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he structure-from-motion problem has been extensively studied in the field of computer 
vision. Yet, the bulk of the existing work assumes that the scene contains only a single 
moving object. The more realistic case where an unknown number of objects move in the 
scene has received little attention, especially for its theoretical treatment. In this paper 
we present a new method for separating and recovering the motion and shape of multiple 
independently moving objects in a sequence of images. The method does not require prior 
knowledge of the number of objects, nor is dependent on any grouping of features into an 
object at the image level. For this purpose, we introduce a mathematical construct of object 
shapes, called the shape interaction matrix, which is invariant to both the object motions 
and the selection of coordinate systems. This invariant structure is computable solely from 
the observed trajectories of image features without grouping them into individual objects. 
Once the matrix is computed, it allows for segmenting features into objects by the process 
of transforming it into a canonical form, as well as recovering the shape and motion of 
each object. Even though the theory works under a broad set of projection mod& (scaled 
orthography, paraperspective and affine), they must be linear, in other words, it, does not 
work with projective "cameras". 
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Chapter 1 

Int reduction 

Since the early days of computers, the scient,ific community has been working towards 

providing robots with sensing capabilities. Vision is the most promising and yet the m o s l  

challenging of the artificial senses. From images, biological systems collect most of the infor- 

mation they need to manipulale, navigate and interact with the environment, suggesting that 

visual sensors are fundamenta.1 to providing artificial systcms with perception capabilities. 

Recovering the 3D structure of a dynamic scene from an image sequence is one of the 

most extensively studied problems in Computer Vision. This is because not only do objects 

and robots themselves move, but also motion provides important cues about 3D geometry. 

While a large amount of literature exists about this structure-from-motion problem, most 

previous theoretical work is based on the assumption that only a single motion is present in 

t.he image sequence; either the environment is static and the observer moves, or the observer 

is static and only one object in the scene is moving. More difficult, less studied, and of more 

pract.ica1 intcrcst is the general case of an unknown number of objects moving independently 

in the scene. If a set of features has been identified and tracked in an image sequence, but the 

correspondcncc between each feature and the respective object is not known, the question is 

whether the motion and shape of the multiple objects contained in the image sequence can 

be segmented and recovered. 

Previous approaches to the structure-from-motion problem for niultiplc ohjccts can be 
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grouped into two classes: image motion-based (2D) and three-dimensional (3D) model- 

ing. The image-motion based approach relies mostly on the spatio-temporal properties 

of an image sequence. Regions corresponding to different velocity fields are extracted 

using Fourier domain analysis [Watson and Ahumada, 1983, Adelson and Rcrgen, 19851 or 

scale-space and space-time filters [bergen et al., 1990, Burt et al., 1991, Irani et al., 1994, 

Jasinschi et al., 19921. These image-based methods have limited applicability either because 

object motions are restricted to a certain type, such as translation only, or because image- 

level properties, such as locality, need to be used for segmentation without assuring consistent 

segmentation into 3D objects. 

To overcome these limitations, models of the motion and the scene can be introduced 

Representative constraints include rigidity of a n  ohject that provide more constraints. 

[Ullman, 19831 and smoothness (or similarity) of motion [Sinclair, 1993, Navab and Zhang, 1992 

Adiv, 1985, Boult and Brown, 19911. Then the problem is reduced to segmenting image 

events, such as feature trajectories, into objects so that the recovered motion and shape 

satisfy these constraints; that is, it becomes a clustering problem with constraints derived 

from a physical model. Though sound in theory, the practical difficulty lies in the cyclic 

dilemma: to check the constraints it is necessary to segment features, and to perform this 

segmentation requires the computation of the constraints. So, current mcthods tend to be of 

a “generate-and-test” nature, or require prior knowledge of the number of objects (clusters). 

In [Ullman, 19831 Ullman describes a computational scheme to recursively reco\-er shape 

from the tracks of image features. A model of the object’s shape is matched with the current 

position of the features, and a new model that maximizes rigidity is computed, that is, the 

updated shape is the rigid object that best fits the scene data. He suggests that this scheme 

could be used to segment multibody scenes by local application of the rigidity principle. 

Since a single rigid body model does not fit the data, collections of points that could be ex- 

plained by a rigid transformation would be searched and grouped into an ohjcct. Akhough 
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in a different context, this view of the problem is followed in [Boult arid Brown, 19911 and 

[Gear, 19941 under the framework of the factorization method [Tomasi and ICanade, 199Ob], 

where the role of rigidity is replaced by linear dependence between feature t,racks. Since 

the factorization produces a matrix that is related to sha.pe, segmentation is obtained by 

recursively clustering columns of feature trajectories into linearly dependent groups. 

This report presents a new method for segmenting and recovering the motion and shape 

of multiple independently moving objects, from a set of feature trajectories tracked in a 

sequence of images. The method, a t  the image level, does not require any grouping of 

features into an object or prior knowledge of the number of objects. It dircctly computes 

shape information and allows segmentation into objects. This has been made possible by 

introducing a liner-algebraic construct of object shapes, called the shape interaction m.utTix. 

The entries in this matrix are invariant to individual object motions and yet are computable 

only from tracked feature trajectories without segmentation. Once the matrix is computed, 

transforming it. into the canonical form results in segmenting features as well as recovering 

the shape and motion of each object. We have developed our theory by using the factoriza- 

tion method by Tornasi and Kanade [Tomasi and Kanade, 1990bI as a way to relate feature 

measurements to motion and shape with an orthographic camera. It is, however, easily seen 

that the theory, and thus the method, work under a broader projection model including 

scaled orthography and paraperspective [Poelman and Kanade, 19931 up to an affine camera 

[Koenderink and van Doorn, 19911. 
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1.1 Multiple Motion Segmentation: An Overview 

Most contributions to the area of structure from motion rely on the assumption that the 

essence of multiple motion analysis comes down to a classificat~ion procedure by which image 

patterns, or image features, are grouped by velocity in “classesn of distinct motions. The 

approaches used by researchers that have addressed this problem can be grouped into two 

major classes: image motion-based (2D) approaches and three dimensional (3D) modeling 

approaches. 

1.1.1 Image-based Analysis 

The first class of methods addresses the problem of multiple motion and transparency, re- 

lying mostly on spatiotemporal representations of image sequences, and uses Fourier domain 

analysis [Watson and Ahumada, 1983, Adelson and Bergen, 19851. Here, the processing is 

done at t,he image level and the strategy consists of grouping image regions into “clases” of 

image velocity similarity (also known as optical flow). 

In general, the spatiotemporal representation of an image sequence is a threc-variable 

function I(z,y,t). This representation has too many degrees of freedom to bc of any use in 

finding a unique solution for the optical flow. To overcome this difficulty, some constraints are 

usually imposed on the allowable motions [Horn and Schunk, 1981, Hildreth, 1984, Hceger, 1988 

Most of the proposed methodologies consider that the image motion is generated by trans- 

lating objects. This assumption constrains I(x,y,t) to be a function of the original texture, 

by defining the image a t  instant t as 

where Io is the first image of the sequence and (wr, w,) is the velocity of the pixel at position 

(zo,yo).  Computing the Fourier transform of b0t.h sides of (1.1) yields the relation (in the 

5 



frequency domain): 

- - 
I (wzrwlr ,wt)  = 1o(wz,w,) 6(w* - v4Jr - .,Wy) (1.2) 

where i represents the transform of I ,  a() the Dirac’s impulse function and w,,w,,wt the 

spatial and temporal frequencies respectively. Equation (1.2) reveals that image sequences 

have all their energy distributed along the plane wt = vrw,+w,wY in the space-time frequency 

domain. The plane’s slope corresponds to the image velocity and the spectrum in this plane 

is that of the first image. 

In the case of more than one motion in the image, the total spectrum will be the sum of 

as many planes thre are different motions. To illustrate the procedure better, assume that 

the image has one spatial dimension only. Then, instead of a plane, the Fourier transform 

of the sequence will be constrained to a line in the spatiotemporal frequency: 

t 

Figure 1.1: Absolute value of the Fourier transform of an image sequence with two objects 
moving. The spectrum lies along two lines correspondent to each of the motions 

The Fourier transform consists of the sum of two functions taking values only along the 
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two lines w1 = V ~ ( ~ ) W , .  Since the spectrum of the moving pattern spreads over different 

frequency regions, these can be separated by a selective filter. The select.ive filtering is 

usually recursive. The fast motion is identified and eliminated from the sequence, and then 

the procedure is repeated to the next fast motion until all pixels in the image liave been 

classified. 

level 3 

level 2 

level 1 

Figure 1.2: Pyramid representation of one image. Going up in t.he pyramid eliminates image 
motions. 

This general approach is applied by [bergen et al., 19901 to segment two motions in the 

image using three frames. The authors use to a multi-resolution pyramid (Rosenfeld, 19841 to 

represent the image signal and to compute image motion at each level. Forming a (Gaussian) 

pyramid involves, at each resolution level, a spatial lowpass filtering of the image and a 

subsampling. 

Consider Figure 1.2 where a pyramid is shown with several image patterns moving with 

different velocities. If two consecutive frames are subsampled, choosing for the next resolution 

level every other pixel of the current resolution level, only displacements larger than one 

pixel will be detected. This can be underst.ood as a spatial lowpass and tcinporal high-pass 
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filtering that discards slow moving patterns. In terms of Fourier representation, t h c  pyramid 

is selecting the sequence spectrum in a zone equivalent to the shaded area of Figure 1.3, 

which has high time (ut) and low space ( w ~ )  frequency components. As we can see, there 

is only one signal with non-zero energy in this region. The hierarchy can go as high as 

/ I \  \ 

.I . time highpass 
space 10v vpass 

Figure 1.3: Selection of one motion in the Fourier domain. The fast motion has energy in 
higher regions of the spectrum. With a linear filter, represented by the shaded area, one 
motion can be selected 

necessary to eliminate all the motions but one. Therefore single motion techniques can be 

used. Once the pixels corresponding to the fast motion are detected this same procedure 

can be applied recursively to detect all motions. Variants of this technique have been used 

in [Burt et al., 1991) and [Irani et al., 19941 with some degree of success. 

The importanceof geometricimage information was pointed out in [Jasinsclii et al., 19921, 

where it is shown that the geometric structure of the actual image texture ( e .  g. image 

contours) plays an important role in the perception and classification of multiple 1not.ions. 

Taking into account the curvature of contours it is possible to recover multiple motions from 
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just the normal component of the optical flow. 

These methods have had some degree of success in the case of transparent scenes, since 

they essentially measure the energy produced by the motion, however thc drawbacks are 

too severe. These are a consequence of both the assumption imposed on motion, which is 

very restrictive, and the lack of criteria for separating between the various resolution levels 

which actually define the motion “classes”. In real cases the spcctrum of an image sequence 

does not lie on a plane, even in trivial cases. Imagining a textured sphere rotating, we 

realize that the pyramid will split velocity, components of the same physical object along all 

resolution levels. Points in the occluding contour have zero velocity whereas points in the 

mid region move fast. Using a classification of the optical flow leads to a split of regions 

belonging to the same object, with completely wrong results. Furthermore, if uncertainty is 

present in the measurements distinguishing between the filtered motions can be very hard. 

