
Commonality and Genetic Algorithms 

Stephen Chen and Stephen E Smith 
CMU-RI-TR-96-27 

The Robotics Institute 
Carnegie Mellon University 

Pittsburgh, Pennsylvania 15213 

December 1996 

0 1996 Carnegie Mellon University 

Thc work described i n  this paper was sponsored in parr by the Advanced Research Projects .4gency m i l  

Rome Laboraton;. Air h r c e  Material Command, USAF, under pranr number F30603-95-1-0018 and the 
CMII Robotics Institute. Thz U.S. Government is authorized to reproduce and distribute reprints for Govern- 
mental purpcises notwithstanding any copyright aniiohtioo thereon. The views and coriclusions contained 
hercin iirs thuse of thc authors and should iiot he interpretd as necessarily represeiitinp the ~ifficiul policies 
or sndorselrients, either expressed or implied. of the Advanced Rescarch Projects Agency and Roinc 
1,aboratory or thc U.S. Go\~ernment. 





Contents 

1 . Introduction i . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
2 . Traditional Crossover Operators . . . . . . . . . . . . . . . . . . . . .  7 

3 . The Commonality-Rased Crossover Framework . . . . . . . . . . . . . . .  2 

4 . Sequence-based Crossover Operators . . . . . . . . . . . . . . . . . . .  2 

5 . Maximum Partial Order . . . . . . . . . . . . . . . . . . . . . . . . .  5 

6 . Experimental Results for MPO/AI . . . . . . . . . . . . . . . . . . . .  h 

6.1 Traveling Salesman Problem . . . . . . . . . . . . . . . . . . . . . .  6 

6.2 Sequential Ordering Problem . . . . . . . . . . . . . . . . . . . . . .  X 

6.3 Asymmetric Traveling Salesman Problem . . . . . . . . . . . . . . . . .  9 

6.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  9 

7 . Common Sub.Tours . . . . . . . . . . . . . . . . . . . . . . . . . . .  9 

8 . Experimental Results for CST/" . . . . . . . . . . . . . . . . . . . .  9 

8.1 Standard Genetic Algorithms . . . . . . . . . . . . . . . . . . . . . .  9 

8.2 Hybrid Ge.netic Algorithms 10 

9 . Discussion 11 

References 11 

. . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  





List of Figures 

1 . Traditional Crossover Operators . . . . . . . . . . .  
2 . Partially Mapped Crossover . . . . . . . . . . . . .  
3 . Order Crossnver . . . . . . . . . . . . . . . . . .  
1 . Uniform Order-Based Crossover . . . . . . . . . . .  
5 . Cycle Crossover . . . . . . . . . . . . . . . . . .  
h . Edge Recombination . . . . . . . . . . . . . . . .  
7 . Matrix Intersection . . . . . . . . . . . . . . . . .  
8 . A-team Deconstruction Operator . . . . . . . . . . .  
9 . “Shape” from Maximum Partial Order . . . . . . . .  

10 . Pseudo-Code for Maximum Partial Order . . . . . . .  
11 . Developing the Maximum Partial Order . . . . . . . .  
12 . Coincidental Constraints in Matrix Intersection . . . . .  
13 . Common Sub-TourdNearest Neighbor and CST/NN-2-Opt 

. . . . . . . . . .  2 

. . . . . . . . . .  3 

. . . . . . . . . .  3 

. . . . . . . . . .  3 

. . . . . . . . . .  3 

. . . . . . . . . .  4 

. . . . . . . . . .  4 

. . . . . . . . . .  5 

. . . . . . . . . .  5 

. . . . . . . . . .  6 

. . . . . . . . . .  6 

. . . . . . . . . .  7 

. . . . . . . . . .  9 





List of Tables 

1 . Sequence-based Crossover Operators on TSP . . . . . . . . . . . . . . . .  4 

2 . MPO/AI vs . LK on TSP . . . . . . . . . . . . . . . . . . . . . . . . .  7 

3 . MPO/AI v s  . MYAI and DedRec on TSP 7 

4 . MPO/AIonSOP . . . . . . . . . . . . . . . . . . . . . . . . . . . .  8 

5 . MPOIAIonATSP . . . . . . . . . . . . . . . . . . . . . . . . . . .  9 

6 . CST/NN vs . GX and ER on TSP . . . . . . . . . . . . . . . . . . . . .  10 

10 

8 . CST/"-Z-Opt vs . Gen2-Opt on TSP . . . . . . . . . . . . . . . . . . .  1 1  

. . . . . . . . . . . . . . . . . .  

7 . CST/N.V-2-Opt vs . GX-2-Opt and ER-2-Opt on TSP . . . . . . . . . . . . .  





abstract 
The comnionality hypothesis introduced in this 
paper sugrcsts that the prescrvation of cummnn 
schemata i ?  the centml source of power i n  
rccomhination operators. A commonalily- 
hared crossovcr operator proceeds i n  two steps: 
I i idcntify the maximal coininon schema of two 
parents. and 2)  coinplcte the solution with a 
construction hcuristic. Using this framework, 
two new crossover opcrators are proposed for 
sequcncing problcms. The first uses partial 
order for the basis of cummonalily. This 
operator is shown lu perform well on the 
Traveling Salesman Problem (TSP); and it  finds 
new best-known soIution~ for many Sequential 
Ordcring Problem (SOP) instances. The 
second operator is based on sub-tours/edgesl 
and i t  is used to demonstrate the utility of the 
new liamework for designing hybrid genetic 
algorithms. 

