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Abstract

Algorithms which guarantee to find globally optimal trajectories by covering ahypervolume of state space become
infeasible in high dimensions. We have developed an algorithm which generates locally optimal trajectories without covering
a hypervolume which only requires polynomial memory and time. Even though the algorithm does not guarantee a globally
optimal trajectory in a deterministic manner, it is experimentally shown that resulting trajectories are reasonable for pendulum
swing-up tasks. Results are shown for pendulum with 1- and 2-links and compared to globally optimal trajectories obtained
by dynamic programming. Furthermore, results for 3-link pendulum ofwhich globally optimal trajectory is currently unknown
are presented.

Advisor: Christopher G. Atkeson
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I. INTRODUCTION

Globally optimal trajectories can be obtained using algorithms such as dynamic programming (DP) or A* for discrete
domains. A standard approach to continuous domains using these approaches is to discretize sufficient space and the resulting
trajectories are guaranteed to be globally optimal up to theresolution of discretization. However, hypervolume increases
exponentially as a function of dimensionality and so does number of grids required to attain spatial density in it. As a result,
these algorithms become infeasible in high dimensions. This phenomena is often reffered to as the curse of dimensionality.

Many variations of DP have been proposed to avoid the curse ofdimensionality. Focus of non-parametric approaches is on
how to reduce number of data points at which to represent a value while representing the state space well. State Increment
Dynamic Programming [1] achieved this by increasing the size of each grid and Adaptive grid scheme [2], [3] adapted
size of the grids. Atkeson has shown sampling of states [7] and actions [8] can both lead to more efficient optimization.
Parametric approaches parameterize values over region of hypervolume [9], [10]. These variants of DP have focused on
how to better represent the state space with less representational resources, but still suffer from the curse of dimensionality
because the growth of required representational resourcesis still exponential. Local trajectory optimization technique such
as Differential Dynamic Programming (DDP)[4], [5] have been used to speed up the convergence of the value function [6].
[6] also showed how to generate locally optimal trajectories without nominal trajectories based on DDP and used them as
key trajectories to approximate value functions around them.

A classic approach to optimal control problem is to solve boundary value problem of differential equations [11], [12].
These approaches require a nominal trajectory or initial guess on which the resulting trajectory is highly dependent. These
approaches do not suffer from the curse of dimensionality but generating nominal trajectories which lead to a good trajectory
is not trivial for complex tasks. A* and randomized search algorithm such as RRT’s [13] can generate reasonable trajectories
without severely suffering from the curse of dimensionality given good heuristics. However, obtaining good heuristics requires
extra work such as hand tuning or training examaples, and without good heuristics A* would suffer severely from the curse
of dimensionality and RRT’s would not be able to provide reasonable trajectories. As a result, these approaches require
domain specific knowledge to generate reasonable trajectories.

In this paper, we present an approach for generating locallyoptimal trajectories without nominal trajectories or heurestics.
Our approach does not cover any hypervolume of state space and only requires polynomial memory and time. The objective
of our approach is to generate a variety of locally optimal trajectories to increase the chance of obtaining a reasonable
trajectory.

II. APPROACH

A key idea of our approach is to generate locally optimal trajectories without nominal trajectories nor covering a volume
of state space [6]. With random choice of initial conditions, we explore a variety of locally optimal trajectories. The wider
variety of locally optimal trajectories we generate, the better chance there is to get a reasonable trajectory. The recursive
procedure for extending locally optimal trajectory backwards in time is explained in section II-A. This procedure governs
the system’s behavior and trajectory is determined given the initial conditions. A method to find initial conditions which
satisfy the endpoint constraints is then presented in II-A.1. Finally, complexity of the approach is discussed in II-A.2.

System dynamics isx(t + 1) = f(x(t), u(t)) and one time cost isL(x, u) in discrete time. Value functionV(x) is the
total cost to the goal and is equivalent to

∑

∞

t=0 L(x, uopt). For the approach to work, it is assumed that dynamics and cost
function are continuous to second order.