In (Jasinschi, 19921 it is shown that in the presence of error there are certain requirements 

for the spatial and tempord sampling rates which may (in terms of uncertainty) exclude 

some levels of the pyramid. 

One important contribution of space-time image based methods is to show the possibility 

of recovering multiple motions with relatively simple mechanisms in low level vision, when 

motion is essentially translational. 

1.1.2 3D Modeling Approaches 

To overcome the limitations of the image-based methods referred to above, the rela- 

tionship between the threedimensional geometry of the scene and the image data must 

be modeled. In other words, the image data (e.g. feature tracks) must be related to, or 

parametrized by, the threedimensional shape and/or motion coordinates. 

Evcr so, in scenes with multiple objects t.he number of possible combinations of image 

points into physical objects is enormous. Just to emphasize this point, note that one trivial 



solution can be found by considcring each point of the image to be itself a single moving 

objcct. Structure from motion literature traditionally uses the rigidity of the scene as a geo- 

metric constraint to limit the possibilities, together with clustering/classification techniques 

to group image points into objects. Considering rigid objccts, the 3U coordinates of one 

point in the object are motion invariant relative to other points of that same object. Using 

this method, we can identify approaches that compute the local shape of the object and then 

verify rigidity compliance, and approaches that use the linear dependence of image feature 

tracks. 

In order to emphasize the differences between the approach presented in this report and 

thouse previouly proposed, let us consider a particular casc. Figure 1.4 illustrates a dynamic 

scene where two bodies move. A set of points is selected in the image and the task consists 

of grouping them in such a way that each group contains points of a singlc object. The 

data is the image position of these points over time. These features can be connected by a 

Figure 1.4: Multibody scene. 

locality heuristic, that is, close features are more likely to be part of the same object and 
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thereforc a close link between them is established. This locality heuristic can bp represented 

by a Delaunay triangulation, shown as a superimposed graphic in Figure 1.4’. The features 

are located at the vertices of each triangle. Since the triangulation links all the features, 

segmenting the scene is equivalent to grouping features into clusters representing each one 

of the objects. 

One of the most representative examples of the first kind of approaches is that of U11- 

man [Ullman, 19831 who, in an early study, proposed a computational scheme for three- 

dimensional shape recovery. Using feature tracks as input, his algorithm computes shape by 

incremental updating of a 3D shape model defined a pr im.  Using thc previous example, 

UIIrnan’s idea comes down to a procedure that first computes the shape of every triangle, 

assuming it contains only features of the same body. Repeating this procedure for all tri- 

angles gives a local estimate of the 3D shape. Then, if features belong to the same object, 

the 3D length of the triangle edges does not change over time. In othrr words, the object 

being rigid, the length of the triangle edges is invariant t o  rotations and translations. Then, 

recursively comparing neighboring triangles, the same rigidity evaluation is performed, and, 

if possible, the correspondent features are merged into a single cluster. The segmentation is 

obtained by recursively applying the procedure to the newly formed clusters until no more 

merging is possible. This methodology is an example of the “conviction” that multiple mo- 

tion segmentation is a clustering problem, thus solutions must be worked around locality 

criteria. 

Besides the need to set up thresholds in advance, the fundamental drawback of this ap- 

proach i s  that in order to verify rigidity compliance, the shape must be computed, while this 

shape is valid only if segmentation is performed beforehand. This cyclic dilemma produces 

high complexity, and does not guarantee the uniqueness of the solution. 

Following the same concept, other approaches indirectly use the rigidity property, by 

‘Thc triangulation is used as an example. Any other equivalent criterion is alw valid 



clustering the trajectories of feature points over a sequence of images. In this context, rigidity 

is translated into linear dependence of the feature trajectories of the same object. This is the 

general approach used by Boult and Brown [Boult and Brown, 19911, a d  Gear [Gear, 19941. 

The authors address the segmentation problem using the factorization method de\,eloped by 

Tomasi and Kanade [Tomasi and Kanade, 199ObI. Unlike Ullman’s rigidity maximization 

algorithm, the factorization method translates the idea of rigid interprctations into a global 

constraint of the matrix formed by the tracks of moving image fcatures. This constraint 

is the rank 3 property of the measurements matrix, which, if decomposed into its singular 

vectors, generates all possible subspaces where feature coordinates lie. 

What Bould and Brown did was to use the singular value decomposition of the measure- 

ments matrix to generate the whole space and then recursively cluster points in a rank 3 

subspace, assuming that the number of objects was known. Under the same way, thrre are 

other algorithms which parametrize motion and carry out the clustering iu the parameter 

space(Sinclair, 19931. Different motions produce clusters in the parameter space which can 

be reco\-ered using methods similar to the generalized Hough transform. 

In [Navab and Zhang, 19921 and [Adiv, 19851 the more complex perspective projection 

model is used but the underlying methodology hinges on the same principle, that multiple 

body segmentation is a classification problem, thus utilizing the same framework as those 

cited above. 

The drawbacks of these approaches are mainly threefold: 

First, to form clusters and to group points a distance between clust.ers has to be defined. 

Most often this distance is based on heuristics, with no consideration of the physics of 

the problem. 

Second, looking for clusters usually requires prior knowledge about the number of ob- 

jrcts. Looking for clusters without knowing how many they are could be overwhclming, 

since combinations of points belonging to diffrrent objects generate cluster elements 
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whose distance from a subspace is not defined. Furthcrmore, degenerate cases pose 

severe problems under this framework since the clustering has t,o be performed in 

subspaces with different dimensions. 

Finally there are the computational issues. Clustering mcans that decisions have to 

be made based on few and local data. We need to measure distances betwcen sets of 3 

points and decide whether they are uclose’’ or not. With noisy data the distance could, 

in many cases, be totally meaningless. 
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Chapter 2 

Shape From Motion in Single Body 
Scenes: The Factorization Method 
Revisited 

The factorization method was originally introduced by Tomasi and Kanade [Tomasi and Kan 

for the case of single object motion. The core of the method is a procedure based on sin- 

gular value decomposition that separates a matrix of measurements into the product of two 

matrices which represent, respectively, t.he shape and motion of an object. The met,hod does 

not need any prior assumptions about either structure or motion. 

2.1 A New Formulation Including Translation 

The original Tomasi-Kanade formulation addressed the case of a moving camera observing a 

static scene. In this chapter we will reformulate the method in order to consider the problem 

of a static camera observing a scene with a moving object. Also, whereas the translation 

component of motion is eliminated in the original method, we will retain that component 

in our formulation. Though equivalent for the single object case, this new formulation 

helps to simplify some of the representations. Furthermore, in miiltiple object scenes the 

translation component of motions cannot be computed directly from image dat.a, so the 

original representation used in the factorization method is not applicable. 
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2.2 World and Observation Models 

Let 11s assume for the moment that a static camera observes a single moving object. TO 

represent the situation we need two coordinate systems: a r n o v i q  system 0 attached to t.he 

object, and a static system C attached to the camera, as shown in Figurc 2.1. 

Figure 2.1: The camera and the object with its coordinatee system. The (unit) vectors i,j 
define the image plane and k its normal. 

Consider a point pi on the object. Let pji denote the position of pi, at instant j, 
represented in the camera coordinate system: 

Here 

Rf = [ j f  ] 
k; 

(2.2) 
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is t he  rotation matrix whose rows i; = [is/ i,, izf], j: = [j2, j,, jz] and k; = [k?, k,, k,,] 

are the axes of the camera coordinate frame C expressed in the object’s frame. The vector 

tf = [ 
represents the position of the object’s coordinate frame, at instant f, in the camera frame. 

The representation (2.1) can be simplified if we use homogeneous coordinates, 

X .=[:I=[ r; 
for the object’s point. In the homogeneous coordinates, equation (2.1) can bc expressed as 

The camera is modeled here as an ort.hographic projection. It produces the image by 

projecting a world point, parallel to the optical axis, onto the image plane. The image of 

point pi, a t  time f, is then given by the first two elements of pi,.: 

The object moves relative to the camera which acquires the images. In the sequence we 

track feature points from frame to frame. Suppose that we track N feature points over F 

frames, and that we collect all these measurements into a single matrix 

16 



Each row of W lists the image coordinates u or v of all the feature points in each frame, and 

each column represents the image trajectory of one feature over the whole image sequence. 

Using (2.7) we can represent W as the matrix product, 

If we denote 

. (2.9) sy, ... 
s z ,  

1 1 

(2.10) 

s, I 3, N 

s = [ ;; '. '  ;; 1 
as the motion and shape matrices respectively, we have the c0mpac.t representation 

(2.11) 

w = MS. (2.12) 

Compared with t,he original formulation in [Tommi and Kanade, 1990b1, note that the 

motion matrix contains translational components t,, and ty,. In the original formulation they 

were eliminated from the bilinear equation corresponding to (2.9) by subtracting beforehand 

the mean of the measurements. That procedure reflected the fact that under orthography 

the translation components do not provide any information about shape. In the case of a 

scene with multiple independent moving objects, the situat.ion is not the same: on one hand 

the translation component of each object cannot be computed without segmentation, and 
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on the other hand the translation component does provide information for segmenbing the 

multibody scene. For these reasons, the translation component is kept in our formulation of 

t.he factorization method. 

2.3 Solution for Shape and Motion by Factorization 

We have derived the bilinear relationship (2.9) by modeling the imaging process. The 

problcm of recovering shape and motion is in obtaining a mot.ion matrix M and a shape 

matrix S, given the measurements matrix W. By simple inspection of ('2.9) we can scc that 

since M and S can be at most rank 4, W will be at most rank 4. However, in rcal sitnations 

W is constructed from noisy measurements. so the rank of W can be higher due to noise in 

the feature tracking. To approximate W by a rank-4 matrix, singu1a.r value dccornposition 

(SVD) is the most robust and the best rank-revealing of all possible matrix decompositions 

[Stewart, 1992bj. With SVD, W is decomposed and approximated as: 

w = UCVT, (2.13) 

where C = diag(cr1, u2, cr3, CT~) is a diagonal matrix made of the four largest singiilar valucs, 

which reveal the most important components in the data, U E RZFX",  and V E R N X 4  are 

respectively the left and right singular matrices, such that UTU = VTV = hx4. 

By defining 

(2.14) 

(2.15) 

we have the two matrices whose product can represent the bilinear system W. However, this 

factorization is not unique, since for any invertible 4 x 4 matrix A ,  M = M A  and S = A-'S 

are also a possible solution because 

MS = (MA) (A-lS) = M S  = W. (2.16) 
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In other words, the singular value decomposition (2.13) provides a solution both for shape 

and motion up to an affine transformation. 