1. Introduction 
A genetic algorithm (GA) has three basic features: 
a population of  solutions, fitness-based selection, 
and crossover. I n  isolation, fitness-based selection 
over a population of solutions causes various 
building blocks (or schemata) to increase or 
decrease over time in direct proportion 10 their 
observed fitness. These two features provide the 
basis for exploiting existing knowledge during the 
search process. The role of crossover is to use these 
building blocks to explore for better solutions. 

The effect of crossover has classically been 
analyzed from the viewpoint of a single parent. 
Crossover distributes the parts of each parent over 
tWo offspring. This makes i t  unlikely that either 
offspring receives “long” schemata directly froin a 
single parent. Thus, if is suggested that the critical 
building blocks nianipulatcd by crossover we 
“short. low-order. above-average schemata” 
ICn189]. The power of crossover then comes frotn 
its ability to prcserve and recombine these building 
blocks when assembling better solutions. 

In this papcr, a new view of which building blocks 
are the most important to the search process is 
proposed. Examining the effect of traditional 
C I D S ~ O Y ~ T  operators from the viewpoint of both 
parents, i t  can be seen that schemata common to 
both parcnts are unconditionally propagated to 
orfspi-ing solutions. We hypothesize that these 

common schemam are in  fact the c r i t i d  building 
blocks that crossovcr must preservc. and that the 
power o f  crossover comes from uqin? this set of 
schemata as a base for exploration. 

This “communality hypolhesis” leads Io 21 new 
model for designing crossover operator>. Having 
determined to keep the coniinoii compunents. i t  
rrmains only to specify how t u  extend this partial 
solution into a complete solu~ion. This can be donc 
randomly, with the let?-over perts ofthc pnrrnts (i.e. 
the current building blocks). or with il problem 
specific construction heuristic. To generalize. a 
coininonality-base.d crossover operator is dcsigned 
by following this framework: I )  identify the 
maximal common schema of two parents. and 2 )  
complete the solution with ii constructiun heuristic. 

For traditional, positionally-dependent solution 
spaces, application of the framework results only in 
a pre-disposition to use uniform crossover. The 
traditional crossover operators all preserve 
commonality in the parcnts. but only uniform 
crossover places no restrictions on how thc 
remaining solution space is cxplored. However. the 
implications are more significant for problems with 
non-standard solution spaces (c.g., sequcncing 
problems, constrained optimization problcms). 
Here, the design of crossover operators has ofkn 
failed to exploit common solution compunents. Fur 
(constrained) sequencing problems. ;ipplication of 
the commonality-based crossovcr framework leads 
to the developmenl of two new opelators: 
Maximum Partial Order/Arbitrary Insertion (R;IPO/ 
AI) and Common Sub-Tours/Nearcst Neighbor 
(CST/”). Experiments will show that these are 
effective. operators. 

The remainder o f  this paper is divided as follows. 
In section 2, traditional crossover operators are 
reexamined using commonality. In sec t i~n  3. thc 
commonality-based crossover framework is 
presented. In section 4, previously developed 
crossover operators for sequencing problems arc 
reviewed i n  light ofthc coniinonality hypothesis. I n  
section 5 ,  the MPOlAI operator is developed using 
order for the basis of commonality. An expcri- 
mental analysis of the performance of MPOIAI on 
a range of sequencing problems is given in scctiun 
6. In section 7, the CSTINN operiltoi: which uses  
common suh-tours as its basis, is developed; ;ind 
experimental results for i t  itre given in section 8 .  I n  
Section 9, a discussion oC broader implications is 
given. 



Psrenr 1 : 1 0 1 1 0 1 1 0 0 0 1  
parent. 7 :  c 0 1 3  0 0 1 1  1 83 1 

'z,ne-:>gir.t: 1 0 1 1 0 0 1 1 1 C 1 
Two-point: 1 0 1 0 0 3 1 0 0 0 1 

0 C 1 3  '3 1 1  1 0  0 1 

"Template":  * 3 1 " c * 1 * " u 1 

fipurc I .  Example of tradilional crossnvers. The 1's 
:md 0's in Ihc"tcmp1are" are guaranteed Iu 
he a p"r1 ofrhe offspring rcgardless oirhe 
uossover aid the cut-pints. 

2. Traditional Crossover Operators 
Thc power of crossover comes from striking a good 
balmce between the exploitation and exploration of 
schemata. However, no attempt is made to 
dckrmine which schemata are responsible for a 
solution's observed fitness. Thus, with the 
disruption of any schemata being potentially 
dangerous. the traditional analysis has tended to 
focus on the survival/disruption probabilities of 
\'arioiis schemata. The conclusion drawn is that 
"shun" schemiita are most likely 10 survive, and 
therefore, they are the key components that drive 
the search process. 

A different hypothesis follows if crossover is 
examined from the perspective of both parents. 
Under this view, a "template" from which the 
offspring are generated is revealed. (See figure I .) 
'This "template" is the maximal common schema of 
two parents. All traditional cro.qsover operators 
exploit this schema without risk of disruption, and 
i t  thus provides an identifiable base from which 
exploration occurs. The commonality hypothesis 
suggests that this maximal common schema is 
primarily responsible for the (high) observed fitness 
of both parents. 

