows for simple specification of
complicated jobs consisting of subtasks which may be executed quickly and in parallel

when possible, or sequentially if later tasks depend on the completion of previous tasks.

High-level commands are defined in terms of a combinations of aromic tasks, which
together span the technical ability of the robot. These atomic commands are written as C++
classes, and are called by passing commands which resemble function calls in the C-

language to the interpreter.

4.9 Experiments

We implemented the foregoing joint space robust control methods on the UARM. Because
the UARM has only one actuator, we can reproduce here only the results of Examples 4.1
and 4.3, but not those of Example 4.2. We start with the results of controlling the UARM
as if it were a 2-link underactuated manipulator with I, = {1) and I, = (2). Figure 4.22
presents the joint angles history for two experiments with different initial and final
conditions. Table 4.19 summarizes the results. As one can see, the experiments validate the
simulations presented in this chapter: by executing control strategy P followed by strategy
A, the VSC is able to smoothly control the robot to an equilibrium position.

Operating the UARM as a 3-link underactuated manipulator with /, = {1} and I, =
{2,3} gives the result shown in Figure 4.23, summarized in Table 4.20. The VSC executes
the sequence of control strategies P-P-A to bring the manipulator to the desired equilibrium

positions.
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Figure 4.22: Experimental evaluation of the robust control on a 2-link underactuated

manipulator.
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Figure 4.23: Experimental evaluation of the robust control on a 3-link underactuated

manipulator with one actuator.

Experiment Joint Time 10 reach set-point (S) Steady-state error ()
1 1.70 0.0000
1 2 2.75 0.0000
1 1.00 0.0090
’ 2 1.85 0.0000
Joint Time to reach set-point (s) Steady-state error ()
1 2.20 0.0060
2 3.40 0.0000
3 3.90 0.0000




Chapter 5

Motion Planning for
Underactuated Manipulators

In the previous chapters, we discussed the kinematic and dynamic properties of
underactuated manipulators and developed a robust control methodology for these
systems. In this chapter, we extend those results by considering static workspace
obstacles and propose an approach to navigate the manipulator’s links away from
them. We propose the constrained configuration space concept to represent the
space of all possible configurationsof an underactuated manipulator constrained by
nonholonomic differential equations. We then determine collision-free motions for
all three possible control strategies (A, 2, and AP), and combine several of these
motions into one global collision-free trajectory connecting the start and the goal

configuration.

5.1 Constrained configuration space

Path and motion planning for manipulators working on static environments is
usually performed in configuration space, i.e., the space of all possible
configurations of the manipulator. In our case, thejoint%ace and the configuration
space are coincident. When the manipulator is not equipped with passive joints, the

point representing it in configuration space can move in any direction (provided that
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the manipulator does not collide with obstacles and that joints remain within their limits).
On the other hand, the point representing an underactuated manipulator in configuration
space cannot move in any direction. In fact, the nonholonomic constraints due to the
presence of unlocked passive joints force the manipulator to move along a hypersurface
described by these constraints. For this reason, we use the term constrained configuration
space (CCS) to refer to the configuration (orjoint) space of underactuated manipulators.
Our objective in the next section is to characterize the motion of the underactuated
manipulator inside the CCS so that collision-free trajectories can be obtained.

5.2 Characterizationof the CCS trajectories

In the constrained configuration space, not all coordinates are independently controlled.
While we control g., we cannot control g, , and the coordinates not being controlled may
lead the manipulator to collide with other machines or objects present in its workspace. We
need to characterize the motion of g, while g, is being controlled, so that we can check for
collisions or out-of-range conditions before commanding the manipulator to execute any
motion. The nonholonomic constraints (3.7) cannot be used for this purpose, because they
imply that the motion of the manipulator depends on its current position and velocity.
Therefore, motions starting from the same positions may be substantially different if the
velocities differ. What we wish to obtain is a description of the motion that depends only
on the current position of the manipulator. It has been shown, however, that in general it is
impossible to obtain an algebraic expression of the form g(g, ) = 0 from the integration
of the nonholonomic constraints (3.7) [34]. (It is important to remember that integration of
the nonholonomic constraints makes sense only when the robot is being controlled by
strategies P or AP.) Here we discuss a method to overcome this difficulty by studying these
constraints and showing how they can be integrated approximately to any desired accuracy.