The exact solution can be computed, using the fact that M must have certain properties. 

Let us denote the 4 x 4 matrix A as the concatenation of two blocks, 

The first block AR is a 4 x 3 submatrix related to the rotational component and a, is a 4 x 1 

vect.or related to translation. Now, since 

M = M A = [ M A R ~ M ~ , ] ,  (2.18) 

we can impose motion constraints, one on rotation and the other on translation, in order to  

solve for A. 

2.3-1 Rot at ion Constraints 

Block AR of A, which is related to rotational motion, is constrained by the orthonormality 

of axis vectors i; and j;; each of the 2F row entries of matrix MAR is a unit norm vector and 

the first and second set of F rows are pairwise orthogonal. This yields a set of constraints 

(2.19) 

(2.20) 

(2.21) 

for i = 1.. . F , j  = F + 1 . .  . 2F, where mi, mj are rows i and j of matrix M. This is an 

overconstrained system which can be solved for the entries of A R A ~  by using least squares 

techniques, and subsequently solving for An. See [Tomasi and Kanade, 1990aI for a detailed 

solution procedure. 
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2.3.2 Translation Constraints 

In orthography, the projection of the 3D centroid of the features of an object into the image 

plane is the centroid of the feature points. The X and Y position of thc centroid of the 

feature points is the average of each TOW of W: 

(2.2'2) 

(2.23) 

where 

(2.24) 
- 1 
P = - Z P t  N 

is the centroid of the object. 

The origin of the object's coordinate system is arbitrary, so we make it coincide with the 

centroid of the object, yelding p = 0. Then it follows immediately from (2.23) khat 

(2.25) - w = Ma,. 

This expression is also an overconstrained system of equations? which can be solved for the 

entries of a, in the least square sense. The best estimate will be given by 

at = ( M T M ) - l M T w  (2.26) 

- - ~ - ' / 2 u T w  (2.27) 

which completes the computation of all the element,s of matrix A. 

2.4 Summary of Algorithm 

Shape and motion using the fact.orization method can then be computed by implementing 

the following steps: 
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1. Build matrix W from the tracks of N features. 

2. Using SVD, decompose the measurements matrix into W = UZV'. 

3. Compute A by imposing the rotational and translational constraints. 

4. Define shape and motion as S = A-'E1I2VT and M = UC'/2A. 

5. Align the camera and object reference syst.ems such that iT = [I 0 O] and j: = [O 1 O] 

2.5 Experiments 

In this section we present a single experiment to highlight the performance and robustness 

of the algorithm. The observed scene is a moving golf ball, where 120 features were selected 

and tracked over 72 frames. 

Figure 2.2: The first image of the sequence 

Figure 2.2 shows the first image of the sequence, and figure 2.3 shows the last image with 

the trajectories of the selected features superimposed. Feature selection is done by using 

statistical parameters of all image points, and choosing the most "trackable". In Chapter 
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Figure 2.3: Tracked features over the whole sequence 

6 we will describe the tracking process and so details on how the features are tracked are 

omitted. Figure 2.4 shows a 3D plot of the recovered shape of the ball. Notice the correct 

spherical curvature of the plots. To convey a better perception of the recovered shape we 

show in Figure 2.5 a surface computed by bilinear interpolation of the 3D shape points, and 

with the original image texture mapped on it. Again, note the corrcctness of the outline 

contour of the surface. 
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Figure 2.4: Recovered shape of the golf ball 

3 
Figure 2.5: The shape with the texture of the original image mapped in the interpolated 3D 
rec,overed shape 
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Chapter 3 

Geometrical Interpretation of Shape 
and Motion Decomposition 

The factorization procedure developed in the previous section can be summarized as 

follows. Given the measurements matrix W, compute its singular value decomposition (2.13) 

This decomposition allows the recovery of the shape and motion, M and S ,  up l o  an affine 

transform. Then, by using the constraints (2.19)-(2.21) and (2.27), wecompute A and obtain 

a unique solution for motion and shape, being: 

So far, all the matrix operations involved in the factorization have been considered from 

a purely numerical and algebraic point of view. It is useful to give a geometric interpretation 

to these matrices. Let us first consider the right singular matrix VT. From equation (3.3) 

we see that 
V T =.l-kAS. 

(3.5) 
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This equation reveals t.hat VT is a linear transformation of the shape. This transformation, 

produced by A and E, is done in such a way that the resultant V is orthonormal. To 

understand how A and are relat.ed t,o shape, first we need to introduce a few geometric 

concepts. Let % be, as before, the centroid of the object; 

The centroid is the first-order moment of a set of points. The second order moments of a 

set of points are given in homogeneous coordinates by 

A = S S T  (3.7) 
CXn 1 

(3.9) 

Generally speaking, the matrix A represents the orientation of the point distribution. Sub- 

matrix A0 is the matrix of the moments of inertia of the object. Its eigenvectors represent 

the directions of the three axes of symmetry of the ellipsoid of inertia. Using equation (3.3) 

for thc shape representation, the matrix A can be written as 

(3.10) 

(3.11) 

Similarly, we can also introduce the moments of motion. Vectors if and j, of the motion 

matrix represent the X and Y axes of the camera in object coordinates. As the object moves, 

thesc vectors describe trajectories in the unit sphere. The second order moments of motion 

vectors can be defined as: 
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n = M ~ M  (3.12) 

(3.14) 

where is 

the average position of the camera origin in the object’s coordinat,e systeiii and 11 t I I &  the 

average of the translation vector norm. 

is the matrix of the *moments of inertia” of the image planc motion axes, 

Tising (3.4) we can write (3.12) as: 

n = A ~ E A .  (3.15) 

The bilinearity of the observations is also reflected in the second-order motion moments. By 

multiplying the motion moment (3.15) by the shape moment (3.11),  we h a w  

OA = ATX2A-=. (3.16) 

or 

OA AT = AT C2. (3.17) 

This is a standard form of a 4 x 4 eigensystem, where E2 is the matrix of the eigenvalues 

and AT the matrix of the eigenvectors. The squares of the singular values c: of the mea- 

surements matrix W are the eigenvalues of the product of the motion and shape moment 

matrices, and their eigenvcctors form the rows of the transformation matrix A. Geometri- 

cally, the eigenvcctors represent space orientation, resulting from projecting the symmetry 

axes of motion into the symmetry axes of shape. The eigenvalues (thus singular values of 

W )  represent object’s “lengths” multiplied by motion moments. 



In order to illustrate the meaning of these matrices, let us consider one simple case where 

we choose a particular set of coordinate axis and a particular type of motion. Since the 

object coordinate system is arbitrary, we choose the object's centroid and axis of inertia 

to set rip the origin and orientation of its coordinate system. Then, i n  object coordinates 

p = 0, and the translational component t = W can be computed and eliminated from W. 

On the other hand, since the object's reference frame coincides with its axis of symmetry, 

the matrix A, is diagonal. Then, the eigensystem (3.17) is reduced to the 3 x 3 eigensystem 

- 

where 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

represent t,he moments of inertia of the object sorted in decreasing order. 

Regarding motion, we specify that the object undergoes a symmetrical motion as shown 

in Figure 3.1. It rotates up and down along the Y'Z' plane (of the camera), followed by an 

orthogonal motion to the left and right along the X'Z' plane. Furt,hermore, the motion is 

such that the amplitude of the upward (leftward) and downward (rightward) motion is the 

same, that is, the maximum and minimum angles of the trajectory are equal. Under t,hese 

restrictions the matrix of the moments of inertia of the motion is also diagonal: 

0 0  

0 0 w3 
(3.22) 

where 

(3.23) 
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Figure 3.1: Symmetrical motion 

(3.24) 

(3.25) 
i=l i = l  

are the moments of inertia of the motion and FI and FZ are the number of frames capt.ured 

in each section of the motion. 

The eigensyst.em (3.18) will be given by 

(3.26) 

Equation (3.26) shows more explicitly the previously deduced properties of structure from 

motion recovery with an orthographic camera. Under “symmetric” motion AT = 13x3 and 

we will have: 

- The columns of the singular matrix V represent the 3D shape of the object expressed in 

coordinates of its axis of symmetry and scaled so that its moments are unitary. As 

long as motion remains “symmetric”, matrix V does not depend on the actual motion. 
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- The squares of the singular values of the track matrix are the moments of inertia of the 

object mult,iplied by a scale factor. If the amplitude of the mot.ion is the same along 

both axes, there is one motion for which w1 = q = w3 and then the singular values of 

W will be the moments of inertia of the object, up to a single scale factor. 
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Chapter 4 

The Multi- body Factorization 
Method 

Until now we have assumed that the scene contains a single moving object. If there is more 

than one moving object, the measurements matrix W will contain features (columns) which 

are produced by different motions. One may think that solving the problem requires first 

sorting the columns of the measurements matrix W into submatrices, each of which contains 

features from one object only, so that the factorization technique of the previous sections can 

be applied individually. In fact this is exactly the approach taken by [Boult and Brown, 19911 

and [Gear, 19941. We will show in this section that the multibody problem can be solved 

without prior segmentation. For the sake of simplicity we will present the thcory and the 

method for the two body case, but it will be clear that the method is applicable to the 

general case of a n  arbitrary unknown number of bodies. 

4.1 The Multi-body Motion Recovery Problem: Its 
Difficulty 

Suppose we have a scene in which two objects are moving and wc take an image sequence 

of L’ frames. In this case, the relevant coordina.te systems are depicted in figure 4.1. Suppose 

also that the set of features that we have observed and tracked in the image sequence actually 
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Figure 4.1: Two bodies: The coordinate systems 

consists of ,VI feature points from object 1 and Nz from object 2. For the moment: imagine 

that somehow we knew the classification of featurcs and thus could permute the columns of 

W in such a way that the first A I  columns belong to object I and the following .W2 columns 

to object 2. Matrix W would have the canonical form: 

Each measurements submatrix can be factorized as 

with 1 = 1 and 2 for object 1 and 2 respectively. Equation (4.1) has now the canonicd 

factorization: 
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By denoting 

&l+ = [MllM,] 

s, 0 
0 s2 s* = [ 

A* = [ % 2 2 ]  
E* = [ 2 12] 

v" = ["' 0 v; 1 ' 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

we obtain a factorization similar to a single object case, where the canonical measurements 

matrix relates to shape and motion according to: 

(4.12) 

(4.13) 

(4.14) 

From equation (4.4), we see that W' (and therefore W) will have at most rank 8; W1 

and W2 are at most rank 4. For the remainder of this section let us consider non-degenerate 

cases where the rank of W is in fact equal to 8; that is, the object shape is actually full three- 

dimensional (excluding planes and lines) and the motion vectors span a three dimensional 

space for both objects. Degenerate cases will be discussed later on. 