Espcrimental results i n  [SysSY] show that uniform 
crossover out performs two-point crossover, which 
itself out performs one-point crossover. If the 
maximal comnion schema has n wildcard slots (*j, 
one-point crossover explores a set with 2n possible 
offspring, two-point crossover can explore n'-n 
possible offspring. and uniform crossover can 
explore 2" possiblc offspring. Since these are 
supersets. the best possible offspring for tivo 
parcnts undcr uniform c~-ossovcr is at least as goud 
a s  that under two-point crossovcr which is at least 
as good as that under one-point crossover. This 
dominance relationship may explain the relative 
performance among the operators. 

3. The Commonality-Based 
Crossover Framework 

When designing crossover operators. the classical 
view of crossover's source of power (i.e.. short, 
high performance schemata) leads to thc d e w -  
opment of operators that emphasize selcctiun and 
propagation of short scheinara. Poi- the tr;rditional 
representations (positionally-depeiident, bIiiary 
strings), these operators havc also guaranteed that 
schematacoinmon to both parents are not disrupted. 
However, for non-standard representations (c.g., 
spaces with positional independence and/or 
complex constraints), crossover operators have 
generally not given special attention to preserving 
the common schemata of both parents. It has  
proved more difficult to develop effective crossove~- 
operators for these non-standard problem space>. 

The commonality hypothesis identilies the 
schemata common to above-average parerits tu be 
the most critical for search. The function of 
crossover is to ensure that these schemata are prop- 
agated to new solutions, and then to build complete 
solutions from these building blocks. To build good 
solutions, effective heuristics are necessary and 
available in many problem domains. These obscr- 
vations lead to a commonality-based ftamcwork for 
designing crossover operators: I) identify thc 
maximal common schema of two parents, and 7) 
complete the solution with aconstruction heuristic. 

For traditional representations, the communality- 
based crossover framework suggests keeping the 
schemata common to the two parents, and filling in 
the remaining slots randomly. This is equivalent to 
uniform crossover. For sequence-dependent repre- 
sentations. following the framework leads to two 
new crossover operators. They are presented and 
evaluated later in this paper. For constrained opti- 
mization problems, a schema common to ~ w o  
feasible parents identifies a splice with at least two 
feasible solutions (Le. the parents). If a 
construction heuristic that can generate feasible 
solutions is available, it  may be possible to build an 
effective commonality-based crosso\,er operator 
around it. Finally, the framework also provides 
useI-til guidelines for incorporating high perfor- 
mance heuristics into hybrid genetic ;~lgorithms. 

4. Sequence-based Crossover 
Operators 

Many sequence-based crossover operators havc 
been proposed. In the following paragraphs, a brief 



Parent 1: i b d e f g 
? z r e n z  2 :  h g a b c j 

O f f s p r i n g :  i ?a d b c j 
e 

~ ~~ 

figiirc 2: Enamplc of PMX. Mxppiogs are b-e. c-5 
j-g To h e r i t  I. b c j  are relocated 
into 3 suh-tour, and e . f , g  are rcattrrcd. 

owxview of them is conducted in light of the 
commonality hypothesis. For the possible 
commonality bases of sub-tours. order, edges. and 
posilion; each operator will be examined Io see 
which parts froin the parents are kept and how the 
remaining solution is generated. 

Partially Mapped Crossover (PMX) [CLSS] is a 
two-point crossover. The operator takes the 
eletncnts between the cut points from Parent 2. 
Then, it  takes the elements in the first and last 
srciion from Parent 1 ,  I f  an element has already 
been provided by Parent 2, it takes the corre- 
sponding (i.e.. mapped) clement from Parent 1.  (See 
figure 2.) To Parent 1. the effect of PMX is to have 
one sub-tour of elements scattered in exchange for 
one assembled from scattered elements. To Parent 
2, a sub-tour is kept. but a virtually random rear- 
rangement occurs elsewhere. 

Order Crossover (OX) [DavSS] is also a two-point 
crossover. Like PMX. OX takes the elements of 
Parent 2 be~weeti the cut points'. OX continues 
from the second cut point with the elemcnts of 
Parent I ;  however, if the element has been supplied 
by Parent 2, i t  is skipped (to maintain order). (See 
figure 3.)  The spliced sub-tour of Parent I is no 
longer scattercd as in PMX. However, Parent 2 
again only kecps a sub-tour before a rzarrangement 
of its remaining tour occurs. 

These tWo operators. PMX and OX> attempt to 
follow the form of two-point crossover, but their 

a c h j 
i e d f 

a -= h 3 
f g  

?arenc 1: i 5 d 
Parer.t 2 :  h g a 

i b d  

O f f s p r i n g :  e f g 

1 The rols oi the Iwu parcnts in [UWSSI ha\,e hccn iiiter 
chanzrd to highlight [lie similarities of OX 10 PMX. 

e f g a c h j 
b c j i e d f 

b c j  a e h i  
e f y  

b c j a h i d 

effect is very dissimilar. PMX and OX do not 
necessarily maintain common sub-tours. Fuiihcr, 
during the process of interleaving thc chosen suh- 
tour into the parent to build an offspring taw. unpre- 
dictable mutations to other sub-laurs occur. 