Equation (3.7) can be integrated to first-order constraints if the gravitational forces
acting on the passive joints are constant, and, in addition, if the following relationship is
satisfied [34]:
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T, .
S = (g _Mq) =0 (5.1)
aq,,

The first requirement leads us to consider in the sequence manipulators with passive joints
mounted horizontally or operating in gravity-free environments. The 1x », vector S is the
sensitivity o the Kinetic energy with respect to the passive joints’ positions. Equation (5.1)
implies that the kinetic energy of the manipulator must not be a function of the passive
joints’ positions. It is true when either (I) M is a constant matrix; (11)M is a function of ¢,

only, i.e., not a function of g,,.

Condition (I) is very restrictive; a manipulator must be specially designed to have a
constant inertia matrix [55] (except, for example, when the manipulator consists only of
mutually perpendicular prismatic joints). Condition (11) is as restrictive as condition (1),
because the inertia matrix of robot manipulators usually depends on the angles of all joints.
One can verify that, even for a simple 2-link underactuated manipulator with joint 1 active
and joint 2 passive, neither condition (I) nor condition (11) is satisfied, unless the
mechanism is specially designed with a mass distribution that locates the center of mass of

the second link exactly at the second joint (see Equation (3.24)).

From the discussion above, it is unlikely that manipulators have inertia matrices
obeying either condition (I) or (11). On the other hand, the joint velocities of manipulators
can be commanded at will. We then study the following condition which makes Equation
(5.1) true: (111) the manipulator’s velocity ¢ is zero. Condition (111) is not as restrictive as
conditions (1) and (11), for it does not impose rules on the structure of the manipulator. It

allows one to integrate the second-order constraints (3.7) to the form:

M +M,.q,+k =0 (5.2)

quC

where k is a constant dependent on the initial velocities. If, in addition, M, (g)g defines an
involutive distribution, then (3.7) can be integrated to the form g(g,t) = 0 [34].
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One might claim that condition (111) is of no practical use, for it implies that the
manipulator does not move. If, however, the joint velocities are “small” enough to keep S
close to zero during the manipulator’s motion, then (5.2) will be a good approximation of
the integral of (3.7). This allows us to obtain first-order nonholonomic constraints from
(3.7) without the downside of having to consider only manipulators with a constant inertia

matrix or whose passive joints are cyclic.

The sensitivity S is a function of g, ¢ , and the manipulator’s kinematic and dynamic
parameters. We can intuitively expect that Sgrows larger (and, therefore, does not allow us
to approximately integrate (3.7) to (5.2)) when we force the robot to move either faster or
farther from its initial position. For any given manipulator, one can simulate its motion with
all possible control strategies (A, P, or AP) and compute the value of S along a desired
trajectory of g.. In practice, the nonholonomic constraints vanish when control strategy A
is used, and we have to measure Sonly along a P or an AP motion. We demonstrate this in

the next example.

Example 5.1: Consider a 2-link underactuated manipulator whose firstjoint is active
and whose second joint is passive.” For simulation purposes we adopt the dynamic

parameters shown in Table 5.1. The sensitivity Sis given by:

5= 3 Ma) _

. .2 .
5 =2mylyl, singy(qy + ¢,4;) (5.3)
42 )

Table 5.1: Dynamic parameters of a 2-link manipulator with one actuator.

Iink mi (Kg) Ii (Kg mz) li (m) lci (m)

1 0.994 0.0270 0.262 0.108
2 0.932 0.0322 0.464 0.237

For this robot, an AP motion is not possible, since we can control, at any instant, only joint
1 orjoint 2 but not both concurrently. To check whether Sis kept sufficiently small along a

L. If joint 1is passive and joint 2 is active, the manipulator is completely holonomic and the nonholonomic
constraints are integrable to the form g(q, r) =0 [56].
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P motion, we simulated the motion of the robot starting from rest from the initial position
q(ro) = [0°, 0°]. We recorded the maximum absolute value of S for different combinations
of the angular displacement of g, (which we represent by Ag,), and its average angular
velocity, ¢, . To avoid locking the passive joints while they were moving and, therefore, to
avoid momentum from being transferred to the manipulator’s base, all joint trajectories
were designed as 5th order polynomials, with zero initial and final velocity and
acceleration. The results are presented in Figure 5.1, as contour curves of max(lSl). Note
how S grows larger when we (i) command g, to move faster through a fixed angular
displacement, or (ii) command g, to move farther with a fixed average angular velocity. For
every angular displacement desired for g,, we can use the contour curves in Figure 5.1 to
find the maximum possible angular velocity that guarantees that S is kept below a pre-

defined threshold S,,,;,,. For example, we can command g, to move 20 degrees at an average

angular velocity of 20 degrees/s and always keep S below 0.001. ]
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Figure 5.1: Contour curves of max(1S1) along P motions followed with different lengths

and speeds.
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The previous example shows that we can control an underactuated manipulator at
reasonable speeds and yet still maintain the value of its sensitivity S very close to zero.
Therefore, we can assume that Equation (5.1) is satisfied and that the second-order
nonholonomic constraints (3.7) are integrable to (5.2). We furthermore assume that all
motions start from rest, which implies that k =0. Because ¢, is actively controlled, ¢, can
be found from (5.2):