In reality, we do not know which features belong to which object, and thus the order of 

columns of the given measurements matrix W is a mixture of features from objccts 1 and 

2. We can still apply singular value decomposition (SVD) to the measurenlerlts matrix, and 

obtain 

w = UEVT. (4.15) 

32 



Then it appears that the remaining task is to find the linear transformation A such that 

shape and motion will have the block structure of equations (4.13) and (4.14). 

There is, however, a fundamental difficulty in doing this. The metric (rotation and 

translation) constraints (eq.(2.19)-(2.20) and (2.25)-(2.27)) were obtained in section 2.3 by 

considering the motion matrix for one object, that is, by assuming that the measurements 

matrix consists of features from a single object. These constraints are therefore only appli- 

cable when the segmentation is known. This is exactly the mathematical evidence of the 

cyclic dilemma mentioned earlier. 

Faced with this difficulty, the usual approach would be to group features bit by bit so 

that we segment W into two rank-4 matrices and obtain the factorization as in equation 

(4.4). For example, a simplistic procedure would be as follows: pick the first four columns 

of W and span a rank-4 subspace. If the fifth column belongs to the subspace (ie. is linear 

dependent on the first four, or almost lincar dependent. in the caw of noisy measurements), 

then classify it as belonging to the same object as the first four columns and update the 

subspace representation. Apply this procedure 

recursively to all the remaining columns. This approach is in fact essentially that used by 

[Boult and Brown, 19911 and [Gear, 19941 to split matrix W, and similar to that suggested 

by Ullman [Ullman, 19831, where the criterion for merging was local rigidity. 

Otherwise, it belongs to a new objcct. 

However, this cluster-and-test approach presents several disadvantages. First, there is no 

guarantee that the first four columns, which always form a rank-4 subspace, are generated by 

the same object. Second, if we use a sequential procedure like that. above or a variation on it,  

the final result is dependent on where we start the procedure, and alternatively, the search 

for the globally optimal Segmentation will most likely be computationally very expensive. 

Finally, prior knowledge of the number of objects becomes very critical, since depending on 

t.he dccision criterion of subspace inclusion, the final number of objects may vary arbitrarily.' 

'While this is beyond the scope of the assumption in this section, this cluster-and-test approach also 
rcquires the prior knowledge of the ranks of objects, since for example a rank-8 measurements matrix might 
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4.2 A Mathematical Construct of Shapes Invariant to 
Motions 

In the multi-body structure-from-motion problem, the main difficulty, revealed just 

above, is due to the fact that shape and motion interact. Mathematically, as shown in (4.4), 

the rank-8 measurement space is originally generated by the two subspaces of rank 4, each 

represented by the block-diagonal shape matrix S'. However, the recovered shape space VT, 
obtained by the singular value decomposition, is in general a linear combination of the t,wo 

subspaces and does not exhibit a block-diagonal structure. 

There is however a mathematical construct that preserves the original subspace structure. 

Let us define Q as the ( N ,  + N2) x ( N ,  + N2) square matrix 

Q = VVT. (4.16) 

We will call this matrix the shape interaction rnatriz. Mathematically, it is the orthogonal 

operator that projects N = ( N t  + N,) dimensional vectors to the subspace spanned by 

the colunins of V. This matrix Q has several interesting and useful properties. First, by 

defiriition it is uniquely computable only from the measurements W, since V is uniquely 

obtained by the singular value decomposition of W. 

Secondly, each element of Q provides important information about whether a pair of 

features belong to the same object. Since W' is formed applying a set of column permuta- 

tions to W, V*T will also result by permuting the same set of columns of VTa. Thus, the 

canonical Q' will result by permuting columns and rows of Q (the order of each operation 

is irrelevant) so that both matrices have the same entry values but in different locations. 

Then, let us compute Q' for the canonical form of W'. By inserting (4.13) into the canonical 

have been generated by two line (rank-2) objects and one fill1 3D (rank 4)  object instead of two full 3D 
objects, and hence attempting to find two rank-4 subspaces could be wrong. 
2V and V' may still differ up to an orthonormal transtormation, but this is irrelevant to our deriv a t' ions. 
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version of (4.16) we can obtain the following derivation: 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

(4.21) 

(4.22) 

where A1 and A2 are the 4 x 4 matrices of the moments of inertia of each object. This means 

that the canonical Q' matrix for the sorted W' has a well-defined block-diagonal structure. 

Also, each entry has the value 

sEAI-'sl, 

sgAz-'sz, 

if feature trajectory i and j belong to object 1 

if feature trajectory i and j belong to object 2 (4.23) I 0 if feature trajectory i and j belong to different objects. 

&'. = 
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Properties of Q' 

Invariant to  the Number of Objec ts  

Even though expression (4.22) was derived for the case of two objects, it is now clear that its 

structure is the same for any number of objects. In fact, if the scene has M moving objects 

&* would still have the block diagonal form: 

O l  

0 0 I SITA1-'S1 .o. 
0 SkTAk- 'Sk  0 0 (4.24) 

0 0 o s M ~ A M - ' s M  

If any featurcs i and j' belong to different objects their entry Q:, will be zero. This property 

also holds in Q, that is, regardless the way features are sorted in W, the shape interaction 

matrix contains all the necessary information about the multibody scene. 

Invariant  to Objec t  Motion 

Most importantly, entries Q;t are invariant to motion. This is true since equations (4.23) 

include only shape variable S k ,  and not M. In other words, no matter how the objects move, 

they will produce the same set of entries in matrix $*. 

Invariant  to Coordina te  System 

The shape interaction matrix is invariant to the coordinate system in which we represent 

the shape. Suppose we transform the shape, S ,  of object k by the general transformation 

T E Px4: 
S' = TS. (4.25) 

The corresponding block-diagonal element matrix will be 

S'T(S'Sf l ) - lS '  = (TS)= [(TS)(TS)T]-l (TS) = S T ( S S T ) - ' S  
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which remains the same 

Invariant  to Shape  Rank 

Finally, the shape interaction matrix is also invariant to the type of object. The rank of 

the shape matrix S can be 2 for a line, 3 for a plane and 4 for a full 3D object. However, 

the entries of q will have the same general expression. For degenerate shapes (lines and 

planes), the difference will be the number of rows and columns of matrices S and A. Since Q 

is invariant to the coordinate system, if object k is a h e ,  Sk can be represented as a 2 x Nk 

matrix (3  x Nk for a plane), therefore A h  will be 2 x 2 (3  x 3 for a plane). In both cases, 

the total rank of q changes but not its structure nor its entries. 

4.3 Sorting Matrix Q into Canonical Form 

In the previous section we have shown that we can compute matrix Q without knowing 

the segmentation of the features. Each element &;j can be interpreted as a measure of the 

jnteract,ion between features i and j :  if its value is non-zero, then the features belong to 

the same object, otherwise they belong to different objects if the value is zero. Also, if the 

features are sorted correctly into the canonical form of the measurement matrix W', then 

the corresponding canonical shape interaction matrix Q' must be block diagonal. 

Now, the problem of segmenting and recovering motion of multiple objects has been re- 

duced to that of sorting the entries of matrix Q, by swapping pairs of rowm and columns until 

it becomes block diagonal. Once this is achieved, applying the corresponding permutations 

t o  the columns of W will transform it to the canonical form where features from one object 

are grouped into adjacent columns. This equivalence between sorting Q and permuting W 

is illustrated in figure 4.2. 

With noisy measurements, a pair of features from different objects may exhibit a small 

non-zero entry. We can regard Qf, as representing t.he energy of the shape int.cract.ion between 
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Figure 4.2: Segmentation process 
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features i and j .  Then, the block diagonalization of Q can be achieved by minimizing the 

total energy of all possible off-diagonal blocks over all sets of permutations of rows and 

columns of Q. This is a computationally overwhelming task since the number of possibilities 

is factorial with the number of features. 

Alternatively, since matrix { Q:j} is symmetric and all elements are positive, it defines 

the incidence matrix of a graph of N1-C N2 nodes, where the Q!j indicaks the weight of the 

link ( i , j ) .  Several graph-theoretical algorithms [Cormen et al., 19861, such as the minimum 

spanning tree (MST), can be used to achieve block diagonalization much more efficiently 

than energy minimization. 

The importance of these methods lie in the interesting interpretation of the shape interac- 

t.ion matrix (or the square of its elements). In noise-free environments Q is in fact a forest: a 

graph made of several non-connected subgraphs, and segmentation reduces to looking for the 

connected components. In the presence of noise Q is interpreted as a single fully connected 

graph from which the noisy links have to be removed. We can use the MS'1' to achieve a 

minimum representation of Q where the noisy links can be easily removed. IIowever, a single 

spike of noise can be understood by the sorting algorithm as a link, jeopardizing the entire 

segmentation. Because of this, and also because of the difficulty of coding prior knowledge in 

the MST algorithm we have devised another algorithm that explores the global constraints 

on Q, allowing a much more eEcient and robust sorting. 

4.4 Segmentation Algorithm 

The algorithm we propose here segments a multibody scene in two steps: In the first step rows 

and columns of Q are iterativelypermuted in such a way t,hat features of the same object are 

arranged adjacently into blocks, transforming Q into the canonical shapr intrracliou matrix 

Q'. Though sorted, Q* alone does not provide information about the size and location of 

each block, therefore a second step is required to compute the rows/colurIins that limit the 
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blocks corresponding to features of a single object. 

- -  
I 

Detection 

Figure 4.3: The segmentation algorithm: Sorting matrix Q and detecting the blocks 

Consider an example where three objects move independently. Figure 4.3 depicts t.he 

two steps of the algorithm graphically. First, the sorting process transforms the original Q 

into Q'. Then the detection process determines columns c1 and c2 which isolate the blocks 

corresponding to each object. This detection process is quite relevant mainly for two reasons: 

on one hand the off-diagonal elements are non-zero and we have no prior knowledge about 

either the signal or the noise models, hence we are unable to detect the limiting columns 

based on local information alone. In other words, we cannot compute optimal thresholds 

to classify the elements of Q as either noise or signal [Van Trees, 19681. Also, the detection 

process must take into consideration shape degeneracy issues, that is,  c a e s  where objects 
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have less than 3 independent dimensions (lines and planes). Fortunately, using t.he properties 

of Q, the block diagonal structure is invariant with shape rank therefore we have been able 

to develop a detection algorithm that robustly handles any shape degeneracy. 

4.4.1 Sorting 

As already stated, sorting Q is equivalent to minimizing the energy of the off-diagonal blocks, 

over the set of all permutations of rows and columns. A straightforward inspection shows that 

this type of optimization leads to a combinatorial explosion. Instead. we can considerably 

reduce the search effort by using suboptimal strategies without jeopardizing performance. 

Our algorithm implements a hill-climbing tree search. By hill-climbing we mean a search 

procedure that, at each search level (or iteration), chooses the best path wit.hout taking into 

account past decisions. 