PareI:t 1: h k c e 5 d 3 I & i 2 j 
Parent 2: b c C e f a  b, i j i 1 
mask: c 1 1  0 1 1  1 3  : c 3 I 

t acen :  k c  f d b  a 1 
remaicing: h e 1 i g  
o r d e r :  e g h i  1 

Offspring: e k c g  f d b h u  i 1 j 
~~~~ ~~ ~~ 

figure 4: Example of UX. The urder of? iiiid g Lire 
switc.hed i n  parcnrs and ollbprinp. 

Uniform Order-BasedCrossover (UX) lSys9 I ]  uses 
a uniform crossover mask. The operator takcs the 
elements from Parent 1 in the slots where thr mnsk 
has a 1. The order for the remaining elements is 
taken from Parent 2, and they are added i n  the 
empty slots to complete the offspring. (Sec Ligure 
4.) Each parent transfers only part of its ordering 
information to the offspring. thus it is possible for 
common ordering information to be lost 

Parent 1: h k c e f d b i a i g j 
P a r e r t  2 :  a b c d e f g b, i j k 1 

comxon : '1 
cycle 1: 1 1 1 1  1 
cycle  2: 2 2 2 
cycle 3 :  ? 3 3  

s u b s e t  1: h l a i  j 
sllbset 2 : b c d e f g  k 

O f f s p r i n g :  h b c d e f g 1 a i :< j 

figure S: Example of CX. Suhsct I h;ls thc elcrncnt> 111 

Cycle Crossover (CX) [OSH87] is like it multi- 
point crossover. In a cycle, the same elcnlents are 
in both parents. Restricting cut-points tu cycle 
boundaries allows normal crossover to he 
performed without creating an infeasible solution. 
(See figure 5 . )  The problem with CX is that it is 
essentially a position-based operator acting on 
sequence-based solutions. Cycle Crossover usually 
performs worse than Ihe sub-tour based nperators 
PMX and OX. 

Edge Recombination (EKI [SMM91] is signifi- 
cantly different from traditional crossovcr oper- 
ators. It uscs an edge map as an intermediate 

Parent I in the locations of cycle I 



2arent 1: a b c d e f  
Parer.t 2 : c d e b f a  

E 5 g e  Map: a :  b ,  c ,  - f  
h :  a ,  e ,  e ,  f 
c: a, b, -d 
3 ;  -c, -e 
e :  b,  -d, f 
t: -a, b. e 

C f f s 2 r i r . g :  d c a f e b 

iigure 6. Example vi ER. Start with d (2 choic.es:i. and 
pick c next irandornlyi. Updated edge map 
tot a: b.s.-f. Due IO minus label, f i s  chosen. 
&lgc e - d  i s  lost and edge b-d is added 
irnurorion) when f chooses e. 

representation to process the parent sequences into 
an offspring sequence. The edge map lists the 
elements that are adjaccnt to an element (preceding 
or succccding) in either of the parent tours. If an 
element appeal-s twice; it is marked negative to 
sigtiily a common edge. Each element is adjacent 
to 2, 3, 01- 4 other elements. Tu build the tour, 
choose the element that is negative or that has the 
fewest remaining adjacent eleme.nts. (See figure 6 . )  
Under EK, an offspring receives most o f  the 
common edges and sub-tours of its two parents. 
However, for the n remaining elements, ER 
considers only 212 of the n2 possible edges. Unlike 
the traditional binary representations. the 
uncommon parts do not span the remaining search 
space. 

The previous operators use the sequence represen- 
tation However. a sequence can be represented by 
a Boolean matrix. The matrix is n x n, and elemcnt 
i, j ) is 1 if element j follows element i in  the 

sequence. and it is 0 otherwise. Amatrixrepresents 
a kasiblc solution if three constraints are satisfied. 

Pdrenr 1: a b c d e f g  
larent  2 :  a e f a b c g  

I offspring: a b e d f c g  
~ ~~ ~~ ~ ~ 

figure 7 Example of matrix iiitersection opcrntor. 

First, the order must bc complete.: there are n (n-  
1) / 2  ones. Second, transitive order is maintained: 
if (i,j)=l and (j,k)=l, then ii,k)=l. 
Third, thcre are no cycles: i i, i) = O  for al l  i. If 
two feasible matrices are intersected, a matrix satis- 
fying the last two constraints is created. This under- 
c0nstraine.d matrix can be completed by adding 
random l’s, with an analysis of row/column sums 
to ensure feasibility. (See f iy re  7.) The Matrix 
Intersection operator (MI) IFM911 is O(n2). and i t  
i s  thus much slower than the previous opcr;itors. 
Further, the remaining search space after inter- 
section is still exceptionally large, O(n! ). so the 
random filling of 1’s is incapable of effective 
search. 

The operators discusse.d to this point are all gencric 
and “blind”--they use no auxiliary information, 
only the total tour length. This allows the operators 
Io be used directly on other problems. iiicluding 

l a h l e  1: l’erlormuncr of reqiience-based crossovcr operators on five TSP instanccs taken iron1 TSPLIB. Results rlrc lor ;I s1c;~ly- 
slate <;A with a pupulalion size 01 1000 run for 250 generaiions. iMI rut1 with a population uf 200 for 40 gencru1inrir.i 
Vaalues iirc percent dislancc f m n  known uptimum for average of 5 runs. 



[hose that might not have auxiliary information (e.g. 
scheduling). Unfortunalely, the results are quite 
poor. (See Table I .) The following mulri-opcriitor 
approachcs incorporate heuristics that use auxiliary 
infortnation h e .  edge weights). 

A Greedy Crossover (GX) IGGR851 operator that 
uses edge wcights to determining which parts 
should be taken from each parent has been 
