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Abstract

Algorithms which guarantee to find globally optimal trajectories by coveringypervolume of state space become
infeasible in high dimensions. We have developed an algorithm which gteselocally optimal trajectories without covering
a hypervolume which only requires polynomial memory and time. Evenghdhe algorithm does not guarantee a globally
optimal trajectory in a deterministic manner, it is experimentally shown tlsatitieg trajectories are reasonable for pendulum
swing-up tasks. Results are shown for pendulum with 1- and 2-links amgpared to globally optimal trajectories obtained
by dynamic programming. Furthermore, results for 3-link penduluwtdth globally optimal trajectory is currently unknown

are presented.
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I. INTRODUCTION

Globally optimal trajectories can be obtained using alpons such as dynamic programming (DP) or A* for discrete
domains. A standard approach to continuous domains us@sg thpproaches is to discretize sufficient space and thidngsu
trajectories are guaranteed to be globally optimal up tor#selution of discretization. However, hypervolume irases
exponentially as a function of dimensionality and so doeslmer of grids required to attain spatial density in it. As sutg
these algorithms become infeasible in high dimensionss Phenomena is often reffered to as the curse of dimensignali

Many variations of DP have been proposed to avoid the curg@ntdnsionality. Focus of non-parametric approaches is on
how to reduce number of data points at which to representweuahile representing the state space well. State Increment
Dynamic Programming [1] achieved this by increasing the %if each grid and Adaptive grid scheme [2], [3] adapted
size of the grids. Atkeson has shown sampling of states [@d]artions [8] can both lead to more efficient optimization.
Parametric approaches parameterize values over regiogpefrvolume [9], [10]. These variants of DP have focused on
how to better represent the state space with less représealaresources, but still suffer from the curse of dimenality
because the growth of required representational resoiscfll exponential. Local trajectory optimization tedgue such
as Differential Dynamic Programming (DDP)[4], [5] have hagsed to speed up the convergence of the value function [6].
[6] also showed how to generate locally optimal trajectoréthout nominal trajectories based on DDP and used them as
key trajectories to approximate value functions arounanthe

A classic approach to optimal control problem is to solvermtary value problem of differential equations [11], [12].
These approaches require a nominal trajectory or initigsgwon which the resulting trajectory is highly dependehesg
approaches do not suffer from the curse of dimensionalitygbaerating nominal trajectories which lead to a good ¢tajg
is not trivial for complex tasks. A* and randomized seardpathm such as RRT’s [13] can generate reasonable trajesto
without severely suffering from the curse of dimensiowyalitven good heuristics. However, obtaining good heusstarjuires
extra work such as hand tuning or training examaples, antbwitgood heuristics A* would suffer severely from the curse
of dimensionality and RRT’s would not be able to provide ozeble trajectories. As a result, these approaches require
domain specific knowledge to generate reasonable trajestor

In this paper, we present an approach for generating loogliiynal trajectories without nominal trajectories or hestics.

Our approach does not cover any hypervolume of state spacerdy requires polynomial memory and time. The objective
of our approach is to generate a variety of locally optimaleirtories to increase the chance of obtaining a reasonable
trajectory.

Il. APPROACH

A key idea of our approach is to generate locally optimaletgries without nominal trajectories nor covering a vodum
of state space [6]. With random choice of initial conditipng explore a variety of locally optimal trajectories. Thaler
variety of locally optimal trajectories we generate, thétdrechance there is to get a reasonable trajectory. Thesigeu
procedure for extending locally optimal trajectory backidgin time is explained in section IlI-A. This procedure goee
the system’s behavior and trajectory is determined giveninitial conditions. A method to find initial conditions v
satisfy the endpoint constraints is then presented in 1l-&inally, complexity of the approach is discussed in IRA.

System dynamics ig(t + 1) = f(x(t),u(t)) and one time cost i&(x,u) in discrete time. Value functioi¥(x) is the
total cost to the goal and is equivalent¥o,- , L(x, u°?*). For the approach to work, it is assumed that dynamics and cos
function are continuous to second order.