At each iteration, say k ,  the current state is represented by a k x k submatrix Q" which 

contains the features sorted so far. A set of operations expands the currcnt state, producing 

candidates (features) to be included in the current sorted Q * k .  Figure 4.4 shows iteration k 

where feature k t 1 is to be selected from among the N - k candidatcs. The candidates are 

features k + 1 to N whose columns and rows are not included in the current segmentation. 

The cost, C! of each candidate is given by the energy of the first k elements 

k 

C: = Q:,j for ( j  = k + 1,. . .,A'), 
i= 1 

(4.27) 

which represents the total energy of interaction between each of the candidate features and 

the set of already sorted features3. By maximizing the cost function C!, our search strategy 

selects the feature whose global energy of interaction with the current segmentation, is the 

largest. 

The updated state Q"+' is obtained by augmenting Q*k with the column and the row 

3Note t ha t  thc diagonal elcments are not included in the cost since they do not rrtea~urc any interaction 
among features 
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Figure 4.4: Sorting Algorithm: At iteration k, columns k + 1 to N are permuted and the 
column with the highest norm is selected to form Vkt' 
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of t,he best feature. The column corresponding to this feature is first permuted with column 

li + 1,  followed by a permutation of rows with the same indices. Matrix (Q*kt') is then 

formed with the first (k + 1) x (k + 1) elements of the permuted shape interaction matrix. 

As a result of this maximization strategy, submatrix Qmk** has maximal energy among all 

possible ( k  + 1) x ( k  + 1) submatrices of Q. Unless the noise energy is sirnilar to that of 

the signal, for all features in a set, this sorting procedure groups features by the strength of 

their coupling. Even though this procedure may look like a blind search, in the next section 

we will show that this maximization relates the energy maximization to rank properlies of 

operators &*', thus taking into account the structure of the problem. 

4.4.2 Block Detection 

Having sorted matrix Q into canonical form, the matrix Q' for an arbitrary number of 

objects M has the block form: 

(4.29) 

Since noise induces a small non-zero value in the off-diagonal elements, instead of detect- 

ing zeros we must detect the transition between blocks (signal) and the off-diagonal elements 
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(noise). Even assuming correct sorting, this transition is quite hard to det.ecl, based on local 

values alone, due to the lack of knowledge about noise characteristics. In other words, it 

is not possible to set up a threshold below which an entry could be considered zero. The 

threshold is determined by an optimality criterion involving the noise probability distribution 

function [Van Trees, 19681. 

However, there are global constraints that can be applied to Q'. First the rank of each 

block is constrained to be 2 (a line), 3 (a plane) or 4 (a full 3D object). Sccond, we can 

relate the rank of a block to its energy: in fact, cquation (4.28) shows that the rank of 

each QK is the same as the rank of the shape matrix of object IC. Also, the square of t h e  

Frobenius norm (F-norm) of matrix Q K  relates to the block energy and to its singular values 

uK, according to: 

(4.30) 

where N K  is the number of features of each block and R its rank. The number of non-zero 

singular values is R = 2 ,3 ,4  depending whether the object is a line, a plane or a 3D object 

respectively. Since QK is orthonormal, all singular values, U K , ,  are equal to 1 and hence for 

each type of object, the sum (4.30) adds to 2 (line), 3 (plane) or 4 (3D object). Then, we 

can rclate the energy of each block with its rank by 

(1.31) 

- - u;, + . . . t a g R  = ~ ~ a k ( Q x ) .  (4.32) 

Instead of considering an individual block, let us compute the sum (4.30) for the first m 

columns/rows of Q', defined by the function E(.): 

(4.33) 

for n = l . . .N. Then, columns for which the integer part of E increases one unit are potent.ia1 

b1oc.k limiting columns, provided the block rank constraints are satisfied. Consider Figure 
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4.5 which illustrates one possible shape of the function E for the c a e  of 2 objects with rank 

4 shape. The vertical dashed lines indicate rank jumps, that is, columns where E is a whole 

Figure 4.5: Evolution of the norm of Q* 

number or its integer part increases by one (under noisy conditions, except for m = N ,  

the function E may never be a whole number). Given the indices of the columns of integer 

crossing by E, segmentation consists in finding the blocks that match these rank jumps and 

sat.isfy the constraints. The solution is not unique, as our examples illustrate in Figure 

4.6. For a rank 8 matrix Q*, we have 8 possible segmentations, obtained by considering all 

possible combinations of rank 2, 3 or 4 blocks whose sum is 8. 

In Figure 1.6 we show only four possible solutions for this example. The numbers in 
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Figure 4.6: Possible Qk’s for a rank 8 Q’: (a) One line and two planes. (b) Four lines. ( c )  
Two 3D objects. ( d )  One full 3D object and two lines. 
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Figure 4.6(a) represent the columns and rows that limit. submatrices of Q' for which the 

rank jumps by one. In the  same figure, the shaded rectangles represent the correct feature 

segmentation. The superimposed whit,e blocks in Figures 4.6(b), (c) and (d) show other 

possible segmentations that also match the rank jumps and satisfy the block rank constraint. 

Among the 8 possible configurations, figure 4.6 considers the following scene segmentations 

for the rank 8 &': 

4.6(a) -Two rank 4 objects: assuming the scene is formed by two, rank 4, objects 

there is only one block configuration. The first four rank jumps form object 

one and the remaining four the second object. This is also the correct 

solution. 

4.6(b) -One object with rank 2 and two objects with rank 3. In other words, the 

scene is made of one moving line and two planes. These objects also form 

a shape interaction matrix with rank 8. In the figure we show one possible 

configuration, where the first block has rank 2 (a line) and the ot,her two 

blocks have rank 3 (planes). 

4.6(c) -Four lines. Each of the blocks has rank 2 and represents one line. In a 

rank 8 Q we can have four of these blocks. 

4.6(d) -One 3D object and two lines. In this configuration the first block has 

rank 3, the second has rank 2 and the third rank 4. With these t,hree blocks 

two more combinations are possible. 

Considering all possible combinations, the correct solution is easily determined through the 

energy maximization of the blocks. Since the total energy of &' is equal to the constant 
N N  

i=1 j=1 
4 N )  = l\Q*Ilg = CCQ:j = ranJC(Q), (4.34) 

we can divide it into the energy of the blocks and the energy of the off-diagonal. The best 

solution is then the one which concentrates most energy in the blocks. 111 summary, the 
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detection process is a constrained optimization process which maximizes the energy of the 

blocks subject to the constraint that each block represents a physical object (line, plane or 

full  31)). 

4.4.3 Interpretation of the Cost Function 

‘The algorithm described in the previous sections has an interesting interpretation. This 

interpretation will support the decision reduce the search effort by using a hill-climbing 

strategy. We will show that the hill climbing strategy finds a solution that rcpresents the 

whole class of all possible solutions that make Q block diagonal. 

Assuming that we have a correctly sorted Q ,  let us recall the definition of funchn  E ( . )  

as in (4.30): 

(4.05) 

Now let us compute a family of functions E’( . )  where 0 represents the set of all “correct” 

shape interaction matrices. By “correct” we mean all possible block diagonal matriccs that 

result from permutations of rows and columns of Q*. For segmentation purposes these 

matrices arc in fact indistinguishable. In short, these permutations switch columns and 

rows of features belonging to the same object. Figure 4.7 illustrates how the set E’ might 

look for the example considered throughout this section. In a noise-free environment, if Q’ 

contains M blocks, each of the functions E‘, (i E O), has the same valiie for columns, say 

C = {cl,. . . , C K , .  . . , CM), that limits each of the blocks (see Figures 4.3 and 4.7). At each 

of these columns the function E’(CK) represents the total energy of the first I( blocks: 

(4.36) 

Values E . ( C K )  are invariant to “correct” permutations of Q* due to its block diagonal struc- 

ture. In fact, they are the only important points for detecting the limits of thr blocks. 
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Figure 4.7: Several possibilities for energy functions. Each curve represents the energy 
function for a different set of permutations of the columns of Q. Function E' is an upper 
bound of the all set of E' 
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Among the whole family of functions, we denoted E* as, 

which bounds the whole set, and is represented by the 

(4.37) 

thick curve in Figure 4.7. Then, 

function E* maximizes the energy of any submatrix of Q' formed by it.s first m columns 

and rows. Since values E*(K)  contain all the information needed for block det.ection, and 

are invariant to permutations that block diagonalize Q, all functions E * ( )  can be represented 

by E* without any loss of inforrnat.ion. As we showed in section 4.4.1: function E * ( )  can be 

computed by a hill-climbing search, thus reducing the search space t,o polynomial complexity. 

Due to noise, t h e  energy of the block will not be a whole number at the block's border. As 

Figure 4.8 shows, at the block limiting columns, the value of the cnergy will exhibit a small 

difference 5 from the integer crossing, which is the energy of the off-diagonal elements. Since 

we do not have a statistical description of noise, we cannot compute an estimate of 6 and use 

it to modify the threshold of the possible block limiting columns. However, this limitation 

can be easily ovcrcome. The energy of noise induces an uncertaint,y a in the posit.ion of the 

block limiting column (see figure 4.8). In other words, we do not know whether feature CK, 

for which E * ( C K )  is integer, belongs to the previous block or the follow-ing onc. By testing 

the linear dependence between feature CK and the neighbouring ones, we can determine to 

which of the blocks it is closer. 

Finally, recall that one of the reasons we did not use graph theoretical algorithms was 

because they rely on local information. Hence, the segmentation is done based on relation- 

ships between individual features, making the sorting quite sensitive to noisy features. As a 

consequence, due to a single strong noise spike between two features belonging to different 

object.s, the MST algorithm joins two different objects through that link. 

Inskad, with our algorithm, t.he effect of a single noisy feature is smoothed. Assume 

that there is one feature whose energy of interaction with features of a different object 

is high. Then, since we are sorting features by t.he strength of thcir coupling, t.he noisy 
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Figure 4.8: Noisy Q'. Funtion E* deviates due to the energy spread in the off-diagonal 
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1 

Figure 4.9: Noisy Q with misclassification of two features. 

dements will be understood (and sorted) as signal. This is illustrated in Figure 4.9: where 

the correct column and row of a feature has been swapped with the column and row of 

a feature belonging to another object. If the block has Nk x N k  elements, the number of 

clcments that have been wrongly swapped is 2 N k  - 1 (one row and one column)l that is 

the ratio of noisy elements over the total size of the block is ( 2 N k  - l ) /N; .  If N k  >> 1, the 

influence of noise in the function E * ( . )  is of the order of 1/Nc of the noise to signal ratio. In 

summary, the fact that we use global constraints to sort the matrix Q by maximization of 

the energy of all its submatrices, produces a smoothing effect on noise, making the process 

more reliable against individual noise spikes. 