. # . .
qr = _MurMuch = Grcqc 5.4)

Equation (5.4) implies that the motion of the manipulator depends only on its current
position, because G, is a function only of the manipulator’s position. Equation (5.4)allows
one to plan collision-free trajectories for underactuated manipulators, by commanding g,
to follow a “small” displacement Ag, starting from rest and inferring the resulting
displacement Ag, via numerical integration of (5.4)The combination of several “small”
displacements of g, allows one to drive the manipulator across “large” distances in the CCS
while checking for the corresponding motion of g, . This method is very similar in nature
to the planner described in [20], Chapter 9, which consists of numerically integrating (5.4)
and searching for a path of g, that brings a mobile robot to a desired configuration, while,
at the same time, checking for collisions with configuration space obstacles. The difference
is that now we can switch between A, P, and AP motions to follow different surfaces in the
CCSto find a collision-free path to the goal configuration. We will refer to such surfaces as

A, P, or AP surfaces, according to the control strategy being executed.

Example 5.2: The 2-link manipulator with dynamic parameters in Table 5.1 operates
inside a workspace defined by © ={(gy, g): =120° < ¢ £ 120°, -120" < g, < 120°}. When
joint 1is controlled, with joint 2 locked (anA motion), g, has dimension zero and g moves
along the A surface g, =k,, with k, a constant. On the other hand, when joint 2 is controlled

(a P motion), ¢ moves along the P surface described by:
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m (2 +12

2¢
. M . R
q; = ——2242 = 2 4, (5.5)

,n2[1§2+11|c2c2]+12

The velocity gain matrix G,.(g;) =—My, / My, (in this case a scalar) is defined everywhere
inside ® since M», is positive and bounded away from zero inside the workspace. |

We now possess all the elements we need to characterize the constrained configuration
space trajectory of an underactuated manipulator. When we use control strategy A, the
manipulator moves on the n,-dimensional A surface g, = k, (with &, a constant vector),
which is perpendicular to all passive joints' axes. When we use control strategies P or AP,

the manipulator moves on the n-dimensional P or AP surface (5.4).

Example 5.3: Figure 5.2 presents the A and P surfaces for the 2-link underactuated
manipulator inside the workspace ©. The discretization of the CCS is equal to 20' in both
axes. As expected, the A surfaces (represented by dashed lines) are 1-dimensional and
perpendicular to the axis of the passive joint. The P surfaces (represented by full lines), on
the other hand, are 2-dimensional and obey Equation (5.2). We simulated the motion of the
manipulator inside ® by combining several P and several A motions, starting and ending at
g(to) = g% =[0°, -80°). Each P motion consisted of a 10 displacement ofjoint 2 at 10%s;
and each A motion of a displacement of joint 1 at 20°%s (remember that, when control
strategy A is used, the nonholonomic constraints vanish and thejoints' velocities are limited
only by the torque their actuator can apply). Here again we used 5th order polinomial joint
trajectories to avoid momentum transfer to the base. The resulting trajectory is shown in
bold lines in Figure 5.2. One can see that the P motions follow the P surfaces precisely, and

so do the A motions with respect to the A surfaces. [ |

5.3 Planning collision-free motions
-

As we demonstrated in the previous section, we can predict a robot's motion in the
constrained configuration space, no matter what type of motion (A, P, or AP) is executed.
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Figure 5.2: A surfaces (dashed lines) and P surfaces (full lines) for the 2-link planar
underactuated manipulator. When the sensitivity S is small, the manipulator motion in the
CCS follows the A and P surfaces.

In this section, we present an approach to drive the robot in a collision-free fashion inside
the CCS. To make the presentation easier we will use the 2-link manipulator as a testbed.
In this case, the dimension of the CCS allows us to obtain a graphical solution to the path-
planning problem. We then discuss the generalization of this solution to manipulators with

larger numbers of joints.