A. Extending trajectories backward

Optimal actionuopt can be generally expressed by Bellman equation

uopt = arguminQ(x, u) (1)

whereQ(x, u) = L(x, u) + V(f(x, u)). The Bellman equation implies optimal action cannot be determined without knowing
V. Much effort of DP goes into obtainingV which requires covering a hypervolume and thus suffers fromthe curse of
dimensionality. We start planning from near the goal state where we can obtain a local value function model relatively easy,
and maintain a second order local model of it as the trajectory is extended backwards [4], [5]. By planning backwards and
maintaining a value function model, we can generate locallyoptimal trajectories without having to cover hypervolume.An
initial value function model atxgoal andx(tf ) needs be chosen, and a locally optimal trajectory leading tox(tf ) forwards
in time is extended backwards in time recursively.x(tf ) is a state near the goal and represents how a trajectory reaches
the goal. This approach of planning backwards draws inspiration from DDP [4], [5] which refines a nominal trajectory by
propagating local value function model backwards in time along it and performing gradient descent based on it forwards in
time.



1) Findinging the optimal action: Using quadratic approximations of the various functions, the optimal actionuopt satisfies
Qu(x, uopt)1 = 0. Thus given a local model ofV(x(t + 1)), uopt(t) can be determined iteratively by

ui+1 = ui − ǫQu(x, ui) (2)

whereQu can be given by (9) and0 ≤ ǫ ≤ 1. The iteration is terminated when‖Qu‖
2 is sufficiently small.

2) Finding the predecessor state: Since we are extending trajectories backwards in time, we would like to find the state
whose optimal action leads to the current state in one timestep. If the start of the trajectory is at statexcur at time t + 1,
predecessor statexpre must satisfyxcur = f(xpre,uopt). This can be found iteratively

δxi(t) = xcur − f(xi(t), uopt(t)) (3)

xi+1(t) = xi(t) + ǫδxi(t) (4)

whereuopt(t) can be obtained by (2). The iteration tis terminated when
∥

∥δxi(t)
∥

∥

2
is sufficiently small. A unique predecessor

exists if fx − fuQ−1
uu Qux 6= 0 for second order functions off but cannot be guaranteed for general cases. In general, there

does not have to be a unique parent for this approach to work since whichever parent state is chosen the trajectory is still
locally optimal.

3) Updating and Propagating V and Q models backwards in time: Oncex(t) is found and trajectory is extended backwards
by one timestep, quadratic models of the value function and Qfunction can be updated and propagated tox(t) as follows
[4], [5].

V(t) = V(t + 1) − Qu(t)Q−1
uu (t)Qu(t) (5)

Vx(t) = Qx(t) − Qu(t)Q−1
uu (t)Qux(t) (6)

Vxx(t) = Qxx(t) − Qxu(t)Q−1
uu (t)Qux(t) (7)

Qx(t) = Vx(t + 1)fx + Lx(t) (8)

Qu(t) = Vx(t + 1)fu + Lu(t) (9)

Qxx(t) = fTx Vxx(t + 1)fx + Vx(t + 1)fxx + Lxx(t) (10)

Qxu(t) = fTx Vxx(t + 1)fu + Vx(t + 1)fxu + Lxu(t) (11)

Quu(t) = fTu Vxx(t + 1)fu + Vx(t + 1)fuu + Luu(t) (12)

B. Satisfying a Start-End Boundary Condition

The previous section showed the recursive procedure for extending a locally optimal trajectry backwards in time. [6]
proposed to use these trajectories as key trajectories to represent the value function and did not aim at satisfying the start-
end boundary condition with these trajectories. Here, we reduce the problem to a two point boundary value problem (TPBVP)
whose system is gorvened byx(t + 1) = f(x(t), uopt(t)), and boundary conditions arex(t0) = xstart and x(tf ) = xgoal.
Section II-B.1 and II-B.2 describe the two methods we use to satisfy the TPBVP and II-B.3 introduces another variable
which needs be selected.

1) Multiple Shooting Method: Shooting methods reduce a TPBVP to an initial value problem [11], [12]. Trajectories are
generated from near the goal state in our approach, and thus correction tox(tf ) should be made such that error at the start
boundary is decreased. Once a trajectory is generated fromx(tf ) which does not satisfy the start-end boundary condition,
correction to the initial condition is found as follows.

K(t) = Q−1
uu (t)Qux(t) (13)

U(t + 1) = (fx(t) − fu(t)K(t))U(t) (14)

fx and fu approximate the dynamics, and feedback gain matrixK approximates the policy [4], [5] in the neighborhood
of current trajectory. By integratingU(t) from time t0 to tf with U(t0) being an identity matrix,U(tf ) is found. Then
correction to the initial conditionx(tf ) can be found byδx(tf ) = U(tf )δx(t0) whereδx(t0) is the correction that you would
like to make at the start boundary. Onceδx(tf ) is found, a new trajectory is generated fromxi+1(tf ) = xi(tf ) + δx(tf ) by
following the procedures described in section II-A.