4.5 Summary of Algorithm 

Now the of our algorithm can be summarized as the sequence of the following skps:  

1. Run the tracking process and create matrix W 
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2. Compute r = r a n k ( W )  

3. Decompose the matrix W using SVD, and yielding W = UEVT 

4. Compute the shape interaction matrix Q using the first T rows of V T  

5. Block-diagonalize Q 

6 .  Permute matrix VT into submatrices corresponding to a single object. each 

7. Compute Ai for each object, and obtain the corresponding shape and mo- 

t ion. 

It should be clear by now that the segmentation algorithm presented above is independent 

of the number of objects, that is, the block diagonal structure of &' is valid for an arbitrary 

number of moving objects. Furt,hermore, this property holds also when the shape matrix of 

the objects has rank less than 4 (planes and lines) so that the total rank of W is the only 

required prior knowledge. Finally note that instead of permuting columns of W i n  step 6 

we permute columns of VT, which is equivalent. 
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Chapter 5 

Experiments 

In order to test the algorithm’s performance under increasingly demanding conditions, 

three sets of experiments were planned. In the first, the feature trajectories are synthetically 

generated. In the second they are extracted from real images taken in the 1aborat.ory under 

controlled imaging conditions, and in the third the real images are acquired in a highly noisy 

outdoor scene, where tracking is unreliable. 

5.1 Experiment 1: Synthetic Data 

Figure 5.1 shows the 3D synthetic scene. It contains three transparent objects in front of 

each other moving independently. A static camera takes 100 images during the motion. The 

Figure 5.1: Synthetic scene. Three objects move transparently with arbitrary motion 
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Figure 5.2: 3D trajectories of the points 

closest object to the camera is planar (rank 3) and the other two are full 3D objects (rank 4). 

So this is in fact a shape-degenerate case. Each object translates slightly and rotates over 

its own centroid in such a way that the features of a11 objects are complet.cly intermingled 

in the image plane. This complexity is intentionally introduced in order to demonstrate the 

fact that our motion segmentation and recovery method does not use any local information 

in the images. A total of one hundred and eighteen (118) points are chosen: 33 features 

from the first object, 49 from the second, and 36 from the third. Figure 5.2 illustrates the 

3D motions of those 118 points. 

The projections of the 118 scene points onto the image plane during the motion, that is, 

the simulated trajectories of tracked image features, are displayed in figure 5.2 with a different 

color for each object. Independently distributed Gaussian noise with oue pixel of variance 

was added to the image feature positions to simulate errors in feature tracking (Figure 5.3).  

Of course, the identities of the features are assumed unknown, so the measurement matrix 
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Figure 5.3: Noisy image tracks 

created by randomly ordering the features was given to the algorithm. 

Figure 5.4 (a) shows the shape interaction matrix Q: the height is the square of the entry 

value. The result of sorting the matrix into a block diagonal form is shown in Figure 5.4(b). 

We can observe the three blocks corresponding to objects 3, 2 and 1: the 118 feat.ures are 

correctly sorted. Regarding the block detection algorithm, figure 5.5 shows the profile of the 

energy function E * .  The vertical lines indicate the rank jumps. Object 1 is the plane and the 

graph shows that the energy of the submatrix made up by the first 36 rows and columns of 

Q' has norm 3, which is in fact the rank of object 1. Likewise, the first 85 rows and columns 

form a matrix with energy 7 which is the result of adding a rank 4 object (the wavy object). 

Finally the features of the spherical object are the last to be sorted, again producing an 

increase of 4 in the energy. Figures 5.6, 5.7 and 5.8 show one view of each of the recovered 

shapes of the three objects in the same order as in figure 5.2. Figure 5.8, showing the planar 

object viewed edge-on, indicates a correct recovery. 
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Figure 5 . 4  (a)Unsorted and (b) sorted shape interaction matrix 
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Figure 5.5: The energy function E' 

Figure 5.6: Recovered shape of the wavy object 

58 



Figure 5.7: Recovered shape of the spherical object 
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Figure 5.8: Recovered shape of the planar ohjcct 
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Figure 5.9: Image of the objects and feature tracks 

5.2 Experiment 2: Laboratory Data 

The laboratory scene consists of two roughly cylindrical shapes made by rolling cardboard 

shccts and  drawing dots on the surface to create reliable features. The cylinder on the 

right tilts and rotates in the plane parallel to the image plane while the cylinder on the 

lefthand side rotates around its axis. The 85 images were taken by a camera equipped with 

a t,elephoto lens to approximate orthographic projections, and lighting was controlled to 

provide the best image quality. A total of 55 features are detected and tracked throughout 

the sequence: 27 belonging to the left cylinder and 28 to the other. Of course the algorithm 

was not given this information. Figure 5.9 shows the first 85-frame sequence, and the tracks 

of the  selected features are shown as superimposed graphics. The scene is well approximated 

by orthography and the tracking was very reliable due to the high quality of the imagcs. 

Figure 5.10 (a) shows the shape intcraction matrixQ for the unsorted input features. The 

sortrd block diagonal matrix Q* is shown in Figure 5.10 (b), and t.he features were correctly 
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Figure 5.11: The recovered shape of bhe two cylinders 

grouped for individual shape recovery. The resultant three-dimensional points were linearly 

interpolat,ed to produce the surface of figure 5.11 in order to convey a better perception of 

their shape. The actual 3D feature position is shown by the asterisks (*) over the surlaces. 

To show the theoretical and practical validity of the graph interpretation of matrix Q, 

we also implemented the Maximum Spanning Tree algorithm. Figure 5.12(a) shows the 

links between all features. The weight of an edge, linking features i and j ,  is given by Q$ 

Computing the hlST we obtain the tree of figure 5.12(b). 

The MST is formed of two subtrees with features of one object only and linked by one 

noisy edge. This edge is the one with the least weight (minimum energy) in the whole tree. 

Then, segmentation is obtained by removing a number of edges (in ascending order starting 

from the minimum energy edge) which depends on the number of objects. The general 

solution is cornputationally intricate. Above all, the reliability of t.he hIST against noise 

spikes is very low: if two features belonging to each one of the cylinders were linked by a 

strong noisy link, the MST algorithm would select it instead of a correct link. The final t.ree 



(b) 

Figure 5.12: (a) - The graph representing Q. (b) - The Maximum Spanning Tree 
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n-ould have two noisy edges linking both cylinders, instead of one. Since for this scene only 

one edge should be removed, the two subtrees would have never be obtained. 

5.3 Experiment 3: Noisy Outdoor Scene 

In this section we show some tests done with images taken in a n  outdoor scene. The main 

difficulty in the analysis of this type of scene. is the lack of tracking reliability. Feature 

tracking is particularly noisy in this scene for two main reasons. First, the camera wc used 

has low signal to noise ratios. Second, unlike laboratory scenes, we cannot control thc texture 

and illumination of the scene so the selected features seldom verify the assumptions made 

beforehand. Also, the objects in this scene move in a particular fashion highligting t,he shape 

and motion degeneracy problems. 

Figure 5.13 shows the first of the 72 images of the sequence. The scene is formed by a 

moving face in the foreground and a still background. The unreliability of the tracking can 

be observed on the building in the background. Since they are still, the tracks should look 

like a dot or a small cloud. However, we observe that some tracks have a small linear motion, 

considerably greater than the one pixel variance which is the maximum that can be expected 

in laboratory environments. In t.his c u e  the rank of W was 5. The shape interaction matrix 

for this scene can be observed unsorted in figure 5.14 and sorted in figure 5.15. 

Notice the few peaks in the upper left corner of the matrix in contrast with the generally 

flat pattern. This is due to the fact that the total energy of the matrix is constant and the 

number of features is unbalanced between the two objects. Recall from previous discussions 

that, for features i and J' belonging to the same object, Qij is given (again for a particular 

configuration of the object's coordinate system) by: 

Qij = SiA-'S, 

A = SST 

(5.1) 

(5.2) 
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Figure 5.13: First image with tracks 
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Figure 5.14: The unsorted shape interaction matrix for the outdoor scene 

Figure 5.15: The sorted shape interaction matrix for the outdoor scene. 
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Figure 5.16: The profile of E * ( ) .  

The norm of matrix A increases, in general, with the number of points. The value of Q;i, 

which depends on the inverse of A,  decreases with the same number. This is one of the 

drawbacks of the methodology for large numbers of features. In Chapter 6 we will see that 

noise energy grows with the size of the measurements matrix, and since the total energy of 

Q is constant, for larger numbers of features the noise influence becomes more important. 

Nevertheless, the segmentation algorit.hm has performed without error. In Figure 5.16 

we show the energy function E* for the sorted Q'. As we can see, feature number 5, for 

which E' crosses the level 2, bounds the foreground block, providing the segmentation shown 
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Figure 17: List of the sorted features. Note the correct sequence of the features. The 
vertical line of Figure 5.16 shows that the first four features make a rank-2 block 

in Figure 5.17. The small squares indicate the feature position and the respective tracking 

window, and the numbers list the sequence by which features were sorted. 

From the profile of E' we conclude that the detection aIgorithm segmented the scene into 

a rank-2 (foreground) and a rank-3 (background) object. 

Recall that the background does not move. Even though the shape matrix of the back- 

ground has rank 4 (3D object), its motion matrix has rank 2. In fact, with the appropriate 

set of coordinate frames and noting that translation is zero, the motion matrix of the back- 
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ground can be written as 

M =  

- 1 0 0 t,, 

1 0 0 t,, 
O l O t ,  

0 1 0 t ,  

(5 .5)  

where t,, and ty, are the coordinates of the background centroid. From (5.5) we conclude 

that only the first two columns are linearly independent, therefore instead of a 3D object 

the measurements generate a rank 2 matrix (equivalent to a line). Howcvcr, since the 

centroid is not still, there is a noisy translational component, measurable in the singular value 

decomposition of W that may increase the detectable rank to 3. The same situat.ion applyes 

to the foreground, where the motion is, essentially, a rotation around the axis perpendicular 

to the image plane. 

To verify the sensitivity of the algorithm, in this particularly harsh case, we run the 

sorting and detection algorithms for different values of the total rank of W. Figure 5.18 

shows fivecurc-es, representing E * ( )  for matrices Q* with ranks 4,5,6,  7 and 8 (all possibilities 

with two objects). In all cases the sorting was correct, that is, features were sorted in the 

same sequence shown in figure 5.17: First come the foreground feat.ures and in the same 

order, and then the background features, however the segmentation outcome differed. Note 

the common and steep profile of E* of the first 4 features (belonging to the foreground) which 

cont.ain all the energy of the subspace of the foreground shape. Then, profiles differ almost 

of a constant bias. 
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Figure5.18: Energy function for five different assumed ranks for matrix Q* 
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Chapter 6 

Computing the Rank of Matrix W 

In the previous theoretical developments we assumed that the rank of the measurements 

matrix, W, was known. In order to build the shape interaction matrix, Q, this knowledge is 

essential since the rank specifies the number of singular vectors V from which Q is created. 

