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Abstract ally, these robots have featured low center-of-mass placement
and broad base of support, along with control and planning
This paper presents a novel concept of mobility that provides dgchemes designed to keep the center-of-mass gravity vector
namic stability and rapid locomotion. The concept, called Gyrovewithin the support polygon (e.g., monitoring of slopes, coor-
is a single-wheel, gyroscopically stabilized robot that can be considtination of legs). Many designs have attempted to maximize
ered as a single wheel actuated by a spinning flywheel attached tev@obility with large wheels or legs, traction-enhancing tires
two-link manipulator at the wheel bearing and drive motor. The spinar feet, multiwheel drive, large body/ground clearance, artic-
ning flywheel acts as a gyroscope to stabilize the robot, and it can bgated body configurations, and so on. These robots were of
tilted to achieve steering. This configuration conveys significant aden limited by motion-planning constraints and, hence, were
vantages over multiwheel, statically stable vehicles, including goatesigned for low-speed operation, typically 1 kph or less.
dynamic stability and insensitivity to attitude disturbances, high madynamic factors have little influence on such systems and,
neuverability, low rolling resistance, ability to recover from falls, andconsequently, have been largely ignored.
amphibious capability. In this paper, the authors present the robot Traditional research on mobile robotics has placed much
concept, three prototypes of the design, and system implementatiemphasis on perception, modeling of the environment, and
The authors study the robot's nonholonomic constraints and the stpath planning. Consequently, vehicles have been designed to
bilizing effect of the flywheel on the system through simulation arge compatible with these planning limitations, and the need
experiments. for high speed has not been evident. Ultimately, as sens-
ing and computation capabilities improve, robots will be lim-
i ited less by planning and more by dynamic factors. Wheeled
1. Introduction robots, capable of dynamic behavior (i.e., high-speed motion

on rough terrain) and the exploitation of vehicle dynamics for

For decades, researchers have viewed mobile robots larggfypjity, represent an exciting and largely unexplored area of
as quasi-static devices. Numerous robots with four or SPesearch.

(or more) wheels have been developed to maximize mobil- A mper of researchers have explored the possibilities
ity on rough terrain (e.g., see Bekker, 1974; Freitag, 1978 ;sing dynamic behavior in various robot linkages, legged
Holm, 1970; Kemurdjian et al., 1992; Klarer, 1994). Likeyocomotors, and other dynamic systems. Examples include
wise, legged robots, which may have potentially greater M@aito, Fukuda, and Arai's (1994) Brachiator and Spong’s

bility, have been built and demonstrated (e.g., see Krotko&g%) robot acrobat, both of which used dynamic swing-

Simmons, and Whittaker, 1995; Waldron, 1989). Genefxg motions. Buhler, Koditschek, and Kindimann (1989) and

™ , , Schael and Atkeson (1994) studied the dynamics of juggling.
e International Journal of Robotics Research . .
Vol. 18, No. 7, July 1999, pp. 728-738, McGeer (1989) built a robot that walked down slopes using
©1999 Sage Publications, Inc. the periodic swinging motion of the legs, without additional
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power or control input. Hodgins and Raibert (1991) built a sewheel vehicle that is very low and wide has a broad polygon of
ries of dynamically balanced hopping and running robots thatipport, is stable statically, and can tolerate large slopes with-
jumped obstacles, climbed steps, and performed flips. Arait rollover. However, when this vehicle passes over bumps,
and Tachi (1991) and Xu et al. (1998) developed an underatynamic disturbances at the wheels generate large torques,
tuated robot system using the dynamic coupling between tianich tend to upset the vehicle about the roll, pitch, and yaw
passive and active joints. Dynamic motion in these systerages. In effect, the large polygon of support required for static
allowed the emergence of behaviors that would not have bestability provides a leverage mechanism for the generation of
possible quasi-statically. dynamictorque disturbances. Furthermore, the support points
In parallel with the work on linkage dynamics, othemmust comply with the surface, statically and dynamically, by
researchers have focused on the dynamics and balancecaifitrol of support points (e.g., suspension) and/or vehicle at-
wheeled robots. Vos and Von Flotow (1990) developed a setftude changes. Sophisticated vehicle suspensions have been
contained unicycle that mimicked the behavior of a humatleveloped to minimize dynamic disturbances, but passive-
cyclistin maintaining roll and pitch stability. Koshiyama andspring suspensions decrease static stability by allowing the
Yamafuji (1991) developed a statically stable, single-wheekenter of mass to move toward the outside of the support
robot with an internal mechanism that could move fore angolygon. Active suspensions may overcome this problem but
aft and turn in place; their work emphasized the control akquire additional complexity and energy expenditures.
the (noninverted) pendulum carried on the wheel, which used As a second example, consider a bicycle or motorcycle
momentum transfer to change direction. that has two wheels in the fore-aft (tandem) configuration.
This paper discusses dynamic mobility that is unstable sté@uch a vehicle is statically unstable in the roll direction but
ically and proposes a method using the gyroscopical principéehieves dynamic stability at moderate speed through appro-
for stabilization of the robot. We address the general backriate steering geometry and gyroscopic action of the steered
ground of the concept, mechanism design, prototype devélent wheel. Steering stability generally increases with speed
opment, and dynamic modeling. due to gyroscopic effects. Dynamic forces at the wheel-
ground contact point act on or near the vehicle center (sagital)
plane and, thus, produce minimal roll disturbances. Addition-
2. Dynamic Mobility ally, the bicycle can remain upright when traveling on side
slopes. Thus, sacrificing static roll stability enhances the dy-