proposed. The most effective. version of GX starts 
with ii random element, and builds the tour by 
picking [he shortest edge from either parent that 
docs not introduce a cycle. If all edges from the 
parcnrs cause cycles, the edge. to the nearest 
available element is selected instead. If a common 
edge is not the shortest edge connected to an 
element, it can be lost. 

A hybrid genetic algorithm applies a local 
optimizcr to each solution after crossover. The 
solutions created by GX often have crossing edges, 
so ?-Opt can be added to correct these mistakes. 
The GX-2-Opt hybrid GA was developed by 
[JSGXg]. Gen2-Opt is another 2-Opt based hybrid 
GA that has been developed by [UPL90]. However, 
neither GA is built on a crossover operator that 
focuses on maintaining common schemata from the 
parents. 

Thc A-team approach o f  ITS921 incorporates a 
large variety of optimization methods into an asyn- 
chronou? orgmization. In  the context of genetic 
crossover operators, the. most intere.sting part of the 
A-team approach is a new deconstruction/rccon- 
struction (DecMec) operator. This operator has the 
form of a c.ommonality-based crossover operator. 
The drconstruction step creates a sub-tour by 
connecting the common edges of two parents in the 
order and orientation of Parent I .  (See figure 8.) 
Thc reconstruction step uses the Arbitrary 
Insertion' (AIj construction heuristic to complete 
the sub-tour. However, the deconstruction 

Zarent  1: ab c de f 4 h i i k 1 
Parer-t 2 :  a c IC f 1 

edges : a-b d-e g-h 1-1 

S d - t - o c r :  a b d e g h i j 

procedure is edge based. and the rcconstmclion 
procedure is order based. The resiilt of this 
mismatch is that the conimon ed, oes are not ticces- 
carily prescrved. 

5. Maximum Partial Order 
To build ;in operator undrr  the coniiiioiiality-bas~d 
crossover fraincwoi-k. i t  is nrcessai-y to select il 

basis of cumnionality and a matching consti-tiction 
heuristic. For sequencing problems, the choices t h  
[he basis o f  cotnmonality arc sub-tnurs, order, 
edges, and positions. The tirst new crossover 
operator uses order as its basis of commonality. 
Insertion heuristics preserve ordcr, so any partial 
order that can be extended by inseitiori into bolh 
parents may be considered to be common tu the two 
parents. The longest such partial order is the 
Maximum Partial Order (MPO) 

I Parent 1 l a ren t  S 

I Convex Xu11 XPO 

figure 4: Exaniplc of"shupe" frum convcx hul l  and h t W .  

The MPO constitutes a notion or "shape". While 
good TSP tours appear "s~nooih', poor TSP tours 
appear "jagged". A partial order eliminates much 
of this "noise" and creates a good tour outline. (See 
figure 9.) A I  is a good match with h4PO since the 
performance of  AI is improved when it is given a 
good tour outline. For example, 41 Ytartrd from the 
convex hull (CH) develops tours that are about 1 % 
better than thuse developed when AI is started from 
three random elements (Rei941. Idcally. the MPO 
of two parent tours eventually becomes an outline 
that AI can generate the nplimutn tour from 

ligurc 8: Exmiiplc 01 dccorlsrrucrioii. Edges a-b. &e, 
:md a-h Iliive mbcrsc nrirntiflinll. 

I .  Sraflin: with a sub-lour. pick an arbitrary elcrneni not 
in the hob-tour, and insert i t  in  ihc leal m s t  position. 
Rcpcar until all clemenis have bccn iiiserted. 



b 

~ ~~ 

- Kcpt-eerent parents hy Boolean rnatricsr 
- Intersect matrices 
- Sum columns to gct each elcment's prcdecess<~rs 

Build partial order graph 
;"; -F ind  rleiiient wirh fewest predecessors 
j 7 ~ AItilch clement ti) the prcdecessor wirh the 
L' most onleired prcdecessclt-s 

- F i n d  longest path in graph 
~ ~~~ 

t i p r c  111: Pseudu-code SurhZPO. 

The pseudo-code for generating the Maximum 
Partial Order of two parents is given in figure 10. It 
is assumed that all tours have the same first element 
and the came orientation'. The intersection matrix 
has element (i , j j =1 if and only if element j 
follows element i in both of the parents. The 
column sums give the number of Predecessors for 
each element that are conitnon to both parents. 

The partial order graph starts with the segment stan 
elemenl, and at each node, it gives the longest 
partial order for that element. (All ties are hroken 
randomly.) When all elements have been added. the 

~ ~- 

Parent 1: a b c d e f g  
3arent 2 ~ a e f d b c g  I 

Predecessors: 01 ;  1126 I 
I 

>laximu:: Partial Order: a b c g 

l i furc  I I: Exatnpll: 0 1 ~  MPO. Element g is after all 
clcments. hul  clelnentr c and f haw the 
m o s t  otdcrcd predccssurs i?)~ 

I .  Thrw cvcilly >paced cn i i~ex  hull clctnents ie.g. a,b,c) 
dciinc lhe iirienmiion 01 all 10~1rs 1i.e.. a...b...c...). 
These clcmcnts arc our rcgment sun clemenis. 

longest path in the graph i s  the Maximum Pardal 
Order. (See figure I I .) 

6. Experimental Results for MPO/AI 
6.1 Traveling Salesman Problem 
The Maximum Partial Orderihrbitrary Inscilion 
operator was designed for the Travelin? Salesinan 
Problem (TSP). The objeclive i n  the TSP is to find 