Due to camera noise and other tracking errors, the rank of matrix W will, in general, differ 

from the correct one. Therefore, we need a rank determination proccdure which selects the 

significant singular values and vectors. 

Several approaches have been developed regarding the subject of signal/noise separa- 

tion. One of the most efficient of all is the MUSIC algorithm [Bienvcnu and Kopp, 1979, 

Schmidt, 19801. This algorithm decomposes a measurement matrix into two matrices whose 

columns are in orthogonal subspaces, one containing the signal and anot.her the noise, prc+ 

vided we know the covariance of the noise. This algorithm is quite robust but the coor- 

dinates used to represent the signal are inconvenient for our purposes and hide the block 

diagonal properties (of Q) we are looking for. Since we use SVD to build our constructs, and 

given its rank revealing properties and numerical stability, we closely follow the approach 

of [Stewart, 1992a], formalizing the rank determination problem under the SVD framework 

and including uncertainty models of the feature tracking process. 

The rank of the observations matrix, W, is determined by an approximat.ion criterion 

for which the noise model is required. We model the noisy imaging process as the result of 
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additive noise to the projection equations (Z.’i)[Wilson, 19941. Then, the ith feature position, 

in frame f ,  is given by 

where and E,,, are the additive noise components in the X and Y directions of the image 

plane. From equation (6.1) we foresee the need for feature tracking modeling, namely the 

characterization of the feature position uncertainty. To make the procedure more clear we 

will develop the general rank determination approach and we will then introduce the tracking 

specifics. 

The 2F x N noisy measurement matrix, W, in this case, will be given by the matrix sum 

w = M S + [ ? ]  

w = W + I ,  (6.3) 

where E. and E, are two E X  N rnahices and W is the noise-free measurement. matrix, whose 

rank we want to estimate. It is now clear from (6.3) that the rank of W can be at most N .  

Then, the singular value decomposition will be given by: 

In a noise free environment the rank of W is determined by the number of non zero singular 

values u,, whereas in the noisy case we will have to compute a threshold that separates the 

noisy singular values from the significant, ones. From the SVD drcomposition of W we have 

to estimate the number of columns of U ,V and the singular values 0, that represent an 

estimate W of W. 
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6.1 Matrix Approximation 

The singular value decomposition of W ‘spreads” the noise components over all the elements 

of U, V and E. In other words, it is not possible to isolate the noise-free components of 

these matrices or even directly estimate noise influence. Then, we will scck an estimate W, 

with the same rank of W, that approximates W in the least squares sense [Stewart, 1992a, 

Demmel, 1987, Golub et al., 19871. In other words, we must solve two problems here: we 

have to determine the “real” rank of W and also obtain an approximation of the “real” 

observations matrix W. Then, following the minimum error criterion, if r is the rank of the 

noise-free measurement matrix W, for all possible 2F x N matrices Y with r.aizk(Y) _< T ,  

we seek an estimate W that minimizes the error: 

Fischer’s theorem [Stewart, 1992al states that a solution W exists, and the error (6.8) is 

explicitly given by: 

Kxpression (6.9) is equivalent to saying that the approximation given by 

w UZFxr [ u’ ... j V L  

is the minimumerror approximation of W by a rank T matrix. Comparing with the “correct” 

equations, we have the following correspondence: 

(6.10) 
U T  

%i7 = w+&- (6.11) 

w = w + i  
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w = U2F,1:r [ u1 '.. ] v:,~:, + UZF,rtl:N V L + , : N  (6.13) 
u, 

where the notation i:j denotes column or row range. Since W is the closcst matrix to W 

with rank r, its error is minimum; in particular, it is smaller than the error in t.he real 

measurements W, that is: 

IIW -WIl$ 5 IlW - wll; = Ilrll;. (6.14) 

Using (6.9) in (6.14) yields: 
ZF N 

u,+1+ 2 ' '. + u; 5 IlEll; = (6.15) 
i= l  j=1 

Using this relation and knowing the magnitude (norm) of the noise matrix, we can define 

the rank of W a s  the smallest integer, r ,  such that inequality (6.15) holds, or equivalently, 

the smallest integer r, for which the sum of the last N - r singular values of the noisy matrix 

is less than or equal to the norm of the noise matrix. 

However, there is one problem with this strategy: the entries of matrix & are stochastic 

variables, therefore we do not know their absolute values (realizations). If the feature tracking 

provided a statistical description of the feature positions we could have a decision based on 

mean values of the noise component. Then, if we compute the mean of equation (6.15) we 

obtain the relation: 

The terms ~ i j  in (6.17) are the statistical second moment (variance) of the feature noise. 

Using the notation as in (6.1), the covariance of the noise is given by: 

(6.18) 
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In general, for each sampling time, the uncertainty of each feature point is characterized 

by a 2 x 2 covariance matrix 

""",, = I  T""'i 1 .  

(6.19) 

(6.20) 

(6.21) 

The error (6.17) is finally expressed as: 

From (6.22) we can finally describe the procedure to detect the rank of W: 

1. 1)ecompose the real measurements mat.rix W using SVD. 

2. Compute the sum of the last N - P singular values (a, + . . I + ON) ,  

3. Find the rank as the value of P' for which u, +. . . + UN 5 7 ELl E;=,(T:~,~ + T : ~ ~ ) ,  

where 7 is an experimental constant used to adjust for unaccounted deviations and 

for the difference between the actual value and the expected value of ai. 

It  is ROW clear that we need to c.ompute the uncertainty of the feature position, II,;, 
in order to compute the rank and the approximation of W. This is done in the following 

section. 

6.2 Tracking and Uncertainty Computation 

Here, we use a tracking scheme similar to that developed by [Lucas and Kanade, 19811 with 

niultiresolution capabilities as in [Madison, 19931. 'l'o compute the rank of the matrix W 
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we need to have uncertainty estimates of the feature positions, t,herefore we reformulated 

the tracking problem in order to include statistical information. The tracking is introduced 

considering three major issues: First, given the position of image points and their brightness 

values, we describe how to compute the point displacement between two consecutivc images. 

Secondly we compute the uncertainty affecting the estimates of the displacement and use it 

to define the feature selection criterion. Finally, we show how to track and compute the un- 

certainty along the whole image stream, that is, how to integrate each of these displacements 

into an image feature trajectory. 

6.2.1 Tracking Between Two Frames 

Given a set of image points (features), tracking consists in computing the displacement of 

the image points from the original image to the next. In previous chapters we related these 

displacements with the 3D parameters like the object’s shape or motion. Now we want to 

compute the displacement itself from the raw brightness data. 

Gencrally speaking, finding the image position of one point corresponding to the same 

physical point in another image is a search problem known as the correspondence problem in 

computer vision. Given an arbitrary motion of the object, the image sequence thus generated 

may change in such a complex way that this task may become impossible. To build a feasible 

feature tracker, some assumptions have to be madein order to simplify the problem. Without 

loss of generality, experience has shown that the following assumptions are quite reaonable, 

and widely used [Heeger, 1988b][Horn and Schunk, 1981][Watson and Ahumada, 19831: 

1 The motion of the features between two consecutive images is essentially trans- 

lational. This is identical to assuming smooth motion of the object. 

2 The temporal sampling is such that the magnitude of the displacement betwccn 

two frames is small. 

3 The displacement field is smooth. Neighbouring pixels usually belong to t,hc 
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same feature and thus have similar motion. 

To avoid unnecessary notation "clutter", we most of the time dropped the indices i and f 

from the variables. All the development in this section refers to a single feature, therefore 

indices are used only when strictly required for better understanding. 

With the above assumptions in mind, let I j (u , v )  define the image at the f sampling 

a vector rcpresenting interval, (u,  u )  the image point coordinates [pixels), and d = [ d ,  

the feature displacement from frame f to frame f + 1. Using assumption 1, the (f + 
image can be expressed as a translated version of the previous image: 

Though nonlinear, we can obtain a linearized expression for equation (6.23). Consider the 

Taylor expansion: 

I j (u  - d , , ~  - d,) = I j ( ~ , v )  - g . d + 0, (6.24) 

where 

g =  [ ; ]=[ i i ]  (6.25) 

is the image gradient and 0 the higher order terms. From assumption 2, we know that the 

magnitude of the interframe displacement is small (lldll << 1):  higher ordcr terms of (6.24) 

are thus negligible, and discarding we obtain 

Inserting (6.26) in (6.23), and rearranging the terms, we reach the following relation: 

(6.27) 

(6.28) = g - d .  
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Equation (6.28), known as the optical flow constraint equation (IIorn and Schunk, 19811, 

relates the displacement to the image time variation and the image gradient. To make 

equation (6.28) a more accurate description of real images we  first have to rcpresent pixels, 

that is, (6.28) has to  be discretized. Also, real images are noisy, so we add an additional 

term reflecting camera perturbations. The final equation describing the effect of motion on 

the brightness value of each image pixel is: 

where h, ,g , ,< ,g , ,  represent pixel variables and 7, the noise term. 

Both terms h, and (gu,,g.,) are computable from two consecutive images, however (6.29) 

does not uniquely solve for the displacement. We need extra constraints in order to esti- 

mate d. Recall from assumption 3, that the displacement field is smooth: neighbouring 

pixels usually belong to the same object and hence have similar motion. We can make d 

unambiguous by combining measurements from the n x n window around the feature point. 

Figure 6.1 shows the relation between the measurements h, and their image location. The 

window measurements are representable in a linear matrix equation, forming the complet,e 

tracking model: 

h = A d ,  

(6.31) 

(6.32) 

where 

(6.33) 

is the design matrix. Given the overconstrained system of (6.311, the Irast square crror 
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Figure 6.1: Correspondence between pixels and measurement \recto1 

estimate d, of d, is computed from 

d = (ATA)-lAT h, (6.34) 

Equation (6.34) is a linear relation between the estimate and the measurcments. 'I'hrough 

error propagation we can compute the uncertainty of the estimate, given by the covariance 

II;1 of vector d: 

= c o v  [d] = E [""'I (6.35) 

= E [(ArA)-'AThhrA(ATA)-"'] (6 .36)  

= (ATA)-'ATE [hh'] A(ATA)-T. (6.37) 

It is reasonable to assume that thenoise is spatially and temporally uncorrelated [Faugeras, 1994 

in other words, one pixel's brightness value is independent of the values of other pixels and 
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also independent of their value in other time instants. Since 7; is gaussian while noise wit,h 

zero mean and variance e;, and since hi = I ( f + ~ ) ( u ; ,  vi) - J/(ui, vi), the covariance of h is 

compukd by 

C o v [ h ]  = E[hhT] 
E[h:] ... E [ h l k , ]  - I  E[h,hl] ... E[h:] 

Sincc the noise is spatially and temporally uncorrelated, we have 

Elhihj] = 0 ( i  # j ) ,  

(6.38) 

(6.39) 

(6.40) 

so 

(6.43) 2 = 2u1. 