Land locomotion can be broadly characterized as quasi-stafiemic roll stability and permits the vehicle to automatically
or dynamic. Quasi-static equilibrium implies that inertiaRdjust to side slopes.
(acceleration-related) effects are small enough toignore. ThatAs a logical extension of this argument, consider a wheel
is, motions are slow enough that static equilibrium can be aglling down an incline. Under the influence of gravity, gyro-
sumed. Stability of quasi-static systems depends on keepi@Ppic action causes the wheel to precess (the axis of wheel ro-
the gravity vector through the center of mass within the vdationturns) aboutthe vertical axis—rather than simply falling
hicle’s po|ygon of support determined by the ground Contag'deways as it does when not roIIing—and the wheel steers in
points of its wheels or feet. Energy input is used predomihe direction it is leaning. The resulting curved path of mo-
nantly in reacting against static forces. Such systems tyion of the wheel on the ground produces radial (centrifugal)
cally have relatively rigid members and can be controlled offrces at the wheel-ground contact point, tending to right the
the basis of kinematic considerations. wheel. Dynamic disturbances due to surface irregularities act
In dynamic locomotion, inertial forces are significant withthrough or near the wheel's center of mass, producing minimal
respect to gravitational forces. Dynamic effects gain relatii@rques in roll, pitch, and yaw. The angular momentum of the
importance when speed is high, gravity is weak, and dynantéheel, inaddition to providing the natural gyroscopic steering
disturbances (e.g., rough terrain) are high. Significant enerfijechanism, tends to stabilize the wheel with respect to roll
input is required in controlling system momentum and, i&nd yaw. In terms of attitude control, the wheel is relatively
some cases, elastic energy storage in the system. As perfogensitive to fore-aft and side slopes. The resultis a highly
mance limits of mobile robots are expanded, dynamic effec%ame roIIing motion with minimal attitude disturbances and
will increasingly come into play. Furthermore, robotic sysiolerance of fore-aft and vertical disturbances. One can read-
tems that behave dynamica”y may be able to exp|0it momeHy observe this behavior by roIIing an automobile tire down
tum to enhance mobility, as is clearly demonstrated by n@bumpy hillside.
merous human-controlled systems: gymnasts, dancers, andlhere are precedents for single-wheel-like vehicles. In
other athletes; stunt bicycles and motorcycles; motorcycld$69, R. C. Hemmings patented a velocipede, a large wheel
on rough terrain; cars that vault obstacles from ramps; and €Bcircling the rider that is powered by hand cranks. Palmer
on. (1956) describes several single-wheel vehicles with an oper-
It is paradoxical that those factors that produce static stator riding inside.Modern Mechanix and Inventior{$935)
bility may contradict dynamic stability. For example, a fourdescribes the gyroauto, which carried riders between a pair
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of large, side-by-side wheels, and was claimed capable opeecession rate normal to the spin axiss the wheel polar
speed of 187 kph (116 mph). In the same publication is a dexoment of inertia about the spin axis, afdis the applied
scription of the dyno-wheel, a concept having a buslike chass@que normal to the spin and precession axes. Therefore,
straddling a huge central wheel. The relatively large dianwhen a rolling wheel leans to one side, rather than just fall
eter of a single-wheel vehicle enhances its obstacle-crossimger, the gravitationally induced torque causes the wheel to
ability, smoothness of motion, and rolling efficiency (Bekkerprecess so that it turns in the direction that it is leaning.
1956). Furthermore, a single-track vehicle can more easiyyrover supplements this basic concept with the addition
find obstacle-free paths on the ground, and its narrow profité an internal gyroscope—the spinning flywheel—nominally
can improve maneuverability. However, problems with steealigned with the wheel and spinning in the direction of for-
ing, low-speed stability, and aerodynamics have kept sugbard motion. The flywheel's angular momentum produces
vehicles from becoming commonplace. lateral stability when the wheel is stopped or moving slowly.