The inputs to the obstacle avoidance method are a bitmap representation of the CCS
obstacles, and a graphical representation of the A and P surfaces, as in Figure 5.2. The
discretization of the CCS plays an important role which will be described later. Note that if
the obstacles are described by a set of polygons or surfaces, one can apply, for example,
Pérez’s method [25] to obtain the bitmap. In our case, let the obstacles be the two bins
shown in Figure 5.3, the manipulator's initial configuration be g(zy) =[0°, 0°], and its goal
configuration be g% =[90°, 0°). Figure 5_4presents the CCS obstacles and joint limits, with

the 'X' marks representing the initial and goal configurations.
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To reach the goal configuration, we must drive the manipulator around the rightmost
obstacle (the upper bin). To this end, we superimpose the A and P surfaces of Figure 5.2 on
top of Figure 5.4, as shown in Figure 5.5. One can see that an A and a P surface pass directly
over the initial configuration. If the manipulator follows the A surface toward the right, it
hits the rightmost obstacle. On the other hand, if the manipulator follows the P surface until
it reaches the circle located at 4 = [-55° 80°], it avoids both obstacles. Next, the
manipulator can be made to move along the A surface described by g, =80°, until it reaches
the circle at g =[24°, 80°). The manipulator then can follow another P surface to reach the
circle at g =[80°, 0°], and, finally, can reach the goal configuration following the A surface
g, = 0°. Note that the last A motion is necessary because no P surface passes directly over
the goal configuration. A finer discretization of the CCS would solve this problem. The
resulting collision-free trajectory is shown with a bold line in Figure 5.6. In that figure, we
also present the robot at the initial and goal configurations, as well as at the configurations
marked by the circlesin Figure 5.5. Figure 5.7 presents thejoint trajectories along the entire
motion. It is important to note that: (i) the motions between the via points represented by
circles in Figure 5.5 are closed-loop motions, executed with the variable structure
controller; (ii) each P motion was subdivided into several motions of 10° followed at an
average speed of 10%s each, for the sake of keeping the sensitivity S below 0.001 at all

times.

The schematic representation of the manipulator in the bottom of Figure 5.6 is valuable
for understanding the whole obstacle avoidance method. Because the manipulator cannot
swing directly from g(z5) =[0°, 0°] to g% = [90°, 0°] without hitting the upper bin with the
second link, it folds the second link to make the link avoid the bin. After the manipulator
clears from the obstacle, it unfolds the second link back to its extended position, and finally

swings to the goal configuration.

The path-planning method described above can be automatically implemented in four
steps: (1) “unwarp” the P surfaces so that the warped grid of A and P surfaces shown in
Figure 5.2 becomes a regular rectangular grid. The unwarping includes mapping the CCS
obstacles to their new location in the rectangular grid; (2)assign to each square of the
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Figure 5.5: The via points of the collision-free trajectory lie

on the intersection of A and P surfaces.

rectangular grid a cost which is equal to the number of switchings (between A, P, or AP
motions) necessary to reach the goal configuration if that square were the initial
configuration; (3) search the grid for the trajectory with the minimum cost, i.e., with the
least number of switchings; and (4) warp the resulting rectangular trajectory to the original
grid of A and P surfaces. It is important to note that: (i) a graphical representation of the A
and P surfaces is not required for this planner to work, only their implicit description as in
Equation (5.4) is needed; (ii) step 1 has to be performed only once for every manipulator
and for every set of obstacles; (iii) step 2 has to be performed only once for a given goal
configuration; (iv) steps 3 and 4 have to be performed only once for every start
configuration.

Such an automatic planner can be extended to manipulators with more than two
degrees-of-freedom. The A, P, and AP surfaces are mapped to an n-dimensional grid
(implemented as an n-tree), and the search for a trajectory with minimum cost is performed
in this grid. The complexity of the planner is exponential on the number of joints, and is of

the order of g"z""(:) ,Where g is the discretization of the rectangular grid. The complexity
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Figure 5.6: Collision-free trajectory for the 2-link manipulator. The bottom drawings
show the configuration of the manipulator during the motion. The letters indicate the type

of motion performed between configurations.

is computed as follows: from every configuration (corresponding to a hypercube in the n-

a

dimensional grid) we can control n, out of the n existingjoints (thus the term :2) and
each of thesejoints can be controlled in two directions (positive and negative, thus t

e term
2" ). Finally, we have to repeat the process for all g" configurations.
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Figure 5.7: Joint angles history corresponding to the CCS motions in Figure 5.6.

5.4 EXperiment

We implemented the foregoing obstacle avoidance method on the 3-link UARM described
in Chapter 4. By keeping the third joint locked at its extended position, we were able to
simulate the behavior of a 2-link underactuated manipulator. In this condition, the

kinematic and dynamic parameters of the UARM are given in Table 5.1.