Replacing (6.43) back in (6.39), the covariance of h assumes the simple form: 

Cov [h] = 2ufInx,,, (6.44) 

where I,,, is the n x n identity matrix. Replacing (6.44) in (6.37) and  simplifying some 

terms, the uncertainty of the estimate d is expressed as: 

= 2uf(ATA)-’. (6.45) 

Noting that the variance of the gradient E [gg’] is estimated by 

1 
12, = - C g i g T  

n2 
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1 
n2 

= - ( A ~ A ) ,  

the uncertainty of the displacement estimate is given by the expression: 

nd = [ ;;" 21 

(6.47) 

(6.48) 

(6.49) 

(13.50) 

6.2.2 Selecting Trackable Features 

Equation (6.50) shows that tracking uncertainty depends upon two adjustable factors: the 

size n of the window and the inverse of the second order moment of the gradient. In terms 

of window size, the higher the value of n the lower the uncertainty. However, the size cannot 

increase arbitrarily without violating the assumption of smooth motion: for high enough 

n, the window may contain points with different motions, making the least square estimate 

invalid. Experience has shown that windows of 15 x 15 are a good trade-off between track- 

ability and constraint satisfaction. The most important f a t o r  is in fact the gradient of the 

window. Notwithstanding high n's, matrix Ag may be non-invertible or badly conditioned, 

thus the uncertainty can be very high. This phenomenon is known as the aperture problem 

[Horn and Schunk, 1981, Hildreth, 19841, and is illustrated in Figure 6.2. Assume there is 

an object with oriented edges and we selected the window indicated in figure 6.2. The set 

of arrows inside the window represent the image gradient in that region. Observe that if the 

object moves in the perpendicular direction of the gradient, the pattern inside the window 

remains unchanged, and no motion is detected. This phenomenon is revealcd by the zero 

determinant of Ag. Since the v component of the gradient is zcro for all points, h, is singular 
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Figure 6.2: Aperture problem in feature tracking 

and thus the uncertainty is considered infinity. This fact cam be used to select the trackable 

features. From expression (6.50) we determine IIJ for all image points and select the best 

ones from the condition number of matrix As. The condition number is given by the ratio 

between the largest and the smallest eigenvalues of matrix Ag, and for a well conditioned 

matrix this ratio should be close to 1. Clearly, the computational burden is great, since 

we have to compute the eigenvalues of the moments of the gradient, for all possible n x n 

windows. Fortunately, this process runs only once to select the trackable features in the 

first image. Performance tests presented in [Madison, 19931 show that rates of 3 frames per 

second are obtainable with ordinary hardware. 

6.2.3 Tracking Over the Whole Sequence 

Recall that the measurements matrix W is created with the image position of the selected 

features. In the previous section we developed a method to compute the feature displacement 
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between two frames. The integration of these displacements is done by registration of the 

first image and then computing the displacement to the current one, as opposed to adding 

up all the displacements computed from image 1 to the current one. Figures 6.3 6.4 and 6.5 

show graphically how these operat.ions are done. 

corn1 feature position 0 
Figure 6.3: Tracking between frame 1 and 2 

After selecting the features in the first image Io, we acquire image Il  and compute 

the first displacement dl.  Assuming a highly noisy image I I ,  the displacement error will be 

high. In other words the deviation between the correct coordinates (ulr v,) and the estimated 

coordinates (C1,Gl)  is high. Figure 6.3 shows this error by the shaded squares representing 

both the estimated and correct position of the feature. The registration of image Io  consists 

in shifting the original feature by d1 and forming an “estimated” image i, as shown in 

Figure 6.4. Then, when a new image IZ is obtained, we compute the displnccmcnt between 

~ 
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Figure 6.4: Registering first image 

Figure 6.5: Tracking between frames 2 and 3 
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the registered original window and the current image. If image I2 has low noise the estimate 

is accurate (dashed arrow) and the coordinate error will be small, as seen in Figure 6.5. 

Then, the estimated position in 12 will be the same as if it was estimated from the correct 

position (solid arrow). In summary, the error made in the previous sampling interval will not 

affect the estimate (&* ,62 ) .  The basic advantage behind this procedure is that even though 

the cumulative uncertainty of (do + dl + . . . + d,) grows, the uncertainty of the feature 

coordinates at any instant is constant and is given by (6.52). In  other words, if the tracking 

was particularly noisy between any two frames, the error will not propagate to fiiture tracks 

and we have a constant expression, given by (6.52) for the uncertainty. 

In conclusion, having selected N features in the image, t.he displacement and position 

uncertainty of each feature i, at each sampling interval f, is given by: 

d i f  = (ATA)-  I T  A h (6.51) 

2 

= [ ;:" 
(6.52) 

(6.53) 

As a final comment we should emphasize that equations (6.51) and (6.52) must be used 

under the assumptions referred to before. In other words, we must guarantee that real images 

obtained in practical situations do not violate the assumption upon which the above equa- 

tions were obtained. The dominance of translational motion is guaranteed by the temporal 

image sampling which we  talke as high compared with the velocity of the imaged objects. 

This fact also helps the feature displacement between two frames to be small, so that the Tay- 

lor expansion of the image is valid. However, the most effective way to handle this constraint 

is t.hrough miiltiscale image representations [Bergen et al., 1992, Rosenfeld, 19841. In fact, 

in [Madison, 19931 an image pyramid is built and the feature displacement is then computed 

from coarse to fine levels of resolution. At each level of resolution the images are registered 

using the displacement computed at the higher level such that lldll << 1. The details of the 
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implementation are documented in [Madison, 19931. 

6.3 Algorithm for Rank Determination of W 

With the developments of the previous section we can now easily follow the rank deter- 

mination algorithm outlined in section 6.1. The noisy measurements matrix \V is given 

by: 

w = W + &  

2611 u12 . 

(6.54) 

1 E"1 E,, ... E,, 

where each of the noisc terms (E.,,E",) has covariance matrices given by (6.52). 

Recall from section 6.1 that the approximated matrix W is given by the first T singular 

values and singular vectors. Constant T is the estimated rank, given by the smallest integer 

for which the sum of the last T singular values satisfies the inequality: 

N F  

(6.56) 

where 7 is an adjusting factor (experimentally obtained). 
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Chapter 7 

Discussion and Conclusion 

In this thesis we have addressed the problem of motion and shape recovery in scenes with 

multiple moving objects. The problem is approached using the representation of the Tomas- 

Kanade Factorization Method. 

We have presented a new derivation, where the translational motion component is in- 

cluded. The representation used here allows an easy expression of motion and shape in 

multi-body scenes, where translation cannot be eliminated. We have also provided a geo- 

metrical interpretation to the matrices involved in the Factorization Met.hod. 

More importantly, we have proposed a new mathematical construct called the shape 

interaction rnatriz that leads to a solution for the multibody structure-from-motion problem. 

The striking fact is that the method allows for segmenting or grouping image features 

into separate objects based on the shape properties without explicitly computing the shapes 

themselves. Also, no prior knowledge of the number of moving objects in t.he scene is 

assumed. 

This is due to the interesting and useful invariant properties of the shape-interaction 

matrix Q. We have shown that Q is motion invariant. Even when the matrix is computed 

from a different set of image-levelmeasurements W, generated by a different set of motions of 

objects, its entries will remain invariant. Each entry has the same uniquc value indcpendently 

of the trajectories of the objects. The motion invariance property of Q also lneans that the 
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degree of complexity of the solution is dependent on the scene complexity, but not on the 

motion complexity. 

The shape interaction matrix Q is also invariant to the selection of the object coordinate 

frame. Thus, the origin of the object coordinate system can be placed anywhere without 

changing the entries of Q. 

Another interesting fact is that the shape interaction matrix can handle many degcnerate 

cases as well, where one or more objects may not be a full 3-D object, but a linear or planar 

object. The synthetic example shown in the experiments chapter was in fact a degenerate 

case where a planar object was  included. 

Using these properties of the shape interaction matrix we have developped a sorting 

and detection algorithm that determines the block-diagonalization through an off-diagonal 

energy minimization. 

Underlying the computation of matrix Q, the determination of the rank of W was handled 

by estimating the uncertainty of the feature tracking and feeding it back in a minimum error 

estimate of the significant singular values of W. 

Finally, we ha%-e shown a set of three experiments under different scene conditions. which 

have shown the potential of the theoretical derivations. 

7.1 Future Developments 

This thesis has addressed t.he problem of multiple motion segmentation when the objects 

move with independent motions. That is to say, the columns of the motion matrix M which 

belong different objects are linearly independent. There are quite interesting aspects of rank 

degeneracies of the motion and shape matrices. We have shown that the shape interadion 

matrix is invariant to shape degeneracy. In other words, the zero/non-zero relationship 

between elements of the shape interaction matrix is not affected by the rank of the shape 

matrix of each individual object. Furthermore, as illustrated by our outdoor experiment, 
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the rank degeneracy of the individual motion matrix does not affect the segmentation either. 

Motion rank degeneracies can be understood as limitations of the orthographic camera model, 

since orthography does not model depth: for example, a full 3D object rotating around the 

camera’s focal axis is indistinguishable from a planar object rotating the same way. 

The problem becomes more complex if motions of two different objects become degenerate 

between themselves, that is, if some columns of one motion matrix are linearly dependent 

on the columns of the other motion matrix. This is the case in articulated objects, where 

the motion of each joint is dependent on the other joints. The challenge here is that the 

block-diagona.lit,y property of the shape interaction matrix is lost. T h e  current method 

cannot handle this case, although it can easily detect it. We can verify the validity of the 

segmentation by analyzing the rigidity of thc solution using the motion and shape matrices 

produced by the factorization method. 

This motion degeneracy is revealed by the int.ersection of the shape subspaces (spanned 

by V) which are no longer orthogonal. One suggestion is to develop an incremental version 

of this method, which has in fact been done by [Morita and Kanade, 19941 and, at each step, 

to segment and test the rigidity of the solution. Of course this leads to problems similar t o  

those pointed out earlier : the cyclic dilemma between checking if the solution is rigid and 

assuming rigidity to compute the solution. Assuming prior knowledge about the scene, the 

case of articulated objects can be handled using parametrized models [Regh, 19951 which 

can be adapted to our method. However, the general case of linearly dependent motions 

requires careful attention and more research in order to fully understand the behavior of the 

feature trajectories in the shape subspace. 

An interesting future development of our method is the extension to more complex projec- 

tion models like perspective projection. In this case the useful properties of shape subspace 

orthogonality are no longer valid. Even though we do not see any clear evideIlce lhat such an 

extension is possible, we find the study of featurc trajectories in projective space promissing. 
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One reason is that multiple motion segmentation is a problem with weaker constraints than 

shape or depth computation: we may search for relationships between the subspaces spanned 

by feature trajectories in projective space without the need to reconstruct the scene. 
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