The purpose of this research is to exploit the natural steer- Gyrover has a number of potential advantages over multi-
ing behavior and stability of the rolling wheel in the develwheeled vehicles:

opment O.f a highly dynamic, smgle-wheel robot. We have 1. The entire system can be enclosed within the wheel to
built working models of such a vehicle and have demonstrated : . . .
provide mechanical and environmental protection for

some of its potential capabilities. . .
equipment and mechanisms.
2. Gyrover is resistant to getting stuck on obstacles be-

3. Robot Concept

Gyrover is a novel, single-wheel, gyroscopically stabilized 3.
robot originally developed at Carnegie Mellon University
(Brown and Xu, 1996). Figure 1 shows a schematic of the
mechanism design. Essentially, Gyrover is a sharp-edged 4.
wheel with an actuation mechanism fitted inside the wheel.
The actuation mechanism consists of three separate actuators:

cause ithas nobodyto hang up, no exposed appendages,
and the entire exposed surface is live (driven).

The tiltable flywheel can be used to right the vehicle
from its statically stable, rest position (onits side). The
wheel has no backside on which to get stuck.

Gyrover can turn in place by simply leaning and pre-
cessing in the desired direction, with no special steering
mechanism, which enhances maneuverability.

Single-point contact with the ground eliminates the
need to accommodate uneven surfaces and simplifies
control.

Full drive traction is available because all the weight is
on the single drive wheel.

7. A large pneumatic tire may have very low ground-
contact pressure, which results in minimal disturbance
to the surface and minimum rolling resistance. The
tire may be suitable for traveling on soft soils, sand,
snow, or ice; brush or other vegetation; or, with ade-
quate buoyancy, water.

(1) a spin motor, which spins a suspended flywheel at a high 5-
rate, imparting dynamic stability to the robot; (2) a tilt motor,
which controls the steering of Gyrover; and (3) a drive mo-
tor, which causes forward and/or backward acceleration by 6.
driving the single wheel directly.

The behavior of Gyrover is based on the principle of gy-
roscopic precession as exhibited in the stability of a rolling
wheel. Because of its angular momentum, a spinning wheel
tends to precess at right angles to an applied torque, according
to the fundamental equation of gyroscopic precession:

)

wherew is the angular speed of the whegl,is the wheel's

Ir=JxoxQ Potential applications for Gyrover are numerous. Because

it can travel on both land and water, it may find amphibious
use on beaches or swampy areas for general transportation,
exploration, rescue, or recreation. Similarly, with appropriate
tread, it should travel well over soft snow with good traction
and minimal rolling resistance. As a surveillance robot, Gy-
rover could use its slim profile to pass through doorways and
narrow passages, and its ability to turn in place to maneuverin
tightquarters. Another potential applicationis as a high-speed
lunar vehicle, where the absence of aerodynamic disturbances
and low gravity would permit efficient, high-speed mobility.
As the development progresses, we anticipate that other, more
specific uses will become evident.

Tovw el
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. == 4. Design and Implementation

Hew Mo i A

We studied feasibility through basic analysis and simple ex-

Fig. 1. The basic configuration of the robot. periments; we then designed and built two radio-controlled
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(RC) working models. These have proven that the concept
workable and have verified many of the expected advantag
Given a basic understanding of the gyroscopic principl
and wheel dynamic stability, our first task was to find a mect
anism for steering the wheel along a desired path. Turnir
(steering) of the wheel is the result of gyroscopic precessic
about the yaw axis, which is caused by roll torques as e
plained above. We considered two mechanisms for produ
ing this torque: lateral shifting of weight within the vehicle
and leaning of the wheel. With regard to the first approac!
the need to provide adequate internal space for shifting lar
masses within the vehicle is a significant drawback. Mo
ing the mass outside the wheel’s envelope is unappealing |
cause of the effective broadening of the vehicle and potenti
for the movable mass to contact the ground or other obsi
cles. For the entire wheel to lean, the complete weight of tt
wheel must shift laterally—not just a relatively small, mov-
able mass—to generate the needed roll torque. Leaning of1
wheel can be effected by the use of internal reaction whee
or masses, but these tend to acquire kinetic energy, beco
velocity saturated, and generate angular momentum that ¢
corrupt vehicle behavior. Another way is to react against grig. 2. The first prototype of the robot.
internal gyroscope as described above; this mechanism has
been implemented and operated successfully.