1Qu is a derivative of Q with respect to u.



2) Relaxation Method: Relaxation method in our case satisfies the boundary condition by relaxing the local optimality
of the trajectory. A new trajectory is generated by integrating the dynamics forward in time starting atxi+1(t0) = xstart

using the feedback gain of the original trajectory obtainedby (13).

δu(t) = −K(t)(xi+1(t) − xi(t)) (15)

xi+1(t + 1) = f(xi+1(t), ui(t) + δu(t)) (16)

The new trajectory is not locally optimal but can be refined using local trajectory optimization techniques such as DDP.
3) Floating Time: Unless terminal timetf is specified, it has to be determined when solving boundary value problem

using either method. Given a trajectory, it has to be determined at which point on the trajectory the boundary condition
should be satisfied. Together withx(tf ), tf is responsible for determining which locally optimal trajectory is generated.
How tf is chosen for our specific application is disccused in later section.

C. Complexity

Finding a locally optimal policy requiresΘ(d3) cost dominated by computing the second order Taylor expansion of f.
The process of finding predecessor state requires finding an optimal policy for each candidate predecessor state. At each
iteration of (3)-(4), the error, distance between the current state and candidate predessor state’s optimal child state, reduces
linearly as

∥

∥δxi+1(t)
∥

∥

2
≤ 1

C

∥

∥δxi(t)
∥

∥

2
whereC > 1, thus the number of iterations required to satisfy error tolerance ofe

is logC
‖δx0(t)‖

2

e . Expected initial error
∥

∥δx0(t)
∥

∥

2
is proportional tod and thus complexity of finding predecessor state is

Θ(d3 · log d). For a single trajectory without boundary conditions, computational cost isΘ(T · d3 · log d) whereT is the total
number of time steps of the trajectory. For a trajectory withrandomly selectedx(tf ), the expected squared distance from
the start state is proportional tod, and only constant convergence is possible with either shooting or relaxation method when
the trajectory is not sufficiently close to it. Thus, the timecomplexity of otbaining a trajectory satisfying start-endboundary
condition isΘ(T · d4 · log d).

Representational cost per stateΘ(d3) is dominated by the second order Taylor series off, andΘ(T · d3) per trajectory
of length T. Since only previous and current trajectories need be stored, total representational requirement of the approach
remainsΘ(T · d3).

III. PENDULUM SWING-UP TASK

The approach is tested on a pendulum swing-up task with 1,2 and 3 links. The task is to swing up a pendulum which
is initially hanging down to point straight up which is an unstable equilibrium position. The pendulum has total length of
1m and total mass of1kg which is distributed uniformly. Each link is1nm long, 0.1m wide and weighs1

nkg wheren is
the number of links. Joints are frictionless and only external force acting on the system is gravity of9.81 m

s2 . Sample time
of 0.01 second is used and total length of the trajectory is limited to less than or equal to 7 seconds. Each joint is limited
to −2π < θ < 2π, and there is no limit on torque or joint speed. Optimizationcriteria penalizes weighted sum of squared
distance from the goal in joint coordinates and squared torques, but angular velocities are not penalized.

L(x,u) = δt ·

n
∑

i=1

(0.1 · (
θi − θgoal

i

rad
)

2

+ (
ui

rad/sec
)
2

) (17)

whereθi andui are angle and applied torque of ith joint respectively.

IV. RESULTS

The second order value function model atxgoal was found by solving discrete-time Riccati equation atxgoal.

fx
T Vxxfx − Vxx − (fx

T Vxxfu)(fu
T Vxxfu + Luu)−1(fu

T Vxxfu) + Lxx = 0 (18)

Vx is initialized to be zero because both dynamics and cost function are symmetric aboutxgoal. x(tf ) is initially sampled

uniformly on the hypersphere aroundxgoal whos squared radius
∑n

i=1(
(θi−θgoal

i
)2

rad +
θ̇2

i

rad/sec ) is equal to 0.001.tf disscussed
in section II-B.3 is taken to be the points on initial trajectory which are local minima in terms of distance toxstart. In
addition to the approach presented in this paper, we have also implemented standard DP using a resolution 100 for each
dimension for 1- and 2-link pendulum swing-up. Trajectories generated by standard DP are refined using DDP later. For
3 links, we could not afford 8 terabytes of memory required torepresent a value of type ”double” at1006 grid locations.
Experiments were performed using Matlab on a 3GHz Pentium IVwith 1GB of RAM running Linux.
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Fig. 1. Locally optimal trajectories for 1-link pendulum swing-up in phase
space.