A. Extending trajectories backward
Optimal actionu°?® can be generally expressed by Bellman equation

u°?t = arg, minQ(x, u) L

whereQ(x, u) = L(x,u) + V(f(x,u)). The Bellman equation implies optimal action cannot be rdeiteed without knowing

V. Much effort of DP goes into obtaininy which requires covering a hypervolume and thus suffers ftbencurse of
dimensionality. We start planning from near the goal statene we can obtain a local value function model relativelyyea
and maintain a second order local model of it as the trajgasoextended backwards [4], [5]. By planning backwards and
maintaining a value function model, we can generate loagiiymal trajectories without having to cover hypervolura.
initial value function model ak9°* andx(¢/) needs be chosen, and a locally optimal trajectory leading#b) forwards

in time is extended backwards in time recursivelyt’) is a state near the goal and represents how a trajectoryegach
the goal. This approach of planning backwards draws inpirdrom DDP [4], [5] which refines a nominal trajectory by
propagating local value function model backwards in timenglit and performing gradient descent based on it forwards i
time.



1) Findinging the optimal action: Using quadratic approximations of the various functiohe,dptimal actionu°?? satisfies
Q. (x,u°P*)l = 0. Thus given a local model of(x(t + 1)), u°?*(¢) can be determined iteratively by

U = Ui — €Q, (x, u') @

whereQ, can be given by (9) anfl < ¢ < 1. The iteration is terminated whefQ, ||* is sufficiently small.

2) Finding the predecessor state: Since we are extending trajectories backwards in time, weldvlike to find the state
whose optimal action leads to the current state in one tepesf the start of the trajectory is at stat&” at timet + 1,
predecessor state™¢ must satisfyx““" = f(xP"¢,u°P?). This can be found iteratively

OXU(t) = XU — f(x(t), u°Pt(t)) (3)
XTH(t) = x'(t) + e0x'(t) (4)

whereu°Pt(t) can be obtained by (2). The iteration tis terminated W"héxf(t)HQ is sufficiently small. A unique predecessor
exists iff, — f,Q..!Q,, # 0 for second order functions dfbut cannot be guaranteed for general cases. In generas, ther
does not have to be a unique parent for this approach to wode svhichever parent state is chosen the trajectory is still
locally optimal.

3) Updating and Propagating V and Q models backwards in time: Oncex(¢) is found and trajectory is extended backwards
by one timestep, quadratic models of the value function arfdr@tion can be updated and propagatec as follows

(4], [5]-

V(t) = V(t +1) — Q,(1)Qpu (1)Qu (1) (5)

Ve (t) = Qu(t) — Qu(t)Quu ()Q,. (1) (6)
Voo () = Qua(t) — Quy (1) Qipy () Qyuer (1) )
Q,(t) = Vat + Dy + Lo (2) ®)

Qu(t) = Vu(t + D)fy + Lu(t) 9)

Qo (t) = T2 Vau(t + Vs + Va(t + Dfee + Lo () (10)
Quu(t) = TE Vg (t+ 1)y + Va(t + Dfgy + Low(t) (11)
Qua(t) = FIVou (t + 1)y + Vi (4 Dy + Ly (2) (12)

B. Satisfying a Sart-End Boundary Condition

The previous section showed the recursive procedure famediig a locally optimal trajectry backwards in time. [6]
proposed to use these trajectories as key trajectoriegptesent the value function and did not aim at satisfying thet-s
end boundary condition with these trajectories. Here, wlece the problem to a two point boundary value problem (TPBVP
whose system is gorvened byt + 1) = f(x(¢),u°?*(t)), and boundary conditions as&t®) = x=te"* and x(t) = x9°4.
Section 1I-B.1 and I1-B.2 describe the two methods we useatisfy the TPBVP and II-B.3 introduces another variable
which needs be selected.