Several alternative Configurations were considered. A5° ramp 75% its he|ght diameter. Recovery from falls (rest-
spherical shape, which can be statically stable, does not gxg on the round side of the wheel) has been achieved with
hibit the natural steering behavior resulting from the interagy strategy using both the wheel forward drive and gyro tilt
tion of the gravitational (overturning) torque and the gyrocontrol. The main shortcomings of this robot are its lack of
scopic effect. In fact, a narrow tire-contact area is desirabjgsilience and vulnerability to wheel damage, excessive bat-
for steering responsiveness (dependent on the gravitatiofély drain due to drag on the gyro (bearing and aerodynamic),
torque for a given lean angle). Two wheels side by side prghadequate torque in the tilt servo, and incomplete enclosure
vide static stability but are sensitive to roll disturbances, dgf the wheel.
not exhibit the same natural Steering behavior, and will not The second vehicle, Gyrover Il (Figure 2)’ was designed
roll stably on two wheels above a critical speed. (Observe thg address these problems. It is slightly larger than Gyrover
behavior of a short cylinder, such as aroll of tape, rolled along(34 cm diameter, 2.0 kg) and uses many RC model parts.
the ﬂoor.) Outboard wheels, either on the sides or front/badﬁnt-servo torque and travel were approximate|y doubled. Gy-
were considered for static stability and steering effects, as Wedlver Il uses a gyro housed in a vacuum chamber to cut power
as acceleration and braking enhancement; but in addition gensumption by 80%, which increases battery life from about
mechanical complexity, outboard wheels defeat the basic @l min to 50 min. The entire robot is housed inside a specially
egance and control simplicity of the concept. Actually, thglesigned pneumatic tire that protects the mechanism from me-
robot has the potential to be statically stable to provide a solighanical and environmental abuse and provides an enclosure
base of support for sensors, instruments, small manipulatofat is resilient, although less rugged than hoped. The robot
and so on simply by resting on its side. The present concegbntains a variety of sensors to monitor motor current, posi-
totally enclosed in the single wheel, provides a simple, rgion and speed, tire and vacuum pressure, wheel/body orien-
liable, rugged vehicle. Experimental work to date includegation, and gyro temperature. Gyrover Il has been assembled
several simple experiments to verify the stability and steeringhd driven by manual remote control on a smooth floor, and
principles of three working vehicles. The first vehicle, Gyhas demonstrated the ability to float and be controllable on
rover | (Figure 2), was assembled from RC model airplane/cgsater.
components and quickly confirmed the concept. The vehicle The third version, Gyrover IIl (Figure 4), was designed on
has a diameter of 29 cm and a mass of 2.0 kg. It can be easilYarger scale to permit it to carry numerous inertial sensors
driven and steered by remote control, has good high-spegfd a computer (486 PC) for data acquisition and/or control.
stability on smooth or rough terrain, and can be kept stangthis machine uses a lightweight 40-cm bicycle tire and rim
ing in place. This vehicle traveled at over 10 kph, negotiateghd a pair of transparent domes attached to the axle. Overall
relatively rough terrain (a small gravel pile), and traversed @eight is about 7 kg. Heavy duty RC motors and servo are
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Fig. 3. The second prototype of the robot.

Fig. 4. The third prototype of the robot.

used to spin the gyro, drive the wheel forward, and control
gyrotilt. Gyrover lll travels up to 10 mph, recovers from falls,
and runs about 25 min per charge of its NiCad batteries. Itcan
carry avideo camerathatlooks through the transparent wheel,
and it can transmit video data to a remote receiver/monitor.

5. Kinematic Constraints: Holonomic and Non-
holonomic

Thus far, Gyrover has been controlled only manually, using
two joysticks to control the drive and tilt motors through a
radio link. A complete dynamic model is necessary to develop
automatic control of the system. In the following sections, we
will develop the nonholonomic kinematic constraints and a
dynamic model using the constrained generalized Lagrangian
formulation.

5.1. Coordinate Frame

In deriving the equations of motion of the robot, we assume
that the wheel is a rigid, homogeneous disk that rolls over
a perfectly flat surface without slipping. We model the ac-
tuation mechanism, suspended from the wheel bearing, as a
two-link manipulator, with a spinning disk attached at the end
of the second link (Figure 5). The first link of lengthrep-
resents the vertical offset of the actuation mechanism from
the axis of the Gyrover wheel. The second link of length
represents the horizontal offset of the spinning flywheel and
is relatively smaller compared to the vertical offset.