In the experiment, we adopted a finer, 5° discretization of the CCS for the A surfaces.
The discretization of the P surfaces was kept at 20. To overcome the dry friction in the
actuator, we adopted, for the P motions, an average speed three times as large as we did for
the simulation study, i.e., 30%/s. From Figure 5.1 one caKsee that, at this average speed, we
can command the manipulator to follow a 10 displacement without incurring the value of

the sensitivity Sto grow above 0.001.
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Figure 5.8 presents a zoomed version of the actual CCS trajectory executed on the
UARM. Both P motions consist of several 10° displacements at 30%s, following 5th order
polynomial trajectories. Note that, because of the finer discretization of the A surfaces, the
manipulator had to fold the second link to 65° during the first part of the motion, compared
to 80° in the simulation.

100

q, (degrees)

a, (de%rees)

Figure 5.8: Experimental evaluation of the collision-free planning method on the UARM.

Recall that the 1st-order nonholonomic constraints (5.2) are integrable to holonomic
constraints of the form g(g, t) = 0 if M (gq)g defines an involutive distribution. This
condition is always true when n, = 1,i.e., when the manipulator has only one actuator. In
fact, for the 2-link manipulator with joint 1 active and joint 2 passive, Equation (5.5) is
equivalent to:

q,(t)-q,(ty) = a{fla,b, q,(t5)1 - fla, b, g,(1)]1} (5.6)
. 7 3. (8Y]
where a = mylz *1,,b = mzl,lcg ,and f (a,b,8) = 22 zatan[ Zi—bbztan(iﬂ.

a -b - -
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We did not use (5.6) to characterize the CCS trajectories of the 2-link manipulator
studied for two reasons. First, one cannot assume that, in general, M, (g)g defines an
involutive distribution. Approximation (5.2), however, is valid for any manipulator whose
sensitivity S is sufficiently small. Second, even when M (g)g does define an involutive
distribution, obtaining a closed-form solution like (5.6)is'time-consumingand may require
resorting to the Frobenius theorem (except for simple cases). It is important to note that,
even when a closed-form is obtained, the underlying assumption that S must be kept small

along the trajectory cannot be ignored.






Chapter 6

Conclusion

6.1 Contributions

In this dissertation, we present a complete study of the fundamental characteristics
of underactuated manipulators, and develop methodologies for modeling,
controlling, and planning the motion of these systems. The original contributions of

this dissertation are summarized below.

Modeling

We present a complete study of the kinematic and dynamic properties of

underactuated manipulators, including:

* a general formulation of their dexterity, applied to three important dexterity
measures; and an optimization method to determine the passive joints’
locking angles which maximize the manipulator’s dexterity;

* the development of the coupling index, to measure the dynamic coupling
between the active and the passive joints; the coupling index was utilized for
the analysis, design, and control of underactuated manipulators;

« aproof of the controllability of the passive joints over the entire state space of
these joints’ positions and velocities; and a proof that the concepts of dynamic
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coupling and controllability are strongly related, for a nonzero coupling index implies

controllability of the passive joints.

Control

We developed robust and optimal sequential control methods for underactuated

manipulators, including:

« an enumeration of all three control strategies that can be utilized for the control of a
subset of the manipulators’ joints;

« utilization of a variable structure controller to control a subset of the generalized
coordinates (either joint positions or Cartesian coordinates) to converge to an
equilibrium position or to follow a time-varying trajectory;

 automatic generation of the control sequence of the passive joints for manipulators
with more passive than active joints, via the maximization of the coupling index and

consequent minimization of energy consumption.

Planning

We proposed and developed the following important concept and method:

» we proposed the concept of the constrained configuration space to describe the space
of the manipulator’s configurations when constrained by nonintegrable differential
equations;

* we developed a graphical method to plan the collision-free motion of an
underactuated manipulator inside its constrained configuration space. The method
includes: integration of the second-order nonholonomic constraints to first-order
ones; characterization of the manipulator’s motion via the numerical integration of
the first-order constraints; generation of collision-free trajectories for each control
strategy; and switching among the control strategies to generate an overall collision-

free trajectory.
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Experiments

We built a planar underactuated manipulator with one active and two passive joints, and

demonstrated the feasibility of the following original methodologies:

* sequential robust control of a 2-link underactuated manipulator to an equilibrium
point, and sequential robust optimal control of a 3-link underactuated manipulator to
an equilibrium point;

« collision-free motion of a 2-link underactuated manipulator among workspace

obstacles to an equilibrium point.