1) Multiple Shooting Method: Shooting methods reduce a TPBVP to an initial value problétj, [12]. Trajectories are
generated from near the goal state in our approach, and thection tox(¢/) should be made such that error at the start
boundary is decreased. Once a trajectory is generated Xt6h) which does not satisfy the start-end boundary condition,
correction to the initial condition is found as follows.

K(t) = Quu (1) Qua (1) (13)

U(t+1) = (fa(t) — L (OK (1) U(E) (14)

f, andf, approximate the dynamics, and feedback gain ma€riapproximates the policy [4], [5] in the neighborhood
of current trajectory. By integrating(¢) from time ¢° to ¢/ with U(¢°) being an identity matrix/J(¢/) is found. Then
correction to the initial condition(¢/) can be found byx(t/) = U(t/)éx(t°) wheredx(t°) is the correction that you would
like to make at the start boundary. Onbgt/) is found, a new trajectory is generated froft! (t/) = xi(t/) + 6x(t/) by
following the procedures described in section IlI-A.

1Q., is a derivative of Q with respect to u.



2) Relaxation Method: Relaxation method in our case satisfies the boundary condity relaxing the local optimality
of the trajectory. A new trajectory is generated by inteigathe dynamics forward in time starting gt™!(¢0) = xstart
using the feedback gain of the original trajectory obtaibgd13).

du(t) = KX (t) = X' (1) (15)

Xi+1(t +1) = f(XH—l(t), ui(t) + 6U(t)) (16)

The new trajectory is not locally optimal but can be refinethgidocal trajectory optimization techniques such as DDP.
3) Floating Time: Unless terminal time/ is specified, it has to be determined when solving boundahyevaroblem
using either method. Given a trajectory, it has to be detsethiat which point on the trajectory the boundary condition
should be satisfied. Together wik{t/), ¢/ is responsible for determining which locally optimal tetiery is generated.

How ¢/ is chosen for our specific application is disccused in lagetisn.

C. Complexity

Finding a locally optimal policy require®(d®) cost dominated by computing the second order Taylor exparss f.
The process of finding predecessor state requires findingpimal policy for each candidate predecessor state. At each
iteration of (3)-(4), the error, distance between the mirstate and candidate predessor state’s optimal child, seduces
linearly achSxi“(t)H2 <& Héx"(t)H2 whereC > 1, thus the number of iterations required to satisfy erroerace ofe

0 2
is log M. Expected initial errorH(Sxo(t)H2 is proportional tod and thus complexity of finding predecessor state is

O(d? - log d). For a single trajectory without boundary conditions, poitational cost i€(T-d* - log d) whereT is the total
number of time steps of the trajectory. For a trajectory withdomly selected(t/), the expected squared distance from
the start state is proportional t) and only constant convergence is possible with eitherthgor relaxation method when
the trajectory is not sufficiently close to it. Thus, the tic@mplexity of otbaining a trajectory satisfying start-dmalindary
condition isO(T - d* - log d).

Representational cost per stai¢d’) is dominated by the second order Taylor seried,and O(T - d°) per trajectory
of lengthT. Since only previous and current trajectories need be dtaotal representational requirement of the approach
remainsO(T - d*).

1. PENDULUM SWING-UP TASK

The approach is tested on a pendulum swing-up task with 1d23alinks. The task is to swing up a pendulum which
is initially hanging down to point straight up which is an tatde equilibrium position. The pendulum has total length o
1m and total mass ofkg which is distributed uniformly. Each link i%m long, 0.1m wide and weighs};kg wheren is
the number of links. Joints are frictionless and only exaéforce acting on the system is gravity 981%;. Sample time
of 0.01 second is used and total length of the trajectorynistéid to less than or equal to 7 seconds. Each joint is limited
to —27 < 6 < 27, and there is no limit on torque or joint speed. Optimizativiteria penalizes weighted sum of squared
distance from the goal in joint coordinates and squaredutssgbut angular velocities are not penalized.