Next, we assign four coordinate frames as follows: (1)
the inertial frame)_,, whosex-y-plane is anchored to the
flat surface; (2) the body coordinate frathe, {xg, y5, 25}
whose origin is located at the center of the single wheel and
whosez-axis represents the axis of rotation of the wheel; (3)
the coordinate frame of internal mechani$fy. {x., ye. zc},
whose center is located at poibtand whose-axis is always

Fig. 5. Definition of coordinate frames and system variables.
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Table 1. Variable Definitions

a, o = precession angles of the wheel and flywheel, respectively, measured about the vertical axis
B = lean angles of the wheel

Ba = tilt angle between the link andz,-axis of the flywheel

Y, Ya = spin angles of the wheel and flywheel, respectively

0 = angle between link andxg-axis of the wheel

My, M, M f = mass of the wheel, internal mechanism, and flywheel, respectively

m = total mass of the robot

R,r = radius of the wheel and flywheel, respectively

moment of inertia of the wheel abaut y, andz axes

moment of inertia of the flywheel about y, andz axes

friction coefficient in yaw and pitch directions, respectively

drive torque of the drive motor and tilt torque of the tilt motor, respectively

[xst Iyyw, Izzw
Lexps Lyyps Izp
/“l'Sa Mg
ui, uz

parallel tozg; and (4) the flywheel coordinate franje,  wherersc = —RI represents the vector from the frame C to
{x4, Ya, 24}, Whose center is located at the center of the GyA in Figure 5. Substituting egs. (4) and (5) in eq. (6) gives
rover flywheel and whosgaxis represents the axis of rotation

of the flywheel. Note that, is always parallel to.. The def- va = Xi+Yj+Zk, @)
initions and configurations of system and variables are showyhere

in Table 1 and Figure 5. Rolling without slipping is a typi- . . . .

cal example of a nonholonomic system, since in most cases X =R(yCo +6CoCp — BSaSp) (8)
some of the constrained equations for the system are nonin- . .

tegrable. Gyrover is a similar type of nonholonomic system. Y = R(ySe +@CpSy + BCySp) ©))
Here, we first derive the constraints of the single wheel. Then,

we derive the dynamic model of Gyrover based on these con- Z = RBC;. (10)

straints. We defing, j, k) and(/, m, n) to be the unit vectors
of the coordinate systeiY ZO (3 ,) andxgypzpA(Q_p),
respectively. LefS, := sin(x) andC, := cogx). The trans-

Equations (8) and (9) are nonintegrable and, hence, are non-
holonomic, whereas eq. (10) is integrable; that is,

formation between these two coordinate frames is given by Z = RSg. (11)
[ Therefore, the robot can be represented by seven (e.g.,
i |=RY| m |, (2) X.Y,a B,y Ba, 6) independent variables instead of eight.
k n

whereRY is the rotation matrix fron}_, to 3" ,: 6. Robot Dynamics

—S4Cp —Coq —SaSp In this section, we study the equation of motion by calculating
RY=| CuCsp —Sy CuSp |. (3) the LagrapgigrL =T — P of the system, wher& and P
—Sp 0 Cp are the kinetic energy and potential energy of the system,

_ respectively. We divide the system into three parts: (1) single
Let vy andwp denote the velocity of the center of mass ofyheel, (2) internal mechanism, and (3) spinning flywheel.
the single wheel and its angular velocity with respect to the

inertia frame)_,. Then, we have 6.1. Single Wheel

wp = —&Spl + pm + (v +aCp)n. (4)  The kinetic energy of the single wheel is given by

The constraints require that the disk rolls without slipping on
the horizontal plane; that is, the velocity of the contact point
on the disk is zero at any instant

ve =0, 5
®) Substituting egs.(4) and (10) in eq.(12) yields
whereu, is the velocity of contact point of the single wheel. 1 ) ) ) 1
Now, we can express, as Ty = Smu [Xz +7Y% 4 (R,BC,g)Z] +5 I:Ixxu)(d{Sﬁ)z

1 re o .
T, = émw[Xz—i—Yz—i—ZZ:I

1
+§ [Ixxwa)f + Iyywwﬁ + Izzwwf] . (12)