6.2 Futurework

In this dissertation, we laid out the foundations of the dynamics and control of
underactuated manipulators. The theory developed can be extended to other types of
underactuated systems, as long as the systems share some of the underactuated

manipulators’ basic characteristics. The following are possible extensions of this work:

* control of teams of cooperarive underactuated manipulators rigidly grasping «
common object: a team of robots of this kind may or may not be nonholonomic,
depending on the total number of active joints in the system. When the number of
DOFs of the task to be executed is smaller than the total number of active joints, one
can apply the Cartesian space modeling presented in this dissertation and obtain an
openloop relationship between the active torques and the accelerations of the object
in Cartesian space. Consequently, the variable structure controller can be utilized for
the stabilization of the object around an equilibrium point or atime-varying trajectory.
Research efforts in this direction have already begun [24];

* control of underactuated manipulators without brakes: the lack of brakes makes the
problem of controlling all joints of an underactuated manipulator to an equilibrium
point more difficult, for the passive joints might not stay in a fixed position when other
joints are being controlled. Current results are those of Arai [3], who demonstrated
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the controllability of a 3-link manipulator with two actuators, and of Suzuki et al.
[47], who demonstrated in practice control of 2-link manipulator with one actuator.
The motion planning method proposed in this dissertation might be applicable to the
control of underactuated manipulators without brakes, as long as the constant gravity
requirement is satisfied. When the passive joints cannot be locked, the surfaces
followed by the manipulator inside the configuration space are modified, but can still
be followed accurately if the sensitivity of the kinetic energy with respect to the
passive joints’ positions is negligible;

« control of a space manipulator system: it has been shown that a regular or
underactuated manipulator mounted on a free-floating satellite is dynamically
equivalent to a fixed-base manipulator whose firstjoint is a passive spherical one not
equipped with a brake [23]. Moreover, the second-order nonholonomic constraints
imposed by this virtual passive joint are automatically integrable to first-order ones.
Consequently, if one succeeds in applying our motion planning method to
underactuated manipulators without brakes as explained above, then it will also be
possible to apply it to the control of space manipulator systems;

« control of locomotion aids for the disabled: artificial legs for disabled people with
above-the-knee prosthesis are typically underactuated, for the mechanical knee is
usually composed of passive elements. If one designs an artificial leg with a brake and
provides it with simple sensory information, it might be possible to control the knee
to generate a more natural stance and enhance the walking comfort of the disabled
person;

 control d large underactuated machines: a crane is another typical underactuated
system, for the angle of the cable which supports the load is not directly controllable.
These machines are usually made to follow slow trajectories so that the cable does not
oscillate beyond control. The application of model-based methods to the control of a
crane might lead to rapid and precise automatic manipulation of, for example,

containers to and from cargo ships, consequently minimizing loading time and costs.
™~
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Appendix A

Differential geometry
definitions and results

The study of the controllability of nonlinear systems usually requires tools and
results from the field of differential geometry. In our study of the controllability of
underactuated manipulators, we refer to such results, which are here summarized

for the reader’s convenience. All definitions and the theorem in this appendix are

based on Isidori’s book [15].

Definition A.1: A vector field on an open subset U of k" is a smooth function
mapping U into " . The Lie Bracket of two vector fieldsfand g is the vector field

defined by

7,81 = L f0-L g0 (A1)

Iterated Lie brackets of the form [F[T,..[f,g]1] are denoted recursively as
k- .
adyg(x) = [f,ad,” 'g(x)] with adog(x) = g(x).

Definition A.2: Let A(x) be a real-valued function and f a vector field, both
defined on a subset U of k" . The derivative of A along #, denoted by LA ,is defined

by
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oA n dA
Leh= 52f(x) = 3, 5=Fi®) (A2)

i=10x;
Repeated derivatives of A along f are denoted by L’}k(x) ,Where L??x(x) = A(X)

Definition A.3: A k-dimensional distribution A on an open subset X of |®” is a map
which assigns a k-dimensional subspace of R" to each x E X, provided that, for each
xo E X ,there exists an open set U < X containing xy and & vector fields f,, ...,f, such
that (i) {f,(x),.... f(x)} is a linearly independent set for every x e U, and (ii)

A(x) = span{f,(x), ... f(x)}, Vxe U.

Definition A.4: A distribution A is involutive if [ f, g] E A whenever the vector fields
f.g€A.