the shortest Hamiltoniiin cycle in  a complete graph 
of n elements with symmetric edge weights, i.c. 
d ( c l , c j )  = d ( c ; , c i j .  Formally, given n 
elements ci with edge weights d (c,, c. 1 , find ;I 

sequence x of the n elements such that the sum i s  
minimized. 

The MPO/AI operator has been implemented in a 
steady-state genetic algorithm (one-at-a-time repro- 
duction, worst member removed, no duplicate svlu- 
tions) [WS90]. The population size was set to 400 
solutions and the stop condition of I O  generations 
without improving the best overall solution was 
used. The population was seeded with 400 convex 
hull/AI solutions. Since AI generates solutions of 
low diversity. it was necessary to slow convergence 
by selecting only one parent by ?-tournament' 
(biased 10 good solutions) and the other randomly. 
Results are given as percent distance ahove the 
known optimum for the average of 5 runs. Al l  
experiments were run on a SPARC 20, and 
distances were stored in ful l  matrices. 

The MPO/AI operator was tested on T TSP 
instances? taken from the TSPLIB library4. On 
average, the final MPOlAl tour is 4.5% hetter than 
the best CWAI tour. (See Table 2.) This reflects 
MPO's ability to extract the "shape" of good tours. 
Compared against the Lin-Kernighan heuristic 
procedure ILK731 (widely regarded as the best TSP 
heuristic), the GA's solution quality is more 
ionsistcnt and better on average, but in the time 
required to run the GA once, many runs of LK could 
be performed and the best run would likely be 
better. 

2. Sclecl two solulioos randomly fiom the pupulxiun. 
Then. rclsctinp one barn on a criterion Srom thcsc two 
crralcs a linear rank-hased prohahilily distrihution lirr 
selection un that criterion. 

4. Available by anonymous hp: 
3. 5 sinallest TSP inslances with LK recults in IRci94l. 

ftp:/lclih.~ib-herlin.de/pub/nlp-tcsldala~ 



Tahle 2 :  Cornvarison uf MPO/AI and l.K [Rei941 on 5 TSP ins[anccs 

The wcakness of MPO/AI i s  that A I  does not 
generate enough diversity of relative ordering 
schemata. Thus, the GA converges before the 
optimum solution is found. This convergence 
occurs in a relatively small number of generations 
i -3 j ,  but the O(n2) complexity of the operator still 
causes high runtimes. 

Another experiment was conducted to measure the 
importance of properly matching the construc.tion 
heuristic to the basis of commonality. Holding the 
construction hcuristic constant, AI was also 
"inarched" to Matrix Intersection [Fhl91] and 
Deconstruction [TS92J. The ordering information 
i n  MI that is not parf of the MPO i s  coincidental and 
it handicaps the perfortnance of AI. (See figure 12.) 
Consequently, the results of MUAI are slightly 
worse for the TSP. (See Table 3.) A I  does not 
nccessarily preserve the edges of Deconstruction. 
so  information about good edges is not accumu- 
lated. Further, deconstruction can flip edge orien- 
lation (see figure 8). so the tour outline it provides 

I 

I Parent 1 Parenr 2 

M?O Disal lowed 

figure 12: Element i precedes : i n h t h  parcnis. hut 
41 might deierniinc that j should prcccdc i. 

AI is of little benefit. These results demonstrate rhe 
importance. of properly matching the two parts of a 
c rossow operator. The construction heuristic 
should be aided by, but no1 iestrictcd by nor 
drstructive to, the common elements. 

I I I 
TSP 1) Avg. Best /I Avg. Best 1 Runtime 11 Avg. Best 1 Runtime 11 Avg. Best 

Instance 1 CH/AI MPO/AI (rnin) 1 MllAl (mln) DeciRec 

d198 11 + 3.05 % I! + 0.95 Oi, ~ 

1 

4 1  1 + 1.31 9.6 1 1 

-_ 

Xihlc 3. C.umparison olMPOtA1. IIIIAI. and Drconslruction/Reconstruction on 5 TSP instances. 
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Instance AI 

ft70.1 1 71 17 41809 

G T  35 43485 

7037 68 1 46731 
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71 i 1 

6.2 Sequential Ordering Prohlem 

The MPO reduces the search space of AI. A similar 
reduction o f  [he search space occurs if ordering 
constraints are Siven. as i n  thc Sequential Ordering 
Problem (SOP). Specifically, d ic., c. ) = -1 if 
element j mwt  precedc (not necrssarily imrnedi- 
a~ely)  element i. The objective ill thc SOP is to find 
the shortest Hamiltonian path subject to satisfying 
all ordering constraints. The SOP i s  bared upon an 
Asymmetric Traveling Salesman Problem (ATSP), 
thus edge weishts may be asymmetric. Forinally. 
given nekrnents i‘: with edge weights d(ci, c+). 
find a sequence x o f  the n elements such that the 
sun1 is minimized and all ordering constraints are 
sutisfied. 

I I 

Avg. Best 1 Overall Best Previous Time to 1 Runtime 
MPO/AI MPO/AI Bounds I Bound (s) (min) 

39615 39545 39313 ‘ NA 2 

40435 40422 [39739,41778] )I 11 2 

42558 42535 ~ 4 1 3 0 5 , ~ 7 3 z ]  6 2 

s. ( .  if d ( c , , c , )  = -1 
then 1 < k 
for n(i) = j .  x i k )  = i  

-7 ft70 4 71 55982 53583 53562 [52269, 53882) 11 - -.p -- __ ~p 

The SOP is a useful modcl for production planning 
IEscbb], single-vehicle routing prohlems with 