VA = wp X rac + v, (6) + LyywB? + Lo (@Cp + )})2] ) (13)
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The potential energy of the single wheel is 6.3. Lagrangian of the System
P, = myugRSs. (14) The Lagrangian of the system is
L = |Ty+(T,+TH|— (Py+ Py). 22
6.2. Internal Mechanism and Spinning Flywheel [ Ty f)] ( n- (22)

We need to compute the translational and rotational parts g#Pstituting egs. (12), (17), (20), (14), and (21) in eq. (22),
kinetic energy for the internal mechanism and flywheel, ré¥e may determing.. There are only two control torques

spectively. We assume thiatis very small compared with, ~ available on the system. One is drive torque), and the
other is tilt torque(u2). Consequently, using the constrained

Ip ~ 0. (15) Lagrangian method, the dynamic equation of the entire system
is given by
Thus, the flywheel’s center of masB)(coincides with that of . ) r
the internal mechanisni)). Let{x/, y, zs} be the center of M(q)q + N(q.q) = A"\ + Bu, (23)

mass of the internal mechanism and the flywheel whrt, .
The transformation from the center of mass of a single Wheﬁq

hereM(g) e R™7" andN(q,q§) € R™?! are the inertia
to the flywheel can be described:

atrix and nonlinear terms, respectively:

[ 1 0 —RC4Cs RSySy —RCq 0O O
A(‘”—[o 1 —RCySy —RCoSy —RSy 0 0| @%

Xf X 11Cy
yf = Y |+ Rg 1159 . (16) X 0 0
z z 0 Y 00
f « . 0 0
_ o q=| B A:[Al]B: 0 0 u:[”l}_
Let T2 denote the translational kinetic energy of the flywheel y 2 ki O "2
and the internal mechanism: Pa 0 1
0 ko O
T} = }(mi + mf)[;c? + y'?p + é%]. (17) The nonholonomic constraints can be written as
A(g)g = 0. (25)

Differentiating eq. (16) and substituting it in eq. (17), we
obtainT%. We observed that the internal mechanism swings pjote that all elements of the last two columns of the ma-
slowly, so it should not contribute highly to the rotationakjx 4 are zero, since the nonholonomic constraints restrict
kinetic energy. Let, be the angular velocity of flywheel (he motion of the single wheel, not the flywheel. The last
w.rt. 3. We then have two columns represent the motion variables of the flywheel.
Moreover, the matri3 has only three rows with nonzero el-

E 0 ements, since the input torques drive only the tilt angle of the
wf = Rpop+ | Pa |, (18)  fiywheel (8,) and the rotating angle of the single wheg).(
Va The fifth and sixth rows oB are nonzero, since they represent

the tilting motion of the flywheel and the rotating motion of
the single wheel, respectively. Furthermore, when the single
wheel rotates, the pendulum motion of internal mechanism is
introduced; thusg changes. Therefore, the drive torque of
the single wheel will also affect the pendulum motion of the
internal mechanisn®j, so that the seventh row of the matrix

The rotational kinetic energy of the flywheel is now given byB Is not zero.

whereRZ is the transformation frofy_, to 3" .

CoSp,  —SoSp,  Cp,
RE = So Cy o |. (19)
C@ Cﬂa - Cﬁa S@ S/Sa

.1 6.4. Normal Form of the System
T

=5 ) ) ) L .
2 In this section, we will eliminate the Lagrange multipliers
The f|ywhee| is assumed to be a uniform disk, and the pr|r$.0 that a minimum set of differential equations is obtained

[(a)fx)zlxxf + (wfy)zlyyf + (wfz)zlzzf] . (20)

ciple moments of inertia arg.; = Iyyr = %mfrZ’ Ly = in a manner similar to Bloch, Reyhanoglu, and McClamroch
$mr2. The potential energy of the flywheel and internaf1992). We first partition the matrix (¢) into A1 and Az,
mechanism is whereA = [A1 : A2]:

Pr=mi A m)RS ~bCoSp@- @D a=[ 5 aa=[ hG RS hGe 8 0]
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Let Mt = Lus + Lo + LowCh +mRPCG + Luyg Cf g
a1 Miz = 2I,,C R%C
C(q>=[ L AZ} (o) M1 T Sewth R y
3x3 i = (Liw+mR )SZﬂa,B + IxfoZﬂ,Baa,B
Then, consider the following relationship: +LixrS2pp,6Ba + 2LxxwSpBY + 2Lixr S, BVa
. . +21f g p, BaVa — st
q = C(q)q2, (27) Kop BT 2 2
F = —gmRCg— (Iyxy +mR*)CgSpa
whereql = [X, Y]T andgz = [«, B, ¥, Ba, Q]T. Differenti- —ILiCpp, Sﬁ,ﬁadz — @lLeyw + mRz)Sﬂd{))
ating eq. (27) yields . .
—lefoﬂ’ﬁaOlya
4 = C(q)g2+ C(q)q2. (28)  F3 = 2(Iw+mR?)Sgaf
Substituting eq. (28) into eq. (23) and premultiplying both 4 = —LxrCp.p, Sp.p,6° — 2Lrrf Sp.p, & Va.