Fig. 2. Best trajectory for 1-link pendulum at every 0.2 sec.The line at the
joint drawn perpendicular to the link is the relative magnitude and direction
of the applied torque. Time flows from left to right, bottom to top.
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Fig. 3. Best trajectory for 1-link pendulum.
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Fig. 4. 10 sample runs of our approach for 1-link pendulum swing-up.

A. 1 link

Fig. 1 shows locally optimal trajectories generated by our approach who approach the goal from the right. What makes
these trajectories different from one another is the initial choice ofx(tf ) andx(t0) disscussed earlier. Best trajectory by our
approach shown in Fig. 2,3 has total score of 7.09. Fig. 4 shows 10 runs of our approach with different random number
generator seeds for which we found costs of7.1098±0.0088 after running 8 minutes. For standard DP approach, [0, 2π] rad
was covered for angle and [-10, 10] rad/sec for angular velocity and uniformly discretized into 100 grids each. For action
space, torque of [-5, 5] Nm was descritized uniformly with 11resolutions. The solution gave total score of 7.31 after 10
minutes.

B. 2 links

The best trajectory we found has total cost of 5.09 and is shown in the Fig. 5, 9, 11 and 13. Fig. 6 shows 10 different
runs of our approach for which we found costs of6.7655± 0.8856 after running 30 minutes. For standard DP approach, [0,
2π] rad was covered for angles and [-40, 40] rad/sec for angularvelocities and uniformly discretized into 100 grids each,
and [-5, 5] Nm of action space were descritized to 11 resolutions for each joint. The solution gave total score of 5.7 after
18 hours. Much bigger regions of angular velocity spaces arecovered compared to that of 1-link pendulum, and thus the
uncertainty is higher, which may have led to the poor score compared to the best trajectory by our approach.

C. 3 links

Our best trajectory for 3-link pendulum has total cost of 4.61 shown in Fig. 7, 10, 12 and 14. We tried 10 different runs
and found costs of5.0000 ± 0.3030 after 70 minutes. No standard DP solution is available for this system.



Fig. 5. Best trajectory for 2-link pendulum at every 0.1 sec.
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Fig. 6. 10 sample runs of our approach for 2-link pendulum swing-up. Note
the log scale on the vertical axis.

Fig. 7. Best trajectory for 3-link pendulum at every 0.02 sec.
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Fig. 8. 10 sample runs of our approach for 3-link pendulum swing-up. Note
the log scale on the vertical axis.

V. CONCLUSIONS

The contribution of this work is the demonstration that reasonable trajectories can be obtained without covering hypervol-
ume. Even though the curse of dimensionality is not avoided because our approach cannot guarantee any global optimality,
we have shown experimentally that trajectories as good as standard DP can be obtained using our approach using pendulum
swing-up task with 1 and 2 links. We have also shown experimentally that our approach outperforms standard DP in terms
of time complexity. Furthermore, we have demonstrated thatlocally optimal trajectory can be generated for 3-link pendulum
for which standard DP approach is currently infeasible.

VI. FUTURE WORK

Future work would address more challenging problems such aspendulum swing-up with more links or under existence
of obstacles in state space. Comparison of the trajectoriesobtained by our approach to those obtained by other approaches
should be given to verify the optimality. Another directionfor the work is high level framework which reasons or learns
what kind of a locally optimal trajectory would be more optimal than others so that better locally optimal trajectories can
be generated more efficiently than random sampling.
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Fig. 9. Best trajectory for 2-link pendulum.
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Fig. 10. Best trajectory for 3-link pendulum.
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Fig. 11. Best trajectory for 2-link pendulum.
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Fig. 12. Best trajectory for 3-link pendulum.
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Fig. 13. Best trajectory for 2-link pendulum.
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Fig. 14. Best trajectory for 3-link pendulum.