pick-up and dclivery constraints ( IT9 I I(Sav9Ol. 
and [ransportation problems wirhin flexible manu- 
facturing systems IAsc96). 

The MPOiAl operator was run on I6 SOP 
instances’. Since Arbitrary Insei-rion use,? “chapr” 
which can be distorted by asymmetry, AI is less 
effective and less consistent. Thus, the GA parain- 
eters were increased to 500 solutiond20 genera- 
tions. and both parents were selected by 2- 
tournament. The population was seeded wilh 500 
A I  solutions. The higher population size and stop 
condition are largely overkill fur the sniiillzr SOP 
instances, but they lead to significantly hctler tinal 
solutions for larger SOPS (the “rbg” instances). (See 
Fdhle 4.) T’he overall runtirnc may seem high, hut 
solutions that are below the previous best-known 
bounds are found quickly. In general. the genctic 

i .  To hoiidlc conslrainIs. A1 u a s  Irivially ninditied iu  
cunstrucl only feasible rulutinns 



Table 5:  Pcrlorinance of MPO/AI lor LWO different popularion sizes on 4 ATSP instances. 

algorithm finds better solutions than a branch and 
cut algorithm' [Ax961 in roughly 2% o f  the CPU 
time. 

6.3 Asymmetric Traveling Salesman 

For compleieness, the MPO/AI operator w d s  also 
run on 4 ATSP instance.sZ. Two GAS were run with 
different parameter settings: 400 solutions/lO 
generations and 10 solutions/SO generations. Each 
population was sceded by AI. In an unusual result, 
better resulis are obeaincd for the smaller popu- 
lation size. (See Table 5 . )  This result might he 
caused by the inconsistency in A I  for asymmetric 
prublcms. A large population like.ly contains many 
diwrsc solutions which have little in common. 
Howevcr, a small population may quickly converge 
tco a reduced search space where. some local optirni- 
zdtioii is possible. 

6.4 Summary 

The Maximum Partial Order of two parent solutions 
reprrseriis a coinrnon "shape" or "structure". The 
AI-bitrary Insenion construction he.urirtic uses this 
shape as an outline to develop good tours for the 
TSP. Comparatively, the MPO/AI operator 
performs very well on the SOP and quite poorly on 
the ATSP In the ATSP. tour orientalion cannot be 
f ixed  Using only one segment, MPO returns noise 
if the parents are of  opposite orientation. In the 
SOP, orientation is again fixcd, and MPO performs 
much better. More importanlly. MPO is based on 
order. sil the added ordering constraints provide 
slmctiire in the SOP. In contrast. methods based on 

Problem 

I .  I n  this sludy. thc  prngrarn wa& given 300 minutes on a 

2. In lhis  case. only Oiir SegmCnt is used for !vIPO since nu 
SI'ARC 2: I 2 M  [minutes for thc "rbg-' instances. 

lour oriciiIalioil Can bc hxcd a priori. 

Parent  1 F'arent 2 

CST/" 2-09? 

figure 13: Examplc ofCST/NN and CSTINN-2-Opt 
One common edpe i s  IWL durins 2-Opt. 

edge representations (likc many integer 
programming formulations) have their search space 
convoluted by ordering constrainis. On ihe TSP 
and ATSP, branch and cut algorithms can orten find 
the optimum solutions. 

7. Common Sub-Tours 
Order is just one possible basis of commonality fur 
sequencing problems. A second operator was 
designed to take all the Cotnnion Sub-Toum (CST), 
and thus all the common edges. from two parents. 
Starting with a random cotnrnori sub-tour. the. 
remaining elements and wb-tours arc sonnecred 
with the Nearest Neighbor (NN) heuristic. (See 
figure 13.) 

8. Experimental Results for CST/" 
8.1 Standard Genetic Algorithms 

The CSTlNN operator was run on the same 5 TSP 
instances introduced earlier. The GA was seeded 
with solutions obtained by starting NN frum cach 
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TSP Avg. Best 1 Avg. Best Avg. Best Common Avg. Best 1 Common 
Instance 

d198 97.4 ?4 

lin318 

ti417 

pcb442 '1 

"Tour / CSTlNNTour I '&:: (1 GXTour 1 Edges // ERTour 1 Edges 

__ 

__ 

+ 9.64% 100.0% [ ~ 1 2 . 1 1 %  99.0 % 1 + 15.17 % 1 97.3 0% 
- __ 

u574 19.92 % 1 + i i . 3 6 %  i o 0 . 0 5 ~  I/ +15.9a% 99.9 Y, 1 + 19.38 0 9 a . i  cb 

97.8 0~ 

I 

average // + 16.30% 100.0% '1 + 13.28 ?& 99.794 + 14.94 % ' + 9.70 % 1 1 1 
Table 6: Cumpanson <f(:Si?NN, GX. and ER on 5 TSP instance?. 

elcmenl, and the stop condition was 20 generations. 
l h e  population is secded with Nearest Neighbor to 
isolate the effect of CST in the crossover operator. 
I f  random solutions are used to seed the population. 
two parents from this initial population can be 
expected to have only one edge in common. Thus, 
the firs generation of new solutions will be similar 
to NN solutions anyway. 

The Nearest Neighbor heuristic selects many good 
cdges, hut it myopically "paints itself into a corner" 
and then must select a poor edge. The final CST/ 
3'3' lours average a disappointing 10% from 
optimum. (See Table 6. )  Note, however, that 
although Greedy Crossover [GGR85] implicitly 
uses NN and maintains most of the common edges. 
it  performs over 3%. worse. Two NN tours are likely 
to have thc same gond edges, but different poor 