. T .
sides by () gives where , Y, Z) are the coordinates of center of mass of the

CT ()M (q)C(q)ijo single wheel with respect to the inertial frame as shown in
i 4x4 . 4x1 i
_ T Bu— N Y — M(a)C . o9 E|gure 5 M(q) € R andN(q, q) € R are th(=T iner-
@) [Bu (@, €(9)q2) @C@iz] . (29) tial matrix and nonlinear terms, respectively. Equations (30),
where €T (¢)M(g)C(q) is a 5x5 symmetric positive def- (31), _and (32) f(_)rm the dynamics model and nonholonomic
inite matrix function. Note that eq.(29) depends only oyelocity constraints of the robot. _ N

g2 fromg» in eq. (29), and then obtaiX( ¥) by substituting variable 8, fror_n eq. (30). .Ffracticallyﬂa is dire(_:tly con-
g2 andgo in eq. (27). trolled by the tilt motor (position control), assuming that the

tilt actuator has an adequate torque to track the degiréd
trajectory exactly. Thereforegd, can be decoupled from eq.
(30). This is similar to the case of decoupling the steering

Understanding the characteristics of the robot dynamics \{Eagggb)lz:lrgg ;ge(fé%)f)le dynamics shown in Beznos et al.

significant in the control of the system. To this end, we firs Since we considef, as a new inputig,, the dynamics
S . " _ ) -

sllmpllf%/the mi)del. F;ractlcally, we may aSSl.JfQQw =lyyy = model eq. (30) becomes

3my Re, L2y = myy R, andly andl; are zero; thus, the mass

center of flywheel is coincident with the center of the robot. Ba = ug,

For steady motion of the robot, the pendulum motion of the ~ Foa L =

. S S M = F(q, Bu, 33

internal mechanism is sufficiently small to be neglected; thus, @4 (@.9) + Bu (33)

7. Characteristics of Robot Dynamics

0 is set to be zero. The spinning rate of the flywhegl it 5 — [, B, V]T,
is set to be constant. LeSlg g, := Sin(B + Ba), Cpp, =
cosB + Ba), and Szgs, = siN[2(B + Ba)]. Based on the M1 0 M3
previous derivation, the normal form of the dynamics modelis a7 = 0 Iuf + Lyw +mR? 0
. . M 0 2l 3 +mR?
M(g)i = F(g. ) + Bu (30) B e
F=[F, P ]
X = RyCy+&CyCp— BSuSp) (31) i o o0 117 u
Y = RYSy+&CpSa+ BCuSp), (32) B=[ B 0O 0} U= [ ug, ]
_ 5 . »
whereq = [, 8. v, ], Fr = U +mR%) SopeeP + Luxy S2pp, 4P
— 20w SpBY + 2Lcxf Sp. g, BYa — st
My 0 Mis 0 i xxw ﬂIBV xxfOB.B BYa — s
— 0 Ixxf + Ixxw + WIR2 0 Ixxf F~2 - F2
M3 0 2l +mR? 0 F3=F3
0 Ly 0 Liyy

glz = LxrS288,% + 2Lcxr SB.8, Va-
F =[Fy, F, F3, F4]" _ . .
Equation (33) shows the reduced dynamic model of the single-
o001 01" ul wheel robot after decoupling the tilting variatfig, with new
B=19g 00 1| “=| w2 matricesM () € R®3 andF(q,q) € R®1. The realistic
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Fig. 6. The simulation results of a rolling disk without fly-Fig. 7. The simulation results of the single-wheel robot.
wheel.