2
n 97{ _ 9_{]0@[ u, 2
L =0t - 1 L ! 17
beu) = ot ;(O ( rad ) + rad/sec) ) (27)
wheref; andu, are angle and applied torque of ith joint respectively.
IV. RESULTS
The second order value function modelx4t* was found by solving discrete-time Riccati equatiorx#t®'.

V, is initialized to be zero because both dynamics and costtitmare symmetric about?°®. x(t/) is initially sampled
.__pgoaly2 A2
uniformly on the hypersphere arouré’® whos squared radius.;._, ( (6:=6") +-5 ) is equal to 0.001t/ disscussed

rad rad/sec

in section 11-B.3 is taken to be the points on initial trajagt which are local mini(na in terms of distance x4, In
addition to the approach presented in this paper, we haeeimlglemented standard DP using a resolution 100 for each
dimension for 1- and 2-link pendulum swing-up. TrajectsriEnerated by standard DP are refined using DDP later. For
3 links, we could not afford 8 terabytes of memory requireddpresent a value of type "double” @&b0°® grid locations.

Experiments were performed using Matlab on a 3GHz Pentiurwityi 1GB of RAM running Linux.
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Fig. 4. 10 sample runs of our approach for 1-link pendulum gwip.
Fig. 3. Best trajectory for 1-link pendulum.

A. 1 link

Fig. 1 shows locally optimal trajectories generated by qupraach who approach the goal from the right. What makes
these trajectories different from one another is the indiwice ofx(t/) andx(t°) disscussed earlier. Best trajectory by our
approach shown in Fig. 2,3 has total score of 7.09. Fig. 4 shbvruns of our approach with different random number
generator seeds for which we found costg d098 +0.0088 after running 8 minutes. For standard DP approach, 40 rad
was covered for angle and [-10, 10] rad/sec for angular Wgl@nd uniformly discretized into 100 grids each. For agtio
space, torque of [-5, 5] Nm was descritized uniformly with rekolutions. The solution gave total score of 7.31 after 10
minutes.

B. 2 links

The best trajectory we found has total cost of 5.09 and is showthe Fig. 5, 9, 11 and 13. Fig. 6 shows 10 different
runs of our approach for which we found costs66f655 4+ 0.8856 after running 30 minutes. For standard DP approach, [0,
2x] rad was covered for angles and [-40, 40] rad/sec for angudhocities and uniformly discretized into 100 grids each,
and [-5, 5] Nm of action space were descritized to 11 resmhstifor each joint. The solution gave total score of 5.7 after
18 hours. Much bigger regions of angular velocity spacescavered compared to that of 1-link pendulum, and thus the
uncertainty is higher, which may have led to the poor scorapared to the best trajectory by our approach.

C. 3links

Our best trajectory for 3-link pendulum has total cost ofl4shiown in Fig. 7, 10, 12 and 14. We tried 10 different runs
and found costs 05.0000 & 0.3030 after 70 minutes. No standard DP solution is available fgg system.
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V. CONCLUSIONS

The contribution of this work is the demonstration that ozeble trajectories can be obtained without covering hygler
ume. Even though the curse of dimensionality is not avoidszhbse our approach cannot guarantee any global optimality
we have shown experimentally that trajectories as goodaaslatd DP can be obtained using our approach using pendulum
swing-up task with 1 and 2 links. We have also shown experiatigrthat our approach outperforms standard DP in terms
of time complexity. Furthermore, we have demonstratedItically optimal trajectory can be generated for 3-link peltidh

for which standard DP approach is currently infeasible.

VI. FUTURE WORK

Future work would address more challenging problems sugbeadulum swing-up with more links or under existence
of obstacles in state space. Comparison of the trajectobi&sined by our approach to those obtained by other appesach
should be given to verify the optimality. Another directifor the work is high level framework which reasons or learns
what kind of a locally optimal trajectory would be more opéihthan others so that better locally optimal trajectorias ¢

be generated more efficiently than random sampling.
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