Definition AS: A distribution A is invariant under the vector field f, or f-invariant, if
[f,h]JE A,VhEA.

Definition A.6:  Suppose that A is defined as A(x) = span{ f,(x), ..., f(x)}. A point
x is a regular point of A if A(x) is actually a k-dimensional subspace of " (or, in other

words, if the rank of the matrix [f,(x), ..., fr(x)] is constant and equal to k).

Definition A.7: A multivariable nonlinear system of the form

i= f(x)+ Y= 1ug(x) = f(x) +g(x)u
Y’ = hl(x) (A3)

ym - hm(x)

has a vector relative degree {r,,...,r,} at a point x, if (i) LglLﬁh,.(x) = 0 for all
J
1< j<m,forall k<r;-1 forall 1si<m,and forall xin a neighborhood of x; and (ii)

. . I I .
the m x m matrix A(x) defined by [a,] = ng_L; h;(x) is nonsingular at x = x.
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State-space Exact Linearization Problem: Given a set of vector fields fand gy ..., g,
(respectively known as drift and control vector fields) associated with the nonlinear system
(A.3), and an initial state x, , find, if possible, a neighborhood U of x ,a pair of feedback
functions o(x) and B(x) defined on U, a coordinates transformation z = ®(x) also
such that the pair (A,B) is

nxn Xm

defined on U, a matrix Ae R and a matrix B g ®R"

controllable and:

D
[0+ gxroa)] = Az (A4)
x = d)—l(:)
ad
|55(eB)) = B (4.5)
x=07(3)
TheoremA.I: Suppose that the matrix g(x,) in (A.3) has rank m. Then, the state-

space exact linearization problem is solvable if, and only if, (i) foreach O 1 i1 n -1 ,x, is
a regular point of the distributions A; = span{adig; 0k i, 1< 1 m}; (i) the
distribution A, _, has dimension n; and (iii) for each 01 i <n -2, the distribution A; is

involutive.






Appendix B

Simulation Environment

To test the feasibility of the proposed control methods, we created a simulation
environment that allows us to study planar underactuated manipulators with rotary
joints. The simulator allows the user to assign an actuator or brake to each joint
independently, as well as to change the dynamic and kinematic parameters of the
links. The user may also introduce arbitrary parameter uncertainties to test the
robustness of any desired controller (although the current version supports only the
variable structure controller proposed in this dissertation). Figure B.1 presents a
snapshot of the simulation environment, developed with Matlab [27].

The graphical interface is divided into the following areas (the following area
names are identical to the uicontrol’s names used in Matlab; for more information

on Matlab and uicontrol’s, see [27]):

msg_frame: holds all the buttons used to enter commands, all messages, and a

prompt for entering numeric data;
movie—axes: the main axes where the simulation is displayed;

q_axes, coupling-axes, tau—axes: axes used to display, respectively, the joint

angles, the coupling index, and the joint torques;

The msg_frame uicontrol is further sub-divided into the following areas:
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Figure B.l: Underactuated manipulator graphical user interface.

User Commands: the buttons here perform the following tasks:

Start Simulation: starts the simulation. Because this button is interruptible (so that
one can stop the simulation at any time), we made it become invisible during the
simulation. It becomes visible again when the simulation ends or when the user
presses the Stop Simulation button. If anything goes wrong during the simulation
(such as a failed matrix inversion), this button will not return to the visible state. In

this case, the user may simply press Stop Simulation and the button will show up;

Stop Simulation: stops the simulation at any point, and returns the Start Simulation

button to the visible state;

Save: saves the variables ‘time’, ‘g’ (joint angles), ‘qd’ (joint velocities), ‘q_d’
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(desired joint angles), and ‘stat’ (simulation statistics) in the file ‘data.mat’. Each
variable is appended with ‘save’ before it is actually saved (e.g., ‘time’ is saved as

‘timesave’);

Print: prints a snapshot of all four axes (defined above) in the encapsulated

postscript file ‘uarm.eps’;

Restart: restarts the graphical interface by closing it and then recalling it. Restart is
to be used when changes are made to any of the buttons, messages, axes, etc;

Close: closes the graphical interface and cleans Matlab’s workspace of all

variables;
Quit: closes the graphical interface and exits Matlab;

Simulation Parameters: this area displays the parameters that define the simulation.