geometric/mass parameters are shown in Table 2. Note that ifFigures 6 and 7 show the simulation results of a rolling disk

the lean anglg is setto be Bor 180, the single-wheelrobot’s ithout the flywheel and the single-wheel robot, respectively,
inertial matrixM will become singular because it violates thq nder the same initial conditions:
assumption of rolling without slipping, and the robot falls to

the ground. B=70,p.=0, .
The robot dynamic model is highly coupled, nonholo- B=a=p,=0rads y =15rads,
nomic, and underactuated. Because the major part of the a=0%

robot is a rolling wheel, it precesses in a manner typical ) i i
of a rolling disk. A rolling disk does not fall when it is Note that the lean anglg of a rolling disk without the fly-

rolling because a gyroscopic torque, resulting from the coﬁf\!heel decreases much more rapidly than that _Of the_ _smgle-
pling motion between the roll and yaw motions, balance‘é’heg_l r_obot as shown in Figures 6b an_d 7b. This verifies the
the gravitational torque. However, its rolling rate must b§taPilizing effect of the flywheel on the single-wheel robot. In
high enough to provide a sufficient gyroscopic torque folflgures 7a-c, _under.the influence .of frlct[on.m the yaw direc-
maintaining its balance. When we installed a flywheel of{on. the steering ratg and the Ieamng rat&wnlconverge'to
the wheel, the robot’s gyroscopic torque was greater and &_steady-ste_lte solution as sho_wn_ln €q. (35). Othervv_lse, the
pended less on its rolling spegdowing to the high-spinning _unV\_/anted hlgh-frequ_enc_y_ oscillation will occur. Practically,
flywheel. That is, the lean angle of the robot tends to remalpWill not produce a significant effect on the system because
unchanged. We can explain this characteristic based on thé freguency of the above oscillation is much greater than
equilibrium solution of eq. (33). For the low yaw rate anc}he sy§tem response. If the. rolling rat(_e |s're_duced, the.rollmg
G=f=9=0F=0us=ug =0, eq. (33) becomes disk will fall much more quickly than it did in the previous
case.
0=gmRCg + (Llxw + mRZ)Sﬁd;) + 2Lcxr Sp.B,0Va- Until now, we consider only the case in which the fly-
(34) wheel’s orientation is fixed with respect to the single wheel.
. L Here, we will focus on the tilting effect of the flywheel on
From eq. (34), the termga and y,¢ are used to cancel yo rohot Based on the conservation of angular momentum,
the gravitational torquegm RCg in order to fstaplllge_the roll when there is a change in the tilt angle of the flywhgglthe
componentof the system. Because the spinninggaevery nqje robot will rotate in the opposite direction in order to
high, the term 2. S, 5,7 is significantly large in orderto \5intain constant angular momentum. This implies that we

cancel the gravitational torque, even though the rolling speegl,y, -ontrol the lean angle of the robot for steering. Simula-
y islow. Thus, the system will achieve an equilibrium steeringon and experimental results are shown in Figures 8 and 9,

ratea, respectively, under the same initial conditions:

—gmRCp, (35)
-_ N .« ‘; —_— 90) ﬂ -_ a -_ 0()
21 S . 21 ’”Rz S . . ’ .a ?
xxfOB,BaVa ( xxw ) BsY ,3 . ,Ba or ! s, )/ 151 IS,

for a specific lean anglg;. a=0°.

ds
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Table 2. Parameters Used in Simulation and Experiments

737

Single-wheel parameters:
Internal mechanism :
Flywheel parameters :
Friction coefficients :

m=125kg, R=17cm

m; =4.4 kg

my=24Kkg, r=5cm
s = 1L Nm/(rad/s), u, = 0.01 Nm/(rad/s)

" '™ -
. : H - R
E.- ........ R S —1 = “ et F}m
= b'\- ke
;._-'1. I - E —_— _éh‘_
s —— J— L
u-"‘-."'*nn— | -
. + - . 4 L | 4 |
i [T e,
L ] | "
';.:l.r.'|— ...... — —— e — - ;— I!I —_— - lr:_':: - 'hww '.*q-'“_ Elr
IE" . R i ,!'-T-I-,_,_ : 'I _ — l-f;‘ b e e —_ '__L a w
-  — - H J— . - - LLLL]
ALY 5 Y it o -1 -
o e
= ] :.:I-I-lj . n L .'...""i:'J]' - iy ! ! !._.__.\_I" - - 4

Fig. 8. The simulation results of tilting the flywheel of theFig. 9. The experimental results of tilting the flywheel of the
robot with 8, = 73°/s. robot with 8, = 73°/s.

Figures 8 and 9 show that if the tilt anglg rotates in 73/s

counterclockwise at = 2.4 s, the lean anglg rotates in a

clockwise direction . Inthe experiment, the transient respon¥¥e are grateful for the partial financial support from the Space
of B is more critical than the simulations. For 2.7 s, the tilt anSyStem Division of Shimizu Corporation in Japan and the

gle remains unchanged, afdnd the steering rateconverge Department of Mechgnical and Automation Engineering at
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