edges. To minimize disruption. the GX operator 
forces itself to take these poor edges, thus handi- 
capping NK. I f  the above-average schemata are 
those that are common to above-average solutions, 
the converse implies that the uncommon schemata 
may be hcluw awrage. 

The FAge Rccombination (SMM9 I ] operator 
performs worse than both CST/&.U" and G X .  The 
effectiveness of ER is limited by two drawbacks. 
First. the operator incorporates no heuristics; and 
second. the operator also forces itself to rakc poor 
edges if they exist in either parent. An interesting 
observation is that ER maintains fewer common 
edges than GX--even though ER was: developed IO 

maintain common edges, and GX wasn't. The 
problem is that ER's first focus is to use edges from 
either parent. At the start, or whenever nu edges iirz 
available from the current element, ER takes the 
element with the fewest remaining edges. If this 
element is internal to acommon sub-tuur. selecting 
i t  will cause one common edge to be lost. 

8.2 Hybrid Genetic Algorithms 

The mistakes of NN can be improved by 2-Opt. 
(See figure 13.) Like the GX-2-Opt hybrid (3.4 of' 
[JSG89], 2-Opt was added to CST/NN to make 
CSTlNN-2-Opt. This hybrid GA was run on thc 
same 5 TSP instances. The GA parameters were 
300 solutiondl0 generations. The population w i ~ i  
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Avg. Best 1 Avg. Best Total 2-Opt 1 Calls 

fin318 318 /I + 1.35 :& + 2.02 % 390 

pcb442 + 3.02 vo 1 720 

TSP Instance 1 Size 11 CSTINN-2-Opt Gen2-Opt I 
I 
I 

1 

alt532 532 +? .99% -i-954-- 

Tahle 8 Cumparison of CSTINN-2-Opt and Cen2-Opt [lJPL!4[)) on 3 TSP in5tance.q 

seeded with 400 random solutions each optimized 
by 2-Opt. For these tests. the CST/“-Z-Opt 
hybrid GA finds tours that are about 0.5% better 
ihan GX-?-Opt. (See Table 7.) 

Returning the focus to commonality, some common 
edges can be lost during the 2-Opt proce 
However. over 90% of the CST edges are kept after 
2-Opt during the first generation of CST/IW-2-0pt. 
The number of lost (disrupted) coimnon edges is a 
rneasurc of how far the crossover solution is from a 
2-Opt minima. Common edges are disrupted 2.6% 
more often in GX-?-Opt, so GX is less effective 
than CSTINN in guiding ?-Opt. The results of ER- 
2-Opt also follow this trend-more disruption, lower 
solution quality. 

CSTINN-2-Opt has a h  becn compared with Gen2- 
Opt [UPL90]. Allowing the CST/”-?-Opt GA to 
use the same number of 2-Opt calls used by the 
Gen2-Opt GA, a population size of 28 worked best. 
On [he 3 common TSP instances we had available 
( in  matrix form), CSTMN-2-Opt performs signifi- 
cantly better. (See Table 8.) 

9. Discussion 
The current analysis of crossover suggests that 
“short, low-order. above-average schemata” are the 
critical building blocks manipulaled during the 
searcli process. The resulting view is that “.._ a 
genetic algorithm szek(s] near optinial performance 
through the juxtaposition of [these] building 
blocks” IGolS91. and “Crossover operators, viewed 
in the abstract, are operators that combine subpans 
of t h e  iwo parent chromosomes to produce new 
children” [Dw91j. 

The commonality hypothesis suggests that the. 
schernata common to above-average solutions are 
the critical building blocks. The traditional posi- 
tionally-dependent, binary string crossover 
operators support both interpretations of where 

crossover gains its power. Howvcr, it may be 
possible that the preservation of common schemapa 
provides a base that is necessary for the juxtapo- 
sition/cornbination of short, low-order schein;lh to 
be productive. 

The commonality hypothesis leads to a new genzral 
framework for designing crossover operators. This 
framework covers many different prohlem 
domains. solution representations. and constraints. 
Further, auxiliary evaluation information is sasily 
incorporated through the use of construction 
heuristics. These are often difficult issues under the 
current crossover model. 

More generally, reserving sollition parts Crow trial 
to trial is a natural aspect of any iterative optiini- 
zation procedure. Each successive solution has a 
part kept from the prrvioiis trial and a part added by 
an operator. A typical local-search operatur iden- 
tifies a small part of the solution which can be 
changed to yield a better solution. Instead of iden- 
tifying what should be changcd in one solution. 
Crossover uses two solutions to identify what i s  
worth keeping. 

Hybrid genetic algorithm often locdly optimize 
each solution after crosso\;er. Crossover accelerates 
the search because it “ ... paysoff when ir1termedi;ite 
solutions are of higher quality” IUPL90]. However. 
a genetic algorithm with a crossover opelalor that 
randomly combines subpans of two parents is not 
significantly different from random multi-start. 
Alternatively. a crossover operator designed io 
maintain commonality for the basis of the local 
optimizer can improve the performance o f a  hybl-id 
genetic algorithm. 
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