The following data is displayed and can be changed:

Configuration: defines the number of links (2 or 3), the number of active and
passive joints, and their location. To change the configuration, click on the button,
— do not release it — and choose the desired configuration. If you press and
release the button, you have to wait until the manipulator is redisplayed, or Matlab
will not change the configuration; then choose the desired configuration. Possible
configurations are defined by the number of links, and the type of joints. For
example, 2AP represents a 2-link manipulator with the first joint active and the
second passive; 3PAP represents a 3-link manipulator with the first and third joints

passive, and the second active;

Initial angles: defines the initial angles for the manipulator. To choose the default
initial conditions, click on default; to choose randomly selected angles, click on
random. To choose your own initial angles, first enter them as an » x 1 matrix in
the prompt provided at the message center (for example, for three links, enter /23.0
34.0 -5.0)), click on Initial angles and choose User defined. Note that angles



B. SIMULATION ENVIRONMENT 125

must be entered in degrees, not in radians. If you enter incorrect data (for example,
if the size of the matrix entered is not » x 1, or if you forget the brackets) the
message “Invalid data! Default values set” will appear below the prompt and

default values will be assigned to the initial conditions;

Set-point: defines the set-point for the joint angles. To change the set-point, follow

the procedures given above for changing the initial angles;

Gravity: defines the gravitational acceleration in m/s% . It is a scalar defining the
gravitational pull in the y axis. To choose a particular value, enter it in the prompt
located at the message center, then click on Gravity and choose User defined;

Elapsed time: displays the simulated time as it progresses. The wall clock time

elapsed is displayed on Matlab’s command window after the simulation is over;

Dynamic parameters: this area displays the parameters that define the manipulator.
The default values are those of the UARM. The following data is displayed and can be
changed:

Mass: defines the masses of the links in Kg. To change the masses, follow the

procedures given above for changing the initial angles;

Inertia: defines the inertias of the links in Kg .m”. Because we are dealing only
with planar manipulators, each link’s inertia is a scalar. To change the inertias,

follow the procedures given above for changing the initial angles;

Length: defines the lengths of the links in m. To change the lengths, follow the
procedures given above for changing the initial angles. Note that, when you
change the lengths, the centers-of-mass of the links are automatically defined to be
half of the links’ lengths;

Center of mass: defines the centers of mass of the links in m. To change the centers

of mass, follow the procedures given above for changing the initial angles. If you
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attempt to define a center-of-mass that is greater than a particular link’s length, the
message “Invalid data! Default values set” will appear below the prompt and
default values will be assigned to the centers of mass of all links;

Dynamic unc: defines the degree of uncertainty & on the dynamic and kinematic
parameters. It must be a 1x 4 vector; if the user enters a scalar, that number will
be converted into a vector with identical entries. Use this feature to test the
robustness of a particular control law with respect to parameter uncertainty. The
dynamic uncertainty (du) multiplies the manipulator’s nominal parameters to
generate estimates that are used for control purposes (the manipulator is always

simulated with the nominal parameters), according to the following formulas:

= du(2)l
(B.1)

Io = du(3)l,

1 = du(4)I

Message Center: provides a prompt for entering numeric data (as explained above). It
also contains a button that allows toggling (on/off) the display of the manipulator’s
movement. The current state of the button is equal to its string. For example, if the
button reads ‘on,” then graphical display is enabled (and the simulation runs slower).
When it reads ‘off,” the simulation runs faster, but you do not get to see the

manipulator moving.

The controller gains cannot be directly modified using the graphical interface. They can
be modified by editing the file uarm_gains.m. This file is automatically loaded every time

the simulation is started.

After choosing all values for a particular simulation, press Start simulation and you will
see the manipulator performing its movement towards the set-point (provided that Graphic
is in the ‘on’ state). The simulation ends when any one of these conditions occur:
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« alljoints reach their set-points; the simulation runs for another 0.3 s and stop;
» the user presses Stop simulation; the simulation stops immediately;
» anumerical error occurs; the simulation stops immediately.

In the first two cases, -as soon as the simulation is over the Srart simulation button
returns to the visible state, and the joint angles, coupling index, and joint torques will be
plotted in their respective axes. In the third case, no plot will appear, and the user has to

press Stop simulation to regain control of the Start simulation button.

In addition to choosing the initial angles and set-points as described above, the user may
also directly choose a Cartesian point as the initial and final destination. Just click (with any
mouse button) anywhere in the movie_axes, wait until the cursor changes to a cross-hair,
and then click on the desired Cartesian point. If you use the first button, you choose the
initial configuration; if you press the second or third button (or press any key), you choose

the set-point.

For further information, or to receive a copy of all the files that compose the simulation

environment, contact us at mbergerm@cs.cniu.edu or xu+ @cs.cmri.edu.
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